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A SIMPLE PROOF OF FUNCTIONAL COMPLETENESS IN

MANY-VALUED LOGICS BASED ON

LUKASIEWICZ'S C AND N

ROBERT E. CLAY

Past investigations, [ l ] , [2] and [3], have used the integers 2, 2, . . . , n

as truth-values for an w-valued logic. In such a logic, the truth-functions

associated with C and N have the following definitions

C(p, £ ) = m a x ( 2 , q~P + D ; N(p) = n-p + L

H e r e w e s h a l l u s e n + 2 - v a l u e d l o g i c s w i t h t r u t h - v a l u e s 0 , 2, . . . , « . A s

a r e s u l t , t h e a b o v e d e f i n i t i o n s s i m p l i f y t o

C(p, q) = max (0, q - p); N(p) = n-p.

Not only does this simplify the computations involved, but also makes a

simple line of proof apparent. No logical tools are used, and the only non-

trivial number-theoretic result used is "If (a, b) = d, then there are integers

x and y for which ax + by = d.n

Theorem 1. Any function which takes the value 0 once and n otherwise is

generated by C and N.

1. C(p,p) = 0.

2. N(0) = n.
3 # α m^i> * * * Λπ) = m i n ("' Pi + Pi + * ' + Pπ) i s g e n e r a t e d f o r m > L

Proof is by induction.

C(0, pj = px = min (72, ^ ) = α ^ ) .

Suppose that Ot^ is generated for & > 2.

^\θik(pl9 . . . , ^ ) ) = max(0, Λ-(p χ + . . . + ^ ) .

( Λ , b)—d m e a n s that d i s the g r e a t e s t common d iv isor of a and b.

All funct ions u s e d in t h i s paper wi l l have 0, 2, . . . , w a s the domain for each

argument and wi l l take v a l u e s in t h i s s e t .
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C(P*+i> N(<*k(Pι> - >?*)» = m a χ ( ° > * - (Pi + + Pk) ~t>k+J =

max (0, n - (pχ + . . . + ?^+1))

N(C(Pk+ι> N(ak(Pι> ' * * >^) ) ) ) = min(rc, px + . . . + ̂ + 1 ) = « A + ι ( P i » »

4. βm(p) = min(τ2, /?2p) i s generated for m> 0.

βo(p) = πάn(n, 0)= C(£, p)

in, p = m
5» γ (p) = \ , i s generated for 0 < m < n.

m {0, p^m

Proof is by induction.

^ " C H O 5 Niβ»ip)) = γ<>ip)

Suppose that yz (p) has been generated for 0 < i < k £ «.

(n, 0 <p <k / θ , . . . , &-1, ^ , . . . , 72\

•«"»<*«•• ••"»-W)-k*sίs. (. „,»--»)
There i s an 5 > 0, for which 0 <, syfe < w < (s + 1) k.

(spy 0<p <k / 0 , 1 , . . . , * , ^ + 2 , . . . , « \

* " I w , k < p < n \09 p , . . . ,sk, n nj

«2(«(?),iSs(p))= { ' • , )
( « , £ ψ fe ^72 72 , Sk, 72 72/

^72 — sk, p - k [0, . . . , k—1, k , k+1, . . . , 72\
N(C*2W(p),βs(p)))=\n [' ' '

s (0, p^k \0 0 ,n~sk, 0 Oj

Since sk < n, n - s& > 2. Thus there i s a ί, 0 < / < 72, for which £(72 — sk)

> n.

Yk(p) = βt(N(a2(a(p), βs(p))))= { £ £ j *

( 0 , ί? = 772

6. S (p) = N (v (/?)) = < , i s generated for 0 < 772 < 72.
V72, p ^ m

{ 0 , k. = p. for 2<z<m

7. e Λ , . . ,A ( P 1 - . . , P m ) = α 7 W ( δ ^ ( P 1 ) , . . . , δ ^ ( ? „ ) ) = { Z

u I
Λ i w m m 1 w m 172, o t h e r w i s e

i s generated for m > 2 and 0 < &z < 72 for 2 < i < 7?z. Q. E.D.

