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6* It follows from definition Df.3, Remark IV and 5.4 that in ®, for every
m, 1<m <y, and for every k, 2 sk <z, {s/}lzsy, i.e., that s7 is a
consequence by Rl of the first term of S,. We indicate by ®, = {A; V}E;
VJg; ST5 S5 - - .3 Sy} an augmentation of ®, such that ®, is a proof sequence
of b in which Si=§,, but in which for every k, 1 < k< z, there are two
terms o and 7 such that they precede s}, i.e., the first term of Sf, and
{0, 7}}zz ;- In the other words, in ®, every term of S, is a consequence by
R2 of two terms belonging to ®, and preceding the first term of §,.
Obviously, if S, ={si}, then ®, =9, But, in such a case ®, can be
considered as a particular instance of ®, which will not be analyzed
separately. In a similar way we indicate by ®, = {A; Vi; Vi S+ 84 . . .
Sy} an analogous augmentation of ®, and so forth.

In this section we will prove that we can replace ®, by its augmentation
D, ={A; VI Vi %5 . . . SI% 8T)
such that ®, is a proof sequence of b in which for every m, 1 sm <y -1,
Al S5 ¥ and, moreover, Algrgs S5

Since in order to prove this statement we shall use deductions entirely
analogous to those that were presented in section 4, the proof given below
will be rather concise.

6.1 Let us assume that in®, S, # {si} and, moreover, that s}, 2 < & < 2, is
an arbitrary term of S, such that s} #s;. Then, cf., 5.3 and Remark IV, in
®, there are two terms o and 7 such that they precede s;, {0, 7}z s; and
{si}tz7s;. Since, obviously, s} is a substitution instance of s}, there is a

*The first part of this paper appeared in Notre Dame Journal of Formal Logic, vol.
XV (1974), pp. 465-477. An acquaintance with that part and the reference given
therein is presupposed.

Received January 23, 1972



590 BOLESEAW SOBOCINSKI

formula y such that {r}k5u and u ~ Cpsi. Therefore, since there are five
generic cases of S,, cf., 5.5.3, we have to analyze five possible cases:

Case 1. o is a term of A, 7 is a term of V,g, 7 = Cos}, {0, 7}tz s and
{sitrrse-

Additionally, we have {7}k 4 and u = Cps;. If in D, u is not a term of
V.g, then, since 7 is a term of V,g and {T}}R—,u, U possesses the same
formal properties as term y, discussed in section 4.1. Therefore, since o
is a term of A, using the same reasoning as given in 4.1 we are able to
replace ®, by its augmentation ®F = {A; V{; VJg; Si; . . .; S} such that ¥
is a proof sequence of b in which Al'm—*,R—zs,ﬁ. Whence, assume that in ®, u is
a term of V,g. Clearly, either o ~p or, since o is a term of A, {o}gFp.
Hence, if o =~p or in D, p is a term of Vg, in D, AlzwrzS;. On the other
hand, if {o}zp and in D,p is not a term of V,g, then we construct an
augmentation Vig of Vg by adding to V,g p as its last term, cf., definition
(a) in 4.1. Then, we are able to replace ®, by its augmentation D' =
{A; VI§; Vag; S35 . . .5 S} such that Dy is a proof sequence of b in which
{p, uttzz s;. Therefore, it is obvious that if Case 1 holds for s; then we can
always replace ®, by its augmentation D,c1 = {A; Vie; V; Si; - . -; Sy} such
that D, is a proof sequence of b and such that in it s; is a consequence by
R2 of two terms belonging to ®,c; and preceding s;. Thus, Case 1 is
solved.

Clearly, cf., 4.1, in an analogous way we can obtain the solutions to the
remaining four cases, viz.

Case 2. o is a term of Vg, 7 is a term of V,g, 7 = Cosi, {0, 7}z s] and

{si}trise

Case 3. 0 is a term of V,g, 7 is a term of A, 7 =Cos}, {0, 7}}zs; and

{sitzise-

Case 4. o0 is a term of V,g, 7 is a term of Vg, 7 = Cosi, {0, T}z s} and
1 1

{sitzrse-

Case 5. Both o and 7 are the terms of Vg, 7 ~Cos}, {0, 7}kgzsi and
1 1
{sitrse

It means, ¢f., 4, that if one of the cases 2-5 holds for s;, then we can
always replace ®, by its augmentation such that it is a proof sequence of b
and such that in it s; is a consequence by R2 of two terms belonging to this
augmentation and preceding s;. Since cases 1-5 are mutually disjoint, we
can conclude that for s; under consideration there is an unique augmentation
of ®, which satisfies the required properties.

