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A FIRST ORDER TYPE THEORY FOR THE THEORY OF SETS

FRED COPPOTELLI

In Set Theory and its Logic Quine presents a system of axioms for a
first order simple theory of types. In that system, which we shall call
““T,’’ Aussonderung and Sum are axioms. We shall present a first order
simple type theory, which we shall call ‘‘JP’’, in which Aussonderung and
Sum are theorems. Once this is done we introduce a simple notion for a
standard model for type theory and show that the class of standard models
for JP is the same as the class of standard models for T,*.

Some definitions are needed before we can continue. The notation is
that of reference [4].

Definition: (Ez) (we® zax € 2) means (EY) (we v (E2) (xe 24 ye 2))
Definition: wPTx means (E2) w ez ax € 2)

wPTx is read ‘“w precedes x in type’’.
Definition: Tolx) means (w)~ wPTx)
Tus1 (%) means (w) (To(w) D wPTx).
T.(x) is read ““x is on level n’’.

The axioms of T, are:

Extensionality: &) (3) (To41 @) ATy (A R) R@Rex=2zey) Dx =y)
Comprehension: [EY) (Tot1 () A (%) (xe y=T, (%) 2 Bx)))

All-Some: (Ex) To(x)

Stratification: xe y D (T, (x) = Tpoyy ()

Aussonderung: (Ey) (x) (xe y=x¢€ 2 A £(x))

Sum: (Ey) (x) (xe y=x¢€2)

*The contents of this paper are a part of the author’s unpublished M.S. thesis
which was written at Illinois Institute of Technology under the direction of Mr. Arthur
Fine. The author was being supported by NSF grant number GZ 212-1 during the time
he was preparing this paper for publication.
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In the system JP equality is not assumed to be part of the underlying
logic as it is in T,. Rather, ‘‘=’’ is an undefined two-place predicate. The
following definitions will be used:

Definition: wJPx means (Ez) (w e’z A x € 2).

wdPx is read ‘“‘w just precedes x’’. Note that JP has the same
definition as PT. It is useful to use JP, however, in order to make it clear
in which system we are working.

Definition: S*x,v) means (2) (xJPz = yJPz).
S*x,y) asserts that x and y are on the same type level.

Definition: S™xy, . . ., Xp, Xppy) means S™xy, . . ., %) A S2(xy, Xpyo), (0= 2)

S™x,, . .., %, asserts that x,, . . . , %, are on the same type level, (z = 2).
The axioms of JP follow:

Axioms of Extensionality:

E-1: (x) (0) 8%(x,y) 2 (D 0Pz D.x e 2=y¢€ 2) .=. x =y)

E-2: (%) (3) (S%(x,9) » (Ew) wJdPx) A (2) @RIPx D.ze x=2¢€ 9) .DO% =)
Comprehension: (x) (Ey) (2) (xdPy A (z € y =2dPy A £(2)))

All-Some: (Ex) ()~ (3JPx)

Stratification: x € y D xJPy

Level: S*x,x)

Level 0: (x) () ((2)~ (z2JPx) » (w)~ (wJdPy) .D> S*(x,y))

The following are theorems of the system JP:
Theorem 1 on Identity: (x) (x = x)

Theorem 2 on Idenity: x =y = @x) D2(y) for any wif & wheve (2(v) arises
from @ (x) by replacing some free occurvences of x by y, wheve y is free
Jfor x.

Proof: Suppose 2(x) DZ(y); thenx =x Dx =y; butx =x, and hence x = y.
To prove the converse, suppose x =y, (&(x) and ~2Z(y). Since () (Ev) w)
(S%,v) A w € v =wIPv A Bw))) and (Ez) @JPz), we write ¥JPt yielding
(Ev) ) (S*(t,v) A (we v =. wdPv A B(w))). This gives us (W) (S*(F,7) A
(w e v =. wIPr A B(w))). Now xJP7» a yJP7, so recalling Z(x) and ~Z(y), we
let # be ¢ yielding x € 7, ~(y € 7), which yields x # y. This contradiction
completes the proof.

