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JACOBI OPERATORS ON A SEMI-INVARIANT
SUBMANIFOLD OF CODIMENSION 3
IN A COMPLEX PROJECTIVE SPACE

U-HANG KI AND HYUNJUNG SONG

ABSTRACT. In this paper, we characterize some semi-invariant submanifolds of codi-
mension 3 in a complex projective space $\mathbb{C}P^{n+1}$ in terms of the shape operator $A$ ,
the structure tensor field $\phi$ and the Jacobi operator $R_{\xi}$ with respect to the structure
vector field $\xi$ .

0. Introduction

A submanifold $M$ is called a $CR$ submanifold of a Kaehlerian manifold $\tilde{M}$ with
complex structure $J$ if it is endowed with a pair of mutually orthogonal and com-
plementary differentiable distribution $(T,T^{\perp})$ such that $T$ is J-invariant, and $T^{\perp}$ is
totally real ([1], [19]). In particular, $M$ is said to be a $semi- inva\dot{n}ant$ submanifold if
$dimT^{\perp}=1$ , and the unit normal in $JT^{\perp}$ is called a distinguished normal to $M$ ([2],
[17]). In this case, $M$ admits an induced almost contact metric structure $(\phi,\xi,g)$ .

A typical example of a semi-invariant submanifold is real hypersurfaces. Tak-
agi([15]) classified homogeneous real hypersurfaces of a complex projective space
by means of six model spaces of type $A_{1},$ $A_{2},B,$ $C,D$ and $E$ , further he explicitly
write down their principal curvatures and multiplicities in the table in [16].

Cecil and Ryan [3] extensively investigated a real hypersurface which is realized
a tube of constant radius $r$ over a complex submanifold of $\mathbb{C}P$“ on which $\xi$ is
principal curvature vector with principal curvature $\alpha=2$ cot $2r(A\xi=\alpha\xi)$ and the
corresponding focal map $\varphi_{r}$ has constant rank, where we denote by $A$ the shape
operator of a real hypersurface in $\mathbb{C}P^{\mathfrak{n}}$ .

On the other hand, Okumura [10] characterized real hypersurface8 of type $A_{1}$

and $A_{2}$ by the property that the shape operator $A$ and $8tructure$ tensor field $\phi$

commute. Namely he proved

Theorem $O[10]$ . Let $M$ be a connected real hypersuoface of $CP^{\mathfrak{n}}$ . If $M$ satisfies
$\phi A=A\phi$, then $M$ is locally congiuent to one of the following spaces:

(A) a geodesic hyper8phere (that is, a tube of radius $r$ over a $hwe\eta laneCP^{\mathfrak{n}-1}$ ,
where $0<r<\frac{\pi}{2}$ ),

(A) a tube of radius $r$ over a totally geodesic $\mathbb{C}P^{k}(1\leq k\leq n-2)$ ,
where $0<r<\frac{\pi}{2}$
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We denote by $\nabla$ the Levi-Civita connection with respect to $g$ . The curvature
tensor field $R$ on the submanifold $M$ is defined by $R(X, Y)=[\nabla_{X}, \nabla_{Y}]-\nabla_{[X,Y]}$ ,
where $X$ and $Y$ are vector fields on $M$ . We define the Jacobi operator $ R_{\xi}=R(\cdot, \xi)\xi$

with respect to the structure vector field $\xi$ . Then $R_{\xi}$ is a self-adjoint endomorphism
on the tangent space of a $CR$ submanifold. In the preceding work [4], Cho and
the present author give another characterization of real hypersurfaces of type $A_{1}$

and $A_{2}$ in a complex projective space $\mathbb{C}P^{n}$ in terms of the shape operator $A$ , the
structure tensor field $\phi$ and the Jacobi operator $R_{\xi}$ . More specifically, they proved
the following:

Theorem CK [4]. Let $M$ be a connected real hypersurface of $\mathbb{C}P^{\mathfrak{n}}$ . If $M$ satisfies
$R_{\xi}\phi A=A\phi R_{\xi}$ , then $M$ is locally congruent to one of the following spaces:

(A) a geodesic hypersphere (that is, a tube of radius $r$ over a hyperplane $\mathbb{C}P^{n-1}$ ,
where $0<r<\frac{\pi}{2}$ ),

(A) a tube of radius $r$ over a totally geodesic $\mathbb{C}P^{k}(1\leq k\leq n-2)$ ,
where $0<r<\frac{\pi}{2}$

For the real hypersurface of a complex space form many results are known. And
new examples of nontrivial semi-invariant submanifolds in a complex projective
space are constructed in [8], [14]. Therefore we may except to generalize some
results which are valid in a real hypersurface to a semi-invariant submanifold. From
this point of view, a semi-invariant submanifold of codimension 3 in a complex
projective space are investigated in [6], [7], [8], [18] and so on by using properties
of the third fundamental form of the submanifold and those of induced almost
contact metric structure. One of them, Takagi and the present authors [8] assert
the following:

Theorem KST [8]. Let $M$ be a real $(2n-1)$ -dimensional $(n>2)$ semi-invanant
submanifold of codimension $S$ in a complex projective space $\mathbb{C}P^{\mathfrak{n}+1}$ such that the
third jfundamental tensor $n$ satisfies $ dn=2\theta\omega$ for a certain scalar $\theta(<\frac{c}{2})$ , where
$\omega(X,Y)=g(X,\phi Y)$ for any vectors $X$ and $Y$ on M. Then $M$ has constant eigen-
values corresponding the shape operator $A$ in the direction of distinguished normal
and the structure vector $\zeta$ is an eigenvector ofA if and only ifM is locally congruent
to a homogeneous $nal$ hypersurface of $\mathbb{C}P^{\mathfrak{n}}$ .

The main purpose of the present paper is to extend $Th\infty rem$ CK under certain
conditions on a semi-invariant $8ubmtifold$ of codimension 3 in a complex projective
space. Namely, we prove

Theorem. Let $M$ be a rual $(2n-1)$ -dimensional semi-invariant $(\mathfrak{n}>2)$ sub-
manifou of codimension $S$ in a complex projective space $CP^{\mathfrak{n}+1}$ such that the
thirvi jfundamental form $n$ satisfies $ dn=2\theta\omega$ for a certain scalar $\theta(<\frac{c}{2})$ , where
$\omega(X,Y)=g(X,\phi Y)$ for any vectors $X$ and $Y$ on M. If $M$ satisfies $R_{\xi}\phi A=A\phi R_{\xi}$ ,
then $M$ is locally congruent to one of the folloning spaces in $\mathbb{C}P^{\mathfrak{n}}$ :

(A) a geodesic hypersphere (that is, a tube of radius $r$ over a hyperplane $\mathbb{C}P^{\mathfrak{n}-1}$ ,
where $0<r<\frac{\pi}{2}$ ),

(A) a tube of radius $r$ over a totally geodesic $CP^{k}(1\leq k\leq n-2)$ ,
where $0<r<\frac{\pi}{2}$ .
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Remark. The above Theorem can be considered by fact that the submanifolds of
type $A_{1}$ and $A_{2}$ satisfy the condition $R_{\xi}\phi A=A\phi R_{\xi}$ respectively.

