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ESTIMATING COMMON FIXED POINTS OF TWO
NONEXPANSIVE MAPPINGS BY STRONG
CONVERGENCE

SAFEER HUSSAIN KHAN

ABSTRACT. In this paper, we introduce an iteration scheme de-
fined by
To =T € C, Tnt1 = anT + (1 — an)Unzn,
Un = ’YnT(ﬂnS+ (1 _ﬂn)I) + (1 —"Yn)I, TL = 0,1,2,...,

where S and T are nonexpansive mappings from a closed convex
subset of a Banach space into itself and {a,},{8r} and {7.} are
in [0,1]. This scheme contains all four schemes given by Mann,
Ishikawa, Das-Debata and Halpern. Using this scheme we approx-
imate common fixed points of S and T'.

1. INTRODUCTION

Let C be a closed convex subset of a Banach space E. A mapping
T : C — C is called nonexpansive if ||Tz — Ty| < ||z — y|| for all
z,y € C. A number of iteration schemes have been introduced to ap-
proximate the fixed points of nonexpansive mappings. Mann [6] intro-
duced the following iteration scheme :

(1) 1 € C, Tny1 = anTzn + (1 — Qn)Zn,

forallm=1,2,..., where {a,} isin [0, 1]. Ishikawa [4] gave the following
iteration scheme:

(2) z1 € C, Tpy1 = anT(,BnTmn + (1 - ,Bn)mn) + (1 - an)xn,

for all n = 1, 2,..., where {a,,} and {8,} are in [0, 1]. Das and Debata
[2] defined {z,} using two mappings S and T as follows:

(3) Ty € C, Tpy1 = anS(BnTzn + (1= Bn)zn) + (1 — an)zn
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for n > 1, where {a,} and {8,} are sequences in [0, 1]. Halpern’s
scheme is as under.

(4) 1 €C, Tpt1 = anz+ (1 — an)Tx,,

for all n = 1, 2,..., where {a,} is in [0, 1]. Many authors including
Reich (7], Wittmann [12], Tan and Xu [11], Takahashi and Tamura [10]
and Shioji and Takahashi [8] have considered the convergence of these

iteration schemes for approximating the fixed points of nonexpansive
mappings. We introduce a new iteration scheme defined by:

zo=1x € C,
(5) Tnt1 = 0T + (1 — a,)Upz,,
Un = '7nT(IBnS + (1 - ﬁn)I) + (1 - ’Yn)I’

foralln =0, 1, 2,..., with {an}, {6.} and {y,} in [0, 1].

This scheme contains all the four schemes given above: for a,, = 0,
our scheme reduces to Das—Debata type (3), for o, = 0, S = T to
Ishikawa-type (2), for a, = 0, S = I to Mann-type (1) and finally for
Y» = 1, S = I to Halpern-type (4). We shall use this scheme to prove
a strong convergence theorem to approximate the common fixed points
of the two nonexpansive mappings S and 7.

2. PRELIMINARIES AND NOTATION

We shall use the following notations in this paper.
N={1,2,3,...},

N+ = {0, 1, 2, . .}.
R will stand for set of real numbers. We only consider the real vector
spaces. For a Banach space E, let E' be its topological dual. The
value of y € E' at z € E will be denoted by (z,y). We reserve J for
the duality mapping of E into 2F', defined as :

Jz={y€ E:(z,9) = z|” = |lylI’}, z€E.

Let U= {z € E: ||z|| = 1}. The norm of E is said to be uniformly
Gateaux differentiable if for each y € U, the limit

© oo o+ gyl — o]
t—0 t

exists uniformly for z € U. F is termed as uniformly smooth if the limit

in (6) exists uniformly for z,y € U. The fact that if the norm of E is uni-

formly Gateaux differentiable then the duality mapping is single-valued

and norm to weak* uniformly continuous on each bounded subset of E

is quite well-known. See, for instance, [1].
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Suppose that u is a continuous linear functional defined on [*° and
(ag, as,...) € I°. We write u,(ay,) instead of u((ag,as,...)). If u sat-
isfies ||yl = pn(1) = 1 and pp(ans1) = pn(an) for all (ag,a;,...) € I
then u is called a Banach limit. Finally, we denote by F(T') the set of
fixed points of a mapping 7.

