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Infinitesimal deformation of Galois covering space
and its application to Galois closure curves

Hiroyuki Sakai

Abstract. We develop a general framework of the infinitesimal deformations of finite
branched Galois covering spaces of complex dimension one. By using the framework, we
discuss the correspondence between the infinitesimal deformations of a branched covering
map and those of the Galois closure curve of the map. In particular, we compute Kodaira-
Spencer maps for families of Galois closure curves constructed on base spaces which
consist of branched covering maps.

1 Introduction
In this article we discuss compact smooth complex manifolds of dimension one, in other
words, we discuss curves. Let $X,$ $Y$ be two curves and

$Y\rightarrow\alpha X$ (1)

a holomorphic branched covering map from the curve $Y$ to the curve $X$ . The branched covering
map $\alpha$ induces the following finite extension of fields via pull-back of functions

$k(X)^{\alpha}L\rightarrow k(Y)$ , (2)

where $k(X)$ (resp. $k(Y)$) denotes the field of all rational functions on $X$ (resp. Y). For a given
branched covering map $a$ , the extension (2) may not necessarily be a Galois extension. In the
case that the extension (2) is not a Galois extension, we can find uniquely up to isomorphism
a curve $Z$ and a holomorphic branched covering map

$Z\rightarrow\beta Y$ (3)

which give the Galois closure

$k(X)^{c}\rightarrow k(Y)a\rightarrow k(Z)r$ (4)
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of the extension (2). The curve $Z$ above is called the minimal splitting curve (or, the Ga-
lois closure curve) of the extension (2) by Yoshihara, Miura and Takahashi in their arti-
cles $[5][4][8][7][9]$ . We have interests in describing how the moduli of the complex structure
of the Galois closure curve $Z$ varies as we deform the branched covering map (1). In this arti-
cle we develop a general framework of infinitesimal deformation of a Galois covering space of
curves and, by using it, we discuss the correspondence between the infinitesimal deformations
of branched covering maps and the infinitesimal deformations of Galois closure curves.

We denote the set of all holomorphic maps of mapping degree $d(\geq 1)$ ffom a curve $Y$ to a
curve $X$ by

$Map_{d}(Y,X)$ . (5)

The elements of $Map_{d}(Y,X)$ aIe branched coveririg maps. The mapspace $Map_{d}(Y,X)$ has a
complex space structure [6].

And we denote the group ofall holomorphic automorphisms of $X$ (resp. $Y$) by Aut(X) (resp.
$Aut(Y))$ . The groups Aut(X), Aut(Y) have finite dimensional complex Lie group structures. An
element $(\sigma,\xi)\in Aut(X)\times Aut(Y)$ acts on $\alpha\in Map_{d}(Y,X)$ via compositions of maps

$ a\rightarrow\sigma^{1}\circ\alpha\circ\sigma$. (6)

Since the extension of fields

$k(X)\rightarrow k(Y)$ (7)

induced by an element $a\in Map_{d}(Y,X)$ and that induced by an element $\xi^{-1}\circ\alpha\circ\sigma$ are equivalent
as field extensions, they define the same Galois closure curve. Therefore a Galois closure curve
should be regarded as to be defined for each equivalence class

$Map_{d}(Y,X)/(Aut(X)\times Aut(Y))$ (8)

of maps. The mapspaces

$Map_{d}(Y,X)$ and $Map_{d}(Y,X)/(Aut(X)\times Aut(Y))$ (9)

are studied by Namba for several curves $X,$ $Y$ in his book [6]. Readers may consult the book
for details of those mapspaces.

As we mentioned in the first paragraph, our interest is to describe the correspondence

$Map_{d}(Y,X)/(Aut(X)\times Aut(Y))\rightarrow^{Galois}$
closure

{equivalence classes of curves}. (10)

The question above–how the moduli of the complex structure of the Galois closure curve $Z$

varies as we deform the branched covering map $Y\rightarrow a$ X–was originally raised and discussed
by Yoshihara in his article [9].

Yoshihara raised and discussed the question above in his article [9] for the case that $Y$ is
a degree four smooth projective plane curve $Y\subset P^{2}$ and $X$ the projective space $P^{1}$ . In this
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case the genus of the curve $Y$ is three and the automorphism group Aut(Y) is at most a finite
group. For a point $Q\in Y$, the linear projection $Y\rightarrow\alpha_{Q}P^{1}$ with center $Q$ is a mapping degree
three holomorphic map. In fact the correspondence of a point $Q\in Y$ to the linear projection
$\alpha_{Q}\in Map_{3}(Y, P^{1})$ induces the following isomorphism (Namba [6]):

$Y\cong Map_{3}(Y, P^{1})/Aut(P^{1})$ (biholomorphic). (11)

Yoshihara constructed a non-singular surface $S$ and a holomorphic fiber space

$\varphi:S\rightarrow Y$ (12)

which satisfies that each fiber $\varphi^{-1}(Q)$ on a general –i.e. not flex– point $Q\in Y$ is isomorphic
to the Galois closure curve $Z_{Q}$ of the map $\alpha_{Q}$ . For a general point $Q\in Y$, the fiber $\varphi^{-1}(Q)$ is a
curve of genus ten. By corresponding each point $Q\in Y$ to the fiber $\varphi^{-1}(Q)$ , he constructed a
holomorphic map $\Psi$ from $Y$ to a compactificaion of the moduli space of genus ten curves

$\Psi:Y\rightarrow\overline{M_{10}}$ . (13)

And by investigating the singular fibers on the flex points $Q\in Y$ of the fiber space (12), he
showed that the holomorphic map $\Psi$ above is not a constant map. As an corollary of the result,
he proved that the Galois closure curves $Z_{P}$ and $Z_{Q}$ are not isomorphic for sufficiently close
general points $P,$ $Q\in Y$ .

Yoshihara’s work above motivated the author to compute directly the differential

$ d\Psi$ : $T_{Q}Y\rightarrow T_{[Z_{Q}]}M_{10}$ (14)

or equivalently, the Kodaira-Spencer map

$T_{Q}Y\rightarrow^{K- S}H^{1}(Z_{Q}, t9(TZ_{Q}))$ . (15)

If we can prove that the Kodaira-Spencer map above is injective, we can amive at the same
conclusion as Yoshihara’s by using a quite different way from his. Indeed, as we will see later
in Section 4, the Kodaira-Spencer map above is injective, and therefore, the fiber space (12),
which forms a family of Galois closure curves, is effectively parameterized at the general
points $Q\in Y$.

The author found that we can compute the Kodaira-Spencer map above in the general
framework of infinitesimal deformation of a Galois covering space, which is the main topic of
this article. In the framework, we can also compute Kodaira-Spencer maps for larger classes
of curves $X,$ $Y,Z$ . We restrict our concems to the correspondence between only infinitesimal
deformations of both sides of (10) in this article.

For the purpose to discuss the correspondence between infinitesimal deformation of maps
and that ofGalois closure curves, first we briefly sketch the infinitesimal deformations ofmaps.
The detailed discussion of the subject will be treated later in Section 3.1.

For a map $\alpha\in Map_{d}(Y,X)$ , we call a section of the pull-back bundle $\alpha^{*}(\tau X)$

$s\in H^{0}(Y, 0(\alpha^{*}(TX)))$ (16)
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an infinitesimal deformation of the map $\alpha$ .
The actions of the automorphism groups Aut(X), $Aut(Y)$ on $Map_{d}(Y, X)$ induce vector space

homomorphisms from the Lie algebras of those groups

Lie $(Aut(X))\cong H^{0}(X, t9(TX))$ , (17)

Lie $(Aut(Y))\cong H^{0}(Y, 0(TY))$ , (18)

to the vector space $H^{0}(Y,a(TX))$ . Each homomorphism is written as follows: The former is
the pull-back of the holomorphic sections

$\varphi::p(X, 0(TX))\rightarrow H^{0}(Y, 0(\alpha(TX)))$ . (19)

And the latter is the homomorphism of cohomology groups

$Q;Ffl(Y, 0(TY))\rightarrow^{\&}H^{0}(Y, 0(\alpha^{*}(TX)))$ , (20)

induced by the homomorphism of sheaves

$0(TY)\rightarrow^{da}0(\alpha(TX))$ . (21)

We call an element of the quotient vector space by the images of these maps above

$\zeta p(Y, 0(a^{*}(TX)))/({\rm Im}\varphi+{\rm Im}\Omega)$ (22)

an equivalence class of infinitesimal &fomation. The vector space (22) has fundamental
importance for our infinitesimal deformation theory.

In the case above discussed by Yoshihara, the curve $Y$ is of genus three and therefore it
satisfies

Lie $(Aut(Y))=H^{0}(Y, \theta(TY))=0$. (23)

This implies that ${\rm Im} Q=0$ . By using the isomorphism (11), we obtain in this case

$T_{Q}Y\underline{\simeq}H^{0}(Y,$ $ 0(a_{Q}(TP^{1})))/{\rm Im}\varphi$ . (24)

For the purpose to answer the question ofour primary concern- how the complex structure
of the Galois closure curve $Z_{\alpha}$ varies as we deform the branched covering map $\alpha-$ which we
stated above, we investigate the ”inverse problem” of this, which we describe below.

For a branched covering map $Y\rightarrow\alpha X$, we construct uniquely up to isomorphism the Galois
closure of the branched covering map $a$ , which consists of a Galois covering space $Z\rightarrow\pi X$,

the Galois group of which is a finite group $G$ and a Galois covering space $Z\rightarrow\beta Y$, the Galois
group of which is a subgroup $H\subset G$ , satisfying $\alpha\circ\beta=\pi$ . Then the curves $X,$ $Y$ are written as

$X=Z/G$, $Y=Z/H$. (25)
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The inverse probIem which we mentioned above is as follows: Let $Z$ be a curve endowed with
a finite group G-action so that the quotient map

$\pi:Z\rightarrow X:=Z/G$ (26)

should be a Galois covering space with Galois group $G$ . Then, for an arbitrary subgroup
$H\subset G$ , the quotient map

$\beta:Z\rightarrow Y:=Z/H$ (27)

is a Galois covering space with Galois group $H$ . Under the situation above, we can construct a
branched covering map $Y\rightarrow\alpha X$ by setting

$\alpha\circ\beta=\pi$ . (28)

(Note that the Galois covering spaces $Z\rightarrow\pi X$ and $Z\rightarrow\beta Y$ are not supposed to be the Galois
closure of the branched covering map $\alpha.$) The problem is how the branched covering map $\alpha$

varies as we deform the complex structure of the curve $Z$ in a G-invariant way in which the
moduli of the curves $X,$ $Y$ should not be changed.

For the purpose to solve the problem, we proceed as follows. Under the identification

$X=Z/G$, $Y=Z/H$, (29)

we observe the phenomena which occur as we deform the complex structure of the curve $Z$ in
a G-invariant way. We denote the almost complex structures of the curves $X,$ $Y,Z$ by $J_{X},$ $J_{Y},$ $J_{Z}$

respectively. Let $J_{Z}(t)$ be a smooth family of G-invariant almost complex structures on the
curve $Z$ depending on a real parameter $t\in(-\epsilon,\epsilon)$ satisfying the following Condition $\Sigma$;

(Condition $\Sigma$)

The initial value satisfies $J_{Z}(0)=J_{Z}$ and $J_{Z}(t)$ identically equals the original
almost complex structures $J_{Z}$ on some neighborhood of the ramification points
$r_{1},$ $r_{2}’,$

$\ldots,$
$r_{N}\in Z$ of the Galois covering space $Z\rightarrow\pi X$ .

Since every almost complex structure is integrable on a complex manifold of dimension one,
and therefore, since it defines a complex structure of the manifold, the smooth family of G-
invariant almost complex structures $J_{Z}(t)$ above defines a defomation ofthe complex structure
of the curve $Z$. We denote the curve $Z$ with the almost complex structure $J_{Z}(t)$ by $Z(t)$ .

For a point $p\in Z$ which is not a ramification point of the Galois covering space $Z\rightarrow\pi X$,
the homomorphisms of tangent spaces below are isomorphisms:

$d\pi:T_{p}Z\rightarrow\underline{\approx}T_{\pi(p)}X$, (30)

$d\beta:T_{p}Z\rightarrow\underline{\simeq}T_{\beta(p)}Y$. (31).

Therefore we can regard $J_{Z}(t)$ also as a smooth family of almost complex structures $J_{X}(t)$ on
the curve $X$ by setting

$J_{X}(t):=d\pi\circ J_{Z}(t)\circ(d\pi)^{-1}$ on $T_{\pi(p)}X$ . (32)
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Since $J_{X}(t)$ defined above identically equals the original almost complex structure $J_{X}$ on some
$neighborh\infty d$ of the branch points $b_{i}\in X$ of the Galois covering space $Z\rightarrow\pi X$ by the property
of Condition $\Sigma$, it defines a smooth family of almost complex structures on the curve $X$ . The
similar argument shows that we can regard $J_{Z}(t)$ also as a smooth family of almost complex
structures $J_{Y}(t)$ on the curve $Y$ by setting

$J_{Y}(t)$ $:=d\beta\circ J_{Z}(t)\circ(d\beta)^{-I}$ on $T_{\beta(p)}Y$ . (33)

In this way a G-invariant deformation of the complex structure of the curve $Z$ satisfying Con-
dition $\Sigma$ induces deformations of those of the curves $X$, Y.

Next we set

$\eta_{Z}$ $:=\frac{d}{dt}J_{Z}(t)|_{t=0}$ (34)

and we can regard $\eta_{Z}$ as an G-invariant Dolbaut form $\eta_{Z}\in\Lambda^{0.1}(Z, TZ)_{G}$ , and we see that it
satisfies the following Condition $\tilde{\Sigma}$;

(Condition $\Xi$)

$\eta_{Z}$ vanishes on some neighborhood of the ramification points $r_{1},$ $r_{2},$
$\ldots,$

$r_{N}\in Z$ of
the Galois covering space $Z\rightarrow\pi X$ .