All manifolds in this paper are assumed to be connected and of class $C^{\infty}$ and
the semi-invariant submanifolds are supposed to be orientable.

1. Preliminaries

Let $\tilde{M}$ be a real $2(n+1)$-dimensional Kaehlerian manifold equipped with parallel
almost complex structure $J$ and a Riemannian metric tensor $G$ and covered by a
system of coordinate neighborhoods $\{\tilde{V};y^{A}\}$ .

Let $M$ be a real $(2n-1)$-dimensional Riemannian manifold covered by a sys-
tem of coordinate neighborhoods {V; $x^{h}$ } and immersed isometrically in $\tilde{M}$ by the
immersion $i:M\rightarrow\tilde{M}$ .

Throughout this paper the following convention on the range of indices are used,
unless otherwise stated:

$A,$ $B,$ $C,$ $\cdots=1,2,3,$ $\cdots,2(n+1);i,j)k,$ $\cdots=1,2,3,$ $\cdots$ , $2n-1$ .
The summation convention will be used with respect to those system of indices. In
the sequel we identify $i(M)$ with $M$ itself and represent the immersion by $y^{A}=$

$y^{A}(x^{h})$ .
We put

$B_{i}^{A}=\partial_{i}y^{A}$ , $\partial_{i}=\partial/\partial x^{i}$

and denote by $C,$ $D$ and $E$ three mutually orthogonal unit normals to $M$ . Then
denoting by $g$ the fundamental metric tensor with components $g_{ji}$ on $M$ , we have
$g_{ji}=G(B_{j}, B_{i})$ since the immersion is isometric, where we have put $B_{j}=(B_{l^{A}})$ .

As is well-known, a submanifold $M$ of a Kaehlerian manifold $\tilde{M}$ is said to be a
$CR$ submanifold ([1], [19]) if it is endowed with a pair of mutually orthogonal and
complementary differentiable distribution $(T,T^{\perp})$ such that for any $p\in M$ we have
$JT_{p}=T_{p},$ $JT_{p}^{\perp}\subset T_{p}^{\perp}M$ , where $T_{p}^{\perp}M$ denotes the normal space of $M$ at $p$. In
particular, $M$ is said to be a semi-invariant submanifold ([2], [17]) provided that
$dimT^{\perp}=1$ or to be $CR$ submanifold with $CR$ dimension $n-1$ ([13]). In this case
the unit vector field in $JT^{\perp}$ is called a distinguished nomal to the semi-invariant
8ubmanifold and denoted this by $C$ . Then we have

(1.1) $JB_{i}=\phi_{i}^{h}B_{h}+\xi_{i}C$, $JC=-\xi^{\hslash}B_{h}$ , $JD=-E,$ $JE=D$ ,

where we have put $\phi_{ji}=G(JB_{j},B_{i}),\xi_{i}=G(JB_{i}, C),\xi^{h}$ being associated com-
ponents of $\xi_{h}$ (see [8]). A tensor field of type $(1,1)$ with components $\phi_{i}^{\hslash}$ will be
denoted by $\phi$ . By the Hermitian property of $J$ , it is seen that $\phi_{ji}$ is skew-symmetric,
and that

$\phi_{i}^{r}\phi_{r}^{h}=-\delta_{i}^{h}+\xi_{i}\xi^{h}$ , $\xi^{r}\phi_{r}^{h}=0$ , $\xi_{r}\phi_{i}^{r}=0$ ,
$g_{r}.\phi_{j}^{r}\phi_{i}=g_{ji}-\xi_{j}\xi_{i}$ , $\xi_{r}\xi^{r}=1$ ,

namely, the aggregate $(\phi, \xi,g)$ defines almost contact metric structure.
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Denoting by $\nabla_{j}$ the operator of van der Waerden-Bortolotti covariant differen-
tiation with respect to the induced Riemannian metric tensor $g$ , the equation of
Gauss for $M$ of $\tilde{M}$ is obtained:

(1.2) $\nabla_{j}B_{i}=A_{ji}C+K_{ji}D+L_{ji}E$ ,

where $A_{ji},$ $K_{ji}$ and $L_{ji}$ are components of the second fundamental forms in the
direction of normals $C,$ $D,E$ respectively. Equations of Weingarten are also given
by

(1.3) $\left\{\begin{array}{l}\nabla_{j}C=-A_{j^{h}}B_{h}+l_{j}D+m_{\dot{f}}E\\\nabla_{j}D=-K_{J^{h}}B_{h}-l_{j}C+n_{j}E\\\nabla_{j}E=-L_{j^{h}}B_{\hslash}-m_{j}C-n_{j}D\end{array}\right.$

where $A=(A_{j^{\hslash}}),$ $A_{(2)}=(K_{j}^{h})$ and $A_{(3)}=(L_{i^{h}})$ , which are related by $A_{ji}=$

$A_{i^{r}}g_{1r},$ $K_{ji}=K_{j}^{r}g_{ir}$ and $L_{ji}=L_{j}^{r}g_{1r}$ respectively, and $l_{j},m_{j}$ and $n_{j}$ being com-
ponents of the third fundamental forms.

In the sequel, we denote the normal components of $\nabla_{\dot{f}}C$ by $\nabla_{j}^{\perp}C$ . The distin-
guished normal $C$ is said to paralld in the normal bundle if we have $\nabla_{j}^{\perp}C=0$ , that
is, $l_{j}$ and $m_{j}$ vanish identically.

Since $J$ is parallel, by differentiating (1.1) covariantly along $M$ and using (1.1),
(1.2) and (1.3), and by comparing the tangential and normal parts, we find (see
[18])

(1.4) $\nabla_{j}\phi_{i}^{\hslash}=-A_{ji}\xi^{h}+A_{j^{h}}\xi_{i}$ ,

(1.5) $\nabla_{j}\xi_{i}=-A_{jr}\phi_{i}^{r}$ ,

(1.6) $K_{ji}=-L_{jr}\phi_{i}^{r}-m_{j}\xi_{i}$ ,

(1.7) $L_{ji}=K_{jr}\phi_{i^{r}}+l_{j}\xi_{i}$ .

Now we put $U_{j}=\xi^{r}\nabla_{r}\xi_{j}$ . Then $U$ is orthogonal to the 8tructure vector $\zeta$.
Because of (1.5) and properties of the almost $\infty ntad$ metric $8tructure$ , it follows
that

(1.8) $\phi_{jr}U^{r}=A_{jr}\xi^{r}-\alpha\xi_{j}$ ,

(1.9) $U^{r}\nabla_{j}\xi_{r}=A_{jr}^{2}\xi^{r}-\alpha A_{jr}\xi^{r}$ ,

where we have put $\alpha=A_{ji}\xi^{j}\xi^{i}$ .
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Remark. In what follows, to write our formulas in convention forms, we denote
by $\beta=A_{ji^{2}}\xi^{j}\xi^{i},$ $\mu=n_{t}\xi^{t},T_{r}A_{(2)}=k$ and $\nu=(\nabla_{t}k)\xi^{t}$ .