6.2 Since in the proof given in 6.1 it is assumed that s;, 2 < k < y,is an
arbitrary term of S, such that s} #s; and since sequence S, is finite, it
follows from the discussion presented in 4.3 and 4.3.1, that we are able
to replace ®, by its augmentation ®, = {A; Vig; VJg; ST; S5 . . .3 S,} such
that ®, is a proof sequence of b and such that in it every term of S} is a
consequence by R2 of two terms belonging to ®, and preceding s;.
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6.3 In the subsections of 6 given below the letters y and z will always
represent the numbers y and z as defined respectively in 5.4 and 5.3.
Moreover, in order to present the deductions given in those subsections in
a compact way: (1) we presuppose a familiarity with the formal properties
of subsequences A, V,g, V,E, S;, ST and so forth, (2) we assume tacitly the
applications of Formula &, and (3) we introduce the following two purely
abbreviational definitions:

Df. 5 For any 6, 6 is a term of M if and only if there is X such that X is a
proof sequence of b; 5 is a term of X; A, V,g, and V:g are the subsequences
of X and § is a term either of A or of V,g or of V,E,

and

Df. 6 For any 6 and m, 6 is a term of R, if and only if there is X such that

X is a proof sequence of b; & is a term of X; S*, Si*, .. ., St*are the
subsequences of X and § is a term either of $7*, or of S}*, or of . . ., or of
SH*.

6.4 Now, we have to prove the following lemma:

Lemma 1 For any k, m, and n such that 2 <k sz,1sm <snand 1<n<y,
if
Dpy1 = {A V1E3 V2E’ s .. $+*1, S;*, S++1’ .. S:*, Sn+1; P sy}

is a proof sequence of b, s; is a term of St*, {sh} gy u and u is not a term
of D41, then there is a sequence

n+1 {A VlEr VZE’ S BT sm-ly S+*l Sm+1; .. S:*, sn+1: Sn+2; A sy}

such that ®),, is an augmentation of D,,, and such that it is a proof

sequence of b, y is its term, and in which AIEF— uand u is the last term of
s+*1

Explanation: Lemma 1 says: Assume that ®,,, is a proof sequence of b
which satisfies certain conditions, cf., 6, and, moreover, that s} is its term
and that a formula y which is not a term of ®,,,, is a substitution instance
by R1 of sf. Clearly, we do not need to use y in the proof of b. But, there
is an augmentation of ®,,,, say ®y,,, such thatd,,, is a proof sequence of b
such that it contains y as its term and in which Alggz . But, in @7, u is
not used in the proof of b. We shall see that an application of Lemma 1 is
essential in the proof of Theorem A.

In order to prove Lemma 1 let us assume its antecedent. Then:

6.5 Since s;’ is a term of S;*, it follows from the definition of ®,,,, cf., 6,
that in ®,,, there are two terms o, and 7, such that they precede s7,
7, ~Coysy and {o,, 7,}ks7. Since {s}}I7 i, there is a formula y, such that
{7} e 1y and p, = Cp,p. Obviously, either oy~ p, or {o,}7 ;.

6.5.1 Assume that y, is a term of ®,,, and, moreover, that o, = p,. Since
7, is a term either of M or of N,,_,, {71} tz7 u1 and p; is a term of D,,, 4, it
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follows from the definitions of A, V,g, V., and S that u, precedes s7.
Hence, y; is a term either of M or of R,,_;, and, therefore, AlgFrz 11;. Since
0, ® p;, it yields that AIT—z u. But, according to the antecedent of Lemma 1
v is not a term of ®,,,. However, since Algwr; 1, we are able to construct
an augmentation S;*' of S;* by adding to Si* y as its last term and
consequently, to replace ®,,,, by its augmentation

1 _ . * | ¥ . et+*k, +% +%1, . +%, . .
sn+1 - {A) VlEs v2E9 Sl 9 » e Sm-l, sm Sm+b <. e S sn+1, Sn+2’ LIRS Sy}

such that ®),, is a proof sequence of b in which y is a term of $;*' and
and Alﬁm u. Obviously, if such a case holds, Lemma 1 is proved.

