Modular Representations
of Algebraic Groups

BRIAN J. PARSHALL

These lectures provide an introductlion to the modular
representation theory of semisimple algebraic groups.
Sections 1 and 2 assume only a basic acquaintance with the
theory of algebraic groups and with the standard language
of representation theory. Later sections, however, employ
the theory of group schemes, and so make more demands on
the reader. Nevertheless, 1t should become clear that the
study of positive characteristic phenomena is ideally
sulted to the approach defined by these techniques.

Many important toplcs as well as many proofs are
omitted or only barely sketched due to lack of time. The
reader may consult the papers in the bibliography for
further information.

It is a great pleasure to thank Warren Wong and Alex
Hahn for inviting me to visit Notre Dame and for making

my stay there so pleasant.
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102 Representations of Algebraic Groups

1. ELEMENTARY THEORY

Throughout we will fix an algebraically closed field
k. Unless explicitly stated to the contrary, we assume
that k has positive characteristic p.
(1.1) RATIONAL MODULES. Let G be an affine algebraic
group defined over k. A finite dimensional kG-module V
is said to be rational if the associated homomorphism
Pyt G + GL(V) 1is a morphism of algebraic groups.l By a
rational G-module we mean a kG-module V which is a union
of rational finite dimensional submodules in the above
sense. We let MG be the category whose objects are the
rational G-modules and whose morphisms are the G-module

homomorphisms.

(1.2) EXAMPLES/REMARKS. (a) M, 1s an abelian category
which is closed under the formation of tensor products,
direct limits, and duals of finite dimensional modules.
Further, it is easy to see that MG possesses enough
injective objects.

(b) The coordinate ring k[G] of G is a rational

G-module relative to the left translation action of G:

(g°f)(x) = f(xg), £ e k[G], g,x € G. We may also view
k[G] as a rational right G-module by using the right
translation action of G: (f-g)(x) = f(gx).

(¢) k[G] has a well-known commutative Hopf alge-

1For the most part, all modules are taken to be left
modules.
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bra structure, with comultiplication A: k[G] + k[G] ® k[G],
counit e€: k[G] + k, and antipode n: k[G] + k[G]. Then
MG is isomorphic to the category of comodules for k[G]
(see [14; 1.1] for more details).

(d) Let g be the Lie algebra of G, that is, the
Lie algebra of all k-derivations D of k[G] satisfying
the identity (1 ® D)A = AD. Then g becomes a rational
G-module, called the adjoint module, as follows. Take
g.D, g€ G, De g, to be the derivation defined by
(g.D)(f) = g‘(D(g_l-f)). It is easy to check that g.D

satisfies the required identity to be an element of g.

(1.3) NOTATION. We now take up the case when G 1is a
(connected) semisimple algebraic group. For simplicity,
we will assume that G 1is simply connected. We list

below some of the standard notation that we will use

throughout :
B=T.U Fixed Borel subgroup with maximal
torus T, unipotent radical U
B™ = T.U” Opposite Borel subgroup
] Root system of T in G
¢+ Positive roots defined by B
o= {“1""’°2} Fundamental roots in &
W Weyl group
LS Long word in W
<,> W-invariant, symmetric, positive

definite bilinear form on
E=2% @ R
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oV coroot 2a/<a,a> , o € &

A Weight .lattice in E spanned by
the fundamental dominant weights

v

Wyseeesy (where <“1’“j> = sij’
1<1,522)

A+ Dominant weights

p ml +...+m£

A: » e A satisfying 0 < <A,a§> <p’,
1 <J <% r apositive integer

< Partial order on A given by
A<y iff uy-A is a sum of
positive roots

*
A > A Opposition involution on E

*
defined by A = -wo(l)
P.=L..T Je I Parabolic subgroup containing
B with Levl factor LJ having
J as fundamental roots
If V is a rational G-module and A € A, let
v, =1{ve V|it.v = A(t)v, t € T} denote the A-weight space
for the action of T on V. If V, # 0, we say that
A is a weight of T 1iIn V. We can now state the

following basic result, due to Chevalley [12]:

(1.4) THEOREM. ILet G be a semisimple, simply
connected algebraic group over k.

(a) Let V be an irreducible rational G-module.
Among the weights of T 1in V there is a unique maxi-
mal weight A (relative to < ), called the high weight

of V. Necessarily, A € A+. Any two irreducible rational
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G-modules with the same high weights are G-isomorphic.

(b) Conversely, given A € A+, there exists an
irreducible rational G-module, denoted S(A), of high
weight A.

Let us make several comments concerning the proof
of this result. The first part (a) is relatively straight-
forward and parallels closely the proof of the correspond-
ing result for complex Lie algebras. As for (b), there
are several ways to construct S(A), all of them important.
The original method of Chevalley involves getting S(A)
from an appropriate linear system on the projective
variety G/B. This is closely related to the theory of
induced modules taken up in Section 2 below. Secondly,
one can obtain S(A) from the corresponding complex
irreducible module by reduction mod p (see [44; §12]).
Thirdly, there is a direct argument of Borel which uses
only the normality of k[G] and an elementary result of

Chevalley (see [27; 31.4] for details).