From (1.8), we get $g(U, U)=\beta-\alpha^{2}$ . Thus we easily see that $ A\xi=\alpha\xi$ if and
only if $\beta-\alpha^{2}=0$ .

Differentiating (1.8) covariantly along $M$ and making use of (1.4) and (1.5), we
find

(1.10) $\xi_{j}(A_{kr}U‘ +\nabla_{k}\alpha)+\phi_{jr}\nabla_{k}U^{r}=\xi^{r}\nabla_{k}A_{jr}-A_{jr}A_{k\iota}\phi^{rs}+\alpha A_{kr}\phi_{j}^{r}$ ,

which shows that

(1.11) $(\nabla_{k}A_{r\iota})\xi^{r}\xi^{\iota}=2A_{kr}U^{r}+\nabla_{k}\alpha$ .

In the rest of this paper we shall suppose that $\tilde{M}$ is a Kaehlerian manifold of
constant holomorphic sectional curvature $c$ , which is called a complex space form.
Then equations of Gauss and Codazzi are given by

$R_{kjih}=\frac{c}{4}(9khgji^{-gjhgkt}+\phi kh\phi ji-\phi jh\phi kt-2\phi kj\phi t\hslash)$

(1.12)
$+AkhAji^{-AA+KK-KK+LL-LL}jhkikhjijhk\iota k\hslash jijhki$ ,

$\nabla Ai-\nabla A-lkK+lKki-mkL+mL$
(1.13)

$=\frac{c}{4}(\xi k\phi ji-\xi j\phi kt-2\xi i\phi kj)$ ,

(1.14) $\nabla_{k}Kji^{-\nabla K=lA-lA+nL-nL}jkijkikj\iota kj\iota jki$ ,

(1.15) $\nabla_{k}L_{ji}-\nabla_{j}L_{ki}=m_{j}A_{ki}-m_{k}A_{ji}-n_{k}K_{ji}+n_{j}K_{ki}$ ,

where $R_{kjih}$ are covariant components of the Riemann-Christoffel curvature ten8or
of $M$ , and those of the Ricci by

(1.16) $\nabla_{k}l_{j}-\nabla_{j}l_{k}=A_{jr}K_{k}^{r}-A_{kr}K_{j}^{r}+m_{j}n_{k}-m_{k}n_{j}$ ,

(1.17) $\nabla_{k}m_{j}-\nabla_{j}m_{k}=A_{jr}L_{k}^{r}-A_{kr}Lf+n_{j}l_{k}-n_{k}l_{j}$ ,

(1.18) $\nabla_{k}n_{j}-\nabla_{j}n_{k}=K_{jr}L_{k}^{r}-K_{kr}Lf+l_{j}m_{k}-l_{k}m_{j}+\frac{c}{2}\phi_{kj}$ .

2. Semi-invariant submanifolds satisfying $ dn=2\theta\omega$
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In this section we shall suppose that $M$ is a semi-invariant submanifold of codi-
mension 3 in a complex projective space $\mathbb{C}P^{n+1}$ and that the third fundamental
form $n$ satisfies $ dn=2\theta\omega$ for a certain scalar $\theta$ on $M$ , namely,

(2.1) $\nabla_{j}n_{i}-\nabla_{i}n_{j}=2\theta\phi_{ji}$ .

Then we see that $ dn=2\theta\omega$ is independent of the choice of $D$ and $E$ .
There is no loss of generality such that we may assume $T_{r}A_{(3)}=0$ (p.61, [8]).
FYom (1.6) and (1.7), we have

(2.2) $K_{jr}\xi^{r}=-m_{j}$ , $L_{jr}\xi^{r}=l_{j}$ ,

(2.3) $m_{r}\xi^{r}=-k$ , $l_{r}\xi^{r}=0$ .
Further we obtain

(2.4) $\phi_{ir}l^{r}=m_{i}+k\xi\iota$ , $\phi_{ir}m^{r}=-l_{i}$ ,

(2.5) $K_{jr}L_{i}^{r}+K_{ir}Lf+l_{j}m_{i}+l_{i}m_{j}=0$ .
From (1.12) we have

$-(R_{\xi})_{ji}=\frac{c}{4}(g_{ji}-\xi_{j}\xi_{i})+\alpha A_{ji}-(A_{jr}\xi^{r})(A_{i}.\xi\cdot)$

(2.6)
$+kK_{ji}-m_{j}m_{i}-l_{j}l_{i}$

because of (2.2) and (2.3), where we denote by $(R_{\xi})_{ji}=R_{jki\hslash}\xi^{k}\xi^{\hslash}$ .
From (1.18) and (2.1) we have

$K_{jr}L_{i}^{r}-K_{ir}Lf+l_{j}m_{i}-l_{i}m_{j}=2(\theta-\frac{c}{4})\phi_{1j}$ ,

which together with (2.5) yields

(2.7) $K_{jr}L_{\iota}^{r}+l_{j}m_{i}=(\theta-\frac{c}{4})\phi_{ij}$ .

We notice here that $\theta$ is $\infty n8ttt$ if $n>2(8ae[8])$ .
In the $previou8$ paper [8], we proved the following:

Lemma 2.1 [8]. Let $M$ be a semi-invariant submanifou of codimension $S$ in
$CP^{n+1}$ satisfying (2.1). If $\theta\neq\frac{c}{2}$ , then we have $\nabla_{j}^{\perp}C=-k\xi_{j}E$ on M. Pbrmer if
$ A\xi=\alpha\xi$, then the $d\dot{u}$tinguished normal ts parulld in the normal bundle.

In what folows, we assume that $M$ satisfiae (2.1) with $\theta\neq\frac{c}{2}$ and $n>2$ . Then
by Lemma 2.1 and (1.3), we have

(2.8) $l_{j}=0$ , $m_{j}=-k\xi_{j}$

Thus (1.6), (1.7) and (2.7) tum out respectively to

(2.9) $L_{jr}\phi_{i}^{r}=-K_{ji}+k\xi_{j}\xi_{i}$ ,
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(2.10) $K_{jr}\phi_{i}^{r}=L_{ji}$ ,

(2.11) $K_{jr}L_{i}^{r}=(\theta-\frac{c}{4})\phi_{1j}$ .

From the last two equations, it follows that

(2.12) $L_{ji}^{2}=(\theta-\frac{c}{4})(g_{ji}-\xi_{j}\xi_{i})$ .

lfurthermore, if we make use of (2.8), then the other structure equations (1.13)
$\sim(1.17)$ are reduced respectively to

(2.13) $\nabla_{k}A_{ji}-\nabla_{j}A_{ki}=k(\xi_{j}L_{ki}-\xi_{k}L_{ji})+\frac{c}{4}(\xi_{k}\phi_{ji}-\xi_{j}\phi_{ki}-2\xi_{i}\phi_{kj})$ ,

(2.14) $\nabla_{k}K_{ji}-\nabla_{j}K_{ki}=n_{k}L_{ji}-n_{j}L_{ki}$ ,

(2.15) $\nabla_{k}L_{ji}-\nabla_{j}L_{ki}=k(\xi_{k}A_{ji}-\xi_{j}A_{ki})-n_{k}K_{ji}+n_{j}K_{ki}$ ,

(2.16) $A_{jr}K_{k}^{r}-A_{kr}K_{j}^{r}=k(n_{k}\xi_{j}-n_{j}\xi_{k})$ ,

(2.17) $A_{jr}L_{k}^{r}-A_{kr}L;=\xi_{k}\nabla_{j}k-\xi_{j}\nabla_{k}k+k(A_{kr}\phi;-A_{jr}\phi_{k}^{r})$ ,

where we have used (1.5). Because of (2.2) and (2.8), it is clear that

(2.18) $K_{jr}\xi^{r}=k\xi_{j}$ , $L_{jr}\xi^{r}=0$ .