Needless to say, the homomorphisms of cotangent space are also isomorphisms for a point
$p\in Z$ which is not a ramification point,

$ d\pi$ : $T_{\pi(p)}X\rightarrow\cong T_{\rho}^{*}Z$, (35)

$ d\beta$
. : $T_{\beta\langle p)}^{*}Y\rightarrow\underline{\simeq}T_{p}^{\cdot}Z$. (36)

Therefore we can apply a similar argument as with $J_{Z}(t)$ to the Dolbaut form $\eta_{Z}$ satisfying
Condition $\tilde{\Sigma}$, to see that we can regard $\eta_{Z}$ also as an element of $\eta_{X}\in\Lambda^{0.1}(X, TX)$ , and as an
element of $\eta_{Y}\in\Lambda^{0,1}(X, TY)$ by using the isomoIphisms of the tangent spaces and those of
cotangent spaces above. Then it is not difficult to check that the following identities hold:

$\frac{d}{dt}J_{X}(t)|_{t=0}=\eta_{X}$ , $\frac{d}{dt}J_{Y}(t)|_{H}=\eta_{Y}$ . (37)

We should note that, for any $\eta_{Z}\in\Lambda^{0.1}(Z, TZ)_{G}$ satisfying Condition $\tilde{\Sigma}$, we can construct
a smooth family of G-invariant almost complex structures $J_{Z}(t)$ depending a real parameter
$t\in(-\epsilon,\epsilon)$ satisfying Condition $\Sigma$ . Furthermore, we will show in Section 2, Lemma 1, that,
for any class $a\in H^{1}(Z, 0(TZ))_{G}$ , we can find a G-invariant Dolbaut form $\eta_{Z}\in\Lambda^{0,1}(Z, TZ)_{G}$

which satisfies

$[\eta_{Z}]=a$ (38)
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and which satisfies Condition $\tilde{\Sigma}$.

As we will see later, we can construct a homomorphism of cohomology groups

$H^{1}(Z, 0(TZ))_{G}\rightarrow^{J_{K}}H^{1}(X, 0(TX))$ (39)

so that the following diagram should commute:

$H^{1}(Z, 0(TZ))_{G}$
$\rightarrow^{J\chi}$

$H^{1}(X, 0(TX))$

$\uparrow$ $\uparrow$
(40)

$\eta_{Z}\in\Lambda^{0,1}(Z, TZ)_{G}\rightarrow\eta_{X}\in\Lambda^{0,1}(X, TX)$

The diagram describes how the complex stIucture of the curve $X$ varies via the correspondence
$\eta_{Z}\rightarrow\eta_{X}$ which we defined above (Section 2, Theorem 1). And in a similar way, we can
construct a homomorphism of cohomology groups

$H^{1}(Z, 0(TZ))_{G}\rightarrow^{J_{Y}}H^{1}(Y, t9(TY))$ (41)

so that the following diagram should commute:

$H^{1}(Z, 0(TZ))_{G}$
$\rightarrow^{J_{Y}}$

$H^{1}(Y, 0(TY))$

$\uparrow$ $\uparrow$
(42)

$\eta_{Z}\in\Lambda^{0,1}(Z, TZ)_{c}\rightarrow\eta_{Y}\in\Lambda^{0,1}(Y, TY)$

The diagram describes how the complex structure of the curve $Y$ varies via the correspondence
$\eta_{Z}\rightarrow\eta_{Y}$ which we defined above.

$Fof$ the purpose to obtain the infinitesimal deformations of the complex structure of $Z$

which do not change the moduli of $X,$ $Y$, we observe the kemels of the homomorphisms (39)
and (41). We set subspaces $K_{X}\subset H^{1}(Z, 0(TZ))_{G}$ and $K_{Y}\subset H^{1}(Z, 0(TZ))_{G}$ as follows:

$K_{X}$ $:=Ker(H^{1}(Z, O(TZ))_{G}\rightarrow H^{1}(X, 0(TX)))$ , (43)

$K_{Y}$ $:=Ker(H^{1}(Z, 0(TZ))_{G}\rightarrow H^{1}J_{Y}(Y, (9(TY)))$ . (44)

Under the definition above, the subspace

$K_{X}\cap K_{Y}\subset H^{1}(Z, 0(TZ))_{c}$ (45)

corresponds to the infinitesimal deformations of the branched covering map $Y\rightarrow aX$ as we see
below.

Since the smooth family of almost complex structures $J_{X}(t)$ of the curve $X$ equivalent as
the original almost complex structure $J_{X}$ there exists a smooth family of $C^{\infty}$-automorphisms
$f_{t}$ : $X\rightarrow X$ which satisfies

$J_{X}(t)=(f_{t})_{*}^{-1}\circ J_{X}o(f_{t})_{*}$ . (46)
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And the similar argument shows that there exists a smooth family of $C^{\infty}$ -automorphisms $g_{t}$ :
$Y\rightarrow Y$ which satisfies

$J_{Y}(t)=(g_{t})_{*}^{-1}\circ J_{Y}o(g_{t})_{*}$ . (47)

Under the situation above, for a given $a\in K_{X}\cap K_{Y}$ , we can find $J_{Z}(t)$, a smooth family of
G-invariant almost complex structures on the curve $Z$ depending on a real parameter $t\in(-\epsilon,\epsilon)$

satisfying Condition $\Sigma$ and satisfying that the cohomology class of the differential

$\eta_{Z}$ $:=\frac{d}{dt}J(t)|_{t=0}$ (48)

coincides with $a\in K_{X}\cap K_{Y}$ , and we can construct a smooth family of holomorphic Galois
covering spaces $\pi_{t}$ : $Z(t)\rightarrow X$ with Galois group $G$ by setting

$\pi_{t}$ $:=f_{t}o\pi$, (49)

and we can construct a smooth family of holomorphic Galois covering spaces $\beta_{t}$ : $Z(t)\rightarrow Y$

with Galois group $H$, by setting

$\beta_{t}$ $:=g_{t}\circ\beta$ . (50)

Note that the complex structures of the curves $X_{;}Y$ are unchanged above.
Then the composite of maps

$a_{t}$
$:=\pi_{t}\circ\beta_{t}^{-1}$ (well-defined) (51)

is a smooth family of branched covering maps $Y\rightarrow Xa$
,

with initial value $\alpha_{0}=\alpha$ .
The minus of the differential of the family $a_{t}$ at $t=0$

$u:=-\frac{d}{dt}L^{\alpha_{t}}$ (52)

defines a holomorphic section of the pull-back bundle $a(TX)$ . Namely

$u\in H^{0}(Y, 0(a(TX)))$ . (53)

Then the equivalence class of $u$

$[u]\in H^{0}(Y, 0(a(TX)))/({\rm Im}\varphi+{\rm Im}\Omega)$ (54)

defines a equivalence class of infinitesimal deformations of the branched covering map $a$ .

As we state in the following Proposition 1, which is our main result in this article, that the
equivalence class (54) does not depend on the particular choice of the families $J_{Z}(t),\pi_{t},\beta_{t}$, but
only depends on the element

$a\in K_{X}\cap K_{Y}$ (55)

which we took first.
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Proposition 1. We can define a homomorphism

$K_{X}\cap K_{Y}\rightarrow H^{0}(Y, 0(\alpha^{*}(TX)))/({\rm Im}\varphi+{\rm Im}\Omega)$ (56)

so that thefollowing diagram should commute:

$K_{X}\cap K_{Y}$ $\rightarrow H^{0}(Y, 0(\alpha^{*}(TX)))/({\rm Im}\varphi+{\rm Im}\Omega)$

$\uparrow$
$\uparrow$ (57)

$\eta_{Z}\in\Lambda^{0,1}(Z, TZ)_{G}\rightarrow$ $u\in H^{0}(Y, 0(\alpha(TX)))$

(Section 3, Theorem 2).

Furthermore, $\iota f$ the Galois covering spaces $Z\rightarrow\pi X,Z\rightarrow\beta Y$ are the Galois closure of the
branched covering map $Y\rightarrow\alpha X$, the homomorphism (56) above is injective (Section 3, Theo-
rem 3).

Moreover, under the $aSsumptions$ above, ifthe branched covering map $Y\rightarrow\alpha X$ is ofgeneral
ramification type, the injective homomorphism (56) is surjective and, consequently, it is an
isomorphism (Section 3, Theorem 4). (A branched covering map $\alpha$ is ofgeneral ramification
type if all the ramification points $p_{j}\in Y$ of the map $a$ are of order two, and there exist no
$p_{i},p_{j}(i\neq J)$ satisffing $\alpha(p_{i})=\alpha(p_{j}).)$

We see that Proposition 1 can do solve the inverse ptoblem”–how the branched covering
map $\alpha$ varies as we deform the complex structure of the curve $Z$ in a G-invariant way in which
the moduli of {he curves $X,$ $Y$ should not be changed–which we mentioned above. Then, by
taking the inverse mapping of homomorphism (56) in Proposition 1, we obtain the following
corollary:

Corollary 1. Ifthe branched covering map $Y\rightarrow\alpha X$ is ofgeneral ramification type, the Kodaira-
Spencer map ofour primary concem is the minus of the inverse map the homomorphism (56)

$H^{0}(Y, 0(\alpha(TX)))/({\rm Im}\varphi+{\rm Im}\Omega)\rightarrow\underline{\approx}K_{X}\cap K_{Y}\subset H^{1}(Z, 0(TZ))_{G}$ (58)

which is an isomorphism. In particular the Kodaira-Spencer map is injective.

In the case discussed by Yoshihara, the linear projection $\alpha_{Q}$ with center $Q\in Y$ is of general
ramification type if and only if the point $Q\in Y\subset P^{2}$ is not flex. For a point $Q\in Y$ which is
not a flex point, the homomorphism (56) in Proposition 1 is the inverse map of the Kodaira-
Spencer map of our primary concem

$T_{Q}Y\rightarrow^{K- S}H^{1}(Z_{Q}, 0(TZ_{Q}))$ , (59)

under the identification

Ffl $(Y,\alpha_{Q}(TP^{1}))/({\rm Im}\varphi)\cong T_{Q}Y$ (60)
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Just as in the case discussed by Yoshihara, we often investigate cases where the curve
$X=P^{1}$ . In those cases, we have

$H^{1}(P^{1},0(TP^{1}))=0$, (61)

therefore we have the following simple corollary by using Corollary 1:

Corollary 2. For a branched covering map $Y\rightarrow\alpha P^{1}$ which is ofgeneral ramification type and
for its Galois closure curve $Z_{\alpha}$, the following sequence is exact:

$0\rightarrow H^{0}(Y,\alpha(TP^{1}))/({\rm Im}\varphi+{\rm Im} Q)\rightarrow H^{1}K- S(Z_{\alpha}, 0(TZ_{\alpha}))_{G}\rightarrow H^{1}J_{Y}(Y, 0(TY))$ . (62)

We should note that, for a branched covering map $\alpha$ which is not of general ramification
type, the corresponding homomorphism (56) may not necessarily be surjective. Therefore,
in those cases, the inverse map of the homomorphism (56) may not be defined on the whole
vector space

$H^{0}(Y,$ $0(\alpha(TP^{1})))/({\rm Im}\varphi+{\rm Im} Q)$ . (63)

In the case discussed by Yoshihara, the linear pfojections with center $Q\in Y\subset P^{2}$ which are
flex points are not of general ramification type. The genera of the Galois closure curves for
those maps are strictly less than ten. Although the identification

$T_{Q}Y\cong H^{0}(Y,$ $0(\alpha_{Q}(TP^{1})))/({\rm Im}\varphi+{\rm Im} Q)$ (64)

still holds for such points $Q\in Y$, the Kodaira-Spencer map

$T_{Q}Y\rightarrow tangent$ space of moduli (65)

can not be defined. We restrict our concems in this article to the case of branched covering
maps of general ramification type.

This article is organized as follows.
In Section 2, we discuss, for a curve $Z$ endowed with a finite group G-action so that the

quotient map $Z\rightarrow\pi X$ $:=Z/G$ is a Galois covering space with Galois group $G$, infinitesimal
deformations of the structure. Our main result of this section is Theorem 1, which provides
foundations of our later discussion.

In Section 3, under the situation in Section 2, and for a given subgroup $H\subset G$, we discuss

the Galois covering space $Z\rightarrow\beta Y$

$:=Z/H$ with Galois group $H$, and discuss the branched
covering map $Y=Z/H\rightarrow\alpha X$. We investigate several homomorphisms of cohomology groups
which are needed for our discussion. Our main results in this section are Theorems 2, 3, and 4
which were stated in Proposition 1 above. In particular, by using these theorems, we derive
the properties of the Kodaira-Spencer map of our primary concem.
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Finally in Section 4, we apply our generaI framework, which we will develop in Sections 2
and 3, to the case above discussed by Yoshihara to compute the Kodaira-Spencer map which
we mentioned above. And we discuss further the correspondence of the infinitesimal defor-
mations of mapping degree three holomorphic maps from an elliptic curve $Y$ to the projective
space $X=P^{1}$ and those of their Galois closure curves. In both cases, we will show explicit
computations of the cohomology groups. As we have seen, for a degree four smooth projective
plane curve $Y$ in the case discussed by Yoshihara, the map $Q$ satisfies ${\rm Im} Q=0$ . In the case
where $Y$ is an elliptic curve, however, the map $Q$ satisfies ${\rm Im} Q\neq 0$, therefore the investigation
for such $Y$ is all the more challenging in this respect.

The author expresses gratitude to Professor Takushirou Ochiai in Tokyo University, who
gave the author foundations of differential geometIy and of complex geometry. The author
would like to thank Professor Hisao Yoshihara in Niigata University, who, after motivating
the author to investigate families of Galois closure curves, gave him various helpful sugges-
tions on the subject and gave him steady encouragements. The author also wishes to thank
Doctor Takeshi kkahashi in Nagaoka National College of Technology, who $shar6d$ fruitful
discussions about the subject and about various related topics on algebraic geometry as well.

2 Infinitesimal deformation of Galois covering space of
curves

In this section we discuss the two general questions, which we will state below, about Galois
covering space of curves. The contents of this section are not only foundations of our later
discussion but also have their own interests to us.

Let $X,Z$ be two curves and $Z\rightarrow\pi X$ a finite Galois covering space with Galois group $G$ . We
denote the branch points of the covering space by $b_{i}\in X(i=1,2, \ldots,m)$ .

Our first question is how the moduli of the complex structure of the total space $Z$ varies
when we translate the branch points $b_{i}(i=1,2, \ldots,m)$ on $X$ . The second one is how the mod-
uli of the complex structure of the base space $X=Z/G$ varies when we deform the complex
structure of the total space $Z$ in a $G$-invariant way.

As we will see later in Theorem 1, the two questions above are answered with a single
exact sequence of cohomology groups induced by a short exact sequence of sheaves.

2.1 A sheaf homomorphism
For the purpose to answer the two questions above, first we establish a short exact sequence of
sheaves (74) in Proposition 2. As we will see later, the long exact sequence of their cohomol-
ogy groups answers our two questions. In this subsection and in the next subsection we devote
ourselves to establishing Proposition 2.