(1.5) THE FROBENIUS MORPHISM. The next basic result in
the modular representation theory is the tensor product
theorem. To explain this result, it is convenient to
assume that the semisimple group is defined and split
over the prime field k = GF(p). (It is always possible
to arrange this.) Thus, in particular, k[G] = ko[G] 8 k,
where ko[G] is the ko-algebra of regular functions on

G defined over ko. We consider the Frobenius morphism
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0: G+ G defined by means of its comorphism

o*: k[G] » k[G] (f@c+fP8ec, fekla]l,cek).? Now
if V 1is a rational G-module, we can, for a positive
integer r, form a new rational G-module V(r) as follows.
As a k-vector space V(r) =V, but the effect of applying
ge€G to ve V(r) 1s now oT(g).v. Thus, pv(r) = pvocr.
We say that V(r) is obtained from V by twisting by oF.
We may assume that T 1s defined and split over ko' Then
clearly the weights of T in V(r) are the pr—multiples

of the weights of T in V. Thus, s(A)(F) = s(p™h).

(1.6) TENSOR PRODUCT THEOREM. Let G be a semisimple,
simply connected algebralic group defined and split over ko'
For A € A', let A = Ay + pA; +...+ p"A_, be its p-adic
expansion (so that Ay € A;, ef. (1.3)). Then

s(1) = 50y @ s e...e s )T

This result was originally proved in general by
Steinberg. We will briefly sketch an argument from [15].
It is given in two steps:

1) Let V(g) be the restricted enveloping algebra
of the Lle algebra g of G. The adjoint action of G
on g induces a rational action of G on the quotient of
V(g) by its Jacobson radical J. Furthermore, since G
is connected, it must fix elementwise the finitely many

central primitive idempotents of V(g)/J. Given a

2For example, if G = SLn(k), then o is the endomorphism
of G which raises each matrix entry of g € G to the pth power
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restricted irreducible g-module S, it corresponds to a
central primitive idempotent of V(g)/J. It follows,
from the simple connectivity of G, that S extends
(uniquely) to an irreducible rational G-module.

2) If S 1is an irreducible rational G-module, let
S, PDbe an irreducible g-submodule. We have a G-isomorphism
Homg(Sl,S) ® S, » S given by ¢ 8 s = $(s), ¢ € Homg(Sl,S),
s e S;. Here Homy(sl,s) is given its natural structure
as a rational G-module, using 1) above. Applying this to
S(A), A e AI, we see easily that S(A) is g-irreducible.
Now, for arbitrary A € A+, write A = AO + p6 where
Ao € Ay and 6 e A*. Clearly, S(A) 1s a G-composition
factor of S(A,) ® s(e)(l), whence any irreducible g-sub-
module of S(A) 1is g-isomorphic to S(AO). A bookkeeping
argument involving high welghts establishes that
S(a) = S(ko) ® s(e)(l). The proof can now be completed
by induction on r.

As a bonus of the above argument, we get the result
of Curtis that the S(A), A € AI, are exactly the distinct

irreducible restricted g-modules.

(1.7) FORMAL CHARACTERS. Given a finite dimensional

rational G-module V, we can form its formal character

ch V= ] aimV, &
X

in the integral group algebra Z[A] of A (so e)‘.eu = el+u).
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One is then led to ask for an explicit formula for ch S(A)
as well as for dim S(A). Both of these problems were com-
pletely solved in the case of k = 1in a serlies of famous
papers written by Weyl in the 1920's; for example, Weyl's

character formula states that

ch S(A) = ] det(w) e¥(At+e), ] det(w) e¥(P) At present
weW weW

no such formula is known in positive characteristic,

although a relevant conjecture has been formulated (cf.

Section 5). The answer is not even known in general for

G = SLn(k)!!

2. INDUCED MODULES
In this section, we will study the process of
obtaining rational modules for an algebraic group from

those of a closed subgroup.

(2.1) BASIC DEFINITIONS. Let H be a closed subgroup of
an affine algebraic group G over k. Let w: G » G/H
be the quotient morphism, where G/H denotes the variety
of right cosets Hg. Glven a rational H-module W, we
will construct a sheaf Lw on G/H. First suppose W
is finite dimensional. For U an open subvariety of
G/H, set P(U,LW) = MapH(n_l(U),W), the space of all
morphisms f: w'l(U) + W (of varieties) such that

1

f(hg) = h.f(g), h e H, g € 7 ~(U). 1In general, set

Lw = 1im LW" the direct limit taken over all finite
w'

dimensional submodules W' of W. We call Lw the
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sheaf induced from W. It is clear that Lw is actually
a module for the structure sheaf OG/H of G/H, and in
fact one can show it 1s quasi-coherent (and coherent if
dim W < »).3