We now state the following propositions obtained in [§].

Proposition 1. Let a € R and (ag, a1,...) € [*°. Then uy(a,) < a for
all Banach limits p if and only if for each € > 0, there exists po € N

such that a"“"*”};"“"“’“l <a+e forallp>po andn € Ny.

Proposition 2. Let a € R and (ag, a1, -...) € I such that tn(an) < a
for all Banach limits p. If lim, _,oo(Gni1—ayn) < 0 then lim, .- a, < a.

3. MAIN THEOREM

We are now in a position to give our Main Theorem. For its proof,
we shall mainly follow the technique used in [8].

Main Theorem. Let E be a uniformly conver Banach space with a
uniformly Gateauz differentiable norm and C a closed, convexr subset
of E. Let S and T be nonexpansive mappings from C into itself such
that F(T) N F(S) # ¢. Further, let {z,} defined by (5) satisfy

0<a,<1,a,—>0, 32 a,=00, 2 oo o|0nt1 — an| < 00,

O < /Bn < 1a Z:,o=0 |6n+1 - :8n| < oo,

0< Tn < 1, ZZ.;O |'7n+1 - '7n| < o0
foralln =0,1,2,.... Then {z,} converges strongly to a common fized
point of S and T'.

If C satisfies certain additional conditions then we can prove the
following theorem on lines similar to those of [9].

Theorem 1. Let E be a Banach space with a uniformly Gateaux differ-
entiable norm and C a weakly compact, conver subset of E. Let x € C
and suppose that z; is a unique element of C for 0 < t < 1 satisfying
zg = tx + (1 — t)T2, where T is a nonexpansive mapping of C into it-
self. If each nonempty T -invariant, closed, convex subset of C contains
a fized point of T then {2} converges to a fized point of T.

In order to prove our Main Theorem, we first prove the following
lemmas.

Lemma 1. Under the conditions of our Main Theorem,

lim ||Zpy1 — z0]| = 0.
n—oo
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Proof. Note that F(T)N F(S) C F(U,) for all n € N. Also note that
U, is nonexpansive. Moreover, it can be verified that {z,}, {Unz,},
{Tz,} and {Sz,} are bounded. Next, set L = sup{||z|| : £ € C}. Then

|Zn+1 = Zall < 2L|om — an-1] + |Unzs — Un—12n|| + (1 — @) [|Zn — Tn1 ||

for all n € N. Let t,, = 2L(|an — an—1| + |Bn — Bn-1| + |7n — Yn-1]) for
all n € N. As "Unxn - Un—lxn“ S 2L(I,3n - ,Bn—ll + |7n - 'Yn—ll) can be
shown to be true, we have ||Zp4+1 — Zn|| < tn + (1 — ap)||zn — Zn-1]| for
all n € N. This gives

n+m n+m
|Zntm+1 — Tnmll < Z te + ( H (1- ak)) |1Zm+1 — Zml|

k=m+1- k=m+1
n+m n+m
< E ty +exp | — E ok | [|[Tmt+1 — Tml|

for all m,n € N. Now using Y 1o jor = 00, D peqtk < oo and the
boundedness of {z,}, we conclude that

lim ||Zp41 — zn|| = 0.
n—0o0

Lemma 2. Under the conditions of our Main Theorem,
lim (z — 2, J(z, — 2)) < 0.

n—oo

Proof. Let n € N and assume that {z,} converges strongly to z in
F(U,) as t — 0 where z,; is a unique element of C for 0 < t < 1
and satisfies 2,; = tz + (1 — t)U,2n:. Let u be a Banach limit. Then
pn(an) = 0 and the nonexpansiveness of U, gives