Multiplying (2.16) and (2.17) with $\xi^{k}$ and summing for the index $k$ , we have
respectively

(2.19) $\xi\cdot A_{r}K_{j}^{r}=kA_{jr}\xi^{r}+k(n_{j}-\mu\xi_{j})$ ,

(2.20) $\xi^{\iota}A_{r}L\int=\nu\xi_{j}-\nabla_{j}k+kU_{j}$

by virtue of (1.5) and (2.18).
$htsfom\dot{i}g(2.19)$ by $\phi_{k}^{j}$ and takitg account of (2.10), we find

(2.21) $\xi^{\iota}A_{r}L_{k}^{r}=k(\phi_{kr}n^{r}-U_{k})$ ,

which together with (2.20) implies that

(2.22) $\nabla_{j}k=\nu\xi_{j}-k(\phi_{jr}n^{r}-2U_{j})$ .
If we transform (2.17) by $\phi_{i}^{k}$ and make use of (2.9) and (2.22), then we obtain

$A_{r}L\int\phi_{i}+A_{jr}K_{i}^{r}=k\{(n_{i}-\mu\xi_{i})\xi_{j}+2\zeta_{j}(A_{ir}\xi^{r}-\alpha\xi_{i})$

$+2\xi_{i}A_{jr}\xi^{r}-A_{ji}-A_{r}\phi;\phi_{i}\}$ ,
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or, use (2.16)

(2.23) $A_{er}L_{j}^{r}\phi_{i}^{s}=A_{er}L_{i}^{r}\phi_{j}^{e}$ .

Since $\theta$ is constant if $n>2$ , by differentiation (2.12) covariantly gives

(2.24) $L_{jr}\nabla_{k}L_{i}^{r}+L_{ir}\nabla_{k}L;=(\theta-\frac{c}{4})(\xi_{j}A_{kr}\phi_{i}^{r}+\xi_{i}A_{kr}\phi_{j}^{r})$ ,

from which, taking the skew-symmetric part with respect to indices $k$ and $j$ and
making use of (2.11) and (2.15),

$L_{jr}\nabla_{k}L_{i}^{r}-L_{kr}\nabla_{j}L_{i}^{r}+k(\xi_{k}A_{jr}L_{i}^{r}-\xi_{j}A_{kr}L_{i}^{r})$

$=(\theta-\frac{c}{4})\{nJ\phi ki-nk\phi ji+\xi A\phi^{r}i-\xi kAjr\phi_{\{}^{r}+\xi i(Akr\phi_{j}^{r}-Ajr\phi_{k}^{r})\}$

for any indices $k,j$ and $i$ . Thus, interchanging indices $k$ and $i$ , we get

$L_{jr}\nabla_{\iota}L_{k}^{r}-L_{ir}\nabla_{j}L_{k}^{r}+k(\xi_{i}A_{jr}L_{k}^{r}-\xi_{j}A_{ir}L_{k}^{r})$

$=(\theta-\frac{c}{4})\{nj\phi\{k-ni\phi jk+\xi A\phi^{r}k-\xi iAjr\phi^{r}k+\xi k(Air\phi_{J^{-A}jr}^{r}\phi_{i}^{r})\}$ .

Hence, if we use (2.11) and (2.15), then we obtain

$L_{jr}\nabla_{k}L_{i}^{r}-L_{ir}\nabla_{k}Lf$

$=(\theta-\frac{c}{4})\{2n_{k}\phi_{ij}+\xi_{j}A_{ir}\phi_{k}^{r}-\xi_{i}A_{jr}\phi_{k}^{r}+\xi_{k}(A_{ir}\phi_{J^{r}}-A_{jr}\phi_{i}^{r})\}$

$+k\{\xi_{j}(A_{kr}L_{i}^{r}+A_{ir}L_{k}^{r})-\xi_{i}(A_{kr}Lf+A_{jr}L_{k}^{r})+\xi_{k}(A_{ir}Lf-A_{jr}L_{i}^{r})\}$ ,

which together with (2.24) yields

$2L_{jr}\nabla_{k}L_{i}^{r}$

$=(\theta-\frac{c}{4})\{2n_{k}\phi_{ij}+\xi_{j}(A_{ir}\phi_{k}^{r}+A_{kr}\phi_{i}^{r})+\xi_{i}(A_{kr}\phi_{j}^{r}-A_{jr}\phi_{k}^{r})$

$+\xi_{k}(A_{ir}\phi_{j}^{r}-A_{jr}\phi_{i}^{\prime})\}$

$+k\{\zeta_{j}(A_{kr}L_{i}^{r}+A_{ir}L_{k}^{r})-\xi_{i}(A_{kr}Lf+A_{jr}L_{k}^{r})+\xi_{k}(A_{\iota\prime}Lf-A_{jr}L_{i}^{r})\}$ .

Multiplying $\xi^{j}$ to the last equation and $s\ovalbox{\tt\small REJECT} g$ for $j$ , and taking account of
(2.18) and (2.21), we find

$(\theta-\frac{c}{4})(Air\phi_{k}^{r}+Akr\phi_{i}^{r})+(k^{2}+\theta-\frac{c}{4})(Uk\xi i+Ui\xi k)$

(2.25)
$+k\{A_{kr}L_{i}^{r}+A_{ir}L_{k}^{r}-k(\xi_{i}\phi_{kr}n^{r}+\xi_{k}\phi_{ir}n^{\prime})\}=0$ .

3. The Jacobi operator satisqing $R_{\xi}\phi A=A\phi R_{\xi}$
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We continue now, our arguments under the same hypotheses $ dn=2\theta\omega$ for a
scalar $\theta(\neq\frac{c}{2})$ as in section 2. Furthermore suppose, throughout this paper, that
$R_{\xi}\phi A=A\phi R_{\xi}$ . Then from (2.6) we obtain

$\frac{c}{4}(A_{jr}\phi_{i}^{r}+A_{ir}\phi_{j}^{r})-(A_{jr}\xi^{r})(A_{is}U^{\iota})-(A_{ir}\xi^{r})(A_{js}U^{s})$

(3.1)
$=k(A_{jr}L_{i}^{r}+A_{ir}L_{j}^{r})$

where we have used (1.5), (1.7) and (2.8). If we multiply $\xi^{j}$ to (3.1) and sum for $j$ ,
and make use of (1.8) and (2.18), then we obtain

(3.2) $k\xi^{\iota}A_{\iota r}L_{i}^{r}=-\alpha A_{ir}U^{r}-\frac{c}{4}U_{i}$ ,

which together with (2.21) gives,

$k^{2}\phi_{jr}n^{r}=(k^{2}-\frac{c}{4})U_{j}-\alpha A_{jr}U^{r}$ .