Let $TZ$ denote the tangent bundle of the curve $Z$. Since the curve $Z$ has a G-action, denoted
by $L_{g}$ : $Z\rightarrow Z$ for $g\in G$ , its tangent bundle $TZ$ also has the canonical G-action defined as
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follows:

$g(V_{p}):=(L_{g}).(V_{p})$ $\in T_{g\rho}Z$ (for $g\in G$ and for $V_{p}\in T_{p}Z$). (66)

Then the bundle $TZ$ is a G-equivariant bundle with this G-action.
And let $\pi(TX)$ denote the pull-back bundle of $TX$ by the map $\pi$. The G-action on the

curve $Z$ also lifts canonically to the bundle $\pi(TX)$, and it becomes the $G\cdot equivariant$ bundle.
For a holomorphic vector bundle $E$, we denote the sheaf of local holomorphic sections of the
bundle by $0(E)$ . The differential $ d\pi$ of the map $Z\rightarrow\pi X$ induces the following homomorphism
of sheaves:

$0(TZ)\rightarrow^{d\pi}0(\pi(TX))$ . (67)

It is not difficult to check that the homomorphism of sheaves above is injective. Let Coker $(d\pi)$

denote the cokemel of the $homomo\Psi hism$ of sheaves above, then we obtain the following
exact sequence of sheaves:

$ d\pi$

$0\rightarrow 0(TZ)\rightarrow 0(\alpha(TX))\rightarrow Coker(d\pi)\rightarrow 0$ . (68)

Next we investigate the direct image sheaves of the three sheaves above. Since the functor
which corIespond a sheaf $A$ on $Z$ to its direct image sheaf $\pi_{*}A$ on $X$ is exact for a finite
branched covering space $Z\rightarrow\pi X$, we obtain the following exact sequence of sheaves:

$0\rightarrow\pi.0(TZ)\rightarrow\pi.0(\pi(TX))\rightarrow\pi.Coker(d\pi)\rightarrow 0$. (69)

Since the two vector bundle $TZ$ and $\pi(TX)$ are G-equivariant bundles, the direct image
sheaves $\pi.0(TZ)$ and $\pi.0(\pi(TX))$ have G-action, that is, for any open set $U\subset X$, the module
of the local sections on $U$ of each direct image sheaf is a G-module.

Since the homomorphism of vector bundles

$ TZ\rightarrow\pi^{*}(TX)d\pi$ (70)

commutes with the G-action, the $homomorphism$ of sheaves (69) also commutes with the G-
action.

Since every representation of a finite group $G$ over the field of complex numbers $C$ is
completely reducible, and therefore, since the functor which correspond a sheaf $\prime B$ which is
defined over $C$ and which is endowed with a finite group G-action to the sub-sheaf $\prime B_{G}$ of
$G$-invariant sections is exact, we obtain the $\hslash 1lowing$ exact sequence of sheaves:

$ 0\rightarrow(\pi.0(TZ))_{G}\rightarrow(\pi.0(\pi(TX)))_{G}\rightarrow(\pi$. Coker $(d\pi))_{G}\rightarrow 0$ (71)

Here above it is not difficult to check that the following identity holds:

$(\pi.0(\pi(TX)))_{G}\cong 0(TX)$ . (72)

Moreover, we claim the following proposition:
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Proposition 2. In the exact sequence ofsheaves (7I), the identity

$(\pi_{*}$ Coker $(d\pi))_{G}\cong\bigoplus_{i}T_{b_{i}}X$ (73)

holds, where $\oplus_{j}T_{b_{i}}X$ denotes the skyscraper sheafwhich has non-zero stalk $T_{b_{i}}X$ only on the
branch points $b_{i}\in X(i=1,2, \ldots, m)$ . Therefore we obtain the following exact sequence of
sheaves by using (71):

$ 0\rightarrow$ $($rt.O $(TZ))_{G}\rightarrow 0(TX)\rightarrow\oplus_{j}T_{b_{i}}X\leftrightarrow 0$ . (74)

The proof is rather long. We write it in the following Section 2.2.

2.2 Proof of Proposition 2
In order to prove Proposition 2, we observe the homomorphism of sheaves

$0\rightarrow(\pi.0(TZ))_{G}\rightarrow^{d\pi}(\pi_{*}0(\pi(TX)))_{G}$

$||$ (75)

$0(TX)$

at stalk l\’evel. Since the homomorphism of vector bundles (70) is an fiber isomorphism on each
point $p\in Z$ which is not a ramification point the homdmorphism of the stalks on such a point
$p\in X$ is an isomorphism:

$0\rightarrow(\pi_{*}t9(TZ))_{G,\rho}\rightarrow^{d\pi\simeq\underline}(\pi.0(\pi^{*}(TX)))_{G,p}\rightarrow 0$.
$\Vert$

(76)

$t9(TX)_{\rho}$

Next we observe the homomorphism of the stalks on a branch point $b\in X$:

$0-(\pi_{*}0(TZ))_{G,b}\rightarrow(\pi_{*}0(\pi^{*}(TX)))_{G.b}$ .
$\Vert$ (77)

$0(TX)_{b}$

For a branch point $b\in X$, we set the corresponding ramification points

$\pi^{-1}(b)=\{r_{1}, r_{2}, \ldots, r_{M}\}\subset Z$. (78)

We denote the isotropy subgroup at a ramification point $r_{i}\in Z$ by $H_{i}\subset G$ . Each subgroup $H_{i}$

is isomorphic to the cyclic group $E_{n}(nM=OrdG)$ and is conjugate to each other in the group
$G$ .
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2.2.1 LocaI property of cydic coverings

For the purpose of investigating the homomorphism of the stalks (77), first we observe the
following homomorphism of sheaves on $X$ at the stalks on a ramification point $r_{1}\in Z$ :

$0\rightarrow 0(TZ)_{r_{1}}\rightarrow 0(\pi^{*}(TX))_{r_{1}}$ . (79)

Both of the stalks $0(TZ)_{r_{1}}$ , $0(\pi^{*}(TX))_{r_{1}}$ are $H_{1^{-}}vector$ spaces. The following proposition
holds for the $H_{1}$ -invariant subspaces of them:

Proposition 3. (local property ofcyclic coverings). The following identity holds:

$0\rightarrow(0(TZ)_{r_{1}})_{H_{I}}\rightarrow^{d\pi}(0(\pi(TX))_{\eta})_{H_{I}}\rightarrow T_{b}X\rightarrow 0$.
$\Vert$

(80)

$0(TX)_{b}$

Proof. We use a local holomorphic coordinate function $z$ around the ramification poim $r_{1}\in Z$

which $s$atisfies the following properties:

(1) There is a local holomorphic coordinate function $x$ around the branched point $b=$

$\pi(r_{1})\in X$ satisfying $x(b)=0$ and satisfying $\pi(x)=z^{n}$ . (Consequently $z(r_{1})=0.$ )

(2) The generator $\sigma\in H(\cong E_{n})$ acts on the local $c\infty rdinate$ function $z$ via pull-back of
function as follows:

$\sigma(z)=\zeta z$ $(\zeta:=e^{2\pi i/n})$ . (81)

By using the local coordinate system above, first we observe the action of $H_{1}$ on $0(TZ)_{r_{1}}$

and we determin its $H_{1}$ -invariant subspace. The action of $\sigma\in \mathfrak{C}_{n}$ on the base element
$\frac{\partial}{\partial z}\in 0(TZ)_{r_{1}}$ is computed as follows:

$\sigma(\frac{\partial}{\partial z})=\zeta^{-1}\frac{\partial}{\partial z}$ . (82)

Therefore, for an convergent power series $f=f(z)\in 0_{Z.r_{1}}$ , the generator $\sigma\in \mathfrak{C}_{n}$ acts on the
element $v=f\frac{\partial}{\partial z}\in 0(TZ)_{r_{1}}$ as follows:

$\sigma(f\frac{\partial}{\partial z})=(\sigma f)\zeta^{-1}\frac{\partial}{\partial z}$ . (83)

Hence the etement $v=f\frac{\partial}{\&}\in 0(TZ)_{r_{1}}$ is invariant under the action of $\sigma\in E_{n}$ if and only if $f$

satisfies

$\sigma(f)=\zeta f$. (84)

Then $f$ can be written as

$f=z\pi^{*}(g)$ (85)
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with some convergent power series $g=g(x)\in O_{X,b}$ . Consequently, we see that an element
$v\in 0(TZ)_{\Gamma 1}$ is $H_{1}$ -invariant if and only if it can be written as

$v=z\pi^{*}(g)\frac{\partial}{\partial z}$ (86)

$wit^{\mathfrak{l}}h$ some convergent power series $g=g(x)EO_{X,b}$ .
Next we observe the image of the homomorphism $0(TZ)_{r_{1}}\rightarrow d\pi 0(\pi^{*}(TX))_{\Gamma 1}$ . The image

of the base elemem $\frac{\partial}{\partial z}\in 0(TZ)_{r_{1}}$ is computed as follows:

$d\pi(\frac{\partial}{\partial z})=nf^{-1}\pi^{*}(\frac{\partial}{\partial x})$ . (87)

Therefore the image of a $H_{1^{-}}invariam$ elemem (86) is computed as follows:

$d\pi(v)=nz^{n}\pi^{*}(g)\pi^{*}(\frac{\partial}{\partial x})$ (88)

$=n\pi^{*}(xg\frac{\partial}{\partial x})$ . (89)

Thus the image of $((9(TZ)_{r_{1}})_{H_{1}}\rightarrow d\pi 0(IX)_{b}$ coincides with the submodule $M_{1}$ $\subset 0(TX)_{b}$

which consists of all sections which take zero at the point $b\in X$ . Since the identity

$0(TX)_{b}/M_{1}\cong T_{b}X$ (90)

holds, the cokemel of

$(o(TZ)_{r_{1}})_{H_{1}}\rightarrow 0d\pi(TX)_{b}$ (91)

is canonically isomorphic to $T_{b}X$, which is our desired result.
This completes the proof of Proposition 3. $\square $

2.2.2 Induced representation

Now we retum to the observation of the homomorphism of the following sheaves at stalk level:

$0\rightarrow(\pi.0(TZ))_{G}\rightarrow(\pi_{*}(9(\pi^{*}(TX)))_{G}$ .
$\Vert$ (92)

$0(TX)$

In what follows, we prove that the following exact sequence of the stalks holds for a branch
point $b\in X$:

$0\rightarrow(\pi_{*}0(TZ))_{G,b}\rightarrow 0(TX)_{b}\rightarrow T_{b}X\rightarrow 0$ . (93)
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There are the foIIowing direct sum decompositions of the modules:

$\pi_{*}0(TZ)_{b}\cong\bigoplus_{j=1}^{M}0(TZ)_{r_{j}}$ , (94)

$\pi_{*}0(\pi(TX))_{b}\cong\bigoplus_{\dot{\Gamma}-1}^{M}0(\pi(TX))_{r_{j}}$ . (95)

As we will see below, the modules above are isomorphic to the G-modules induced by the $H_{1^{-}}$

modules. The stalk $0(TZ)_{\eta}$ of the sheaf $0(TZ)$ on the curve $Z$ is a $H_{1}$ -vector space. The $s$talk
$\pi_{*}0(TZ)_{b}$ is a G-vector space induced by the $H_{1}$ -vector space $0(TZ)_{r_{I}}$ . To be more precise, it
is not difficult to check that there exists the canonical isomoIphism

$\pi_{*}0(TZ)_{b}\cong CG\otimes_{CH_{1}}0(TZ)_{r_{1}}$ , (96)

where $CG$ (resp. $CH_{1}$ ) denotes the group algebra of $G$ (resp. $H_{1}$ ) over the field of complex
numbers $C_{d}$ The same argument is true for the stalk of the sheaf $0(\pi(TX))$ . Then we also
obtain the following isomorphism:

$\pi.0(\pi(TX))_{b}\cong CG\Phi_{CH_{1}}0(\pi(TX))_{r_{1}}$ . (97)

By taking the G-invariant subspace $s$ of the identities (96) and (97), we obtain the following
identities:

$(\pi.0(TZ)_{b})_{G}\cong(0(TZ)_{r_{1}})_{H_{1}}$ , (98)

$(\pi.0(\pi^{*}(TX))_{b})_{G}\cong(0(\pi(TX))_{r_{1}})_{H_{1}}\cong 0(TX)_{b}$ . (99)

Then we obtain the following commutative diagram of exact sequences:

$0\rightarrow(\pi.0(TZ)_{b})_{G}\rightarrow^{d\pi}(\pi_{*}0(\pi(TX))_{b})_{G}=0(TX)_{b}\rightarrow T_{b}X\rightarrow 0$

$\Vert$ $\Vert$ $\Vert$ $(1\infty)$

$0\rightarrow(0(TZ)_{r_{1}})_{H_{1}}\rightarrow^{d\pi}(O(\pi(TX))_{r_{1}})_{H_{1}}=0(TX)_{b}\rightarrow T_{b}X\rightarrow 0$

The exact sequence of the upper row in the diagram above, which is our desired result, is
obtained by the exact sequence of the lower row, which we already obtained in Proposition 3.

In this way, we obtain the following exact sequence for a branch poim $b\in X$ :

$0\rightarrow(\pi.0(TZ))_{G,b}\rightarrow 0(TX)_{b}\rightarrow T_{b}X\rightarrow 0$. (101)

Hence $(\pi$. Coker $(d\pi))_{G}$ in the exact sequence of sheaves (7I) is canonically isomorphic to
the skyscraper $s$heaf $\oplus_{j}T_{b_{\dot{s}}}X$.

This completes the proof of Proposition 2.
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2.3 G-invariant deformation of $Z$

The exact sequence of sheaves (74) in Proposition 2 induces the following exact sequence of
their cohomology groups:

(102)

Now we explain the fact that the cohomology group $H^{j}(X, (\pi_{*}0(TZ))_{G})(j=0,1)$ is
isomorphic to the cohomology group $H^{j}(Z, 0(TZ))_{G}$ . Since the finite group $G$ is acting on the
curve $Z$, the group also acts on the cohomology groups $H^{j}(Z, 0(TZ))(j=0,1)$ . Then the
finite group $G$ has linear representations on the cohomology groups $H^{j}(Z, 0(TZ))$ . We denote
the subspace of $H^{j}(Z, 0(TZ))$ which consists of all $G$-invariant elements by $H^{j}(Z, 0(TZ))_{G}$ .
Since every representation of a finite group over the field of complex numbers $C$ is completely
reducible, the following identity holds:

$H^{j}(X,(\pi.0(TZ))_{G})\cong H^{j}(X, (\pi.0(TZ)))_{G}$ . (103)

Furthermore, since the cohomology groups of a sheaf $C$ on $Z$ and those of its direct image
sheaf $\pi_{*}G$ are isomorphic for a finite branched covering space $ Z\rightarrow\pi\chi$, the following identity
holds:

$H^{j}(X, (\pi_{*}0(TZ)))_{c}\cong H^{j}(Z, 0(TZ))_{G}$ . (104)

Finally we obtain the following identity which we mentioned above:

$H^{j}(X,(\pi_{*}0(TZ))_{G})\cong H^{j}(Z, 0(TZ))_{G}$ $(j=0,1)$ . (105)

We denote the subspace of all $G$-invariam element in $\Lambda^{0,*}(Z, TZ)$ by $\Lambda^{0},$ $(Z, TZ)_{G}$ . Since
the Dolbaut complex $\Lambda^{0}$,“ $(Z, TZ)$ is a $C^{\infty}(X)$-module and it defines a fine resolution of the sheaf
$(\pi.0(TZ))$ , it is not difficult check, by using the fact that every representation of a finite group
$G$ over $C$ is completely reducible, that the complex $\Lambda^{0}$,‘ $(Z, TZ)_{G}$ defines a fine resolution of
the sheaf $(\pi_{*}0(TZ))_{c}$ . The identity (105) can be obtained also by using this fine resolution.

