
Zonal Polynomials
Akimichi Takemura

Purdue University





Institute of Mathematical Statistics

LECTURE NOTES - MONOGRAPH SERIES
Shanti S. Gupta, Series Editor

Volume 4

Zonal Polynomials
Akimichi Takemura

Purdue University

Institute of Mathematical Statistics
Hayward, California



Institute of Mathematical Statistics

Lecture Notes—Monograph Series

Series Editor, Shanti S. Gupta, Purdue University

The production of the IMS Lecture Notes—Monograph Series
is managed by the IMS Business Office: Bruce E. Trumbo,
Treasurer, and Jose L. Gonzalez, Business Manager.

Library of Congress Catalog Card Number: 84-47886

International Standard Book Number 0-940600-05-6

Copyright © 1984 Institute of Mathematical Statistics

All rights reserved

Printed in the United States of America



Contents

1 Introduction 1

2 Preliminaries on partitions and homogeneous symmetric polynomials . 7

2.1 Partitions 7

2.2 Homogeneous symmetric polynomials 10

3 Derivation and some basic properties of zonal polynomials 17

3.1 Definition of zonal polynomials 17

3.2 Integral identities involving zonal polynomials 25

3.3 An integral representation of zonal polynomials 33

3.4 A generating function of zonal polynomials 36

4 More properties of zonal polynomials 42

4.1 Majorization ordering 42

4.2 Evaluation of i]/p(/fc) 49

4.3 More on integral identities 53
4.4 Coefficients of Uq in ] / p 57

4.4.1 Rank 1 and rank 2 cases 57
4.4.2 Recurrence relations on the coefficients 59

4.5 Coefficients of Mq 65

4.5.1 Rank 1 and rank 2 cases 66
4.5.2 Again on the generating function of zonal polynomials . . 67
4.5.3 Recurrence relations of Section 4.4.2 69
4.5.4 James' partial differential equation and recurrence relation 71

4.6 Coefficients of Tq in Zp 74
4.7 Variations of the integral representation of zonal polynomials . 78

5 Complex zonal polynomials 83

5.1 The complex normal and the complex Wishart distributions . . 84

5.2 Derivation and properties of complex zonal polynomials . . . . 85

5.3 Schur functions 91

5.4 Relation between the real and the complex zonal polynomials . 95

References 98





PREFACE

This monograph presents a self-contained development of zonal polynomi-

als in the framework of standard multivariate analysis. Except for standard

tools of multivariate normal distribution theory and linear algebra, no extensive

mathematics is assumed in this work. This contrasts with earlier treatments of

the theory of zonal polynomials. It is hoped that the present approach makes

zonal polynomials and the theory of noncentral distributions in multivariate

analysis accessible to much wider audience.

This work has been based on my doctoral dissertation submitted to Stan-
ford University in 1982. I am indebted to many people in completing my thesis
and in preparing this monograph. Professor T.W. Anderson as my thesis ad-
visor had a distinctive influence on me. Professor Ingram Olkin and Professor
Persi Diaconis read the thesis and suggested many improvements. My friends
Fred Huffer and Satish Iyengar read an earlier version of this work and gave
very careful and useful comments. In preparing this monograph I benefited
from thorough reviews by three referees. Professor Shanti Gupta, the editor
of this monograph series, has been encouraging throughout the preparation
of this monograph. This work was supported in part by Office of Naval Re-
search Contract N00014-75-C-0442 and U.S. Army Research Office Contract
DAAG29-82-K-0156.

Akimichi Takemura






