Notre Dame Journal of Formal Logic
Volume 47, Number 2, 2006

Weak Konig’s Lemma Implies Brouwer’s
Fan Theorem: A Direct Proof

Hajime Ishihara

Abstract  Classically, weak Konig’s lemma and Brouwer’s fan theorem for
detachable bars are equivalent. We give a direct constructive proof that the
former implies the latter.

It is well known that weak Konig’s lemma is the classical contrapositive of Brouwer’s
fan theorem for detachable bars in some formulation, and hence they are classically
equivalent (see Troelstra [3], 2.3 and Troelstra and van Dalen [4], 4.7.2). In this note,
we directly prove, in constructive mathematics formalized in EL (see Kreisel and
Troelstra [2] and [4], 3.6), that weak Konig’s lemma implies Brouwer’s fan theorem,
which was proved indirectly in Ishihara [1], Corollary.

Note that, although the implication is straightforward in EL with Markov’s prin-
ciple ([4], 4.5), here we give a proof without using Markov’s principle. Also note
that, in the presence of the axiom of countable choice ACqq ([4], 4.2), weak Konig’s
lemma, or (bounded) Konig’s lemma for a tree with a bounding function on the
number of branchings, and Konig’s lemma for a finitely branching tree without a
bounding function are equivalent over EL.

In EL, each natural number codes a finite sequence of natural numbers with the
length function | - | and the decoding function z such that z (a, i) is the ith compo-
nent of the sequence coded by a, if i < |a|, 0 otherwise (we usually write (a); for
7 (a,1)). We can define a bounding function ¢ for a canonical coding (xq, ..., x,—1)
of the finite sequence xo, ..., x,—1 such that (xg,...,x,—1) < o(m,n) whenever
Vi < n(x; < 2™). Also the concatenation function *, (the characteristic function
of) the relation < such thata < b := |a| < |b| AVi < |a|((a); = (b);), and the
finite initial segment an := (a0, ...,a(n — 1)) of a function a with length n are
definable in EL. The concatenation can be extended to concatenation of a finite se-
quence a with an infinite sequence o such that (¢ * a)(@) = (a); if i < l|a|, and
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(a*a)(i) =a(i —|a|)ifi > |a|. In the rest of this note, lowercase letters are used
as variables ranging over the natural numbers N, and uppercase letters and Greek
lowercase letters are used as variables ranging over N — N.

Let {0, 1}N denote the set of infinite binary sequences, and let {0, 1}* stand for the
set of finite binary sequences. These sets can be formulated in EL as

ae{0, 1} = Vi< |al((a)i =0V (a); = 1),
ae{0, N = Vi(a@)=0va()=1.
A detachable subset S of {0, 1}* can also be formulated as

ScCa{0,1} :=Vab(a <bAb=<anS()#0—Sb)#0)A
Va(S(a) #0—a € {0, 1}%).
We write a € S for S(a) # 0. Clearly, intersection, union, and complement of
detachable subsets are detachable.

Let S be a detachable subset of {0, 1}*. Then the characteristic functions of
da € {0, 1}*(lal =n Aa € S)and Va € {0, 1}*(Ja] = n — a € §) are definable in
EL (for example, consider the characteristic function of 3a < o (1, n)(a € {0, 1}*
Alal = nna € S) for da € {0,1}*(la] = n Aa € §)). Similarly, letting
ac8 =aec{0,1}* A3 < ald € S), we see that S’ is a detachable subset
of {0, 1}*.

A (binary) tree is a detachable subset T of {0, 1}* such that () € T and it is closed
under restriction; thatis, ifa < band b € T, then a € T, or more formally,

TeTree:=T CA{0,1}*A{) eT AVab(a <bAbeT—acT).

A tree T is infinite if for each n there exists a € {0, 1}* such that |[a| =nanda € T,
and a € {0, 1}N is an infinite path in T if Vn(an € T). Weak Konig’s lemma is
stated as

Every infinite tree has an infinite path,

or more formally,

VT € Tree[Vada € {0, 1}*(la| =nAaeT)—
Ja € {0, 1}NVn(an € T)]. (WKL)
Note that WKL is a slightly variant form of KL* in [3].
A detachable subset B of {0, 1}* is called a detachable bar if for each a € {0, 1}N
there exists n € N such that an € B. A detachable bar B is uniform if there exists n

such that 3k < n(ak € B) forall a € {0, 1}N. Brouwer’s fan theorem for detachable
bars is stated as

Every detachable bar is uniform,

or more formally,

VB Ca {0, 1}*[Va € {0, 1}N3n(an € B) >
InVa € {0, 1)N3k < n(@k € B)]. (FANn)

We show that FAN, is equivalent to the following form of the fan theorem:

VB € Upset[Va € {0, 1}N3n(an € B) >
InVa € {0, 1}*(ja| =n—a € B)], (FAN/,)
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where B € Upset := B Ca {0, 1}* A() € BAVab(a <bAa € B—be B). Note
that FAN’A is a slight variant of KL in [3].