Theorem 2. If / i s a function o f 772 v a r i a b l e s , 772 > 2, with the v a l u e c , , . . . , ,

in the kι9 . . . ,km -th p l a c e , then / i s generated by C, N, and al l the con-

s t a n t s £ £ , . . . , £ .
1 W2
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8 •*., >»JP» >p>»)=c%,....,*„> ' ^ % . . . . * J -
/ % , . . . , km> kΐ*tfor 1 ^ a

 = / % , . . . ,Tm' kt=Pίfor *£&»
(max (0, c, , — n), otherwise \θ, otherwise

*»• * - " »*OT

9 «(n+i)O T ( ; ro, »o(Pi. >Pm>> > ̂  . . . , kJPi> ' ' »Λ«>'

V . ,» ( ?i' * ' p ^ = % , . . . ,km

 toτ ki - £ 2 ^ £ m Q E D-

Theorem 3. If a and & are constants, 0 £ Λ < b < n, then every constant
function of the form ax + fcy, where 0 < ax + fey < n, is generated by C, N, Λ,
ft.

Proof. By induction on |χ | + |y|.

If | x | + |y | = 0, x = 0 = y. ΛO + bO = 0 = C(p, p).

Suppose the theorem is true if |x | + |y| < k. Consider 0 < ax + by ζn9

where | χ | + |y | = A.

Case 1. x = 0. aO + by = by = jS (fe).

Case 2.1. x > 0 . β<^βχ+fey<w.

Then 0 < a(x - 1) + by < n - a. Since |x - 1 \ + |y | < |x | + \y \ = k, a(x - 1)
+ fey is generated. Therefore Ot2(a(x — 1) + fey, Λ) = <zx + fey.

Case 2.2. x > 0 . Oζax+byKa.

Since ΛX> Λ, y < 0. fe- a< a(x - 2)+ fe(y + 2) < fe; | x - 1 \ < | x | and |y + l |
< |y |,. so |x — 2 I + |y 4- 2 I < k. Therefore a(x —• 2) + fe(y + 2) is generated.
C(fe, α)= α - fe, α 2 ( * ( x - 2)+ fe(y + 2), a- fe) = <zx + fey.

Case 3. x < 0. Since ΛX < 0, y > 0.

Case 3.1. b<ax+by<n.

Then 0 < ax + fe(y- 2) < w- fe. Since |y - 2 | < \y |,. |x | + \y - 2 | < k. There-
fore ΛX + fe(y — 2) is generated. Of ^ (ax + fe(y — 2), fe) = <zx + fey.

Case 3.2. 0<ax+fey<fe .

Then 0 < fe - (ax + by) = Λ ( - X) + fe(2 - y). | - x | = |x|and \l - y | < |y | , so
| - x | + 11 - y I < k. Therefore fe - (αx + fey) is generated. C(fe - (ax + fey),
fe) = ax + fey. Therefore in every case, ax + by is generated. Q.E.D.

Theorem 4. If (z0, it, . . . , ίm) = d, where ^ = w, then d is generated by
C,N,iι9...,im.

Proof. By induction on m.

H τw = 0, d=n = N(C(p, p)).

Suppose that (Λ, ẑ , . . . , z )̂ = d^ has been generated. Then ^ + ι = (w,
zt, . . . , z*£+1) β ((w, z;, . . . , ik), iΛ + ι) = (rfA, ιA + ι). Therefore there are
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integers x and y so that d^x + ^ + 1 y = ^ . μ Consequently, by Theorem 3,
<s?£ is generated.

Theorem 5. If («, ẑ , . . . , im) = d, then the set of constant functions gen-
erated by C, N, z1? . . . , i'w is

C(^=|ω|o<^<jl

Proof. βk (d) = kd for 0 < k < -, so C(d) is generated. Further, if kd and /a?

are in C(d), then CW, ^) = max (0, (j - k) d) and N(kd) = n ~ kd = ( " &) ^

are in C (d). Therefore £*(aθ is closed under the application of C and N.

Also, since d divides z, for each k, z, = — <i is inC(d). Consider any con-
k k d

stant function, f(pι9 . -^,ps; h, - - - ,i'w), generated by C, N, iχ, . . . , %m.
Substitute values fromC (d) for the variables. By the two facts given im-
mediately above, / must take on a value from C (d) for this substitution.
Therefore these are the only constants generated.

Theorem 6. An n + 1 - valued logic using the values 0, 2, . . . , n and based
on C, N, and the constant functions ẑ , . . . , i is functionally complete if
and only if (z0, iχ, . . . , im) = 1. n= z0.

Proof. If (z'o, . . . , im) - I, then by Theorem 5, C(2), which is all the con-
stant functions, is generated. Now applying Theorem 2 we see that every
function is generated. If (zQ, . . . , im) = d > 1, then by Theorem 5, no con-
stant function outside of C(d) is generated. In particular, 1 is not generated.

Corollary. An n + 1 - valued logic using the values 0, 2, . . . , n and based
on C and N is functionally complete if and only if n = 2.

Proof. Set m = 0 in Theorem 6. The greatest divisor of n is 2 if and only
if rz= 2.
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