
On the limit behavior of some branching processes
with immigration

By

Tetsuo KANEKO*

(Received October 31, 1979)

1. Introduction

We have considered in [1], Galton Watson processes in two districts, $A$ and $B$, and a
simplified type of immigration from $B$ into $A$ , and studied some limit behaviors.

In A-district, the primary Galton Watron process $\{X_{n}; n=0,1,2, \ldots\}$ is considered to
be based on a probabirity distribution { $p_{k};k=0,1,2,$ $\ldots 1$ ; i.e., after one unit of time each
particle splits independently of others into a random number of offsprings according to
the probability distribution $\{p_{k}\}$ . Similarly in B-district, the primary Galton Watson
process $\{Y_{n}; n=0,1,2, \ldots\}$ is considered to be based on a probability distribution $\{qk\}$ .
Now we assume that when every particle in the n-th generation in A-district has no off-
spring then instantly one particle in B-district (if exists) immigrates into A-district.
That is, let the number of particles in the n-th generation in A-district be $\overline{X}_{n}$ , the number
of their offsprings be $\tilde{X}_{n+1}$ , and let $\overline{Y}_{n},$ $Y_{n+1}\sim$ be those in B-district $(n=0.1,2, \ldots)$ , then

$\overline{X}_{n+1}=1,\overline{Y}_{n+1^{=Y_{n+1}-1}}^{\sim}$ if $\tilde{X}_{n+1}=0,$ $\tilde{Y}_{n+1}>0$,

$\overline{X}_{n+1}=\tilde{X}_{n+1},\overline{Y}_{n+1}=Y_{n+1}\sim$ otherwise.
$\{Z_{n}=(\overline{X}_{n},\overline{Y}_{n});n=0,1,2, \ldots\}$ is a Markov chain on the pairs of nonnegative integers with
homogenious transition probabilities

$\pi(i. j\rightarrow k, l)=P(Z_{n+1}=(k, l)|Z_{n}=(i, j))$ .
We assume $X_{0}=1,$ $p_{0}+p_{1}<1,$ $Y_{0}=1$ , and define the generating functions of $X_{1},$ $Y_{1}$ by

$f(s)=\sum_{k-0}^{\infty}p_{kS^{k}},$ $g(s)=\sum_{k\approx 0}^{\infty}q_{kS^{k}},$ $|s|<1$ ,

and those of $X_{n},$ $Y_{n}$ by

$f_{(n)}(s)=\sum_{k\approx 0}^{\infty}P(X_{n}=k)s^{k},$ $g_{(n)}(s)=\sum_{k=0}^{\infty}P(Y_{n}=k)s^{k}$

and denote the extinction probabilities of $X_{n}$ and $Y_{n}$ by $Qx$ and QY respectively.
We denote the n-step transition functions of $\{Z_{n}\}$ by

*Niigata University



44 T. Kaneko

$\pi_{(n)}(i, j\rightarrow k, l)=P\{Z_{m+n}=(k, I)|Z_{m}=(i,\check{J})\}(n=1,2, \ldots)$,

and define the generating function of $Z_{\hslash}$ by

$\varphi_{(n)}(s, t)=\sum_{k-0}^{\infty}\sum_{l-0}^{\infty}\pi_{(n)}(1,1\rightarrow k, l)s^{k}t^{l}(n=1,2, \ldots),$ $|s|,$ $|t|\leqq 1$ ,

and $\varphi_{(0)}(s, t)=st$, and denote $\varphi_{(1)}(s, t)$ by $\varphi(s, t)$ .
We obtained in [1] the following two results.

(i) In the subcritical case, i.e., when the mean MX of $X_{1}<1$ , if we denote the generating
function of $\overline{X}_{n}$ by $f_{(n)}$ , and assume that $\{\overline{f}_{(n)}(p_{0})-\varphi(\hslash)(p_{0}, q_{0})\}$ converges to $a$ as $ n\rightarrow\infty$ ,
then we have

$\lim_{n}a\overline{x}_{n})=\frac{a}{1-Mx}$ .