In what follows we identify $H^{1}(X, (\pi.0(TZ))_{G})$ with $H^{1}(Z, 0(TZ))_{G}$ . At that time, we
can rewrite the exact sequence of cohomology groups (102) as follows:

(106)

In the following Sections 2.3.1 and 2.3.2, we explain how the elements of $H^{1}(Z, 0(TZ))_{G}$

are related to the G-invariant deformations of the curve $Z$ .
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2.3.1 Deformation

We denote the almost complex structures of the curves $X,Z$ by $J_{X},$ $J_{Z}$ respectively. Let $J_{Z}(t)$

denote a smooth family ofG-invariant almost complex structures on the curve $Z$ depending on
a real parameter $t\in(-\epsilon,\epsilon)$ satisfying the following Condition $\Sigma$;

(Condition $\Sigma$)

The initial value satisfies $J_{Z}(0)=j_{Z}$ and $J_{Z}(t)$ identically equals the original
almost complex structures $J_{Z}$ on some neighborhood of the ramification points
$r_{1},$ $r_{2},$

$\ldots,$
$r_{N}\in Z$ of the Galois covering space $Z\rightarrow\pi X$ .

Since every almost complex structure is integrable on the complex manifold of dimension one,
and therefore, since it defines a complex structure of the manifold, the smooth family of G-
invariant almost complex structures $J_{Z}(t)$ above defines a defomation ofthe complex structure
of the curve $Z$.

For a poim $p\in Z$ which is not a ramification poim of the Galois covering space $Z\rightarrow\pi X$,
the homomorphism of tangent spaces below is isomorphism:

$d\pi:T_{\rho}Z\rightarrow\cong r_{\pi\omega)}x$. (107)

Therefore we can regard $J_{Z}(t)$ also as a smooth family of almost complex structures $J_{X}(t)$ on
the curve $X$ by setting

$J_{X}(t):=d\pi\circ J_{Z}(t)\circ(d\pi)^{-1}$ on $T_{\pi(\rho)}X$. (108)

Since $J_{X}(t)$ defined above identically equals the original almost complex structure $J_{\chi}$ on some
neighborhood of the branch points $b_{i}\in X$ by the property of Condition $\Sigma$, it defines a smooth
family of almost complex structures on the curve $X$ . In this way a G-invariant deformation of
the complex structure of the curve $Z$ satisfying Condition $\Sigma$ induces a deformation of that of
the curve $X$.

2.3.2 Iniinitesimal deformation

For $J_{Z}(t)$ , a smooth family of G-invariant almost complex $s$tructures on the curve $Z$ depending
on a real parameter $t\in(-\epsilon,\epsilon)$ satisfying Condition $\Sigma$, we set

$\eta_{Z}$
$:=\frac{d}{dt}J_{Z}(t)|_{t=0}$ (109)

and we can regard $\eta_{Z}$ as an element of $\Lambda^{0,1}(Z, TZ)_{G}$ . The Dolbaut form $\eta_{Z}\in\Lambda^{0,1}(Z, TZ)_{G}$ is
G-invariant and satisfies the following Condition $\tilde{\Sigma}$;

(Condition $\tilde{\Sigma}$)

$\eta_{Z}$ vanishes on some neighborhood of the ramification points $r_{1},$ $r_{2},$
$\ldots,$

$r_{N}\in Z$ of
the Galois covering space $Z\rightarrow\pi X$ .
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Needless to say, the homomorphism of cotangent spaces is also an isomorphism for each point
$p\in Z$ which is not a ramification point

$d\pi^{*}:$ $T_{t(p)}^{*}X\rightarrow\underline{\approx}T_{p}^{*}Z$. (110)

Therefore we can apply a similar argument as with $J_{Z}(t)$ to the Dolbaut form $\eta_{Z}$ satisfying
Condition $\tilde{\Sigma},$ $to\cdot see$ that we can regard $\eta_{Z}$ also as an element of $\eta_{X}\in\Lambda^{0,1}(X, TX)$ , by using the
isomoIphisms of the tangent spaces and those of cotangent spaces. Then it is not difficult to
check that the following diagram commutes:

$H^{1}(Z, 0(TZ))_{G}$
$\rightarrow^{J_{X}}$

$H^{1}(X, 0(TX))$

$\uparrow$ $\uparrow$

(111)

$\eta_{Z}\in\Lambda^{0,1}(Z, TZ)_{G}\rightarrow\eta_{\chi}\in\Lambda^{0,1}(X, TX)$

As we described in Section 2.3.1, a smooth family of $G$-invariant almost complex structures
on the curve $Z$ satisfying Condition $\Sigma$ induces that of the curve $X$, denoted by $J_{X}(t)$ . It is not
difficult to check that the following identity holds:

$\frac{d}{dt}J_{X}(t)|_{t=0}=\eta_{X}$ . (112)

We should note that for any $\eta_{Z}\in\Lambda^{0.1}(Z, TZ)_{G}$ satisfying Condition $\tilde{\Sigma}$, we can construct,
conversely, a smooth family of $G$-invariant almost complex structures $J_{Z}(t)$ depending on a
real parameter $t\in(-\epsilon,\epsilon)$ satisfying Condition $\Sigma$, as we see below.

We can regard the value of $\eta_{Z}$ at a point $p\in Z$ as an endomorphism on the tangent space
$T_{p}Z$ which we denote by $A_{p}\in End(T_{\rho}Z)$ . The endomorphism $A_{p}$ satisfies

$J_{Z\rho}A_{p}+A_{p}J_{Zp}=0$ . (113)

Set

$J_{Z}(t)_{p}$ $:=J_{Zp}e^{-J_{Zp}A_{p}t}\in End(T_{p}Z)$ . (114)

Then $J_{Z}(t)$ is our desired one. In this way a Dolbaut form $rlz\in\Lambda^{0,1}(Z, TZ)_{G}$ satisfying Condi-
tion $\tilde{\Sigma}$ generates a smooth family of $G$-invariant almost complex $s$tructures $J_{Z}(t)$ depending a
real parameter $t\in(-\epsilon,\epsilon)$ satisfying Condition $\Sigma$.

Furthermore, for any class $a\in H^{1}(Z, 0(TZ))_{G}$ , we can find a G-invariant Dolbaut form
$\eta_{Z}\in\Lambda^{0,1}(Z, TZ)_{G}$ which satisfies

$[\eta_{Z}]=a$ (115)

and which satisfies Condition $\tilde{\Sigma}$ by the following Lemma 1:

Lemma 1. (representative satisfying Condition $\tilde{\Sigma}$).
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(1) Let $C$ be a curve and $E$ a holomorphic vector bundle over C. The following
fact holds for the cohomology group $H^{1}(C, 0(E))$ . For a given cohomology class
$a$ $\in$ $H^{1}(C, 0(E))$, and for given finite points $r_{1},$ $r_{2},$

$\ldots,$
$r_{N}\in C$, there exists a Dol-

bautform $\xi\in\Lambda^{0.1}(C, 0(E))$ which is a representative of the given class $a$ and which is
identically zero on som$e$ neighborhood of the given points $\{r_{1}, r_{2}, \ldots, r_{N}\}\subset C$.

(2) Assume firrther in the situation above that the curve $C$ is endowed with a finite group
G-action so that the quotient map $C\rightarrow C/G$ shouu be a Galois covering space with
Galois group $G$ and with the ramification points $r_{1},$ $r_{2},$

$\ldots,$
$r_{N}\in C.$ And assume that

the holomorphic vector bundle $E$ is a G-equivariant bundle over the curve C. Then
for any G-invariant Dolbaut $fom\eta\in\Lambda^{0,1}(C, 0(E))_{G}$, we can find a G-invariant
Dolbaut fom $\xi\in\Lambda^{0,1}(C, 0(E))_{G}$ which defines the same cohomology class as $\eta$ in
$H^{1}(C, 0(E))_{G}$ and which is identicauy zero on some neighborhood of the ramification
points $\{r_{1}, r_{2}, \ldots, r_{N}\}\subset C$.

Proof. We prove that, for a given Dolbaut form $\eta\in\Lambda^{0.1}(C,E)$ , there exists a Dolbaut form
$\xi\in\Lambda^{0.1}(C, E)$ which defines the same cohomology class as $\eta$ and which is identically zero on
some neighborhood of the given points $\{r_{I}, r_{2}, \ldots, r_{N}\}\subset C$ .

Let $W_{i}$ be a small disk the center of which is each given poim $r_{\dot{s}}\in C$. We may assume that
the holomorphic vector bundle $E$ restricted to each $W_{i}$ is holomorphically trivial. Then, by the
Dolbaut lemma (or $\overline{\partial}$-Poincar\’e lemma, c.f. [3]), there exists $s_{i}\in\Lambda^{0,0}(W_{\iota},E)$ which satisfies

$\eta|_{W_{j}}=\overline{\partial}s_{j}$ . (116)

By taking a $s$maller disk $V_{i}\subset W_{l}$ for each point $r_{i}$ if necessary, we may assume that there exists
a $C^{\infty}$ global section $s\in\Lambda^{0,0}(C, E)$ the restriction of which to each disk $V_{i}$ coincides with $s_{i}$

above:

$s|_{V_{i}}=s_{i}|_{V_{i}}$ . (117)

Then the element

$\xi:=\eta-\overline{\partial}s\in\Lambda^{0,1}(C,E)$ (118)

takes zero on all $V_{i}’ s$ and defines the same class as $\eta$ in the cohomology group $H^{1}(C, 0(E))$,
which is our desired one. This completes the proof of (1).

Assume that the curve $C$ is endowed with an finite group G-action which satisfies the
conditions in (2). Then, after averaging by the G-action, we may assume that the section
$s\in\Lambda^{0.0}(Z, TZ)_{G}$ above is G-invariant, which assures that $\xi$ above is also G-invariant. This
completes the proof of (2). $o$

2.4 Theorem 1
Now we answer the two questions which we posed in the beginning of this section– how
the moduli of the complex structure of the total space $Z$ varies when we translate the branch
points $b_{i}(i=1,2, \ldots,m)$ on $X$, and how the moduli of the complex structure of the base space
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$X=Z/G$ varies when we deform the complex structure of the total space $Z$ in a G-invariant
way.

A translations of the branch points $b_{i}(i=1,2, \ldots, m)$ on $X$ is understood as to give a
section of the skyscraper sheaf $\oplus_{i}T_{b_{i}}X$, in other words, to give tangent vectors

$v_{i}\in T_{b_{i}}X$. (119)

And a G-invariant infinitesimal deformation of the curve $Z$ is understood as to give an element
of $H^{1}(Z, TZ)_{G}$ .

We state the following theorem:

Theorem 1. (1) The infinitesimal change of the moduli of the complex structure of the total
space $Z$ induced by a translation of the branch points $b_{j}\in X$ coincides with the connecting
homomorphism

$\bigoplus_{i}T_{b_{I}}X\rightarrow\delta H^{1}(Z, 0(TZ))_{G}$ (120)

ofthe anct sequence ofcohomology groups (106) (or equivalently, (102)).
(2) An element of$H^{1}(Z, 0(TZ))_{G}$ is an infnitesimal deformation ofthe moduli ofthe com-

plex structure of total space $Z$ which is compatible with the G-action. And the corresponding
infinitesimal change ofthe moduli ofthe complex structure ofthe base space $X$ is described by
the homomorphism

$H^{1}(Z, 0(TZ))_{G}\rightarrow H^{1}J_{X}(X, 0(TX))$ . (121)

Proof. For given $v_{i}\in T_{b_{i}}X’ s$ , we construct $J_{Z}(t)$ , a $s$mooth family of almost complex structure
of the curve $Z$, and a smooth family of Galois covering spaces

$ Z(t):=(Z,J_{Z}(t))\rightarrow X\pi$
,

(122)

depending on a real parameter $t\in(-\epsilon,\epsilon)$ which satisfies

$\frac{d}{dt}b_{i}(t)|_{\Leftrightarrow 1}=v_{i}\in T_{b_{i}}X$ (123)

for the branch points $b_{i}(t)$ .

First we can find an elemem $V\in\Lambda^{0.0}(X, TX)$ which satisfies the following conditions:

(1) The value of V at each branch poim $b_{i}\in X$ equals the given vector $v_{j}$ .

$V_{b_{i}}=v_{j}\in T_{b_{i}}X$ (124)

(2) For each branch point $b_{i}EX$, there exists an open neighborhood $U_{i}$ of the poim on
which V is holomorphic.

–153–



We can regard $V\in\Lambda^{0,0}(X, TX)$ as a real vector field V $\in X(X)$ , and we denote the one-
parameter transformation group generated by the vector field by $\varphi_{t}$ : $X\rightarrow X$ . The composite
of the maps

$\pi_{t}$ $:=\varphi_{t}\circ\pi:Z\rightarrow X$ (125)

is G-invariant and it is a $C^{\infty}$ Galois covering space. The ramification points of the Galois
covering space (125) are $r_{1},$ $r_{2},$

$\ldots,$ $r_{N}EZ$, which are not changed fiom those of the Ga-
lois covering space $Z\rightarrow\pi X$. And the branch points of the Galois covering space (125) are
$\varphi_{t}(b_{1}),$ $\varphi_{t}(b_{2}),$ $\ldots,\varphi_{t}(b_{n})$ . It should be noted that, for sufficiently small $t\in(-\epsilon,\epsilon)$ , the map $\pi_{t}$

is holomorphic on some neighborhood of each ramification poim $r_{i}\in Z$.
For each point $p\in Z$ which is not a ramification point of the Galois covering space $Z\rightarrow\pi X$,

the homomorphism of the tangent spaces
$T_{p}Z^{d\pi,}\rightarrow T_{\pi\phi)}X$ (126)

is an isomorphism. Therefore, for such points, we can ”pull-back” the almost complex struc-
ture $J_{X}$ on $T_{\phi)}X$ to $T_{p}Z$ by setting

$J_{Z}(t):=(d\pi_{t})^{-1}\circ J_{X}\circ d\pi_{t}$ . (127)

Since the map $\pi_{t}$ is holomorphic on some neighborhood of the ramification points, the almo$st$

complex structure $J_{Z}(t)$ defined above coincides with the original almost complex structure
on such neighborhoods. Hence $J_{Z}(t)$ defines a smooth family of $G$-invariant almost complex
structures on the curve $Z$ satisfying Condition $\Sigma$. We denote the curve $Z$ with almost complex
$s$tructure $J_{Z}(t)$ by $Z(t)$ . The projection

$Z(t)\rightarrow X\pi_{t}$ (128)

is a $sm\infty th$ family of holomorphic Galois covering spaces depending on a real parameter
$t\in(-\epsilon,\epsilon)$ .