The space WIG = MapH(G,W) of global sections of Lw
carries a natural G-module structure by setting
(g.£)(g') = £(g'g), £ e w|%, g,g' € G. Since Map (G, W)
is clearly a G-submodule of Homk—alg(k[W]’k[G]) = k[G] ® W,
1t follows that W|® is in fact rational for W finite
dimensional, hence rational in general by (1.2). Also, it
is clear that the map Ev(W): WlG + W (f > f£(1l)) 1is H-
equivariant, and it follows directly that given any
rational G-module V and H-module homomorphism ¢: V > W,
there exists a unique G-module homomorphism ¢&: V -+ WIG

such that Ev(W)o® = ¢. This fact (Frobenius reciprocity)

merely expresses the fact that |®, which is called the
induction functor, is the right adjoint to the restriction

G
functor M > M, (V le). At times we will denote |

by lg when H needs to be mentioned.

(2.2) EXAMPLES AND ELEMENTARY PROPERTIES. We give below

an number of examples involving induced modules.

(2.2.1) TENSOR IDENTITY. If V € Ob(MG), W e Ob(MH),
then w|8® v = (we VlH)IG. To establish this, we can

3The quasi-coherence is straightforward if 7 1s locally
trivial in the Zariski topology. If W is finite dimen-
sional, one can show in general that LW is locally free,
ef. [181].
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reduce to the case in which V 1is finite dimensional.

For K € Ob(Mg), we have Homy(K,W|% @ v) = Homy(kx & V*,u|%)

n

Hom, (K ® v*)lH,w) = Hom (K|,W 8 V[,) = HomG(K,ﬂJ@va)IG),

whence the conclusion.

(2.2.2) COORDINATE RINGS. We have k[H1|% = k[G]:
k| ¢

n

k[G/H]. Here k in kIG denotes the one-dimensional
trivial H-module.

(2.2.3) PARABOLIC INDUCTION. Suppose that H is a
parabolic subgroup of G. Since G/H 1is complete, it
follows that WIG = P(G/H,Lw) is finite dimensional for any
finite dimensional rational H-module W. Let us consider
the case in which G 1is semisimple, simply connected,
and H = B 1is a Borel subgroup. For a rational character
A on B, it will be convenient to let A also denote the
one-dimensional rational B-module defined by A. Now for
H and G arbitrary, 1t follows immediately that Ev(W) =
0 iff W!G = 0, for any rational H-module W. In particu-
lar, if l[G # 0, we see the image of the dual map Ev(A)¥
is a B-stable line in (A]G)* of weight -A. Hence, -AIG £ 0
implies that A € A+. Conversely, if A € A+, the existence
of a nonzero B-module homomorphism
S(A)¥* > s(\*/[U ,s(A)¥] 2 - guarantees that—AIG # 0.
Below are some basic properties of —AlG for A € A+.

a) -1|% has the irreducible module S(A)¥* = S(A¥)

as its socle (= maximal completely reducible submodule).
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Hence, -AIG is indecomposable.

This is immediate from reciprocity.

b) -AIG has a unique B-stable line. It has weight
2¥ and A¥ is the maximal weight in —A[G (with respect to
2.

If -AIG has B-stable line isomorphic to u, then the
G-submodule D 1t generates is a cyclic U -module. This
follows easily from the Bruhat decomposition of G. From
a) 1t follows that A¥ < u. Now (2.2.1) above and
reciprocity imply that -uIG also has a B-stable line,
isomorphic to A. Thus, A¥ = y and D 1is the socle of
—AIG. The desired result follows.

c) The formal character ch —AIG is given by Weyl's
formula (1.7) (with A* in place of A). Hence, dim -A|¢
is given by Weyl's dimension formula.

This is more difficult, cf. (3.3.4) below.

It follows that ch —AIG = . ) + My (w)eh s(u),
X>uel

where mk(u)= [-AIG: S(u)] 1is the multiplicity of S(u)
as a composition factor of -X[G. Over the years there
has been intense interest in the structure of —AIG (or
equivalently in the duals (—AIG)*, popularly known as
Weyl modules). In particular, an explicit determination
of the matrix [mx(u)] (or its inverse) would essentially

solve the above problem of calculating ch S(A), cf. (1.7).
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(2.2.4) SMITH'S THEOREM [43]. Fix a parabolic subgroup
P = PJ and let P~ = LJ'UE be the opposite parabolic sub-
group. Fix S(A) and let V be the LJ-socle of the space
S(A)UE of U}—fixed points. We make several observations:

a) V is irreducible as an LJ—module.

This is clear since B~ has a unique fixed line in
S(A), and, a fortiori, in V.

b) Now view V as a rational P-module by making UJ
act trivially. Then Ev(V) maps (Vlg)UE injectively into
v.