Thus, by applying $A_{t}^{j}\xi^{\ell}$ and using (1.8), it is seen that $k^{2}n_{\ell}U^{t}=0$ .
We set $\Omega=\{p\in M : k(p)\neq 0\}$ , and suppose that $\Omega$ is nonempty. From now

on, we discuss our arguments on the open subset $\Omega$ of $M$ . Then by the discussion
above we have

(3.3) $n(U)=0$ .

Lemma 3.1. $\theta\neq\frac{c}{4}$ on $\Omega$ .
proof. Suppose that $\theta=\frac{c}{4}$ on $\Omega$ . Then from (2.12) it follows that

$L_{ji}=0$ ,

which together with (2.9) gives

$K_{ji}=k\xi_{j}\xi_{i}$ .
In this case (2.15) turns out to be

$k(\xi kAj\{-\xi A+ikkJ$ ,

which shows
$k\{n_{k}+A_{kr}\xi^{r}-(\alpha+\mu)\xi_{k}\}=0$ .

Then the last two equations imply

$A_{ji}=\xi_{j}A_{ir}\xi^{r}+\xi_{i}A_{jr}\xi^{r}-\alpha\xi_{j}\xi_{i}$

on $\Omega$ . Since $U$ is orthogonal to $\xi$ , it is seen that

$AU=0$ ,

which together with (3.1) and $L_{ji}=0$ implies that $A\phi=\phi A$ and hence $ A\xi=\alpha\xi$

on $\Omega$ . Therefore by Lemma 2.1 we have $k=0$ , a contradiction. This completes the
proof.
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Applying (3.1) by $L_{k}^{1}$ and using (2.9), (2.12) and (3.2), we find
$\frac{c}{4}k(A_{jr}K_{k}^{r}+A_{\iota r}L_{j}^{r}\phi_{k}^{s})-k(A_{jr}\xi^{r})(L_{kt}A_{\iota}{}^{t}U^{s})+(A_{js}U^{s})(\alpha A_{kr}U‘ +\frac{c}{4}U_{k})$

$=k^{2}\{(\theta-\frac{c}{4})A_{jk}+A_{sr}L_{j}^{s}L_{k}^{r}+(\frac{c}{2}-\theta)\xi_{k}A_{jr}\xi^{r}\}$ ,

from which, taking the skew-symmetric part and making use of (2.16) and (2.23),

$k^{2}\{((\frac{c}{2}-\theta)A_{kr}\xi^{r}+\frac{c}{4}n_{k})\xi_{j}-((\frac{c}{2}-\theta)A_{jr}\xi^{r}+\frac{c}{4}n_{j})\xi_{k}\}$

$=k\{(A_{jr}\zeta^{r})(L_{k\ell}A^{\ell}U^{s})-(A_{kr}\xi^{r})(L_{j\ell}A^{\ell}U^{\cdot})\}+\frac{c}{4}(U_{j}A_{kr}U^{r}-U_{k}A_{jr}U^{r})$ .
Applying $U^{k}$ to this and using (3.3), we have

$\frac{c}{4}\{(\beta-\alpha^{2})A_{jr}U^{r}-(A_{r}.U^{r}U^{e})U_{j}\}=k(U^{k}L_{k\ell}A.{}^{t}U^{s})A_{jr}\xi^{r}$ .
If we multiply $A_{m}^{j}\xi^{m}$ and summing for $j$ , we find

$\beta U^{k}L_{k\ell}A^{\ell}U^{\cdot}=0$ .
From the last two equations, it follows that

$\beta\{(\beta-\alpha^{2})A_{jr}U^{r}-(A_{r}.U^{r}U^{\cdot})U_{j}\}=0$ .
Since $\beta(\beta-\alpha^{2})=0$ is impossible because of the second assertion of Lemma 2.1
and (2.3), it is seen that
(3.4) $A_{jr}U^{r}=\lambda U_{j}$ ,
where we have defined the function $\lambda$ by

$(\beta-\alpha^{2})\lambda=A_{r}.U^{r}U^{\cdot}$ .
Therefore (3.2) is reduced to

$k\xi\cdot A_{\iota r}Lf=-(\alpha\lambda+\frac{c}{4})U_{j}$ ,

which together with (1.8) and (2.12) yields

$k(\theta-\frac{c}{4})\phi_{jr}U^{r}=-(\alpha\lambda+\frac{c}{4})L_{jr}U$‘.

Then from Lemma 3.1 and the equation above we have
(3.5) $L_{jr}U^{r}=x\phi_{jr}U^{r}$ ,
where we have defined
(3.6) $(\alpha\lambda+\frac{c}{4})x=-k(\theta-\frac{c}{4})$ .

Transforming (3.5) by $\phi_{i}^{j}$ and using (2.9), we find
(3.7) $K_{ir}U^{r}=xU_{i}$ .

Because of (2.11), (3.5) and (3.7), it is clear that
$(x^{2}-\theta+\frac{c}{4})\phi_{ir}U^{r}=0$ .

As is already seen that $\beta-\alpha^{2}\neq 0$ on $\Omega$ , we have $x^{2}=\theta-\frac{c}{4}$ Thus, by Lemma
3.1, we verify that $x$ is nonzero constant if $n>2$ . Hence (3.6) implies

(3.8) $-\alpha\lambda=kx+\frac{c}{4}$ .
Thus, using (2.21), (2.22), (3.2) and (3.4), we have

(3.9) $\nabla_{j}k=\nu\xi_{j}+(k-x)U_{j}$ .
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Remark. $\alpha\lambda\neq 0$ on $\Omega$ . In fact, if not, then we have from (3.8), $kx+\frac{c}{4}=0$ . Since
$x$ is nonzero constant, it follows that $k$ is constant. Thus, (3.9) means $k=x$ , that
is $\theta=\frac{c}{4}$ a contradiction.

Applying (3.1) by $U^{i}$ and making use of (1.8) and (3.4), (3.5) and (3.8), we find

$(kx+\frac{c}{4})A_{jr}^{2}\xi^{r}=\lambda(\frac{c}{2}-\beta+\alpha\lambda)A_{jr}\xi^{r}+(kx+\frac{c}{4})(\alpha\lambda+\frac{c}{2})\xi_{j}$ .

Hence, it is verified that

(3.10) $A_{jr}^{2}\xi^{r}=eA_{jr}\xi^{r}+(\alpha\lambda+\frac{c}{2})\xi_{j}$ ,

where the function $\epsilon$ is defined by

(3.11) $\alpha\epsilon=\beta-\alpha\lambda-\frac{c}{2}$

by virtue of the fact that $\alpha\lambda\neq 0on\Omega$ .
Using (3.9), the equation (2.17) turns out to be

$A_{jr}L_{k}^{r}-A_{kr}L_{j}^{r}=(k-x)(U_{j}\xi_{k}-U_{k}\xi_{j})+k(A_{kr}\phi_{j}^{r}-A_{jr}\phi_{k}^{r})$ .