Set

$\eta_{Z}$
$:=\frac{d}{dt}J_{Z}(t)|_{t=0}$ , (129)

and we can identify $\eta_{Z}$ as an element of $\Lambda^{0,1}(Z, TZ)_{G}$ satisfying Condition $\tilde{\Sigma}$. The Dolbaut
form $\eta_{Z}$ is detennined by $V\in\Lambda^{0,0}(X, TX)$ via the following procedure. We set

$\eta_{X}:=\overline{\partial}V\in\Lambda^{0.1}(X, TX)$ , (130)

and we can identify $\eta_{X}$ with $\eta_{Z}$ via the isomorphisms of the tangent spaces and the cotangent
spaces which we mentioned before. The procedure above coincides with the definition of the
connecting homomorphism

$\bigoplus_{i}T_{b_{i}}X\rightarrow\delta H^{1}(X,(\pi.0(TZ))_{G})$ (131)

of the exact sequence of the cohomology groups. This completes the proof of the assertion (1)
in Theorem 1.

The assertion (2) in Theorem 1 has already been proved. $\square $
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Remark I. For the case where $X$ is the projective space $P^{1}$ , the exact sequence of cohomology
groups (106) becomes the following simpler one:

(132)

And we know

dimLie $(Aut(P^{1}))=\dim H^{0}(P^{1},0(TP^{1}))$ (133)

$=3$ . (134)

The exact sequence (132) will be used later in Section 4 to compute the dimension of the vector
space $H^{1}(Z, 0(TZ))_{G}$ .

3 Further investigation and main results

In the previous section, we discussed the infinitesimal deformations of a Galois covering space

$Z\rightarrow\pi X$ (135)

with Galois group $G$, and we established Theorem 1. Under the situation above, for a subgroup
$H\subset G$ , the curve $Y:=Z/H$ is a compact smooth curve and the quotient map

$Z\rightarrow\beta Y$ (136)

is a Galois covering with Galois group $H$ . At that time we can construct the unique branched
covering map

$Y\rightarrow aX$ (137)

which satisfies $\alpha\circ\beta=\pi$ .
In this section we investigate the infinitesimal deformations of the Galois covering spaces

(135) and (136). We will see that an infinitesimal defornation of the Galois covering spaces
(135) which preserves the moduli of the curves $X,$ $Y$ induces an infinitesimal deformation of the
branched covering map $Y\rightarrow\alpha X$ which is defined above. This procedure leads us to Theorem 2,
which answers the ”inverse problem”–how the branched covering map $\alpha$ varies as we deform
the complex structure of the curve $Z$ in a $G$-invariant way in which the moduli of the curves
$X,$ $Y$ should not be changed– which we mentioned in Introduction. And, in particular, in the
case where the Galois covering spaces (135) and (I36) are the GaIois closure of the branched
covering map $Y\rightarrow aX$, we obtain Theorem 3. And, furthermore, if the branched covering map
$\alpha$ is of general ramification type, we obtain Theorem 4. By using these theorems, we finally
obtain the Kodaira-Spencer map of our primary concem.
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3.1 Vector space of infinitesimal deformations ofmaps
First we discuss how we deal with the infinitesimal deformations of the branched covering
map $Y\rightarrow\alpha X$ in this subsection.

For a map $a\in Map_{d}(Y,X)$, as in Introduction, we call a section ofpull-back bundle $a^{*}(TX)$

$s\in H^{0}(Y, 0(a^{*}(TX)))$ (138)

an infinitesimal defomation of map $a$ . The mapspace $Map_{d}(Y,X)$ has a complex space struc-
ture. And if the condition

$H^{1}(Y, 0(\alpha^{*}(TX)))=0$ (139)

holds, the mapspace is non-singular at the poim $a\in Map_{d}(Y,X)$ (c.f. [6]). (Note that the con-
dition (139) is a sufficient condition for the mapspace to be non-singular. It is not a necessary
condition.) All of the curves we will discuss later in Section 4 satisfy the condition (139). If
the mapspace $Map_{d}(Y,X)$ is non-singular at a point $a\in Map_{d}(Y,X)$ , the tangent space of the
mapspace at the poim $\alpha$ can be identified with the cohomology group

$H^{0}(Y, 0(\alpha(TX)))$ . (140)

At that time, in particulat, there exists a $sm\infty th$ family of holomorphic maps of mapping
degree $d$

$f_{t}$ : $Y\rightarrow X$ (141)

depending on a Ieal parameter $t\in(-\epsilon,\epsilon)$ satisfying

$\frac{d}{dt}f_{t}|_{t=0}=s$ (142)

for an arbitrary $s\in H^{0}(Y,0(\alpha(TX)))$ .

As we mentioned in Introduction, the actions of the automorphism groups Aut(X), Aut(Y)

on $Map_{d}(Y,X)$ induce vector $s$pace homomorphism from the Lie algebra of those group above

Lie $(Aut(X))\cong H^{0}(X, 0(TX))$ (143)

Lie $(Aut(Y))\cong H^{0}(Y, 0(TY))$ (144)

to the vector space $FP(Y,\alpha(TX))$ . Each homomorphi$sm$ is written as follows: The former is
the pull-back of the holomorphic sections

$\varphi;fP(X, 0(TX))\rightarrow H^{0}(Y, 0(\alpha(TX)))$ . (145)

And the latter is the homomorphism of cohomology groups

$Q;H^{0}(Y, 0(TY))\rightarrow^{d\alpha}H^{0}(Y, 0(a(TX)))$ , (146)
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induced by the homomorphism of sheaves

$0(TY)\rightarrow^{d\alpha}0(a^{*}(TX))$ . (147)

As we will see later, the homomorphisms $\varphi$ and $Q$ are both injective. We call an element of
the quotient vector space

$H^{0}(Y, 0(\alpha^{*}(TX)))/({\rm Im}\varphi+{\rm Im} \mathfrak{Q})$ . (148)

an equivalence class of infinitesimal defornzation. The vector space (148) has fundamental
importance for our infinitesimal deformation theory.
Remark 2. We will investigate later in Section 4 families of Galois closure curves on such a
base space that the tangent space of it is isomorphic to the vector space (148).

For later use, we investigate the homomorphi $s$ms $\varphi$ and $Q$ as homomorphisms of cohomol-
ogy groups in the following Sections 3.1.1 and 3.1.2.

3.1.1 Sheaf $S_{A}$

First we define a sheaf $s_{A}$ as follows. The pull-back operation of the local sections of the
bundle $TX$ to the bundle $\alpha(TX)$ defines the following homomorphism of sheaves on $X$:

$0(TX)\rightarrow\alpha_{*}0puU-back(\alpha(TX))$ . (149)

It is not difficult to check that the homomorphism above is injective and then we define the
$sheaf@_{A}$ as the cokemel of the homomorphism above

$s_{A}$ $:=Coker$ (pull-back: C) $(TX)\rightarrow\alpha_{*}0(\alpha^{*}(TX)))$ . (150)

The exact sequence of the sheaves

$0\rightarrow 0(TX)\rightarrow^{pu11- back}\alpha.0(\alpha^{*}(TX))\rightarrow s_{A}\rightarrow 0$ (151)

induces the following long exact sequence of their cohomology groups:

(152)

Under the identification of the cohomology groups

$H^{j}(X,\alpha_{*}0(a(TX)))\cong H^{i}(Y, 0(\alpha(TX)))$ $(j=0,1)$ , (153)

the homomorphism $Q$ coincides with the homomorphism $Q^{\prime}$ in the long exact sequence of the
cohomology groups above.

We discuss here a fine resolution of the sheaf $s_{A}$ . The Dolbaut complex $\Lambda^{0,*}(X, TX)$ is a
$C^{\infty}(X)$-module and it defines a fine resolution of the sheaf $0(TX)$ . And the Dolbaut complex

–157–



$\Lambda^{0}$,“ $(Y,\alpha^{*}(TX))$ is a $C^{\infty}(X)$-module and it defines a fine resoIution of the sheaf $\alpha_{*}0(\alpha(TX))$ .
Therefore we see that

$\Lambda^{0,*}(Y,\alpha^{*}(TX))/\Lambda^{0}$ ‘ (X, $TX$) (154)

is a $C^{\infty}(X)$-module and that it defines a fine resolution of the $sheaf@_{A}$ , which we will use later
in the proof of Theorem 2.

3.1.2 Sheaf $S_{j\alpha s}$

Next we define a sheaf $s_{\mu s}$ as follows. The differential $ d\alpha$ of the map $Y\rightarrow\alpha X$ defines the
following homomorphism of vector bundles:

$TY\rightarrow\alpha(TX)d\alpha.$ . (155)

This induce$s$ the following homomorphism of sheaves on $Y$:

$0(TY)\rightarrow 0d\alpha(a(TX))$ . (156)

Moreover, this induces the following homomorphism of the direct image sheaves on $X$ of them:

$\alpha.0(TY)\rightarrow a.0d\alpha(a(TX))$ . (157)

It is not difficult to check that the hdmomorphism above is injective and then we define the
sheaf $S_{j\alpha s}$ as the cokemel of the homomorphism

$s_{j\epsilon ts}$ $:=Coker(da:\alpha.0(TY)\rightarrow\alpha.O(\alpha(TX)))$ . (158)

As we see below, the sheaf $S_{jets}$ is a skyscraper sheaf which has non-zero stalks only on the
branch points $a_{i}\in X$ of the branched covering space $Y\rightarrow aX$. It is not difficult to check that
for each poim $p\in Y$ which is not a ramification poim of $Y\rightarrow\alpha X$, the homomorphism (156)
is an isomorphism. And when the poim $p\in Y$ is a ramification point of order $k$ of the branch
covering map $Y\rightarrow\alpha X$, the homomorphism (156) of the stalk at the point $p\in Y$

$0(TY)_{p}\rightarrow 0d\alpha(a(TX))_{p}$ (159)

is injective and the image of the homomorphism $da$ is the submodule of sections which takes
zero of order $k-1$ at the point $p\in Y$, which we denote by $M_{k-1}$ . Therefore the cokemel of the
homomorphi$sm(156)$ is a skyscraper sheaf which has non-zero $s$talks only on the ramification
points $ p_{j}\in$ Y. And the stalk of a ramification poim $p\in Y$ is the jet of order $k-1$ of the
puU-back bundle $a^{*}(TX)$ at the point Namely

$0(a^{*}(TX))_{p}/{\rm Im} da\cong j^{*-1},(a(TX))$ $(1\omega)$

$:=0(\alpha^{*}(TX))_{p}/M_{k-1}$ . (161)
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Hence the sheaf $S_{jets}$ is a skyscraper sheaf on $X$ which has non-zero stalks only on the branch

points $a_{i}\in X$ . And the stalk at a branch point $a\in X$ of the branched covering space $Y\rightarrow\alpha X$ is
the direct sum of the modules (160) of the ramification points $p_{1},$ $p_{2},$ $\ldots,$

$p_{K}\in Y$ which satisfy
$\alpha(p_{i})=a$ .

As we mentioned in Introduction, we define the following definition about branched cov-
ering maps:

Definition 1. A branched covering map $Y\rightarrow aX$ is of general ramification type if all the
ramification points $p_{j}\in Y$ of the branched covering map are of order two, and there exist no
$p_{i},p_{j}(i\neq])$ satisfying $\alpha(p_{j})=\alpha(p_{j})$ .

One may see without difficulty that the following identity holds for a branched covering
map $Y\rightarrow\alpha X$ with branch points $a_{j}\in X$ which is of general ramification type:

$s_{jcts}\cong\bigoplus_{i}T_{a_{j}}X$. (162)

By the definition of the sheaf $S_{jets}$ , the following exact sequence of sheaves holds:

$0\rightarrow\alpha.0(TY)\rightarrow^{da}\alpha.(9(\alpha(TX))\rightarrow s_{jets}\rightarrow 0.$ (163)

The exact sequence of sheaves (163) induces a following exact sequence of their cohomology
groups:

(164)

Under the identification of the cohomology groups (153), the homomorphism $Q$ coincides with
the hqmomorphism $ d\alpha$ in the long exact sequence of cohomology groups (164).

3.2 Deformation of $Z$ preserving the moduli of $X,$ $Y$

In this subsection, first we observe how the complex structures of the curve $X,$ $Y$ vary when
we deform the complex structure of the curve $Z$ in a G-compatible way. The infinitesi-
mal deformations of the complex structure of the curve $Z$ are described by the cohomol-
ogy group $H^{1}(Z, 0(TZ))$ . And among them, the G-invariant ones are described by its G-
invariant subspace $H^{1}(Z, 0(TZ))_{G}$ . Next we investigate the subspaces $K_{X}\subset H^{1}(Z, 0(TZ))_{G}$

and $K_{Y}\subset H^{1}(Z, 0(TZ))_{G}$ the elements of which do not change the moduli of the curve $X,$ $Y$

respectively.

For the purpose to investigate the correspondence of the infinitesimal deformations of the
complex structures of th$e$ curves $X,$ $Y,Z$ which we mentioned above, we study the following

–159–



exact sequences of sheaves.