In fact, if f € ker Ev(V), then f(1) = 0. Thus, for
g € P, ue U, f(gu) = (u.f)(g) = f(g) = g.£(1) = 0, so0
f = 0 on the dense subset PJ.UE of G. Hence, f = 0.
(Notice b) holds for an arbitrary rational P-module.)

¢) Since -A* is the "low" weight in V, we get a non-
zero B-module homomorphism V + -A¥ which 1lifts to a non-
zero P-module homomorphism V > —l*lg, necessarily an
inclusion by a). Similarly, there is a nonzero P-module
homomorphism S(A) =+ —A*Ig, whose image is contained in V
since S(A) is a cyclic B-module, generated by a nonzero
—A*-weight vector.

d) Thus, by ¢), S(A) € V|3. Hence, S(\)' ¢ w5,

an LJ—submodule of V by b).
It follows therefore that sV is an irreducible
L.-module.

J
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(2.2.5) ITERATED INDUCTION. If Pl""’Pn is any sequence

of parabollic subgroups containing B and if V 1is a
Pl""’Pn P1 P2 Pn

rational B-module, let V| denote V| IBI ...IBI ,

the result of successively restricting to B then lnducing

P.,...,P
to P,. Then v| 17"

= v|% as P_-modules provided that
Pl...Pn = G. The reader will find a proof of this fact in
[16]. Let us merely point out an application. Let

Wy = ssl...sBN be a reduced expression for the long word
Woe Setting Pi = P{si}, we have Pl...PN = G. Now if V

is a rational B-module which extends to a rational Pi—
module, we have from (2.2.1) and the isomorphism k[Pi/B] =k

P
that VIBi £ V. Thus, we get the following extension

theorem [16]: A rational B-module extends to a rational

G-module iff it extends to a rational P-module for each

minimal parabolic subgroup P 2B.

3. INFINITESIMAL METHODS

The theory of group schemes aims to rehabilitate in
positive characteristic the classical algebraic group-Lie
algebra correspondence. Below we will indicate several
applications of this point of view. First, we introduce
some preliminary terminology, mostly taken from [20].

Let ng denote the category of k-functors: an
object in ME 1s a functor from the category M, of

commutative k-algebras to the category E of sets. The



114 Representations of Algebraic Groups

category Sch/k of k-schemes embeds naturally in Mk

to the k-scheme X we associate the functor (still denoted

E:

X) R+ X(R) = Homk(Spec R,X), R ¢ Ob(Mk). Intermediate
N

between Sch/k and ME is the full subcategory ME of
sheaves in the fppf topology on M;p. The inclusion
morphism M,E + ME admits a left adjoint ~: ME + ME

(x -~ %) commuting with finite projective limits, called
sheafification. The point behind the introduction of MZE

here is roughly to enlarge Sch/k suitably in order to
facilitate many natural constructions (especially of a
group-theoretic nature).

Next, recall that a k-group G 1is a functor from Mk
to the category Gr of groups. An affine k-group (or
affine k-group scheme) G 1is a k-group which is represen-
table (by its coordinate ring k[G]). An affine algebraic
group G 1in the classical sense defines an affine k-group,
still denoted G, by setting G(R) = Homk_alg(k[G],R),

R ¢ Ob(Mk). The Hopf algebra structure on k[G] endows
G(R) with a group structure in a well-known way. The
standard notions of rational representations, etc., all
apply in the more general setting of affine k-groups.

We cannot enter into further details of the above
here. The reader may wish to consult [20], especially
Ch. IT,81, and Ch. II,§§1,2,3, for more details. The

4"

formalism involving Mk

way below which the reader may wish to ignore at first

E will enter only in a technical
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reading.

(3.1) FROBENIUS KERNELS. Let G be an affine k-group.
Assume G 1is defined over the prime field ko’ and let
o: G » G be the Frobenius morphism (1.5). Now let H be
a closed subgroup scheme of G. For a positive integer r,
we define the rth infinitesimal thickening of H, denoted
HG

r? by means of the pull-back diagram

HGr ——H

l ] incl.

o

Thus, HGr is a closed subgroup scheme of G. When
H = {e}, the trivial subgroup, we denote HGr by Jjust

G, and we call it the rth Frobenius kernel of G.