Comprehension: (Ey) (2) (2 € y =. 2JPy A £(z))

Proof: (x) (Ey) (2) (xJPy A (2 € y =. 2dPy A £(2))). Therefore (Ey) (z)
(xJPy A (2 € y =.2JPy A £(2))), so that (z) (xJPt A (z € ¢ =. 2JPt A £(2))).
From this we get (WJPZ A (z € ¢ =. 2JPf A £(2))). Hence z € ¢ =, 2JPt » £(2),
yielding (Ey) (2) (z€ y =. 2JPy A £(2)).
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By choosing # appropriately we can prove:

Pairing: (x) (9) (E2) w) w e z =. wIPz A S*(x,y,w) » W =x vw =)
Union: (x) (9) (E2) (w) (w € 2 =. wdPz A S*(x,9) A W e x vw € ¥))
Power Set: (x) (Ey) (2) 2 € y =. 2Py A S*(x,2) A W) w € 2 Dw € x))
Replacement: (x) () (2) (S°(x,y,2) ax € w aF(x,9) AF(x,2) Dy =2) D(E0)
() (ve v=yJdPv A (Ex) (x € w A F(x,)).

Intersection: (x) (1) (Ez) W) we z =wdPzar (we x aw e y))

Empty Sets: (Ey) (x) (x € y =xJPy A x # x)

Universal Sets: (Ey) (x) (xe vy =xJPy ax = x)

Complements: (z) (Ey) (x) (x € ¥y =xJPy A xJPz A ~(x € 2))
Aussondevung: (2) (Ey) ) x € y =. xJPy A x € 2 A B(X))

Sum: (2) (Ey) (x) (xe y=.2xJPy A (Ew) (xe wa we 2))

By a standavd model for a type theory we mean a model' in which
every element is on some level, and furthermore, that every level is either
level zero (a level containing elements, z, such that (x) ~xJPz) or else is a
finite successor of level zero. (That is, a level such that given x, on that
level there exists a finite collection of elements, x,, . .., X,, such that
2 JPxy, x5JPxy, . . ., %, JPx,_,, (2) ~2JPx,). Let us express the statement
‘¢ is on the n't level’’ by S,(x).

Theovem: Every consistent type theory, T, admits non-standavd models.

Proof: Using a procedure due to Skolem® we add to T a new individual
constant, 6, and the list of axioms: Zq ~So(6), @i ~S«6), .. ., &y
~S(6), .... When we add 4 together with any finite subset of {@i}:;, to T
we obtain a consistent system. Therefore if we add 6 and {6&,-}?:1 to T we
have a consistent system®, T'. Any model for T'is a model for T, and is
clearly non-standard.

Theorem: Any model for JP is a model for T,.

The proof is a straightforward derivation of the axioms of T, from the
axioms of JP with appropriate changes in notation.

Lemma: Tux and Tnx implies n = m.
Corollary 1: xJPy a xJPz D S%x, ).
Corvollary 2: xJPy A zJPy D S%(x,2).

Theorem: Amy standard model for JP is a standavd model for T,.

Proof: T,=> All-Some (JP), T,=>level 0, T,=> Level, T,=> Comprehen-
sion, T,=>E-1, and T,=> E-2 require only straight forward syntactical
proofs. We shall now show that Stratification (JP) holds in any standard
model for T,. Suppose x € y. Since x is on some level say T, we have
Tp+1Y. To show xJPy we show (Ew) (x e w A (E2) (v € 2 A w € 2)). Letting
B(v) from Comprehension (T,) say v =y, (Eu) (T @) A 0) v € u =
T,+1() A v =9)). Letting u be 2, Tpp2(2) A (v) (ve 2 =T,41(v) A v =y), and
we have ye z. But xe v, so that (Ew) (xe wa (E2) (YE 2 A w ¢ 2)), and
hence xJPy.
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NOTES

1. For the definition of model as well as a deeper meaning of standard model see [2].

2. See reference [6].

3. Reference [3] pp. 424-425.
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