Pnl|Tn — Unznt”2 < tnllzn — znt"2-
Now (1 — t)(zn — Un2nt) = (Tn — 2nt) — t(zn, — ) yields
(l—t)zunllxn_Unznt||2 2> (I_Zt)l‘n||$n—znt'|2+2tﬂn<x_zntv J(Tn—2nt))-
This implies that
%/—‘n”xn - znt||2 > pnlT — 2nt, J(Tn — 2nt))-

Let t — 0. Then because E has uniformly Gateaux differentiable norm,
J is norm to weak* uniformly continuous and so we have

oz — 2, J(z, — 2)) < 0.
On the other hand, by Lemma 1,
lim |(z — 2, J(Zp41 — 2)) — (x — 2, J(z, — 2))| = 0.

n—o0
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Hence by Proposition 2,

lim (z — 2, J(z, — 2)) < 0.

n-—00

We now give the proof of our Main Theorem.

Proof of Main Theorem. Let z € F(U,). Since
(1 — an)(Unzpn — 2) = (Tny1 — 2) — an(T — 2),
we have
11 = 0m) (Unzn = 2)II” 2 l|Zn41 = 2|I” = 2an(z — 2, J (Tat1 — 2))
which implies
IZn+1 — 2[1* < (1 — am)l|zn — 2|

+2(1 - (1 —ap)){x— 2, J(xn41 — 2)) for all n € N.
Let € > 0. By Lemma 2, there exists m € N such that

(x — 2z, J(zn — 2)) < €/2 for all n > m.

Then

|Znsm — 2“2

n+m-—1 n+m-—1
< ( H (l—ak)) |zm — 2||% + (1— H (l—ak)) €

k=m k=m

n+m—1
< exp (— Z ak) |zm — 2||° + €.

k=m

- Hence by > 72, ar = 0o, we get

lim ||z, — 2||> = lim ||Tp4m — 2|2 < e

Since € > 0 is arbitrary so {z,} converges strongly to z € F(U,,).
Finally, since E is strictly convex, 0 < G, < l1and 0 < v, < 1

therefore z € F(T)NF(S). For, let z € F(U,) but z € F(T)NF(S). Let

w € F(T)NF(S), ws# 2. Now z = Upz gives 2 = T(8,Sz + (1 — B,)2)
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SO

lz—w|| = |T(BuSz+ (1 - B.)2) —w|
< BuSz+ (1= B,)z — w||
= [|Ba(Sz — w) + (1 - Bo)(z — w)||
< BullSz—w|| + (1 = Ba)llz — w|
< Ballz—wll+ (1 = Ba)llz — w|

ll2 — wll.
Also because S is nonexpansive, ||Sz — w|| < ||z — w]|. Thus
Iz = wll = |8z — wl| = [|82(Sz — w) + (1 — Ba)(z — w)].

Since F is strictly convex therefore z — w = Sz — w implies z = Sz.
Then by z = T(B,Sz+(1—f3,)z), we also obtain z = T'z. Consequently,
{zn} converges strongly to a common fixed point of S and 7. Hence

the proof. O

Remark. Note that for 8, = 0 and v, = 1, (5) reduces to

To =2, Tnt1 =T+ (1 —opn)Tz,, n=0,1,2,...,
and hence the “Theorem” of Shioji and Takahashi [8] can be deduced
from our above Main Theorem as the following corollary.

Corollary. Let E be a Banach space with a uniformly Gateauz differen-
tiable norm and C a closed, conver subset of E. Let T be NONeTpansive
mapping from C into itself such that F(T) # ¢. Suppose that {zn} is
defined by

a:d=a:, Tn+1 = anZ + (1 — an)Tz,, n=0,1,2,...,

where 0 < a, < 1 foralln = 0,1,2,..., a, — 0, Dm0 Cn = 00 and
Yoo lant1 — an| < co. Moreover, assume that {2} converges strongly
to z € F(T) as t — 0 where z, is a unique element of C for0<t<1
and satisfies z; = tx + (1 — t)Tz. Then {z,} converges strongly to
z € F(T).
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