EXAMPLES. a) Let G = SL,. Then G, is given by
G.(R) = {[a,.,] e SL (R)lapr =3, .}
r 13 n 13 i3'"

b) Assume G is connected. For r = 1, the dual
Hopf algebra k[Gl]* of k[G1] is isomorphic to the
restricted enveloping algebra V(g) of the Lie algebra
of G. In particular, MGl is isomorphic to the category
of restricted g-modules.

c) Let G be a semisimple, simply connected alge-
braic group defined and split over ko‘ It is easy to

n, n,
see that G/Gr =2 @ for all r. Here G/Gr is the

sheafification of the k-group G/Gr defined by
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(6¢/6,)(R) = G(R)/G,(R), R ¢ Ob(M.). Similarly,

6,/ =G __ for r>s (cf. [23; 3.6]). It is then
easy to extend the argument of (1.6) to see that the map
A+ S|, A e Ay, isa bijection between A} and
representazives from the distinect isomorphism classes of
irreducible rational Gr—modules. (In a different form,
this result is due to Humphreys [26] for r > 1.) More
generally, for an arbitrary closed subgroup scheme H of
G, one has that HGI}Gr 2 H}H Xa Gr’ and the irreducible

rational HGr—modules have the form V ® W where V 1is

Y
an irreducible rational H/H x

¢ Gp-module and W = s(x)[HGr

+
for some A € Ar .

(3.2) MACKEY THEORY. Let f: H-+ G be a morphism of
affine k-groups. Given a rational G-module V, we can
regard it as a rational H-module by means of the morphism

f. Thus, we obtain a restriction functor r*: MG > MH

which, as in Section 2, admits a right adjoint, called
induction, fy: My + M; (see [14;1.2] for more details).
The functor fy 1s left exact, and, as usual, we let
Rnf*: M, > Mg denote its nth right derived functor. When
no confusion results, we often write VIH for £¥(V) and
W[G or W[ﬁ for fg(W).

Now fix f: H+ G and let L be a closed subgroup
scheme of G. Let 1i: L + G be the inclusion morphism.
Consider the morphism (¥) L x H » G (in Sch/k) given
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by the composition of 1 x f with the multiplication map
in G. Let Jj: L Xa H + H be the natural inclusion mor-
phism of affine k-groups and let f': L Xa H-> L be the
morphism obtained by restricting f to L Xy H. Now we

can state

(3.2.1) THEOREM [18]. With the above notations, assume in

4"

addition that the morphism (¥) is an epimorphism in M

ME.

Then we have a natural isomorphism of functors
n,. ~ n
R Jyoft® = r¥oRr1,: M, > Mg, n>0.
We remark that the morphism (¥) is an epimorphism in
case G 1is a reduced algebraic group and G(k) = L(k)f(H(k)).
If H 1s a closed subgroup scheme of G and if we write

HANL for H *a L, we can express the n = 0 case of

G| = H
(3.2.1) as V]| |H = lenLl for V e Ob(M;) !!.

Now assume that G 1s reduced and of finite type over
k, and that H and L are closed subgroups such that L
has an open orbit  1in G)H. Choose f e Q(k) and let
X be a representative for f in G(k). Let Lx = g¥ Xa L,
1

X Hx, be the stabilizer of x in L. For

where H" = x~
Ve Ob(MH), let VX denote the rational H-module obtained
by making HX act on V through the morphism B + H (h* +n).

Now we have

(3.2.2) THEOREM [18]. Assume that G/H - @ has codimen-
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sion > 2. Then for a rational H-module V, we have
G ~ X L
(AR PRI A P
L Lx
In addition to the proofs of (3.2.1) and (3.2.2), [18]

gives a version of (3.2.2) valid for the higher derived

functors of induction.

(3.3) APPLICATIONS. Let G be a semisimple, simply
connected algebraic group, defined and split over ko'

a) PARABOLIC INDUCTION THEOREM. Let P and P, be

J K
two standard parabolic subgroups such that J¥ U K = 1.

One verifies that the PK-orbit Q of woPJ/PJ in G/PJ

is open and that codim(G/PJ - Q)

|v

2. Therefore, we

n

G L Px
obtain from (3.2.2) that V| lP v ]P nPW°‘ for
- - K K'*J -

Ve Ob(M, ) [18].

)
J
b) THE STEINBERG MODULES. For each positive
integer r, define the rth Steinberg module St(r) to be
S((Pr-l)p). Below we sketch a proof that
St(r) = -(pr—l)plg. The argument 1s given in several

steps:

1) dim St(r) = prN, N = [¢+|. This follows from
the r = 1 case (in view of (1.6)) where one argues
directly, cf. [18] for details.
2) Since St(r) is Gr-irreducible (3.1), reciprocity
G

gives an inclusion 1i: St(r)[G — —(pr-lkﬂBr of G_-

r r r
modules.