Lemma1 ELF FAN, < FAN/,.

Proof Suppose that FANA holds. Then for each detachable bar B € Upset, there
exists n such that Ya € {0, 1)N3k < n(ak € B). Hence for each a € {0, 1}* with
la] = n, letting a := a * (1x.0), there exists k with k < n such that ok € B, and
therefore, since ak < a, we have a € B.

Conversely, suppose that FAN', holds. Then for each detachable bar B, either
() € Bor () ¢ B. In the former case, trivially, B is uniform. In the latter case,
lettinga € B’ := a € {0,1}* A3dc < a(c € B), we have B’ € Upset, and hence

there exists n such that Va € {0, 1}*(la| = n—a € B’). Therefore, for each
a € {0, 1}N, we have an € B’, and so there exists ¢ < @n such that ¢ € B; that is,
lc] <n Aalc| € B. O

Let 7 and B be detachable subsets of {0, 1}* such that each is the complement of
the other. Then T € Tree <+ B € Upset, and hence WKL can be regarded as the
classical contraposition of FAN’A. Therefore WKL and FAN/A (and FAN ) are clas-
sicaly equivalent. Furthermore, if WKL holds and Va € {0, 1}NEIn (an € B), then
—=Vnda € {0,1}*(lal| = n Aa € T) or =—InVa € {0, 1}*(la]| = n—a € B), and
hence, in the presence of Markov’s principle of the form

Yo[——3n(an # 0) — In(an # 0)], (MP)
we have InVa € {0, 1}*(la| = n—a € B). Thus WKL — FAN, is provable in
EL + MP.

In the following, we shall prove that WKL — FAN, in EL without invok-
ing MP. A longest path o in a tree T is an infinite binary sequence such that
Va € {0, 1}*(a € T — @la| € T). The longest path lemma is stated as

Every tree has a longest path,
or more formally,

VT € Treeda € {0, 1}NVa € {0, 1}*(a € T — @la| € T). (LPL)
Proposition 2  EL - LPL <> WKL.

Proof EL F LPL — WKL is trivial. To show EL = WKL — LPL, let T be a tree,
and define detachable subsets S and T’ of {0, 1}* by

beS = beTa—dce{0, 1y (c|=|bl+1ArceT),
aeT = aeTvaby=<albeY?).

We show that 7’ is an infinite tree. Suppose that a € T’ and b < a. Then either
b e Torb ¢ T. In the former case, we have b € T’. In the latter case, since
a ¢ T, there exists by € S with bg < a. Noting that by < a, b < a, by € T, and
b € T, we have by < b, and therefore b € T'. Hence T’ is a tree. For given n, either
da € {0,1}*(lal =nAa € T)orVa € {0,1}*(lal| = n—>a ¢ T). In the former
case, we have 3a € {0, 1}*(Ja| = n A a € T'). In the latter case, there exists by € T
such that |bg| = max{|b| | |b| < n Ab € T}, and hence, letting a := by * (0, ..., 0)
with |a| = n, wehave a € T’. Thus T” is infinite. By WKL, there exists ag € {0, 1}N
such that Vn(agn € T'). For any a € {0, 1}*, suppose that a € T and agla| ¢ T.
Then there exists bgp € S with by < aglal|. If |bg| < |a|, then there exists ¢ with
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¢ < asuchthat |c| = |bg| 4+ 1 and ¢ € T, a contradiction. Therefore |bg| = |a|, and
so bg = apla| € T, a contradiction. Thusa € T — oglal € T. O

Theorem3 EL + WKL — FAN,.

Proof We show that EL = WKL — FAN/A. Let B € Upset be a detachable bar,
and define atree T by a € T := a ¢ B. Then, by the previous proposition, there
exists ag € {0, 1}N such that

VYa € {0,1}*(a € T — agla| € T).

Since B is a bar, there exists n such that ogn € B. Leta € {0, 1}* with |a| = n, and
suppose that a € T. Then agn = agla| € T, and hence apn ¢ B, a contradiction.
Therefore a ¢ T, and so a € B. O
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