6.5.2 Hence, assume that at least one of the formulas, p, or u,, is not a
term of ®,,,. Since each of the terms o, and 7, is a term either of M or of
RN, we have to distinguish the following four cases:

Case 1. Both 0, and 7, are the terms of M.

Case 2. 0, is a term of M and 7, is a term of R,,_,.
Case 3. 0, isa term of MN,,_, and 7, is a term of M.
Case 4. Both 0, and 7, are the terms of R,,_,.

6.6 Assume that Case 1 holds. Hence both o, and 7, are the terms of .
Moreover, by assumptions, u and at least one of the formulas, p, Or u, are
not a term of ®,,,,. Since, cf., definition Df. 5, both ¢, and 7, are the terms
either of A or of V} or of VJg, we have to analyze the following subcases:

6.6.1 0, is a term of A. Then we have to investigate all possible subcases
created by the fact that 7, is a term either of A or of Vi"E or of V;"E. Viz.:

(i) Suppose that o, = p;. In such a case y,; is not a term of ®,,;. Whence:

(1) Assume that 7, is a term of A. Since {7}l u,, it yields clearly that
AlFu,. Hence, by assumptions, {0}, 7,}lg5 1, i.e., Algwrz . Therefore, due
to the fact that A 5 ={u1, u} we are able to construct the augmentatlons
Vig and S7* of Vi and S}* respectively adding y, to Vg and u to $** a
their last terms, and, consequently to replace ®,,,, by its augmentation

1 *_, +*, +% |, e+k1, . +%, . .
®n+1 {A VlE, VzEa S . Sm-ly S sm+1; .. Sn ’ sn+1, n+2y ¢ ¢ y}

such that @}IH is a proof sequence of b in which p is a term of S’L*1

Therefore, in ®;,, AlgFrs 1.

(2) Assume that 7, is a term of V;"E. It implies that in ®,,,, there is a term
6 such that 6 is a term of A and {6}ig=7,. Therefore, since {o,}ky us,
{6}gwuy, i.e., AlgFu,. Hence, it is self-evident that the -solution to this
eventuality is the same exactly as given in point (1) above.

(3) Assume that 7; is a term of V;"E. This together with the assumption
that {7,}kz7 u, yields that, although g, is not a term of ®,,,, it possesses the
same formal properties as term y, discussed in section 4.1. For example,
if in ®,,, subsequence E were not empty and if y,; were a term of ®,,,, then
u; would be a term of E. Hence, using exactly the same reasonings as
those which were presented in section 4, we can replace ®,,, by its
augmentation
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ﬂ+1 {A VlE, V2Ey s:-*’ .. 7 52*7 .. 52*9 Sn+1y Sn+2; .. '; Sy}

such that ®;,, is a proof sequence of b in which y, is a term of VJ§. Hence,
cf., 4, Algirz 11 and, therefore, since {o,, pl}}ﬁ,u, AlgFrz . Due to this we
are able to construct an augmentation SH¥! of S3* adding u to SH* as its last
term, and, consequently, to replace ®@,,, by its augmentation

n+1 = {A ley VZE’ 5 - S+*1, S+*l Sm+1; .. S:*’ Sn+1, Sn+2; < Sy}

such that ®2,, is a proof sequence of b in which y is a term of SH*'. Hence

. 2
in 5., ARFru-

(ii) Suppose that o,lg7p; and p, is a term of ®,,,. In such a case, since o,
is a term of A, clearly, p, is a term of V;"E and Algzp;. On the other hand,
since p, is a term of ®,.,;, u; is not a term of ®,,,. Whence:

(4) Assume that 7, is a term of A. Since {7 }lgwu,, obviously, AlkFu,.
Hence, since {p;, u:}ks i, A]‘W,R_zp.. Therefore, we are able to solve this
possibility in exactly the same way as for case (1) in (i) above.