First, in order to investigate how the complex structures of the curve $X$ varies, we observe
the exact sequence

$0\rightarrow(\pi_{*}0(TZ))_{c}\rightarrow 0(TX)\rightarrow\oplus_{j}T_{b_{t}}X\rightarrow 0$ (165)

which we e\S tablished in Proposition 2 and the exact sequence of their cohomology groups

(166)

the properties of which we discussed in Theorem 1. For our purpose to obtain the infinites-
imal deformations which do not change the moduli of the curve $X$, we define a vector space
$K_{X}\subset H^{1}(X, (\pi.0(TZ))_{G})$ as follows:

$K_{X}:=Ker(H^{1}(X,(\pi.0(TZ))_{G})\rightarrow H^{1}J_{l}(X,0(TX)))$ (167)

$={\rm Im}(\bigoplus_{i}T_{b_{i}}X\rightarrow\delta H^{1}(X,(\pi.0(TZ))_{G}))$ . (168)

Recall that we pointed out in Section 2.3 that the foUowing identification of cohomology
groups holds:

$H^{1}(X,(\pi_{*}0(TZ))_{G})\underline{\simeq}H^{1}(Z, 0(TZ))_{G}$ . (169)

3.2.1 $S$heaf $s_{B}$

Next, in order to investigate how the complex $s$tructures of the curve $Y$ varies, we define a
sheaf $S_{B}$ on $X$ as follows:

$s_{B}$ $:=Coker(d\beta:(\pi.0(TZ))_{G}\rightarrow\alpha.0(r\eta)$ . (170)

The exact sequence of sheaves

$0\rightarrow(\pi.0(TZ))_{G}\rightarrow^{\Phi}a.O(TY)\rightarrow@_{B}\rightarrow 0$ (171)

induces the following long exact sequence of their cohomology groups:

(172)
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As is the same as the case with $X$, for our purpose to obtain the infinitesimal defor-
mations which do not change the moduli of the curve $Y$, we define a vector space
$K_{Y}\subset H^{1}(X, (\pi_{*}0(TZ))_{G})$ as follows:

$K_{Y}$ $:=Ker(H^{1}(X, (\pi_{*}O(TZ))_{G})\rightarrow H^{1}s_{Y}(X, 0(TY)))$ (173)

$={\rm Im}(H^{0}(X, @_{B})\rightarrow\delta H^{1}(X, (\pi_{*}0(TZ))_{G}))$ . (174)

We discuss here a fine resolution of the sheaf $s_{B}$ . As we mentioned in Section 2.3, the
Dolbaut complex $\Lambda^{0}$,“

$(Z, TZ)_{G}$ is a $C^{\infty}(X)$-module and it defines a fine resolution of the sheaf
$(\pi.0(TZ))_{G}$ . And the Dolbaut complex $\Lambda^{0}$,“ $(Y, TY)$ is a $C^{\infty}(X)$-module and it defines a fine
resolution of the sheaf $a.O(TY)$ . Therefore we see that

$\Lambda^{0}’(Y, TY)/\Lambda^{0}$’“ $(Z, TZ)_{G}$ (175)

is a $C^{\infty}(X)$-module and that it defines a fine resolution of the sheaf $S_{B}$ , which we will use later
in the proof of Theorem 2.

We will see in the following Section 3.2.2 that the elements of the vector space
$K_{X}\cap K_{Y}\subset H^{1}(X, (\pi.0(TZ))_{G})$ (176)

are related to the infinitesimal deformations which do not change the moduli of the curve
$X=Z/G$ and $Y=Z/H$ .

3.2.2 Construction of smooth family

For an element

$a\in K_{X}\subset H^{1}(Z, 0(TZ))_{G}$ , (177)

we can find a G-invariant Dolbaut form $\eta_{Z}\in\Lambda^{0.1}(Z, TZ)_{G}$ which is a representative of the
cohomology class $a$ and which satisfies Condition $\tilde{\Sigma}$ by virtue of Lemma 1. As we men-
tioned in the previous section, the $G$-invariant Dolbaut form $\eta_{Z}$ generate a smooth family of
G-invariant almost complex structures on the curve $Z$ depending on a real parameter $t\in(-\epsilon,\epsilon)$

satisfying Condition $\Sigma$. We denote the curve $Z$ with the almost complex structure $J_{Z}(t)$ by
$Z(t)$ . Furthermore, we know that the Dolbaut form $\eta_{Z}$ can be identified with an Dolbaut form
$\eta_{X}\in\Lambda^{0,1}(X, TX)$ by using the isomorphisms of the tangent spaces and the cotangent spaces.
Since $[\eta_{Z}]\in K_{X}$ , the cohomology class of the Dolbaut form $\eta_{X}$ in $H^{1}(X, 0(TX))$ is zero. Then
there exists an elemem $V_{X}\in\Lambda^{0,0}(X, TX)$ satisfying

$\eta_{X}=\overline{\partial}V_{X}$ . (178)

The elemem $V_{X}$ , identified with a real vector field on the curve $X$, generates an one-parameter
transformation group $f_{t}$ : $X\rightarrow X$ depending on a real parameter $t\in(-\epsilon,\epsilon)$ . Then the
composite of map $s$

$\pi_{t}$ $:=f_{t}\circ\pi$ (179)
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is a smooth family of holomorphic Galois covering space with Galois group $G$

$\pi_{t}$ : $Z(t)\rightarrow X$. (180)

Note that the complex structure of the curve $X$ is unchanged above.

The similar argument is true for an element

$a\in K_{Y}\subset H^{1}(Z, 0(TZ))_{G}$ . (181)

Take $\eta_{Z}$ as above. Then $\eta_{Z}$ can be identified with an Dolbaut form $\eta_{Y}\in\Lambda^{0.1}(Y,TY)$ by
using the isomorphisms of the ttgent spaces and the cotangent spaces. Since $[\eta_{Z}]\in K_{Y}$ ,
the cohomology class of the Dolbaut form $\eta_{Y}$ in $H^{1}(Y, 0(TY))$ is zero. Then there exists an
elemem $V_{Y}\in\Lambda^{0,0}(Y, TY)$ satisfying

$\eta_{Y}=\overline{\partial}V_{Y}$ . (182)

The element $V_{Y}$ , identified with a real vector field on the curve $Y$, generates an one-parameter
transformation group $g_{t}$ : $Y\rightarrow Y$ depending on a real parameter $t\in(-\epsilon,\epsilon)$ . Then the
composite of maps

$\beta_{t}$ $:=g_{t}\circ\beta$ (183)

is a $sm\infty th$ family of holomorphic Galois covering space with Galois group $H$

$\beta_{t}$ : $Z(t)\rightarrow Y$ (184)

Note that the complex structure of the curve $Y$ is unchanged above.

Combining the procedures about $X$ and $Y$ above, we see that, for an element

$a\in K_{X}\cap K_{Y}\subset H^{1}(Z, 0(TZ))_{G}$ , (185)

we can construct both $sm\infty th$ families of Galois covering spaces $\pi_{t}$ : $Z(t)\rightarrow X$ and $\beta_{t}$ :
$Z(t)\rightarrow Y$. And then we can construct a $sm\infty th$ family of branched covering maps $Y\rightarrow a_{l}X$

with initial value $ a_{0}=\alpha$ by setting

$a_{t}$
$:=\pi_{t}\circ\beta_{t}^{-1}$ (well-defined). (186)

The minus of the differential of the family $a_{t}$ at $t=0$

$u:=-\frac{d}{dt}|_{E}\alpha_{t}$ (187)

defines a holomorphic section of the pull-back bundle $\alpha(TX)$ . Namely

$u\in H^{0}(Y, 0(a(TX)))$ . (188)
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Finally the equivalence class of $u$

$[u]\in H^{0}(Y, 0(\alpha^{*}(TX)))/({\rm Im}\varphi+{\rm Im} Q)$ (189)

defines a equivalence class of infinitesimal deformations of the branched covering map $\alpha$ .

We show in the following Theorem 2, which is our main theorem in this article, that the
equivalence class (189) does not depend on the particular choice of the families $J_{Z}(t),\pi_{t},\beta_{t}$ ,

but only depends on the element

$a\in K_{X}\cap K_{Y}\subset H^{1}(Z, 0(TZ))_{G}$ (190)

which we took first.

3.3 Main results
Theorem 2. We can define a homomorphism

$K_{X}\cap K_{Y}\rightarrow H^{0}$ $(X,\alpha_{*}0 (\alpha‘‘ (TX)))/({\rm Im}\varphi+{\rm Im}\Omega)$ , (191)

the minus ofwhich describes how the branched covering map $Y\rightarrow aX$ varies when we defom
the complex structure of the $cu$rve $Z$ in a G-invariant way in which the moduli of the curves
$X=Z/G$ and that ofthe curve $Y=Z/H$ are not changed.

Proof. By using the homomorphism between the two exact sequences of sheaves (151)
and (171)

puIl-back
$ 0\rightarrow$ $0(TX)$ $\rightarrow a_{*}0(\alpha^{*}(TX))\rightarrow S_{A}\rightarrow 0$

$ d\pi\uparrow$ $ d\alpha\uparrow$ $\uparrow$ (192)

$0\rightarrow(\pi.0(TZ))_{G}$
$\rightarrow^{\phi}$

$\alpha_{*}0(TY)$ $\rightarrow S_{B}\rightarrow 0$,

we can write the following commutative diagram of cohomology groups: (The vertical and
horizontal lines are reversed for convenience.)

$H^{1}(X,\alpha_{*}0(TY))$

$\uparrow J_{Y}$

$H^{1}(X, (\pi.0(TZ))_{G})\rightarrow^{J_{X}}$ $H^{1}(X, 0(TX))$

$\delta_{1}\uparrow$ $\delta_{2}\uparrow$

$fP(X, @_{B})$
$\rightarrow^{\rho}$

$H^{0}(X, S_{A})$ (193)

$\uparrow$ $\varphi\uparrow$

$H^{0}(X,\alpha.0(TY))$ $\rightarrow^{Q}H^{0}(X,\alpha_{*}O(\alpha^{*}(TX)))$

$\varphi\uparrow$

$fP(X, 0(TX))$
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We define a homomorphism

$K_{X}\cap K_{Y}\rightarrow H^{0}(X,\alpha_{*}(9(\alpha^{*}(TX)))/({\rm Im}\varphi+{\rm Im} Q)$ (194)

as follows: For an elemem $a\in K_{X}\cap K_{Y}$ , we can find an elemem $b\in H^{0}(X, @_{B})$ satis-
fying $\delta_{1}(b)=a$, because $a\in K_{Y}$ . Set $c=\rho(b)\in H^{0}(X, @_{A})$ , then we can find an el-
emem $d\in H^{0}(X,\alpha_{*}0(\alpha(TX)))$ satisfying $\varphi(d)=c$, because $\delta_{2}(c)=0$. The element
$d\in H^{0}(X, \alpha.0(\alpha(TX)))$ defines an equivalence class $[d]$ in the vector space

$fF(X,\alpha.0(\alpha(TX)))/({\rm Im}\varphi+{\rm Im} Q)$ . (195)

It is not difficult check that the correspondence

$a\in K_{X}\cap K_{Y}\rightarrow[d]\in H^{0}(X,\alpha.0(\alpha^{*}(TX)))/({\rm Im}\varphi+{\rm Im}\Omega)$ (196)

described above is well-defined by chasing the diagram (193).

Let $J_{Z}(t)$ denote a smooth family of G-invariant almost complex structures on the curve $Z$

depending on a real parameter $t\in(-\epsilon,\epsilon)$ satisfying Condition $\Sigma$. We denote the curve $Z$ with
the almost complex structure $J_{Z}(t)$ by $Z(t)$ . And we set $\eta_{Z}\in\Lambda^{0,1}(Z, TZ)_{G}$ as follows:

$\eta_{Z}$
$:=\frac{d}{dt}J_{Z}(t)|_{t=0}$ . (197)

The Dolbaut form $\eta_{Z}$ satisfies Condition $\tilde{\Sigma}$. Let $\pi_{t}$ : $Z(t)\rightarrow X$ be a smooth family of holomor-
phic Galois covering space with Galois group $G$ satisfying $\pi_{0}=\pi$. And let $\beta_{t}$ : $Z(t)\rightarrow Y$ be a
smooth family of holomorphic Galois covering space with Galois group $H$ satisfying $\beta_{0}=\beta$ .
Note that, for any $a\in H^{1}(Z, 0(TZ))_{G}$ , we have already shown that there exist $s$uch families
that satisfies

$[\eta_{Z}]=a\in H^{1}(Z, 0(TZ))_{G}$ . (198)

In what follow$s$, however, we proceed without using the particular families which we con-
structed before.

Under the situation which we described above, we can define a smooth family of branched
covering maps $\alpha_{t}$ : $Y\rightarrow X$ satisfying $a_{0}=a$, by setting

$a_{t}$
$:=\pi_{t}\circ\varphi_{t})^{-1}$ (well-defined). (199)

In what follow $s$, we show that the following diagram Commutes:

$K_{X}\cap K_{Y}$ $\rightarrow H^{0}(Y, 0(a(TX)))/({\rm Im}\varphi+{\rm Im}\Omega)$

$\uparrow$
$\uparrow$ (200)

$\eta_{Z}\in\Lambda^{0,1}(Z, TZ)_{G}\rightarrow u=-\frac{d}{dt}\alpha_{t}|_{t=0}\in H^{0}(Y, 0(a(TX)))$
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First we define maps $f_{t}$ : $X\rightarrow X$ by setting

$f_{t}$ $:=\pi\circ\pi_{t}^{-1}$ (well-defined). (201)

The maps $f_{t}’ s$ are $C^{\infty}$ on $X$ and, moreover, holomorphic on some neighborhood of the branch
$\pi$

points of the Galois covering space $Z\rightarrow X$ for sufficiently small $t\in(-\epsilon, \epsilon)$ , and then
they define a family of $C^{\infty}$-automorphisms of $X$ . Similarly we can define a family of $C^{\infty}-$

automorphisms $g_{t}$ : $Y\rightarrow Y$ by setting

$g_{t}$
$:=\beta\circ\beta_{t}^{\sim 1}$ (well-defined). (202)

Set real vector fields $V_{X}\in \mathfrak{X}(X)$ and $V_{Y}\in \mathfrak{X}(Y)$ as follows:

$V_{\chi}=\frac{d}{dt}f_{t}|_{t=0}$ , $V_{Y}=\frac{d}{dt}g_{t}|_{\leftarrow-0}$ (203)

These vector fields are also regarded as $V_{X}\in\Lambda^{0,0}(X, TX)$ and $V_{Y}\in\Lambda^{0,0}(Y, TY)$ . Then it is not
difficult to check that $V_{Y}$ defines a cohomology class

$[V_{Y}]\in H^{0}(X, S_{B})$ (204)

by using the fine resolution of the sheaf $S_{B}(175)$ . The cohomology class $[V_{Y}]$ corresponds
to the elemem $b$ $\in$ $H^{0}(X,@_{B})$ which we defined in the diagram (193). And we set
$s\in\Lambda^{0,0}(Y,\alpha(TX))$ as

$s:=d\alpha(V_{Y})$ . (205)

It is not difficult to check that $s$ defines a cohomology class

$[s]\in H^{0}(X,S_{A})$ (206)

by using the fine resolution of the sheaf $S_{A}(154)$ . The cohomology class $[s]\in H^{0}(X, S_{A})$

corresponds to the elemem $c\in H^{0}(X, @_{A})$ which we defined in the diagram (193). Since
the cohomology class of the elemem $\alpha(V_{X})\in\Lambda^{0,0}(Y,\alpha^{*}(TX))$ in $H^{0}(X,@_{A})$ is zero, the
difference

$s-\alpha(V_{X})$ (207)

defines the $s$ame cohomology clas $s$ as $s$ in $H^{0}(X, @_{A})$ . It is not difficult to check that the
difference above defines a holomorphic section of the pull-back bundle $\alpha^{*}(TX)$ . Namely

$s-\alpha^{*}(V_{X})\in H^{0}(Y,a^{*}(TX))$ . (208)

The elemem $s-\alpha(V_{X})$ $\in$ $H^{0}(X,\alpha.0(\alpha^{*}(TX)))$ corresponds to the element
$d\in H^{0}(X,\alpha.0(a^{*}(TX)))$ which we defined in the diagram (193).

