ON ESTIMATING THE TOTAL PROBABILITY OF
THE UNOBSERVED OUTCOMES OF AN EXPERIMENT*
P.J. Bickel and J.A. Yahav
University of California at Berkeley

Robbins (1968) considered the problem of estimating
the total probability of the unobserved outcomes of an
experiment. In this paper we suggest an estimator,
based on n trials, and show that under some regularity
conditions one can construct asymptotic confidence
intervals for the random quantity we look for.

Consider an experiment with positive outcomes El’EZ"“ with unknown
probabilities nl,nz,...,ﬂi > 0, Zini = 1., In n independent trials suppose that

Ei occurs Ni times i=1,2,3,... with ZiN = n. Let ¢i = 1 or 0 accordingly as

i

Ni =0 or Ni > 0. Then the random variable U = Ziw is the sum of the

1M1
probabilities of the unobserved outcomes. How to estimate U? Robbins (1968)
asked this question and suggested the following answer:

Suppose we make one more independent trial of the same experiment and
that in the total of n + 1 trials, Ei occurs N', i=1,2,... with ZiN; =n+ 1.

1
Let V = . I, I 1}’ where I, is the indicator function of A. In

1
n+l i | N, =
contrast to U, V' is observable, with n + 1 trials, and can be used to predict U
(we use the word predict instead of estimate since U is r.v. and not a

parameter) .

For W' = U - V' Robbins showed:
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- 27 1
E[W'] = 0 and E[W'"] < I

Robbins was also interested in the behavior of E[W'Z] for n large.

Robbins showed that in the special case in which some k of the m, are equal to

i}
k

*
~ .6080, where A = .8526 is the root of

1/k and all the others are 0, letting A = = and letting n * o, (n+l)E[W'2] +>

- * —-% - *
D eaHe™ e

(1+X)e-x—e
A= 2e-x. What can we say if we cannot take another observation? We will
suggest a predictor depending on the first n trials, and we will construct
asymptotic confidence intervals under regularity conditions.

Note first that there is no unbiased predictor for U as a function of

the first n trials. However,
E[U] = .7, (1-1 )"
i'i i’

1
Ev=-q ZiI{Ni=1}

n-1
E[V] = Ziﬂi( l—ﬂi)

Now,

(1) (zini(l-ni)“'l)“/“"1 <m Qem)t <o ni(l-ni)“”l )

a/n-1 tends to underpredict U while V overpredicts. V

We may conclude that (V)
was suggested by Good (1953) as an estimator of E[U].

If W=V -0,

(2) E[W] = Ziﬂiz(l—ni)n-l - O(i)
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To see this we write,

2 n-1 -(n-1)m, 1 -1 _ -1 1
Ziﬂi (l—wi) < Zini(ﬂie i) < Zi a1 ® ¢ ca71°
A little algebra shows,
2 1 n-1 2 n
(3) E[W'] = Zi E(l—ni) . Ty + Ziﬂi(l—wi)

- m,om, (1-m

n-2, 1 2 _ 1, _ 41
T N A e IR N I G

Assume that if k + ® as n + ®

k

. i = l
A: (1) 6 (x) =¢ Ei=11{n"i<x}

*> GO(X)

(ii) 11mx+0 Go(x) = 0 and limx*“ Go(x) =1

o

s 2
(iii) supnf X dGn(x) { »,

0
n 1 .

We note that under A, ol E-Einwi > foxdGO(x)
We get
(4) /n E[W] + 0
and

of = nE[W'] > (J xdG, (%)) “{[ xe *dG,(x) . [ xdG,(x)

n 0 0 0

0 0 0

(5)

o

+ [ "e™ac (o) [ xac (0 - (f xe a6 (x))
0 0 0
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The limiting variance can be estimated consistently by,

~2 1 1 2
(6) % " 1 I{Ni= et Iy -1y ot In-2)t
i i
We note that oi < 1.

As for the limiting variance oé, we can show that

(7 .6080 < sup. o> < .6179.
6,70

To see that we note,

o2 = (A/B)(1-A/B) + C/B,

-] o0 o0
where A = f xe—sz (x), B = f xdG,.(x), and C = f xze—sz (x).
0 0 o © 0 0

For the special case x = a we get Robbin's result, namely

og = e_a(l—e—a) + ae_a and supa[(1+a)e_ 2 .6080. On the other hand we
-1

note that x(1-x) < .25 and that sup %—= supaae—a = e X .3679 and (7) follows.

a_e—Za]

We conjecture that

(8) = *> N(0,1).

Unfortunately W is not of the form studied by Steck (1957), although we believe
an extension of Steck's result will prove the conjecture. Under A, Steck's

theory yields

(v - ECU))

T
n

9 + N(0,1),

where
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2 1 2 2n-2 2, 1
LI Z i (l—n ) - Zini(l ni) + Zi#j“i"j(l m nj) (1 n)
n-1 n- l 2
- Zl¢jnin(1 -7 ) (1—ﬁj) + (Z b (1 -n )
And,
nrz > (fwxdG (x))-z{f“;e—xdc (x)f“;dG (x)
n 0 0 0
0 0 0
(10)

(] (xe™= x%e™)ac (x))7) .
0

For a detailed application of Steck's theory to this case, see the appendix in

Bickel and Yahav (1985).

The limiting variance can be estimated consistently by

2
5, 1 (T I, 3= 2T, _.3)
~y {N 1} {Ni—l} {Ni—Z}

(11) nT_ = a - 3 .
n
Hence,
(12) fﬁﬂ!_:_glgll > N(0,1) .
/=2
nt
n

Using (12) one can construct approximate confidence intervals for E[U]. For U
itself, use (4) and (6) and the Chebychev inequality to construct conservative

intervals, using Chebychev's inequality pending verification of conjecture (8).
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