(ii) In the supercritical case, i.e. when $Mx>1$ , denoting $\lim_{n}\overline{f}_{(\hslash)}(Qx)=Rx$ , we have

$R\overline{X}_{n}=k)\rightarrow 0(n\rightarrow\infty)$ for $k=1,2,$ $\ldots$ ,

$P(\overline{X}_{n}=0)\rightarrow Rx(n\rightarrow\infty)$ ,

$P(\overline{X}_{n}\rightarrow\infty(n\rightarrow\infty))=1-Rx$. ( $[1$ , Theorem 3])

In this paper we study the limit behavior of $\varphi_{(n)}(s, t)$ and $Y_{n}$ in the supercritical case,
and give a complementary note to the subcritical case.

2. The limit behavior of $\varphi_{(n)}(s. t)$ in the supercritical case

When $Mx>1$ , as we have seen in [1, p. 531,

$\varphi_{(n)}(s, 1)=\overline{f}_{(n)}(s)\rightarrow Rx(n\rightarrow\infty)$ for $0\leqq s<1$ (1)

$\varphi_{(n)}(0, t)=\sum_{l-0}^{\infty}\pi_{(n)}(1,1\rightarrow 0, l)t^{l}$

$=\pi_{(n)}(1,1\rightarrow 0, O)\rightarrow Rx(n\rightarrow\infty)$ . (2)

When $0<s<1$ and $0\leqq t\leqq 1$ ,

$\varphi_{(n)}(0, t)\leqq\varphi_{(n)}(s, t)\leqq\varphi_{(n)}(s, 1)$ .
Therefore by (1) and (2),

$\lim_{n}\varphi_{(n)}(s, t)=Rx$ .

$\overline{g_{(n)}}(t)=\varphi_{(n)}(1, t)$

$=\sum_{k-0}^{\infty}\sum_{l-0}^{\infty}\pi_{(n)}(1,1\rightarrow k, l)t^{l}$

$=\sum_{k-0}^{\infty}\sum_{l-0}^{\infty}\sum_{i-0}^{\infty}\sum_{j-0}^{\infty}\pi_{(n-1)(1,1}\rightarrow i,$ $f$) $\pi(\dot{\iota}, j\rightarrow k, t)t^{l}$
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$=\sum_{i-0}^{\infty}\sum_{j-0}^{\infty}\pi_{(n-1)}(1,1\rightarrow i. j)\sum_{k-0}^{\infty}\sum_{l-0}^{\infty}(i, j\rightarrow k, l)t^{l}$ .

We denote the transition probabilities of the processes $\{X_{n}\}$ and $\{Y_{n}\}$ by { $p\{J\}$ and $\{qij\}$

respectively. Then

$\sum_{k-0}^{\infty}\sum_{l-0}^{\infty}\pi(i, j\rightarrow k, l)t^{l}$

$=\sum_{k-1}^{\infty}\sum_{l-0}^{\infty}p_{ik}qJ\iota t^{l}+p_{t_{0}}qjo+p_{i_{0}\sum_{l-1}^{\infty}qjl}t^{l-1}$

$\geqq\sum_{l-0}^{\infty}qjlt^{\iota}=[g(t)]j$

Accordingly

$\overline{g}_{(n)}(t)\geqq\sum_{i-0}^{\infty}\sum_{j-0}^{\infty}\pi_{(n-1)}(1,1\rightarrow i, j)[g(t)]j$

$=\overline{g}_{(n-1)}[g(t)]$ . (3)

When $0\leqq t\leqq QY$ , since $g(t)\geqq t$, we have
$\overline{g_{(n)}}(t)\geqq\overline{g}_{(n-1)}(t)$ ,

$and_{SO}(t)onvergesLetRY=\lim_{n}^{\overline{g}_{(n)}}\frac{c}{g}(n)(QY),thenRY\geqq QY$ . We can see by (3),

$\overline{g_{(n)}}(t)\geqq\overline{g_{(k)}}(g_{(n-k)}(t))$ if $0\leqq k\leqq n$ .
Here if $ n\rightarrow\infty$ , then $g_{(n-k)}(t)\rightarrow QY$ and so

$\lim_{n}\overline{g_{(n)}}(t)\geqq g_{(k)}(QY)$ for every $k$.