3) Applying (3.2.1) for L =B, H = U;, we obtain,
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using (2.2.2) and the fact that Br 4 U; is the
r

k[U;], so has

1Y

G
trivial group, that -(Pr-l)DlBrIU-
r r

dimension equal to prN. Thus, i1 is an isomorphism by 1)

above.

r BGr r Gr
4) sSimilarly, -(p —l)plB lG = —(p -l)plB » SO
r r

BG
there is an isomorphism j: St(r)lBG = —(pr-l)DlB v
r

G BG

B r o r r

which factors as St(r)|m. > -(p -1)p|xl > -(p -1)p| .
BGr B BGr B

By (2.2.3b), o is an injection on its B-socle, so a is an
injection. It follows that B is an isomorphism, which
clearly proves our claim.

c¢c) BUNDLE COHOMOLOGY. Consider the following commu-
tative diagram, the square being a pull-back:

r
G ——g——+G

b
r
BGr—c-—»B /f

Here a,a',b are the natural inclusion morphisms. By
(3.2.1), we have that R™byoc® = ¢"#o0R"a, = ¢c"*¥oR"byoa,
(since ay 1is exact [14;4.2]) for all n > 0. Let

Ve Ob(MB). If we apply the above to V(r) ® —(pr—l)p,
using b) above and the fact (2.2.1) that the exact
functor - ® St(r) commutes with induction, we obtain

immediately that
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(3.3.1) Rna*(V(r) ® -(p'-1)p) = Rna*(V)(r) 8 St(r), n > 0.

(This argument was first discovered by E. Cline and repro-
duced in [18] in detail.) Using the easily derived fact
that Rna*(V) = Hn(G/B,Lv) (sheaf cohomology, cf. [19]
for example) we obtain from (3.3.1) the following impor-
tant result discovered independently by H. Andersen [5]
and W. Haboush [25]:

(3.3.2) THEOREM. For a rational B-module V, we have an

isomorphism of rational G-modules:
(r) ~ N
Hn(G/B,LV) ® St(r) = H'(G/B,Ly(r) g _(yr_1y,)s n20.
This theorem has several important consequences.

(3.3.3) COROLLARY. ILet A € AT. Then H™(G/B,L ,) = 0
: -2

for all positive integers n.

This result, due to G. Kempf [36], follows easily
from (3.3.2) using the ampleness of the line bundle L_p,
cf. [5] for more details.

(3.3.4) COROLLARY. For A e AT, ch -A|% 1s given by
Weyl's formula (1.7) (with A* in place of A).

This is a well-known consequence of (3.3.3), cf. [24]

for the argument.

(3.3.5) COROLLARY. For V e Ob(My), there 1s an injec-



B. J. Parshall 121

tion Hn(G/B,LV)(r) + Hn(G/B,LV(r)) of rational G-modules

for all n > 0, r > 0.

This result, which had been conjectured earlier by
Cline, Scott, and the author, was proved by Andersen in [5].
It follows easily from (3.3.2).

4, RATIONAL COHOMOLOGY
The rational cohomology of affine algebraic groups was
first studied by Hochschild in the early 1960's. It plays
an Important role in the representation theory, and in this

section we will survey some of the work done to date.

(4.1) BASIC DEFINITIONS. Let G be an affine k-group.
Let FG be the functor from the category MG to the cate-
gory of k-vector spaces which assigns to each V g Ob(MG)
the space VG of G-fixed points.u It is trivial to see
that MG possesses enough injectives, so we can speak of

the nth right derived functor R°F, of Fes 0 > 0. For

G
Ve Ob(My), write H'(G,V) = RnFG(V), the nth rational co-

homology group of G with coeffilcients in V. Similarly,

we can define the rational ExtG-groups, Extg(V,—)
= R%Homy(V,-), V e Ob(M).

Now let H be a closed subgroup scheme of G and
let W be a fixed rational G-module. By reciprocity, we
have that Homy(W,-) = KoJ, where J = lg 1s induction

iMore precisely, if we view V as a k[G]-comodule with
structure map Ay: V > k[G] 8 V, then VG = {veV|Ay(v) =

18 v}.



122 Representations of Algebraic Groups

from M; to M, and K = HomG(W,-). It is immediate that
J takes injective objects in MH to injective objects in

MG’ so there is a Grothendieck spectral sequence

s,t
2

s+t

(4.1.1) E H

= Extg(w,RtJ(V))==>Ext (W,V)

for all rational H-modules V.

(4.2) SOME BASIC RESULTS. In this section G will be a
fixed semisimple, simply connected algebraic group, defined

and split over ko‘

(4.2.1) TRANSFER THEOREM [19]. Let V be a rational G-
module. Then the restriction map on cohomology induces a
natural isomorphism Hn(G,V) - Hn(B,V), n > 0, of cohomo-

logy groups.

To prove this result, we will use the spectral sequence
(4.1.1) with H = B. It is not hard to see that R°J(Z) =
Ht(G/B,LZ) for every rational B-module Z. Now if
Z =V e Ob(My), we obtain from (2.2.1) that R°J(V) &

Ve RtJ(g), where 0 denotes the one-dimensional trivial
B-module. It follows from (3.3.3) that H°(G/B,Ly) = 0
for t > 0. Taking W to be the trivial G—module: our

spectral sequence collapses to give the desired result.

(4.2.2) REMARKS: a) The same argument shows that for
Ve Ob(My) and A e A¥, we have that Ext(v,-A|%) =
Extg(V,-k), n > 0. See [19].
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b) One can also show for r a positive integer and
V e Ob(MG) that there is an isomorphism
HY(G,V) -+ Hn(BGr,V), n > 0.