Finally it is not difficult to check that the minus of the differential of the family $\alpha_{t}$ at $t=0$

satisfies

$-\frac{d}{dt}\alpha_{t}|_{t=0}=s-\alpha^{*}(V_{\chi})\in H^{0}(Y, 0(\alpha^{*}(TX)))$ , (209)
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and the equivalence class
$[s-\alpha(V_{X})]\in H^{0}(Y,\alpha^{*}(TX))/({\rm Im}\varphi+{\rm Im} Q)$ (210)

coincides with the element

$[d]\in H^{0}(X,\alpha_{*}0(a^{*}(TX)))/({\rm Im}\varphi+{\rm Im}\Omega)$ (211)

which we defined before, under the identffication of the cohomology groups below:
$fF(Y,\alpha^{*}(TX))\cong H^{0}(X,\alpha.0(\alpha(TX)))$ . (212)

This complete $s$ the proof. $\square $

3.4 Galois closure case
In this subsection we discuss the case where the Galois covering spaces $Z\rightarrow\pi X,Z\rightarrow\beta Y$ are the
Galois closure of the branched covering map $Y\rightarrow\alpha X$.

Combining the exact sequences of sheaves (165), (163), (151) and (170), we obtain the
following commutative diagram of homomorphisms of sheaves:

$0$ $0$

$\uparrow$ $\uparrow$

$\oplus_{i}T_{b_{i}}X\uparrow$

$\rightarrow^{\gamma}$

$@_{jc1S}\uparrow$

$ 0\rightarrow$ $0(TX)$ $\rightarrow^{puI1- buk}\alpha_{*}0(a(TX))\rightarrow@_{A}\rightarrow 0$ (213)

$ d\pi\uparrow$ $ da\uparrow$ $\uparrow$

$0\rightarrow(\pi_{*}0(TZ))_{G}\rightarrow^{\Phi}$ $\alpha.0(TY)$ $\rightarrow S_{B}\rightarrow 0$

$\uparrow$ $\uparrow$

$0$ $0$

First we observe the homomorphism of sheaves

$\bigoplus_{i}T_{b_{t}}X\rightarrow\gamma S_{j\alpha}$ (214)

which is defined as in the diagram (213). As we mentioned in Section 3.1.2, the sheaf $S_{\mu s}$

is a skyscraper sheaf which has non-zero stalks only on the brancb points of the branched

$COVeriaceY\rightarrow X.Andthesta1kont.hebrtc_{\Gamma_{j}^{intb\in Xisthedirectsumofjetsatthe}}correspondingramificationpointsp_{1},p_{2},..,p_{K}(\alpha\alpha p)=b)ofthepull- backbundlea(TX)$

.
Namely

$(@_{j\alpha s})_{b}\cong\bigoplus_{j}^{K}j_{p_{j}}(a^{*}(TX))$ . (215)

–166–



In the case where the Galois covering spaces $Z\rightarrow\pi X,Z\rightarrow\beta Y$ are the Galois closure of the
branched covering space $Y\rightarrow aX$, the set of branch points $\{b_{1}, b_{2}, \ldots, b_{m}\}\subset X$ of the branched
covering map $Z\rightarrow\pi X$ coincides with that of the branched covering space $Y\rightarrow\alpha X$ which
we denoted by $\{a_{1},a_{2}, \ldots,a_{L}\}\subset X$ . Furthermore, in that case, the homomorphism (214) is
injective, as we see below. We observe the homomorphism at stalk level for a branch point
$b\in X$ and for the corresponding ramification points $p_{1},p_{2},$ $\ldots,$

$p_{K}\in Y(\alpha(p_{j})=b)$

$T_{b}X\rightarrow\bigoplus_{j}^{K}j_{p_{j}}^{*}(\alpha^{*}(TX))$ . (216)

Each homomorphism $T_{b}X\rightarrow j_{p_{j}}^{*}(\alpha^{*}(TX))$ is determined as the following diagram:

$0\rightarrow 0(TY)_{\rho_{i},H_{l}}\rightarrow^{d\alpha}$ $0(TX)_{b}$ $\rightarrow$ $T_{b}X$ $\rightarrow 0$

$\downarrow$ $\downarrow pull$-back $\downarrow$ (217)

$ 0\rightarrow$ $0(TY)_{\rho_{j}}$
$\rightarrow^{d\alpha}0(\alpha^{*}(TX))_{\rho_{j}}\rightarrow j_{p_{j}}^{*}(a^{*}(TX))\leftrightarrow 0$

Here above, we see that the down arrows are all injective and, therefore, we $s$ee that the homo-
morphism of sheaves (214) is injective. Moreover, we also see, under the assumption above,
that the homomorphism of sheaves (214) is surjective if and only if the branched covering
map $Y\rightarrow\alpha X$ is of general ramification type.

By summarizing the arguments above about the sheaf $S_{jets}$ , we obtain the following propo-
sition.

Proposition 4. If the Galois covering spaces $Z\rightarrow\pi X,Z\rightarrow\beta Y$ are the Galois closure of the
branched covering map $Y\rightarrow\alpha X$ the homomorphism ofsheaves

$\oplus_{i}T_{b_{i}}X\rightarrow^{\gamma}s_{jets}$ (218)

in the diagram (213) is injective.
Furthermore, the homomorphism is surjective $\iota f$ and only $\iota f$ the branched covering

map $Y\rightarrow\alpha X$ is ofgeneral ramification type. In that case, we have the isomorphism

$@_{jets}\cong\bigoplus_{i}T_{b_{j}}X$. (219)

And we can also obtain the following proposition by chasing the diagram (213):

Proposition 5. If the homomorphism

$\bigoplus_{i}T_{b_{i}}X\rightarrow\gamma s_{jets}$
(220)
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is injective, the homomorphism

$s_{A}$

$\uparrow$ (221)

$S_{B}$

in the diagram (213) is also injective.

By using Proposition 5, we obtain the following theorem:

Theorem 3. If the Galois covering spaces $Z\rightarrow\pi X,Z\rightarrow\beta Y$ are the Galois closure of the
branched covering map $Y\rightarrow\alpha X$, the homomorphism in neorem 2

$K_{\chi}\cap K_{Y}\rightarrow H^{0}(X,\alpha.0(a^{*}(TX)))/({\rm Im}\varphi+{\rm Im} Q)$ (222)

is injective.

Proof. It is not difficult to check that the assertion of the theorem follows from the fact that
the homomorphism

ffl $(X,@_{B})\rightarrow\rho H^{0}(X,@_{A})$ (223)

in the diagram (213) is injective under the assumption. $o$

Let $S_{C}$ denote the cokemel of the homomorphism (218). Then we have the following exact
sequence of sheaves;

$0\rightarrow\oplus_{i}T_{b_{i}}X\rightarrow S_{jcts}\rightarrow s_{c}\rightarrow 0$ . (224)

By using the former part of Proposition 4 and Proposition 5, we can check that the dia-
gram (213) extends to the following commutative diagram:

$0$ $0$ $0$

$\uparrow$ $\uparrow$ $\uparrow$

$ 0\rightarrow$

$\oplus_{i}T_{b_{j}}X\uparrow$

$\rightarrow^{\gamma}$

$ S_{j\alpha s}\uparrow$ $\rightarrow S_{C}\uparrow\rightarrow 0$

$ 0\rightarrow$ $0(TX)$
$\rightarrow^{puU- 1-ck}$ q.O $(\alpha(TX))\rightarrow s_{A}\rightarrow 0$ (225)

$ d\pi\uparrow$

$0\rightarrow(\pi.0(TZ))_{G}\rightarrow^{\Phi}$

$\uparrow$

$0$

$ d\alpha\uparrow$ $\uparrow$

a.O $(TY)$ $\rightarrow S_{B}\rightarrow 0$

$\uparrow$ $\uparrow$

$0$ $0$
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Finally we discuss the case where the branched covering map $Y\rightarrow\alpha X$ is of general ramifi-
cation type. At that time, by using the latter part of Proposition 4, we have @c $=0$ . Then we
obtain the following theorem:

Theorem 4. If the Galois covering spaces $Z\rightarrow\pi X,Z\rightarrow\beta Y$ are the Galois closure of the
branched covering map $Y\rightarrow\alpha X$ which is ofgeneral ramification type, the injective homomor-
phism in Theorem 3

$K_{X}\cap K_{Y}\rightarrow H^{0}(X,\alpha.0(\alpha(TX)))/({\rm Im}\varphi+{\rm Im} Q)$ (226)

is surjective and, consequently, it is an isomorphism.

Proof. Under the assumption of the theorem, we have

$s_{B}\underline{\simeq}s_{A}$ . (227)

It is not difficult to check that the assertion of the theorem follows ffom the fact that the
homomorphism

$H^{0}(X, @_{B})\rightarrow\rho H^{0}(X, S_{A})$ (228)

in the diagram (193) is an isomorphism. $o$

Since the homomorphism (226) is an isomorphism under the assumption of Theorem 4,
we can define its inverse map

$H^{0}$ ($X$, a.C) $(a(TX)))/({\rm Im}\varphi+{\rm Im} Q)\rightarrow K_{X}\cap K_{Y}\subset H^{1}(Z, 0(TZ))_{G}$ . (229)

Now we consider a set of smooth families depending on a real parameter $t\in(-\epsilon,\epsilon)$ which
consist of a smooth family of branched covering map $sY\rightarrow X\alpha_{t}$ of general ramification type, a
smooth family of Galois covering spaces $ Z\rightarrow X\pi$

,
with Galois group $G$, and a smooth family

$\beta_{t}$

of Galois covering spaces $Z(t)\rightarrow Y$ with Galois group $H$. And we assume that they satisfy
$\alpha_{t}\circ\beta_{t}=\pi_{t}$ for all $t\in(-\epsilon,\epsilon)$ and that the Galois covering spaces $Z(t)\rightarrow\pi_{t}X,Z(t)\rightarrow\beta_{t}Y$

are the Galois closure of the branched covering maps $Y\rightarrow\alpha_{t}X$ for each $t\in(-\epsilon,\epsilon)$ . Then the
correspondence between the infinitesimal deformation of the complex structure of the Galois
closure $Z(t)$ and the equivalence class of the infinitesimal defomlation of the branched cov-
ering map $Y\rightarrow\alpha_{t}X$ is completely determined by Theorem 4. Therefore we obtain that the
minus of the inverse map (229) is the Kodaira-Spencer map of our primary concern, under the
identifications

$H^{1}(Z, 0(TZ))_{G}\subset H^{1}(Z, 0(TZ))$ (subspace), (230)

ffl $(X,\alpha.0(a^{*}(TX)))\cong H^{0}(Y, 0(\alpha(TX)))$ . (231)
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4 Applications to examples
In this final section of this article we apply our general framework which we have developed in
previous sections for the purpose of describing the Kodaira-Spencer map (226) to some cases
to show explicit computations.

The first case is that the curve $Y$ is a degree four smooth projective plane curve and $X$ the
projective space $P^{1}$ which was discussed by Yoshihara in his article [9]. And the second one
is that the curve $Y$ is an elliptic curve and $X=P^{1}$ . We discuss infinitesimal deformations of
mapping degree three holomorphic maps and those of their Galois closure curves.

As we have seen, for a degree four smooth projective plane curve $Y$, the map $Q$ satisfied
${\rm Im} Q=0$ . In the case where $Y$ is an elliptic curve, however, the map $Q$ satisfies ${\rm Im} Q\neq 0$,
theIefore the investigation for such $Y$ is all the more challenging in this respect.

In both cases, we will show explicit computations of the cohomology groups to describe
the Kodaira-Spencer map of our primary interest.

4.1 Degree four smooth projective plane curve case
In this subsection we discuss the case that the curve $Y$ is a degree four smooth projective
plane curve $Y\subset P^{2}$ and the curve $X$ the projective space $P^{1}$ , which Yoshihara discussed in his
article [9]. In this case the genus of the curve $Y$ is three. We know that

Lie $(Aut(Y))=0$ (232)

and that $Aut(Y)$ is at most a finite group.

For the curve $Y$, we have

$Map_{d}(Y,P^{1})=\emptyset$ $(d=1,2)$ , (233)

and the holomorphic maps ofmapping degree three, which we discuss below, give the gonality.

It is not difficult to oheck

dim $FF(Y,$ $0(\alpha(TP^{1})))=4$ , (234)

dim $H^{1}(Y,$ $0(a^{*}(TP^{1})))=0$, (235)

for any elemem $a\in Map_{3}(Y, P^{1})$ . Therefore, the mapspace $Map_{3}(Y, P^{1})$ is non-singular at any
poim $\alpha\in Map_{3}(Y, P^{1})$ and the dimension of its tangent space is four. And since dim ${\rm Im}\varphi=$

$3$ , dim ${\rm Im} Q=0$, we obtain

dim $H^{0}(Y,$ $0(\alpha(TP^{1})))/({\rm Im}\varphi+{\rm Im}\Omega)=1$ $(=\dim Y)$ . (236)

We can correspond each $po$int $Q\in Y$ to the linear projection $Y\rightarrow P^{1}\alpha_{Q}$ with center $Q\in Y$.
This correspondence induce the following isomorphism (c.f. [6]):

$Y\cong Map_{3}(Y,P^{1})/Aut(P^{1})$ (biholomorphic). (237)
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For a general–i.e. not flex–point $Q\in Y$, the linear projection $Y\rightarrow a_{Q}P^{I}$ is of general
ramification type, and has ten ramification points of order two. We discuss below the Galois
closure curves of such points $ Q\in$ Y. The Galois closure curve $Z_{Q}$ for such a point $Q\in Y$ is
constructed as a Galois covering space

$Z_{Q}\rightarrow\beta Y$ (238)

which has ten branch points on $Y$, and the Galois group $H$ of which is the cyclic group of order
two. Then the composite of maps

$\pi;=\alpha_{Q}\circ\beta:Z_{Q}\rightarrow X$ (239)

is a Galois covering space, the Galois group $G$ of which is the symmetric group of degree
three. Under the situation above, the identities

$Z_{Q}/G\cong P^{1}$ , $Z_{Q}/H\cong Y$, (240)

hold and the Galois covering spaces (238) and (239) are the Galois closure of the map $\alpha_{Q}$ . By
using the Riemann-Hurwitz formula, we see that the genus of the Galois closure curves $Z_{Q}$

is ten. The Galois covering space $Z_{Q}\rightarrow\pi_{Q}P^{1}$ has thirty ramification points on $Z_{Q}$ and has ten
branch points on $P^{1}$ . Since the genus of the curve $Z_{Q}$ is ten, we have

dim $H^{1}(Z_{Q}, 0(TZ_{Q}))=27$ . (241)

By using the exact sequence of cohomology groups in Remark 1 of Theorem 1

(242)

we obtain the dimension of its $G$-invariant subspace

dim $H^{1}(Z_{Q}, 0(TZ_{Q}))_{G}=7$ . (243)

And we know

dim $H^{1}(Y, 0(TY))=6$ . (244)

Then, under the identification
$H^{0}(Y,\alpha(TP^{1}))/({\rm Im}\varphi)\cong T_{Q}Y$, (245)

we finally obtain the exact sequence
$0\rightarrow T_{Q}Y\rightarrow^{K- S}H^{1}(Z_{Q}, 0(TZ_{Q}))_{G}\rightarrow^{J_{Y}}H^{1}(Y, 0(TY))$ (246)

by using Corollary 2 in Introduction. Since the dimensions of the vector spaces above are
dim $T_{Q}Y=1$ , dim $H^{1}(Z_{Q}, 0(TZ_{Q}))_{G}=7$ , dim $H^{1}(Y, 0(TY))=6$ , (247)

we see the homomorphism $J_{Y}$ is surjective.
In particular, as we have $s$een above, the Kodaira-Spencer map is injective. Then we obtain

the same conclusion as Yoshihara’s in his aIticle $[9]$–for sufficiently close general points
$P,$ $Q\in Y$, the corresponding Galois closure curves $Z_{P},Z_{Q}$ are not isomorphic–in the quite
different way from his.
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4.2 Elliptic curve case
In thi $s$ subsection we discuss the case that th$e$ curve $Y$ is an elliptic curve and $X$ the projective
space $P^{1}$ .