Accordingly

$\lim_{n}\overline{g}_{(n)}(t)\geqq RY$ if $0\leqq t\leqq Q_{Y}$ .
On the otherhand, if $0\leqq t\leqq QY$

$\overline{g}_{(n)}(t)\leqq\overline{g}_{(n)}(Q_{Y})\leqq R_{Y}$ .
Thus we have

$\lim_{n}\overline{g}_{(n)}(t)=RY$ if $0\leqq t\leqq QY$ . (4)

Next we prove that when $Q_{Y}>0$ this equality holds for $0\leqq t<1$ .
Let $g_{(n)}(t)=\sum_{k-0}^{\infty}ak(n)t^{n}$, then

$ak(n)\geqq 0$ for $k=0,1,2,$ $\ldots.,$ $n=0,1,2,$ $\ldots$ .
and (4) implies
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$\lim_{n}a_{0}(n)=R_{Y}$

$\lim_{n}ak(n)=0$ $k=1,2,$ $\ldots$ . (5)

Now we put $t\in[0,1$). For arbitrary positive number $\epsilon$ , we can put sufficiently large
number $K$ such that

$ k-K+1\Sigma^{\infty}ak(n)t^{k}<\epsilon$ for $n=1,2,$ $\ldots$ .

For another positive number $\delta$ , since (5) holds, we can put $N$ such that if $n>N$ then

$\sum_{k-0}^{K}ak(n)t^{k}<R_{Y}+\delta$ .

Thus we have for sufficiently large $n$

$ R_{Y}\leqq\sum_{k-0}^{\infty}ak(n)t^{k}<R_{Y}+\epsilon+\delta$.

Here $\epsilon$ and $\delta$ are arbitrary positive numbers, so we have

$\lim_{n}\overline{g}_{(n)}(t)=RY$ if $0\leqq t<1$ .

Thus we have;

THEOREM 1. If $Mx>1$ and $QY>0$, then

$\lim_{n}\varphi_{(n)}(s, t)=\left\{\begin{array}{ll}RX & (0\leqq t<1)\\RY & (s=1,0\leqq t<1)\\1 (s & =t=1)\end{array}\right.$

$CoROLLARY$ . If $Mx>1$ and $QY>0$, then
1) $P(\overline{Y}_{n}=k)\rightarrow 0(n\rightarrow\infty)$ for $k=1,2,$ $\ldots$ .
2) $P(\overline{Y}_{n}=0)\rightarrow R_{Y}(n\rightarrow\infty)$

3) $P(\overline{Y}_{n}\rightarrow\infty(n\rightarrow\infty))=1-R_{Y}$ .
It is easily known that $Rx\leqq Q_{X},$ $R_{Y}\geqq Q_{Y}$ and $Rx\leqq RY$ , and that $Rx^{=R}Y$ if and only

$ifQx\geqq Q_{Y}$ .

3. The limit behavior of $E(\overline{X}_{n})$ in subcritical case

In the Theorem 2 of [1], we have assumed the convergence of $\{\overline{f_{(n)}}(p_{0})-\varphi_{(n)}(p_{0}, q_{0})\}$ .
But yet now we cannot know whether it converges or not. So in this section we give
some complementary notes.

LEMMA. If $0\leqq s,$ $t\leqq 1$ and $N$ is apositive integr, then

$\overline{f_{(N)}}(s)-\varphi_{(N)}(s, t)\leqq f_{(N)}(s)(1-g_{(N)}(t))$ . (1)

PROOF. We prove it by the induction.
(I) When $N=1$ ,

$\overline{f_{(1)}}(s)-\varphi_{(1)}(s, t)=\varphi_{(1)}(s, 1)-\varphi_{(1)}(s, t)$
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$=\sum_{m\approx 0}^{\infty}\sum_{n-0}^{\infty}\pi(1,1\rightarrow m, n)s^{m}\langle 1-t^{n})$

$=\sum_{m-1}^{\infty}\sum_{n-0}^{\infty}p_{1m}q_{1^{n}}s^{m}(1-t^{n})+p_{10}\sum_{n-1}^{\infty}q_{1n}s(1-t^{n-1})$