(5) Assume that 7, is a term of Vg. Hence, c¢f., point (2) in (i) above,
Al u,. Therefore, it is self-evident that the solution to this eventuality is
the same exactly as given in point (4) above.

(6) Assume that 7, is a term of VJg. Then, cf., 3.2, AlgFgs 7, and, there-
fore, since 7, kg7 u,, clearly, Algmm . Hence, cf., point (3) in (i) above, we
are able to solve this eventuality in exactly the same way as in point (3)
above.

(iii) Suppose that {cl} 7P, and p, is not a term of ®,,,. Since 0, is a term
of A, it yields that Al—lrpl. Therefore, due to this fact we are able to
construct an augmentation V¢ of Vig adding p, to Vig as its last term.
And, consequently, we are able to replace ®,,, by its augmentation

a1 = 1A VI Vs ST oL 5 Sh% L S S Sy L 5 Sy}

such that ®,,, is a proof sequence of b in which p, is a term of Vi"g1 And,
therefore, in ®,,, AlgFp,. In the discussions presented in this section
below instead of ®,,; we shall consider always ®,.,, as the proof sequence
under investigation.

Since p, is not a term of ®,,,,, it follows from the assumptions accepted
in 6.6 that either yu, is a term of ®,,, i.e., of Dpi1, OF (1 is not a term of

D1, i.e., of DL, ;. Hence, we have to investigate two eventualities, namely:

(a) Suppose that yu, is a term of ®,,,. Then, since 7, is a term of IR, we
have the following subcases:

(7) Assume that 7, is a term of A. It implies, since {Tl} 7 My, that
Alswu, and, therefore, since p, is a term of ®},,, that y, is a term of Vig.
Hence, since {p;, ui}tgs 1, Algmrzu. Therefore, due to this fact, we are
able to construct an augmentatlon SE*! of SH* adding p to SE* as its last
term. And, consequently, since p; and u, are the terms of Dy, We are
able to replace ®,,, by its augmentation
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gfﬁl {A le; V:E? S:-*; .. S+*1, 5;*1 Sm+1’ DRI S sn+17 Sui2; Sy}

such that 2, is a proof sequence of b in which p is a term of S

2
in ¥y, A'R_V,Tzli

(8) Assume that 7, is a term of V{§. Since {r}k u, clearly, cf., discus-
sion presented in point (1) of (i), it yields that A“Ful, and, therefore, since
uy is a term of DLy, u, is a term of Vig. Hence, it is self-evident that we
can solve this eventuality in exactly the same way as in point (7) above.

. Hence,

(9) Assume that 7, is a term of Vjg. Since {7,}lzu, and y, is a term of
®2.1, such a case is impossible because otherwise p, would be a term of E.
But, in ®5,,, E is empty.

(b) Suppose that y, is not a term of ®,,,;. Then, we have again three
subcases to be investigated, namely:

(10) Assume that 7, is a term of A. Then, since {7}z u;, we have clearly
that Algu,. Since {p,, u,}tzs i, it implies that AlgFrsu. Since Algwpu,, we
are allowed to construct an augmentation Vi"é of VI in regard to formula
u;. But, since any augmentation used in our deductions must fulfill the
condition established in Remark I above and since VJ§ is already an
augmentation of Vi"g in regard to formula p,, it is self-evident that Vi can
have one of the following forms: ViE={V{§, u} or Vig={Vi, 1, o}
Moreover since Algwg; U, We are also allowed to construct an augmentation
¥ of $1* adding p to Si* as its last term. Then, consequently, we are
able to replace ®;,,, by its augmentation

* * | etk +% +%,
sfm—l = {A’ VlEz; V:zE; Si 3. Sm 15 Sm 4 sm+1; ce 38 sn+1, Sure; - 4 sy}

such that ®2,, is a proof sequence of b in which u is a term of S

. 2
in D1, AIRI*,R2 M.

(11) Assume that 7, is a term of Vig. Then, since {7}z 1, clearly, cf.,
point (2) of (i), we have Algu;. Hence, since {p;, m}llkmu, AlRFmpu.
Therefore, it is self-evident that, since p, is a term of ®},,, we are able to
solve this eventuality exactly in the same way as in point (10) above.