Multiplying $U^{k}$ to this and summing for $k$ , and making use of (1.8), (3.4), (3.5)
and (3.10), we find

$\{(k-x)(\epsilon-\alpha)+\lambda(k+x)\}(A_{jr}\xi^{r}-\alpha\xi_{j})=0$ .

Thus, by Lemma 2.1, we have

(3.12) $(k-x)(\epsilon-\alpha)+\lambda(k+x)=0$ .

Now, we are going to prove that $\Omega$ is empty.

Lemma 3.2. $\beta-\alpha^{2}=\frac{2k\theta}{k-x}$ on $\Omega$ .
Proof. By (3.9), (2.22) implies

(3.13) $\phi_{jr}n^{r}=(1+\frac{x}{k})U_{j}$ .

Thus, by the property of almost contact metric $8tructure$ , it is clear that

(3.14) $n_{j}=\mu\xi_{j}-(1+\frac{x}{k})\phi_{jr}U^{r}$ .

Combining (2.25) to (3.1), we have

(3.15) $\theta(A_{jr}\phi_{i}^{r}+A_{ir}\phi_{j}^{r}+U_{i}\xi_{j}+U_{j}\xi_{i})=\lambda(U_{j}\phi_{ir}U^{r}+U_{i}\phi_{jr}U^{r})$ ,

where we have used (1.8), (3.4), (3.8) and (3.13). Sinoe $\beta-\alpha^{2}\neq 0$ , by multiplying
this with $U^{i}$ and summing for $i$ , and using (1.8) and (3.10), we have

$\theta(\alpha-e+\lambda)=\lambda(\beta-\alpha^{2})$ .
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From this and (3.11), we get $(\theta+\alpha\lambda)(\beta-\alpha^{2})=(2\alpha\lambda+\frac{c}{2})\theta$ . Since we have $\theta=x^{2}+\frac{c}{4}$

and (3.8), it follows that $(k-x)(\beta-\alpha^{2})=2k\theta$ , which proves the lemma.
From Lemma 3.2, we have

$\nabla_{j}\beta-2\alpha\nabla_{j}\alpha=-\frac{2\theta x}{(k-x)^{2}}\nabla_{j}k$ ,

which together with (3.9) implies that

(3.16) $U^{r}\nabla_{j}Ur=\frac{\theta x}{x-k}U_{j}-\frac{\theta x\nu}{(k-x)^{2}}\xi_{j}$

because of $g(U, U)=\beta-\alpha^{2}$ .
Next, we put $A\xi=\alpha\xi+\rho W$ , where $\rho$ is a function on $M$ which is not vanish

on $\Omega$ and $W$ is a unit vector field orthogonal to $\xi$ . Then we have $\phi U=\rho W$ and
$\rho^{2}=\beta-\alpha^{2}$ because of (1.8). Thus $W$ is also orthogonal to U. lfurther with (3.10)
and (3.11) we get
(3.17) $A_{jr}W^{r}=\kappa_{j}+(\epsilon-\alpha)W_{j}$ .
by virtue of $\rho\neq 0$ on $\Omega$ . We have $hom(3.16)$

(3.18) $W^{j}U^{r}\nabla_{j}Ur=0$ .
Using (1.8), (2.18) and (2.19), we obtain

$\rho K_{jr}W^{r}=\rho kW_{j}+k\{n_{j}-(\alpha+\mu)\xi_{j}\}$ ,
which together with (1.8) and (3.14) yields
(3.19) $K_{jr}W^{r}=-xW_{j}$ .

Lemma 3.3. $\nabla k=(k-x)U$ on $\Omega$ .
Proof. Differentiation (3.9) covariantly gives

$\nabla_{k}\nabla_{j}k=(\nabla_{k}\nu)\xi_{j}+\{\nu\xi_{k}+(k-x)U_{k}\}U_{j}-\nu A_{kr}\phi_{j}^{r}+(k-x)\nabla_{k}U_{j}$ ,
which shows

$\xi_{j}\nabla_{k}\nu-\xi_{k}\nabla_{j}\nu+\nu(\xi_{k}U_{j}-\xi_{j}U_{k}+A_{jr}\phi_{k}^{r}-A_{kr}\phi_{j}^{r})$

(3.20)
$=(k-x)(\nabla_{j}U_{k}-\nabla_{k}U_{j})$ .

On the other hand, differentiating (3.7) covariantly, we find
(3.21) $(\nabla_{k}K_{jr})U^{r}+K_{jr}\nabla_{k}U^{r}=x\nabla_{k}U_{j}$ ,
which together with (3.7) implies that $(\nabla_{k}K_{ji})U^{j}U^{i}=0$ . If we take account of
(2.14), (3.3), (3.5) and the last equation, then we get

$U^{r}U^{\cdot}(\nabla_{r}K_{j}.)=0$ .
Applying (3.21) by $U^{k}$ and using this, we obtain

$K_{jr}(U^{\cdot}\nabla_{e}U^{r})=xU^{\cdot}\nabla.U_{j}$ .
Ftom this and (3.19), it fonows that

$W^{r}U^{\cdot}\nabla.U_{r}=0$ .
Multiplying $U^{j}W^{k}$ to (3.20) and summing for $j$ and $k$ and making use of (3.4),

(3.17), (3.18) and the last equation, we obtain $\rho\nu(\lambda+\epsilon-\alpha)=0$ and henoe $\nu(\lambda+$

$e-\alpha)=0$ . From this and (3.12) we $veri\Phi$ that $\nu\lambda=0$ . So we have $\nu(kx+\frac{c}{4})=0$

because of (3.8). Thus, it is, using (3.9), seen that $\nu$ vanishes on $\Omega$ . This completes
the proof.
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Lemma 3.4. $du=0$ on $\Omega$ , where the l-form $u$ is defined by $u(X)=g(U, X)$ for
any vector $X$ on $M$ .
Proof. Since $\nu=0,$ $(3.20)$ becomes

$(k-x)(\nabla_{j}U_{i}-\nabla_{i}U_{j})=0$ .
If $du\neq 0$ , then we have $k=x$ and hence $k^{2}=\theta-\frac{c}{4}$ . Thus (3.8) implies $\alpha\lambda+\theta=0$ .
From this and (3.12), it follows that $\theta=0$ . Thus $k^{2}+\frac{c}{4}=0$ , a contradiction.
Hence we have

$\nabla_{j}U_{i}-\nabla_{i}U_{j}=0$ .
This completes the proof of the lemma.
Lemma 3.5. $\nabla\alpha=(\epsilon-3\lambda)U$ on $\Omega$ .
Proof. Differentiating (3.4) covariantly, we find

$(\nabla_{k}A_{jr})U^{r}+A_{jr}\nabla_{k}U^{r}=U_{j}\nabla_{k}\lambda+\lambda\nabla_{k}U_{j}$ ,
from which, taking the skew-symmetric part and making use of Lemma 3.4,

$(kx-\frac{c}{4})(\xi_{j}A_{kr}\xi^{r}-\xi_{k}A_{jr}\xi^{r})+A_{j}^{r}\nabla_{r}U_{k}-A_{kr}\nabla_{j}U^{r}$

$=U_{j}\nabla_{k}\lambda-U_{k}\nabla_{j}\lambda$ ,

where we have used (1.8), (2.13) and (3.5). Hence, by applying $U^{k}$ and remembering
(3.4) and (3.16) with $\nu=0$ , we obtain
(3.22) $(\beta-\alpha^{2})\nabla_{j}\lambda=(U^{t}\nabla_{t}\lambda)U_{j}$ ,
which unable us to obtain $\xi^{\ell}\nabla_{\ell}\lambda=0$ . From this and (3.8), we verify that $\lambda\xi^{\ell}\nabla_{\ell}\alpha=$

$0$ and hence
(3.23) $\xi^{t}\nabla_{t}\alpha=0$ .