$=\sum_{m\rightarrow 0}^{\infty}\sum_{n-0}^{\infty}p_{1^{m}}q_{1^{n}}s^{m}(1-t^{n})-p_{10}\sum_{n-0}^{\infty}q_{1n}(1-t^{n})+p_{10}\sum_{n\approx 1}^{\infty}q_{1^{n}}s(1-t^{n})$

$=f(s)-f(s)g(t)-p_{10}\sum_{n-1}^{\infty}q_{1^{n}}\{1-s-t^{n-1}(t-s)\}$

$\leqq f(s)(1-g(t))$ .
(II) Now we assume

$\overline{f_{(N)}}(s)-\varphi_{(N)}(s, t)\leqq f_{(N)}(s)(1-g_{(N)}(t))(0\leqq s, t\leqq 1)$ .
As in (I)

$\overline{f_{(N+1)}}(s)-\varphi_{(N+1)}(s, t)$

$=\sum_{m-0}^{\infty}\sum_{n-0}^{\infty}\pi_{(N+1)}(1,1\rightarrow m, n)s^{m}(1-t^{n})$

$=\sum_{m-0}^{\infty}\sum_{n-0}^{\infty}\sum_{k-0}^{\infty}\sum_{l-0}^{\infty}\pi_{(N)}(1,1\rightarrow k, 1)\pi(k, l\rightarrow m, n)s^{m}(1-t^{n})$

$=\sum_{k-0}^{\infty}\sum_{l-0}^{\infty}\pi_{(N)}(1,1\rightarrow k, l)\sum_{m=0}^{\infty}\sum_{n-0}^{\infty}\pi(k, l\rightarrow m, n)s^{m}(1-t^{n})$

$=\sum_{k-0}^{\infty}\sum_{l-0}^{\infty}\pi_{(N)}(1,1\rightarrow k, l)\{\sum_{m-0}^{\infty}\sum_{n-0}^{\infty}p_{km}q_{ln}s^{m}(1-t^{n})-p_{k_{0}\sum_{n-1}^{\infty}q_{1n}(1-s-t^{n-1}}$

$(t-s))\}$ . (2)

Here we can see by the assumption,

$\sum_{k-0}^{\infty}\sum_{l-0}^{\infty}\pi_{(N)}(1,1\rightarrow k, l)\sum_{m-0}^{\infty}\sum_{n-0}^{\infty}p_{km}q_{ln}s^{m}(1-t^{n})$

$=\sum_{k-0}^{\infty}\sum_{l-0}^{\infty}\pi_{(N)}(1,1\rightarrow k, l)\{f(s)^{k}-f(s)^{k}g(t)^{l}\}$

$=\overline{f_{(N)}}(f(s))-\varphi_{(N)}(f(s), g(t))$

$\leqq f_{(N)}(f(s))(1-g_{(N)}(g(t)))$

$=f_{(N+1)}(s)(1-g_{(N+1)}(t))$ .
Therefore we have

$\overline{f}_{(N+1)}(s)-\varphi_{(N+1)}(s, t)\leqq f_{(N+1)}(s)(1-g(N+1)(t))$ .
(I) and (II) prove (1).

If we consider $ N\rightarrow\infty$ in (1), then we have



48 T. Kaneko

$\varlimsup_{n}\{\overline{f_{(n)}}(s)-\varphi_{(n})(s, t)\}\leqq Qx(1-Q_{Y})$. (2)

THEOREM 2. If $Mx>1$ , then

$\varlimsup_{n}E(\overline{X}_{n})\leqq\frac{1-Q_{Y}}{1-Mx}$ (3)

PROOF. Since $Mx<1$ , we have $Qx=1$ , hence by (2)

$\varlimsup_{n}\{\overline{f}_{(n)}(s)-\varphi_{(n)}(s, t)\}\leqq 1-Q_{Y}$ .
Thus by the expansion of $E(\overline{X}_{n})$ in [1, p. 51] and [2, p. 22, lemma $A$], we get (3).
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