. Hence,

(12) Assume that 7, is a term of VJg. This, together with the assumption
that {7,} fz7 11, yields that although p, is not a term of ®},, it possesses the
same formal properties which the formula yu, discussed in point (3) of (i)
above has. Therefore, using, as in point (3), exactly the same reasonings
as those which were presented in section 4 we can construct the suitable
augmentations Vg and Vg of V¢ and Vjg respectively, cf., 4.1, such that
V¢ will contain u; as its last term. And, consequently, cf., 4, we can
replace ®;,, by its augmentation

Di = {A; VIE VIE ST L L Sk L ST S Saes - - 3 Sy}

such that ®2,, is a proof sequence of b in which y;, is a term of V¢ and p,
is a term of Vj§. Hence, in D3, Algrrs {01, pi}. Therefore, since
{01, uittgs 1, Algzmz . Whence, due to this fact, we are able to construct
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an augmentation S;p*! of S5* adding y to SE* as its last term and, con-
sequently, to replace ®2,, by its augmentation

+, % ok . -y . . .
n+1 {A VlEy 2Ey S Sm-—ly S Y Sm+1, .. sn 5 Sn+1; Spia; - - ) Sy}

such that ®%,, is a proof sequence of b in which y is a term of S} *'. Hence,
in ®5,,, AkFra p.

(iv) It is obvious that the eventualities discussed in points (1)-(12) above
exhaust all possible subcases generated by the assumption that in®,,,, o0, is
a term of A and, moreover, that these eventualities are mutually disjoint.
Therefore, the deductions presented in this section show that if Case 1
holds for its instance mentioned above, then Lemma 1 is proved.

6.6.2 0, is a term of VTE. It implies that in ®,,, there is a term n such
that n is a term of A and {n}igro,. Hence, since {0}k 01, {nlkwo: and,
therefore, Algwp,. Whence, we have to consider two possibilities:

(v) Formula p, is a term of ®,,,. In such a case, since 7, is a term of I,
it is self-evident that we can solve this possibility exactly in the same way
as in point (a) of (iii) in section 6.6.1.

(vi) Formula p, is not a term of ®,,,. In such a case, since 7, is a term of
M, we can solve this eventuality in exactly the same way as in point (b) of
(iii) in section 6.6.1.

(vii) Thus, if Case 1 holds for its instance, discussed in this section,
Lemma 1 is proved.

6.6.3 o, is a term of V;g. Since {0,}iz7p,, we have to investigate two cases:

(viii) Formula p, is a term of ®,,,. Since {0 }lz7p,, such a case is
impossible because otherwise p, would be a term of E, cf., 3.3. But, in
D1, E is empty.

(ix) Formula p, is not a term of ®,,,. This together with the assumption
that {orl}lﬁp1 yields that although p, is not a term of ®,,,, it belongs to the
class of the formulas whose formal properties were discussed already in
6.1 and points (3), (6), and (12) in section 6.6.1. Therefore, using, as in
those points, exactly the same reasonings as those which were presented in
section 4, we are able to construct the suitable augmentations Vig and Vg
of V:‘E and Vg respectively, cf., 4.1, such that V¢ will contain p, as its last
term. And, consequently, cf., 4, we are able to replace ®,,; by its
augmentation

ok - +k, . .
n+1 {A V1E7 VZE’ S; PERER Sm s e O $n+17 n+2s ¢+ v e Sy}

such that ®,,, is a proof sequence of b in which p, is a term of V:é Hence,
in®L,,, Alﬁﬁ p:- In the discussion presented in this section below instead
of ®,,,; we shall consider always ®,,, defined above as the proof sequence
under investigation.

Since p, is not a term of ®,,,, we have to analyze, cf., (iii) in 6.6.1, two
cases, namely:
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(c) Suppose that y, is a term of ®},,. Then, since 7, is a term of M, there
are the following three subcases:

(13) Assume that 7, is a term of A. Hence, since {71} 71, AR, and,
therefore, since y; is a term of @,m, Uy is a term of VzE Therefore, since
{p1, ul}l——zu and p, is a term of @,,H, Al_—]*_R—gl.l Hence, we are allowed to
construct an augmentation $;*' of S3* adding p to S+* as its last term.
And, consequently, since p, and y, are terms of ®;,,, to replace ®,,, by its
augmentation

Qiu {A V;ké’ V2Ea 5-1'-*§ .- S;’fly 5+*1 Sm+1, . S+* Sn+1’ Snizs « v o Sy}

such that ®2,, is a proof sequence of b in which y is a term of S+*'. Hence,
in®%,,, Al 1

(14) Assume that 7, is a term of V. Since {7}l s, clearly, cf., point (2)
in 6.6.1, Alg=u, and, therefore, since y, is a term of D},1, W1 is a term of
Vi"é. Hence, obviously, we can solve this eventuality in the same way as in
point (13) above.