If we take the inner product (1.10) with $\xi^{k}$ , and use (3.23), then we get
$\phi_{j}^{r}\xi^{k}\nabla_{r}U_{k}=(3\lambda-\alpha)U_{j}+\nabla_{j}\alpha$ ,

where we have used (1.5), (1.11), (2.13), (2.18) and (3.4), which together with (1.9)
and (3.10) yields $\nabla_{j}\alpha=(e-3\lambda)U_{j}$ . Henoe Lemma 3.5 is proved.

Lemma 3.6. $d\mu(\xi)=0$ and $x\mu=\frac{\lambda(k+x)^{2}}{k-x}$ on $\Omega$ .
Proof. Us$ing(2.14),$ $(3.5)$ and Lemma 3.4, the equation (3.21) implies

$x(n_{k}\phi_{jr}U^{r}-n_{j}\phi_{kr}U^{r})+K_{jr}\nabla_{k}U^{r}-K_{kr}\nabla_{j}U^{r}=0$ .
Since $U$ is orthogonal to the structure vector $\xi$ , by applying $\xi^{k}$ and using (1.8),
(2.18) and Lemma 3.4, we get

$x\mu(A_{jr}\xi^{r}-\alpha\zeta_{j})-K_{j}^{r}(U^{k}\nabla_{r}\xi_{k})+kU^{r}\nabla_{j}\xi_{r}=0$ .
On the other hand, we have from (1.8), (2.19) and (3.14)

$\xi\cdot A_{\iota r}K_{j}^{r}=-xA_{jr}\xi^{r}+\alpha(k+x)U_{j}$ .
Therefore, if we take account of (1.9) and (3.10), then the last two equations implies

$\{x\mu+(e-\alpha)(k+x)\}(A_{jr}\xi^{r}-\alpha\xi_{j})=0$ .
From this and (3.12) we see that $x(k-x)\mu-\lambda(k+x)^{2}=0$ , which together with
(3.22) and Lemma 3.3 gives $\zeta^{t}\nabla_{\ell}\mu=0$ . Therefore, Lemma 3.6 is proved.
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Lemma 3.7. $\Omega$ is empty set, that is, $k$ vanishes identically on whole space $M$ .

Proof. Differentiating (3.14) covariantly and taking account of (1.4), (1.5), (3.4)
and Lemma 3.3, we find

$\nabla_{k}n_{j}=\xi_{j}\nabla_{k}\mu-\mu A_{kr}\phi_{j}^{r}+\frac{x}{k^{2}}(k-x)U_{k}\phi_{jr}U^{r}$

$-(1+\frac{x}{k})(\lambda U_{k}\xi_{j}+\phi_{jr}\nabla_{k}U^{r})$ ,

from which, taking the skew-symmetric part and using (2.1),

$2\theta\phi_{kj}+\frac{x}{k^{2}}(k-x)\{U_{j}\phi_{kr}U^{r}-U_{k}\phi_{jr}U^{r}\}$

(3.24) $=\xi_{j}\nabla k\mu-\xi_{k}\nabla J\mu-\mu(Akr\phi_{j}^{r}-Ajr\phi_{k}^{r})$

$-(1+\frac{x}{k})\{\lambda(U_{k}\xi_{j}-U_{j}\xi_{k})+\phi_{jr}\nabla_{k}U^{r}-\phi_{kr}\nabla_{j}U^{r}\}$ .

Applying this by $\xi^{j}$ and using Lemma 3.3 and Lemma 3.5, we find

$\nabla_{k}\mu=\mu U_{k}+(1+\frac{x}{k})(\lambda U_{k}+\phi_{k}^{r}U^{j}\nabla_{r}\xi_{j})$ ,

or, using (1.9), (3.10) and (3.12),

(3.25) $\nabla_{k}\mu=(\mu+\lambda)(1+\frac{x}{k})U_{k}$ .

On the other hand, the skew-symmetric part of (1.10) gives

$\phi_{kr}\nabla_{j}U^{r}-\phi_{jr}\nabla_{k}U^{r}=\frac{c}{2}\phi_{kj}+2A_{jr}A_{k\iota}\phi^{re}+\alpha(A_{jr}\phi_{k}^{r}-A_{kr}\phi_{j}^{r})$

$+(\epsilon-2\lambda)(U_{k}\xi_{j}-U_{j}\xi_{k})$ ,

where we have used (2.13), (2.18), (3.4) and Lemma 3.5.
If we substitute (3.25) and this into (3.24), and make use of Lemma 3.6, then

we obtain

$2\theta\phi_{kj}+\frac{x}{k^{2}}(k-x)(U_{j}\phi_{kr}U^{r}-U_{k}\phi_{jr}U^{r})$

$=(1+\frac{x}{k})\{(\mu+\epsilon-2\lambda)(U_{k}\xi_{j}-U_{j}\xi_{k})+\frac{c}{2}\phi_{kj}+2A_{jr}A_{k}.\phi^{r}$

$+(\mu+e)(A_{jr}\phi_{k}^{r}-A_{kr}\phi_{j}^{r})\}$ .

Multiplying this equation with $U^{j}$ and summing for $j$ , and takittg account of (1.8),
(3.4), (3.10) and Lemma 3.2, we find

$2(\theta-\frac{c}{4})(1+\frac{x}{k})(A_{kr}\xi^{r}-\alpha\xi_{k})$

$=(1+\frac{x}{k})\{-(\mu+\epsilon-2\lambda)(\beta-\alpha^{2})\xi_{k}-2\lambda(\epsilon-a)A_{kr}\xi^{r}+2\lambda(2kx+\alpha\lambda)\xi_{k}$

$+(\mu+e)(\lambda+e-\alpha)A_{kr}\zeta^{r}-2(\mu+e)(kx+a\lambda)\xi k\}$ .
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Thus, it follows that

2 $(\theta-\frac{c}{4})=-2\lambda(\epsilon-\alpha)+(\mu+e)(\lambda+\epsilon-\alpha)$

because of $\beta-\alpha^{2}\neq 0$ on $\Omega$ , or using (3.8), (3.12) and Lemma 3.6,
$\lambda^{2}(k+x)=\theta(k-x)$ .

Differentiating this covariantly and using Lemma 3.3, we get
$(k+x)\nabla_{j}\lambda=x\lambda U_{j}$ .