In this case we have

dim $:p(Y, 0(TY))=1$ . (248)

and it is not difficult to check dim ${\rm Im} Q=1$ . First we prove the following proposition:

PInpsition 6. For any euiptic curve andfor any branched covering map $Y\rightarrow aP^{1}$ , we have
${\rm Im}\varphi\cap{\rm Im} 0=0$. Therefore the sum

${\rm Im}\varphi+{\rm Im} 9\subset H^{0}(Y,$ $0(a(TP^{1})))$ (249)

is the direct sum ${\rm Im}\varphi\oplus{\rm Im}$ Q.

Proof. Since $P^{1}$ is simply connected, the map $a$ has at least one ramification poim $p\in Y$, the
order ofwhich we denote by $m(\geq 2)$ . In what follows, we use a coordinate $y$ on $Y$ which comes
from the universal covering $C\rightarrow Y$ satisfying $y(p)=0$, and an inhomogeneous coordinate $x$

on $P^{1}$ satisfying $x\circ\alpha(p)=0$. The map $\alpha$ is written as a convergent power series with the first
term $y^{m}$ around the point $p\in Y$. Namely

$a(x)=y^{m}+$ ($higher$ order terms). (250)

Since an element of $:F(P^{1},0(TP^{1}))$ is written as $(a_{0}+a_{1}x+a_{2}x^{2})\frac{\partial}{\partial x}(a_{0},a_{1},a_{2}\in C)$ , an
element of ${\rm Im}\varphi$ is written as

$(a_{0}+a_{1}a^{*}(x)+a_{2}(a(x))^{2})a(\frac{\partial}{\partial x})$ . (251)

And since an element of $PP(Y, 0(TY))$ is written as $b\frac{\partial}{\Phi}(b\in C)$, an element of ${\rm Im} Q$ are
written as

$b$ ($my^{m-1}+$ (higher order $\iota ems$)) $a(\frac{\partial}{\partial x})$ . (252)

It is not difficult to check ${\rm Im}\varphi\cap{\rm Im} Q=0$ by using the expressions (251) and (252).
This completes the $pr\infty f$ of Proposition 6. $\square $

Since, for an elliptic curve $Y$, we have

$Map_{1}(Y,P^{1})=\emptyset$, (253)

the holomorphic maps ofmapping degree two give the gonality. Namba showed in hi $s$ book [6]

$Map_{2}(Y,P^{1})/(Aut(P^{1})\times Aut(Y))=$ {$one$ point}. (254)
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This implies that the holomorphic maps of mapping degree two from an elliptic curve $Y$ to
the projective space $P^{1}$ are all equivalent in the sense (254). Since the extensions of fields
$k(P^{1})\rightarrow k(Y)$ induced by these holomorphic maps of mapping degree two are the second
order, all of them are Galois extensions with Galois group the cyclic group of order two. For
such maps we regard the curve $Y$ itself to be the Galois closure curve. In these cases, therefore,
our question is trivial.

The first mapping degree for which our question is non-trivial is three. It is not difficult to
check

dim $H^{0}(Y,$ $0(\alpha^{*}(TP^{1})))=6$ , (255)

dim $H^{1}(Y,$ $0(a^{*}(TP^{1})))=0$, (256)

for any elemem $\alpha\in Map_{3}(Y,P^{1})$ . Therefore, the mapspace $Map_{3}(Y,P^{1})$ is non-singular at any
poim $\alpha\in Map_{3}(Y, P^{1})$ and the dimension of its tangent space is six. Combining Proposition 6
and the fact that dim ${\rm Im}\varphi=3$ , dim ${\rm Im} Q=1$ , we obtain

dim $fP(Y,$ $0(\alpha^{*}(TP^{1})))/({\rm Im}\varphi\oplus{\rm Im}\Omega)=2$ $(=\dim P^{2})$ . (257)

4.2.1 Geometry of embedding $Y\subset P^{2}$

An elliptic curve $Y$ can be embedded as a degree three smooth projective plane curve $Y^{c}\rightarrow P^{2}i$ .
And, at that time, we can correspond each poim $Q\in P^{2}\backslash Yto$ the linear projection $Y\rightarrow P^{1}a_{Q}$ with
center $Q\in P^{2}\backslash Y$ . The mapping degree of these maps $a_{Q}$ is three. In fact, This correspondence
induces the isomorphism

$(P^{2}\backslash Y)/F\cong Map_{3}(Y, P^{1})/(Aut(P^{1})\times Aut(Y))$ (258)

for some finite group $F$ (c.f. [6]). Then a translation of the center of the linear projection
$Q\in P^{2}\backslash Y$ induces an infinitesimal deformation of the map $\alpha_{Q}$

$T_{Q}P^{2}\rightarrow H^{0}(Y,$ $ 0(\alpha_{Q}^{*}(TP^{1})))/{\rm Im}\varphi$ . (259)

We claim the following proposition as to the correspondence above:

Proposition 7. For all points $Q\in P^{2}\backslash Y$, the correspondence (259) induces the following
isomorphism between vector spaces ofdimension two:

$T_{Q}P^{2}\rightarrow^{\underline\approx}H^{0}(Y,$ $(9(\alpha_{Q}^{*}(TP^{1})))/({\rm Im}\varphi\oplus{\rm Im} Q)$ . (260)

Proof. Assume that we have an embedding $Y\rightarrow iP^{2}$ and that we have a map $\alpha_{Q}$ as the com-
posite of the embedding $i$ and the linear projection $pr_{Q}$ : $P^{2}\backslash Q\rightarrow P^{1}$ . Namely

$\alpha_{Q}=pr_{Q}\circ i$ . (261)
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We use a homogeneous coordinate system ($x$ : $y$ : z) on $P^{2}$ on which the center of the linear
projection $Q\in P^{2}$ is written as $Q=$ $(0$ : $0$ : 1 $)$ , and on which the linear projection $pr_{Q}$ is
written as

$(x:y:z)\in P^{2}\rightarrow pr_{Q}(x;y)\in P^{1}$ . (262)

In what follows, we use this homogeneous coordinate system.
The pull-back bundle $pr_{Q}(TP^{1})$ extends to the whole $P^{2}$ , which we denote by $l$, and we

have deg $l=\deg TP^{1}=2$. Then we see that

$\alpha_{Q}(TP^{1})|_{Y}\cong l|_{Y}$ , (263)

and that the restriction of the sections

$fP(P^{2},0(l))\div H^{0}(Y,$ $0(\alpha(TP^{1})))$ (264)

is an isomorphism between vector spaces of dimension six. Since the left hand side of the
isomorphism above is identified with the vector space of all homogeneous polynomials of
degree two on $P^{2}$ , we can identify $H^{0}(Y,\alpha(TP^{1}))$ with the same vector space of polynomials.

In what follows we show that there is a direct sum decomposition

$rp(Y,$ $0(a_{Q}(TP^{1})))\cong{\rm Im}\varphi\oplus{\rm Im} Q\oplus T_{Q}P^{2}$ (265)

by using the identification above.
First we observe an element of $T_{Q}P^{1}$ as a translation of the center of the linear projection.

We use an inhomogeneous coordinate system defined as

$u$ $:=x/z$, $v:=y/z$ (266)

A tangent vector

$V=a\frac{\partial}{\partial u}+b\frac{\partial}{\partial v}\in T_{Q}P^{2}$ $(a,b\in C)$ (267)

is identified with a polynomial

$(ax+by)z$ (268)

And an element of the subspace ${\rm Im}\varphi$, which comes from Lie $(Aut(P^{1}))$ is identified with a
polynomial with variable $x,y$ (i.e. not containing the variable $z$). Therefore we obtain

${\rm Im}\varphi\cap T_{Q}P^{2}=0$ . (269)

And, since the automorphi$sms$ of $P^{1}$ and the translations of the center of the linear projection
do not change the holomorphic equivalent class of a line bundle $L:=a_{Q}(H_{P^{1}})$ , we obtain

$({\rm Im}\varphi\oplus T_{Q}P^{2})\cap{\rm Im} Q=0$ . (270)
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Therefore we obtain the following direct sum decomposition:

$H^{0}(Y,$ $0(\alpha_{Q}^{*}(\tau p^{1})))\cong{\rm Im} J)_{\oplus{\rm Im}\Omega\oplus T_{Q}P^{2}}$ (271)

In particular we obtain

$T_{Q}P^{2}\cong H^{0}(Y,$ $0(\alpha_{Q}^{*}(TP^{1})))/({\rm Im}\varphi\oplus{\rm Im}\Omega)$ . (272)

$0$

For an embedding $Y\rightarrow iP^{2}$ , the ramification types of the linear projection $\alpha_{Q}$ $:=pr_{Q}\circ i$

with center $Q\in P^{2}\backslash Y$ have direct relation with the multi-ttgent lines of the embedding
$Y\rightarrow iP^{2}$ , as we describe below.

Elementary computations show that the embedding $Y\subset P^{2}$ has nine flex points, all of
which are l-flex, and that it has corresponding nine multi-tangent lines.

For a poim $Q\in P^{2}\backslash Y$ which is not on multi-tangent lines, the map $\alpha_{Q}$ is of general
ramification type and has six ramification points of order two. The genus of the Galois closure
curve $Z_{Q}$ for those maps is four. We discuss the Kodaira-Spencer maps for these maps which
have general ramification types in the following Section 4.2.2.

For a poim $Q\in P^{2}\backslash Y$ which is on a single multi-tangent line, the map $\alpha_{Q}$ has four
ramification points of order two and has one ramification point of order three. The genus of
the Galois closure curve $Z_{Q}$ for those maps is three.

For a poim $Q\in P^{2}\backslash Y$ at which two multi-tangent lines meet. the map $\alpha_{Q}$ has two
ramification points of order two and ha $s$ two ramification points of order three. The genus of
the Galois closure curve for those maps is two.

For a poim $Q\in P^{2}\backslash Y$ at which three multi-tangent lines meet. the map $\alpha_{Q}$ has three
ramification points of order three. In this case the map $\alpha_{Q}$ itself is a Galois covering map with
Galois group the cyclic group of order three. For such a map we regard the curve $Y$ itself
to be the Galois closure curve $Z_{Q}$ . Such points are called Galois points with Galois group
E3 by Yoshihara, Miura, Takahashi and Duyaguit in their articles $[5][4][8][7][2][1][9]$ . This
situation happens only when the elliptic curve $Y$ is of j-invariant $=0$ . Such elliptic cuIve $s$ are
projectively equivalent to the Fermat cubic curve

$x^{3}+y^{3}+z^{3}=0$ (homogeneous coordinates on $P^{2}$ ). (273)

By the investigation of possible ramification types of maps, we see that it can not happen
that more than three multi-tangent lines meet at one point.

4.2.2 General points on $P^{2}$

We discuss the Galois closure curves of the linear projections $\alpha_{Q}$ $:=pr_{Q}\circ i$ with center
$Q\in P^{2}\backslash Y$ which are not on multi-tangent lines of Y.

For such a poim $Q\in P^{2}\backslash Y$, the linear projection $Y\rightarrow P^{1}a_{Q}$ is of general ramification type,
and has six ramification points of order two. In a similar way as in the previous subsection, the
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Galois closure curve $Z_{Q}$ for such a point $Q\in P^{2}\backslash Y$ is constructed as a Galois covering space

$Z_{Q}\rightarrow\beta Y$ (274)

which has six brtch points on $Y$. Then the composite of maps

$\pi:=\alpha_{Q}\circ\beta:Z_{Q}\rightarrow X$ (275)

is a Galois covering space, the Galois group $G$ of which is the symmetric group of degree
three. In this case we see that the genus of the Galois closure curves $Z_{Q}$ is four. The Galois
covering space $Z_{Q}\rightarrow P^{1}\pi_{Q}$ has eighteen ramification points on $Z_{Q}$ and has six branch points on
$P^{1}$ . Since the genus of the curve $Z_{Q}$ is four, we have

dim $H^{1}(Z_{Q}, 0(TZ_{Q}))=9$ . (276)

By using the exact sequence of cohomology groups in Remark 1 ofTheorem 1

(277)

we obtain the dimension of its G-invariant subspace

dim $H^{1}(Z_{Q}, 0(TZ_{Q}))_{G}=3$ . (278)

And we know

dim $H^{1}(Y, 0(TY))=1$ . (279)

Then, under the identification

Pfl $(Y,a_{Q}(TP^{1}))/({\rm Im}\varphi\oplus{\rm Im}\Omega)\cong T_{Q}P^{2}$ (280)

we finally obtain the exact sequence

$0\rightarrow T_{Q}P^{2}\rightarrow^{K- S}H^{1}(Z_{Q}, 0(TZ_{Q}))_{G}\rightarrow^{g_{Y}}H^{1}(Y, 0(TY))$ (281)

by using Corollary 2 in Introduction. Since the dimensions of the vector space $s$ above are

$\dim T_{Q}P^{2}=2$, $\dim H^{1}(Z_{Q}, 0(TZ_{Q}))_{G}=3$ , dim H1 $(Y, 0(TY))=1$ , (282)

we see that the homomorphism $J_{Y}$ is $su\dot{q}\infty tive$.
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