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A Note on the Axiomαtizαtion of Equαtionαl

Classes of n-Valued Lukasiewicz Algebras

M. E. ADAMS* and R. CIGNOLI

Abstract It is shown that each nontrivial equational subclass of ^-valued
Lukasiewicz algebras is determined by a canonical equation that has the least
possible number of variables.

By means of Jόnsson's lemma on congruence distributive varieties it is pos-
sible to prove that ΛΛ, the lattice of equational subclasses of /i-valued Lukasie-
wicz algebras, is isomorphic to the free bounded distributive lattice with [(n —
l)/2] free generators ¥D([(n — l)/2]), where [x] denotes the integral part of
the number x.

The aim of this note is to give a canonical way of writing, for each non-
trivial element in ΛΛ, an equation which determines it and which has the smallest
possible number of variables. The result cited above then follows immediately.

We assume that the reader is familiar with the theory of Az-valued Lukasie-
wicz algebras as it is given in [1] or [2]. (Note that our operations Z>, correspond
to the sn-i of [2], 1 < / < n - 1.)

We begin with some notation. The least element of An (namely, the trivial
equational class) will be denoted by T and the greatest element of An (namely,
the equational class of all ^-valued Lukasiewicz algebras) by Ln. The ^-element
chain 0 < \/{n - 1) < . . . < (/i - 2)/(n - 1) < 1, with the natural lattice struc-
ture and the operations ~ and D, , 1 < / < n - 1, n > 2, defined as - (./'/(/ι -
1)) = (/i - 1 - j)/(n - 1) and D/(.//(/i - 1)) = 1 if / < y and D/(y/(/i - 1)) =
0 if j < i, will be denoted by Cn. It is well-known that Cn and its subalgebras are
the subdirectly irreducible algebras of LΛ, and that they are simple.

Let S2 = 0 and, for n > 3, let Sn = [ 1 , 2 , . . . , ( « - 2)/2} when n is even
and {1,2, . . . , ( Λ - l)/2) when n is odd. If J^Sn, then

Λ j = {0} U [ j / { n - l ) : j G / ) U ( ( « - 1 - j ) / ( n - l ) : j E / } U { 1 }
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is a subalgebra of Cn, and it is easy to check that the correspondence J^>Aj es-
tablishes an isomorphism from the Boolean algebra 2s" onto the lattice of
subalgebras of Cn (cf. [2], Lemma 5.9). In particular, A0 = {0,1} and As —
Cn.

We introduce in all A G Ln n unary operators H 0 , H ! , . . . ,Hn-ι by the
following formulas: U0(x) = Όι(x), H ^ ^ x ) = ~D r t_i(x), and H,(x) =
~Ώj(x) v D / + 1 (x) for 0 < / < n - 1. Note that in the algebra Cn we have that
H/(y/(/ι - 1)) = 0 when / =j and H/(y/(/ι - 1)) = 1 when iΦj, for all 0 < /,
j<n-\.

For each J ^ Sn, J Φ 0 , choose a bijection ' from Jonto {0,1,..., | J\ -
1) and let (Ey) be the following equation in | / | variables:

(Ey) V H/(JC,V) = 1.

Our main tool for proving the results announced above is the following:

Lemma 1 Let 0 Φ J c Sn. Then the equation (Έj) fails in the algebra Aj
but it holds in all algebras Aι with J' ξέ /.

Proof: For each / E /, let xr = ι/(/i - 1). Then V H/(//(Λ - 1)) = 0 and (E7)

fails in Aj. Suppose now that J£I^Sn, and takey0 G /\/. Since Hyjx,-) = 1
for each value of Xj> in Al9 and V H, (x/') > HJo(x^), we have that (Ej) holds

ieJ
in Aj,

Lemma 2 For each V G AΛ\ {Ύ9Ln} let S'(\) = {JQ Sn: Aj£Y}9 and let
S(\) denote the set of all minimal sets (with respect to inclusion) belonging to
S'(\). Then the equation:

(Ev) Λ V H/U O = 1
J<ΞS(\) i(ΞJ

determines the equational class V.

Proof: Suppose that Aj G V. If J G S' (V) then J £ / and, by Lemma 1, (Ey)
holds in Aj. Therefore (Ey) holds in At for each / G S(\) and, hence, (E v)
also holds in Af. Conversely, suppose that Aj £ V. Then /G S'(V) and there
is a Jo Ξ S(V) such that Jo c /. By Lemma 1, (Ej0) fails in AJQ C ̂ 47. There-
fore, there is an evaluation of xv, i G /o i n 4̂/> such that \/ HZ(JC/) = 0, and

ieJ0

since

Λ V H ' <*/') ^ V H/Ur),

we have that (Ev) fails in A/. Since the subdirectly irreducibles in Ln are the al-
gebras Aj, the equational class V is determined by the equation (E v ) .