By the way, we have from (3.8)
$\alpha\nabla_{j}\lambda=(3\lambda^{2}-\lambda e+x^{2}-kx)U_{j}$ ,

where we have used Lemma 3.3 and Lemma 3.5. Combining the last three equations,
we verify that

$x\alpha\lambda=3\theta(k-x)-\lambda(k+x)e-x(k^{2}-x^{2})$ ,
or using (3.8) and (3.12)

$(6x^{2}+\frac{5}{4}c)k=x^{3}$ ,

which shows that $(6x^{2}+\frac{5}{4}c)(k-x)=0,$ $a^{\prime}$ contradiction because of $\alpha\lambda\neq 0$ on $\Omega$ .
Therefore $\Omega$ is empty set. This completes the proof.

4. The proof of Theorem

Proof of Theorem. Let $M$ be a connected real $(2n-1)$-dimensional $(n>2)$ semi-
invariant submanifold of codimension 3 satisfying $ dn=2\theta\omega$ for a certain scalar
$\theta<\frac{c}{2}$ in $\mathbb{C}P^{n+1}$ . Suppose that $R_{\xi}\phi A=A\phi R_{\xi}$ . Then by Lemma 3.6 we have $k=0$
on $M$ . Thus, (2.8) tells us that the distinguished normal $C$ is parallel in the normal
bundle. Hence, by Lemma 4.1 of [8], we have $A_{(2)}=A_{(3)}=0$ . Therefore, by the
reduction theorem in [5], [12], $M$ is a real hypersurfaoe in a complex projective space
$\mathbb{C}P^{n}$ . Sinoe we have $\nabla^{\perp}C=0$ , equations (1.13) and (3.1) are reduced respectively
to

$\nabla_{k}A-\nabla A=\frac{c}{4}(\xi k\phi jt-\xi j\phi ki-2\xi\iota\phi kj)$ ,

$\frac{c}{4}(A_{jr}\phi_{i}^{r}+A_{ir}\phi_{j}^{r})-(A_{jr}\xi^{r})(A_{i\iota}U^{\iota})-(A_{ir}\xi^{r})(A_{j}.U^{\cdot})=0$ .
Using (1.4), (1.5) and above two equations, it is proved in [4] that $g(U, U)=0$ .
Henoe we have $A\phi=\phi A$ . Thus, by $Th\infty remO$ we have our Theorem.

In the case where $\theta=\frac{c}{4}$ that is, $M$ is asemi-invariant submanifold with $ dn=\frac{c}{2}\omega$ ,
then from Theorem we have
Corollary 4.1. Let $M$ be a semi-invariant submanifold of codimension 3 with
$ dn=\frac{c}{2}\omega$ in $\mathbb{C}P^{n+1}$ . If $M$ satisfies $R_{\xi}\phi A=A\phi R_{\xi}$ , then $M$ is locally congruent to
one of the following spaces in $\mathbb{C}P^{n}$ :

(A) a geodesic hypersphere (that is, a tube of mdius $r$ over a hyperplane $CP^{n-1}$ ,
where $0<r<\frac{\pi}{2}$ ),

(A) a tube of mdius $r$ over a totally geodesic $\mathbb{C}P^{k}(1\leq k\leq n-2)$ ,
where $0<r<\frac{\pi}{2}$ .

–15 –



REFERENCES
1. A. Bejancu, $CR-subma\mathfrak{n}ifous$ of a $K\overline{a}\mathcal{M}er$ manifold $I$ , Proc. Amer. Math. Soc. 69 (1978),

135-142.
2. D.E. Blair, G.D. Ludden and K. Yano, Semi-invariant immersion, Kodai Math. Sem. Rep.

27 (1976), 313-319.
3. T.E. Cecil and P.J. Ryan, Focal sets and real hypersurfaces in complex projective space, Trans.

Amer. Math. Soc. 269 (1982), 481-499.
4. J.T. Cho and U-H. Ki, Real hypersurfaoes of a complex projective space $i\mathfrak{n}$ terms of the Jacobi

operators, Acta Math. Hungar. 80 (1998), 155-167.
5. J. Erbacher, Reduction of the codimension of an isometric immersion, J. Differential Geom.

3 (1971), $33\succ 340$ .
6. U-H. Ki, C. Li and S.-C. Lee, Semi-invariant $\iota ubmanifous$ utth L-flat normal connection in

terms of the Lie derivatives, to appear in Kyungpook Math. J.
7. U-H. Ki and H.-J. Kim, Semi-invariant submanifolds utth lift-flat normal connection in a

complex projective spaoe, Kyungpook Math. J. 40 (2000), 185-194.
8. U-H. Ki, H. Song and R. ?bkagi, Submanifolds of codimension $S$ admitting almost contact

metnc structure in a complex projective space, Nihonkai Math. J. 11 (2000), 57-86.
9. R. Niebergall and P.J. Ryan, Real hypersurfaces in complex spaoe form, in Tight and Taut

submanifolds, Cambridge University Pres8 (1998(T.E. Cecil and S.S. Chem, eds.)), 233-305.
10. M. Okumura, On some real hypersurfaces of a complex projective space, ‘Tbans. Amer. Math.

Soc. 212 (1973), $35S-364$ .
11. M. Okumura, Normal curvature and rual submanifold of the complex projective space, Ge-

ometriae Dedicata 7 (1978), 509-517.
12. M. Okumura, Codimension reduction problem for real submanifolde of complex projective

space, Colloq. Math. Soc., Jdnoe Bolyai 56 (1989), 574-585.
13. M. Okumura and L. Vanhecke, n-dimensional real submanifolds $w|\ell h(\mathfrak{n}-1)-dime\mathfrak{n}s|onal$

maximal holomorphic tangent subspace in complex projective spaces, Rendiconti del Circolo
Mat. di Palermo 43 (1994), 233-249.

14. H. Song, Some differential-geometric properties of R-spaces, Tsukuba J. Math. 25 (2001),
279-298.

15. R. $qb$]$\dot{w}$ , On homogeneous real hypersurfaoes in a complex projective space, Osaka J. Math.
19 (1973), 495-506.

16. R. $?bka\dot{i}$ , Renl hypersurfaoes in a complex projective space with constant principal curvatures
$I,$ $II$, J. Math. Soc. Japan 27 (1975), $4\succ 53,507-516$ .

17. Y. ?bshiro, Relations between the $\ell heo\eta$ of almost complex spaces and that of almost contact
spaces (in Japanese), Sugaku 16 (1964), 3441.

18. K. Yano and U-H. Ki, On $(f,g,u,v,w,\lambda,\mu,\nu)$ -structure satiSfying $\lambda^{2}+\mu^{2}+\nu^{2}=1$ , Kodai
Math. Sem. Rep. 29 (1978), 285-307.

19. K. Yano and M. Kon, $CR$ submanifolds of Kaehlerian and Sasakian $ma\mathfrak{n}ifoldi$, Birkh\"auser
(1983).

U-HANG KI
DEPARTMENT OF MATHEMATICS,
KYUNGPOOK NATIONAL UNIVBRSITY,
TAEGU 702-701, KORBA

HYUNJUNG SONG
DEPARTMENT OF MATHBMATICS,
HANKUK UNIVBRSITY OF FOREIGN STUDIES,
SEOUL 130-791, KOREA

Received November 29, 2000 Revised March 14, 2003

–16 –