(4.2.3) THEOREM [19]. Let V e Ob(MG), x e at. Suppose
that -A 1is not strictly greater (in the partial order >
(1.3)) than any weight n of T in V. Then
Extg(V,-A|%) = 0, n > 0.

For the proof see [193;3.2]. This result has the

following important consequence (also taken from [19]):

(4.2.4) COROLLARY. Let A,n e AT,
a) —AIG 8 —uIG is G-acyclic, i.e., Hn(G,—AIG 8 —uIG)
= 0 for all positive n.

b) -A]G ® -u is B-acyclic.

(4.2.5) REMARK. Recent work of Wang Jain-pain [45] shows
that -A|%® -u|® (A,u e A") has a G-filtration with
sections isomorphic to induced modules —mlG (w 6 A+),
at least as long as p 1is sufficiently large. It follows
from (4.2.4) therefore that an arbitrary tensor product
-AllG 8...8 —Aan (A e A*) is G-acyclic. Using the
parabolic induction theorem (3.3a), D. Vella has deter-
mined (unpublished as yet) conditions which guarantee that
—AIG, A€ A+, has an L-filtration with sections isomorphic
to induced modules —wIL (o a dominant weight for L),

where L 1s a Levi factor of a suitable parabolic sub-
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group of G. In particular, this means —AIG 1s L-acyclic.

The above results have an interesting (though formal)
application, observed first in [42] (and motivated by
similar results in characteristic 0), to the representation
theory. For V,W finite dimensional rational B-modules,

we define

X(v,w) = (- aim Ext1(V,W).
120

(It is not hard to see that the Ext-groups here are finite
dimensional and vanish for i sufficiently large, cf.
[19].) Now for A,u e A+, (4.2.4) implies that

x(p*,-AIG) = Gx’u (Kronecker delta). Thus,

ch -A[G = x(u*,—AIG) ch -ulG, and so, by the
A EAT

additivity of X, we get that

(4.2.6) ch s(A) = ], Xu*,8(0)) ch —u|C.
ueh

(4.3) FURTHER RESULTS. Let G be a semisimple, simply

connected algebraic group, defined and split over ko.

(4.3.1) GENERIC COHOMOLOGY. For q = p%, let G(q)

denote the subgroup of G consisting of GF(q)-rational
points. Then, given a rational G-module V, we can con-
sider the classical discrete cohomology groups 2% (G(q),V).
The "generic cohomology" arises from the stability of

these groups. More precisely:
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(4.3.1.1) THEOREM [19]. Let V be a finite dimensional
rational G-module. For a fixed n, the cohomology groups
H?(G(q),V) achieve a stable value ngn(G,V) as d >

which is given in terms of rational cohomology by Hn(G,V(r))

for r >> 0.

Besides the proof of this result, [19] contains arith-
metic conditions on r and 4 which guarantee that
ngn(G,V) 2 #%(a(q),V) = #(e,v(")). The above result has
also been extended to include the twisted groups [9].

We next introduce a variation on the Kostant partition
function P. Namely, for n = 0,1,..., and A € A, let
Pn(k) denote the number of ways A can be written as a
sum of n positive roots. Thus, we have that
P = Po + Pl +... . In the following result, we assume G

is of simple type.

(4.3.1.2) THEOREM [22], [23]. Let A e At satisfy the
condition <A+p,ag> < p, where o, is the maximal short
root in %, Assume also that p > 2h, where h 1is the
Coxeter number of ¢. Then for 0 < n < (p-2h+2)/4 and
allr > 1,

0 n odd

aim 5%(a,s0) () =
I det(w)P (w(r+p)-p),

wew n=2m 1is
even.

In view of (4.3.1.1), the above formula calculates
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also the generic cohomology of S(X) 1in a range of degrees.

(4.3.2) INFINITESIMAL COHOMOLOGY. Let G be as above,
and consider the relationship between the cohomology of G

and that of its Frobenius kernels Gr (3.1).

(4.3.2.1) THEOREM [14]. Let V be a finite dimensional
rational G-module.

a) The natural restriction map Hn(G,V) - 1Em Hn(Br,V)
is an isomorphism for each n.

b) The natural restriction map Hn(G,V) + 1im Hn(Gr,V)

is an isomorphism for n < 2, and an injection for all n.

In b) above, it turns out that H'(G,V) = H'(G,,V)
for r >> 0, at least so long as p # 2 or G has no com-

ponent of type C In general, stability does not hold

Ix
in a) or in b) (for n = 2).

We also would like to mention the following result.

(4.3.2.2) THEOREM [8]. Assume that p # 2 or that G
has no component of type CZ' Then for A € A;, we have

that Extg (S(1),S8(1)) = 0.
r

Finally, we remark that [23] contains a calculation
(in a range) of the cohomology H*(Gr,k). This in fact

plays an important role in the proof of (4.3.1.2).
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5. LUSZTIG'S CONJECTURE
Throughout this section, G will be a fixed simple,

simply connected algebraic group over k.