(15) Assume that 7, is a term of VJ§. Since {7,}k7u, and y, is a term of
®L.,, such a case is impossible because otherwise u,; would be a term of E.
But, in ®},,, E is empty.

(d) Suppose that y, is not a term of ®5,,. Then:

(16) Assume that 7, is a term of A. Since {7,}lgy1;, AlgFu,. Therefore,
preserving the condition established in Remark 1, cf point (10) in 6.6.1,
we are able to construct an augmentatlon V of Vit £ adding u, to V1E as 1ts
term and consequently, to replace ®,.,, defmed in this section by its
augmentation

Q::H-l {A VlE, V2E’ S-l'-*; s e S;*’ .. S:*y Sn+1a Sn+2; BT sy}

such that ®%, , is a proof sequence of b in which p, is a term of VIE Hence,
in ®5,,, Algp,. Since Algwm{py, 1} and {pl, ul}'ﬁu, A v There-
fore, we can construct an augmentation Si*' of S$}* adding p to Si* as its
last term and, consequently, to replace ®3,, by its augmentation

Q‘111-1-1 = {A, V;kE’ ZE’ S .. s+*1; S+*1 sm+1, c e SI*; S;z'-+1; sn+2; <. Sy}

such that ®},, is a proof sequence of b in which y is a term of S;;*'. Hence,
in D% Alrgs 1.

(17) Assume that 7, is a term of Vj¢. Since {7}k i, clearly, cf., point
(2) in 6.6.1, Algwu,. Therefore, since u; is not a term of ®j,,, it is
self-evident that we can solve this subcase exactly in the same way as in
point (16) above.

(18) Assume that 7, is a term of V Obviously, this, together with the
assumption that {-rl}}R—,ul, yields that although u; is not a term of Di,, we
can apply to it the same methods of deduction which were used in regard to
formula p, at the beginning of this section, cf., also points (3), (6), and (12)
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in 6.6.1. Therefore, preserving the condition established in Remark I and
using exactly the same reasonings as those which were presented in
section 4, we are able to construct the suitable augmentations Vg and VJ§
of Vig and VJE respectively, cf., 4.1, such that V3§ will contain y, as its
term. And, consequently, cf., 4, we are able to replace ®,.,,, defined in this
section by its augmentation

@fm = {A; VTEy 2E, S PR S,',';*; .. SI*, 5n+1,5n+2§ ce e Sy}

such that ®;,, is a proof sequence of b in which p, is a term of VJ¢. Hence,
in ®;,,, AlkFreii. Therefore, since Algz {p,, 1} and {p., wlttgsu,
Alzv®z 1. Hence, due to this we are allowed to construct an augmentation

$* of SE* adding u to Si* as its last term and, consequently, to replace
D:,, by its augmentation
n+l - {A le) V2Ey S;.‘- y .. s;*ly S+*1 Sm+b . S:*, sn+1; ni2y o o 0y Sy}

such that ®f,, is a proof sequence of b in which y is a term of S}*'. Hence,
in D1, Algrgs -

(x) It is obvious that the eventualities discussed in points (13)-(18) above
exhaust all possible subcases generated by the assumption that in ®,,,,, 0, is
a term of Vg and, moreover, that these eventualities are mutually disjoint.
Therefore, the deductions presented in this section show that if Case 1
holds for its instance analyzed above, then Lemma 1 is proved.

6.6.4 Since in sections 6.6.1-6.6.3 all subcases of Case 1 are solved, we
can conclude that if Case 1 holds for 9®,,,, then Lemma 1 is proved.
Moreover, since all discussed subcases are mutually disjoint, we know that
the solution obtained for Case 1 is unique.

To be continued.
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