Let Ant(Sn) be the set of all antichains formed by subsets of Sn9 ordered
by the following relation: If R, Q are in Ant(5π), then R < Q if and only if, for
each /G Q, there is a / G R such that ./<= /. Note that, under this relation, {0}
is the least element of Ant(Sn) and 0 is the greatest.
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Put Ant (SΛ) = Ant(Sπ)\{{0},0} and Λ* = An\{Ί,Ln}. For each R G
Ant*(Sπ), let (ER) be the equation

(ER) Λ V H = i(xr) = l
JeR ieJ

and let \ R be the equational subclass of Lπ determined by the equation (ER).
Then we have:

Theorem 1 The correspondence R-+\R establishes an order isomorphism
from Ant*(SΛ) onto A*.

Proof: Since S(\) G Ant*(SΛ) for each V G Λ*, it follows from Lemma 2 that
R -> \R is an onto mapping. To see that it is an order isomorphism, suppose
first that R<Q and take Λκ G VR. Since (ER) holds in Aκ, we have that all the
equations (Ej), for JER, hold in Aκ. Hence, by Lemma 1, / £ K for each
J E R. If Aκ £ VQ, then there would be an / G Q such that (E7) fails in Aκ,
and again by Lemma 1 we would have that / £ Jζ. Since R<Q, there would be a
/ G Z? such that / ^ / ̂  K, a contradiction. Hence i? < Q implies V/? c Vρ. Sup-
pose now that Q^R. Then there is an / G Q such that / $έ / for each 7 G i?, and,
by Lemma 1, the equation (E/) holds in y47 for each JeR. Thus (E#) holds
in A/ and so ̂ 4/ G V#. But since, by Lemma 1, (E7) fails in Al9 (Eg) also fails
in Aj and so Aj £ \Q. Therefore \R Q \ Q implies R < Q and we have com-
pleted the proof.

Note that we can extend the correspondence of Theorem 1 to an order
isomorphism from Ant(Sn) onto An by putting \{0] =Ύ and V 0 = LΛ.

Corollary 1 For each n > 2, An is isomorphic to ΈD([(n - l)/2]).

Theorem 2 Let RE Ant*(SΛ). Then the equational class \R cannot be deter-
mined by an equation having a smaller number of variables than those occur-
ring in the equation (ER).

Proof: Let mR = M<ix{\J\: JeR} andi?' = [JeR: \J\ =mR}. Since {0} Φ
R =£ 0 , 0 < mR G ω. If m^ = 1, then there is nothing to prove. Assume then
that m# > 2. We are going to show that there is a V G An with the following two
properties: (i) \RC\ and (ii) if |/ | < m^, then Aj G V if and only if AIG V^.
Property (ii) implies that the varieties V and \R have the same subdirectly ir-
reducibles generated by less than m^ elements, and hence that the free algebras
with mR — 1 generators in V and \R are isomorphic. But this together with
property (i) imply that no equation with less than mR variables can character-
ize \R. To find a V satisfying conditions (i) and (ii) we consider the following
cases:

Case 1: R Φ R'. Let Q = R\R'. Since R < Q and R £ Q9 by Theorem 1 we have
that \R C \Q. I f / C Sn and |/ | < m*, then / £ /for each Je R' and it follows
from Lemma 1 that all equations (Ey), for / G R\ hold in AIt Consequently
(Eg) holds in Aj if and only if (ER) holds, and we can take V = \ Q .

Case 2: R = R' and mΛ = |S Λ | . In this case we must have that R = {Sn}. Hence,
by Lemma 1, At G V* for each IC Sn and As =Cn£\R. Then we can take
\ = Ln.
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Case 3: R = R' and mR < | Sn |. Take J0€R,kE Sn\J0, and let Q = {Jo U {k}}.
Since Q G Ant*(SJ, R < Q, and R -φ. Q, we have that VΛ C VQ. Let / g s π ,
| / | < m / ? (recall we are considering m^ > 2). Since /$£ /for each / G i ? , α/or-
ίfoπ / 0 U {/:} ί /, so we have again by Lemma 1 that both (E^) and (EQ) hold
in A/. Hence we can take V = \Q.
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