(5.1) THE AFFINE WEYL GROUP. Let E = Z® @ R be the
Euclidean space associated to the root system & of G

(1.3). Let S4.n (o € @, n € Z) be the reflection of E
3

about the hyperplane H, = {x e E|<x,a”> = np}, and let
3

Wa (the "affine Weyl group") be the subgroup of Aut(E)

generated by these S5y n* If ay denotes the maximal short
3

root in @+, and if S = {sa then

1’0,. . ey saz,O’ Sao,l}’
(wa,s) is a Coxeter system. Clearly, Wa is a semidirect
product W.T, where T 1is the normal subgroup generated by
the translations of E by p-multiples of roots. In
addition to the usual action of Wa on E, there 1is the

"dot" action defined by wel = w(A+p) - p.

For u,A € E, write py 4+ A provided that u = sa n'l
]

< A for some a € ¢+ and integer n. We say that u and

A are strongly p-linked (resp. p-linked) provided there

is a sequence u= uo +u1 O un = )X (resp. A = Wey,

for some w € Wa)'

(5.1.1) THEOREM [3]. Let XA e A and let S(u) be a G-
composition factor of Hn(G/B,L_A*) (ef. (3.3c)) for
some non-negative integer n. Suppose that wex = A' € A+,

w e W. Then p is strongly p-linked to A'.

It follows easily from (5.1.1) and (2.1) that the
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high weights of the G-composition factors of an indecompos-

able rational G-module are p-linked.

(5.2) THE GENERIC HECKE ALGEBRA. Let A = Z[q%,q” %] be
the ring of integral Laurent polynomials in the indetermi-
nate q%. Given the Coxeter system (Wa,S) of (5.1) (or
any Coxeter system for that matter) we define its generic

Hecke algebra H to be the free A-algebra with basis T

w,

w € Wa, and multiplication defined by

T T =T

LA 1f g(ww') = 2(w) + L(w')

ww'
(Tg+1)(Tg-q) = O, s € S.

(Here & denotes the usual length function on Wa.) Associ-
ated to #H , Kazhdan and Lusztig [34] have constructed for
each pair w,z € Wa, with w < z 1n the Bruhat order on

Wa’ a polynomial Pw,z(Q)' These can be described in terms
of certain symmetric elements in H : Namely, the involution

a+a of A defined by 5 - q-% extends to an involu-

tion of the Hecke algebra by putting Ta, Tw = ZEW T—il .
w

Then there exists for each w ¢ Wa a unique element Cw
such that

Cw = Cw

L(y)+a(w) _(o(w)-22(y))/25
C._ = - P T
W ygw( D q YWy

where Py w € Z[q] has degree at most (f(w)-2(y)-1)/2
3

and Pw,w = 1.
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The reader will find details of the above in [34], as

well as equivalent descriptions of the Kazhdan-Lusztig poly-

nomials Py W' Part of the motivation behind these poly-
L)

nomials in general lies in the role they play in measuring

the failure of Poincaré duality in the closures of the cells

BwB/B (w e W) in G/B (the so-called Schubert varieties).

In fact, Py w(q) turns out to be (at least for W and

L]
k = T) the Poincaré polynomial for a geometric cohomology
(due to Goreski, MacPherson, and Deligne) of these Schubert

varieties.

(5.3) THE CONJECTURE. Choose A € A such that -p< <x+p,a¥> <0
for 1 = 0, 1,°-*,2. (The existence of A requires that

p > h, the Coxeter number of &.) Let weA e A+, wew,.
According to (5.1.1), if S(u*) is a G-composition factor

of —(w-A)]G, then y = y*A, some y € W . Now assume that

<w(A+p),a3> < p(p-h+2). Then the conjecture is that
(5.3.1) en s((wea)®) = 2(-D*OHT. 1) en ~(z-1)|9,

where on the right side the summation is over all y < w
satisfying y-A € A+.

In view of (4.2.4) above, we could also express
(5.3.1) in terms of an identity involving the 'Py,w(l)'s
and certain rational Ext-groups. For further results
along these lines see [42], [7].

Although it is not yet clear where a proof of this

conjecture might lie, it is tempting to speculate that
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some connection between rational cohomology and a geometric

cohomology which involves the 's might do the trick.

Py,w
This was, in fact, essentially the case in the Kazhdan-
Lusztig conjecture [34] concerning Verma modules in char-
acteristic 0 (proved independently by Brylinski and
Kashiwara [11] and by Beilinson and Bernstein [10]), where
(very roughly speaking) the connection between the alge-
braic cohomology (in the category 0 of BGG) and the
geometric cohomology (alluded to above in (5.2)) was
obtained via homological properties of the sheaf of

algebras of differential operators on G/B.
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