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NONPARAMETRIC CHANGE-POINT TESTS
OF THE KOLMOGOROV-SMIRNOV TYPE

By DIETMAR FERGER
University of Giessen

We consider a triangular array X7',---, X5, n € IN, of row-wise indepen-
dent random elements with values in a measurable space (X, B). Suppose there
exists a § € [0, 1] such that X7, ---, X[}, have distribution »1 and X641, X5
have distribution v>. We construct tests for Hgl) : 8 € {0,1} versus Hﬁl) 10 €
(0,1), H‘(,2) : 8 = 6o, 6o € (0,1), versus ng) : 8 # 6 and H((,a) : 0 € Op versus
H is) : 8 ¢ ©o, where Oy is a closed subset of (0, 1). The tests, which are based on
U-statistics type processes, are shown to be asymptotic level-a tests and consis-
tent on a large class of alternatives. For Hél) versus H. 51) a careful investigation
of the power function is provided. The results are part of the author’s (1991)
dissertation written under the supervision of Professor Stute. Proofs and more
detailed information will be published elsewhere.

1. Introduction and Main Results. Let X7',---, X, n € IN; be row-
wise independent random elements defined on a probability space (2, .A, P)
with values in a measurable space (X', B). Suppose there exists 6 € [0, 1) such
that X7+, X [’:w] have distribution »; and X [1:10] FRTRERPD; &4 have distribution
vy # 11, where both v, and v, as well as the change-point 6 are unknown. In
the standard test problem Hél) : 6 = 0 versus Hl(l) :0 € (0,1) we ask whether
there is a change at all, whereas in the nonstandard test situation, we want to
know if a change has taken place at a certain point (or within a certain time
interval) or not. Formally, we are interested in testing Héz) 10 =20,600 € (0,1),
versus Hl(z) 10 # 0 and Hég) : 0 € Og versus H1(3) : 0 ¢ ©g, where ©g C (0,1),
respectively. All tests we recommend are based on a stochastic process first
introduced by Csorgé and Horvdth (1988) in the case of real-valued data:

n [nt]
m(t)=n"? Y Y K(XPXP), 0<t<l1,
i=[nt]+1 j=1
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where K : X2 — IR is a measurable kernel. In what follows K is assumed to be
bounded. This guarantees the existence of all integrals under no assumptions
on the underlying distributions. For the motivation of our test the following
result of Ferger and Stute (1992) turns out to be very useful:

logn 1/2
Ozggllrn(t)—r(t)l=0[{ } } )

n
with probability one (w.p.1) V § € [0,1), where

tu(8 — ) + tA(1 - 6), 0<t<8

)= rumaelt) = {(1 — M+ (1-)r(t-0), 6<t<1

with p = [ Kdn @, 7= [Kdva® v and A = [ Kdv, ® 1. We will only
consider antisymmetric kernels K : K(z,y) = —K(y,z) V z,y € X. Note
that in this case u = 7 = 0 and therefore 7 = r) g vanishes on the whole unit
interval, if # = 0. Thus by (1) we have that with probability one

n'/? sup |ra(t)]

= O((logn)'/?), if H" holds -
0<t<1

> const - n1/2, if Hl(l) holds with A # 0.

So, large values of the left hand side in (2) indicate a change in the distribu-
tion. In the case X = IR, Csorgé and Horvath (1988) proved that (nl/zrn)nem
converges in distribution to 0By under Hél), where By denotes a Brownian
Bridge and o? = o%(K,v;) = [ [[ K(:z:,y)y2(dz)]21/2(dy). Their invariance
principle can be extended to arbitrary measurable spaces. We note that some-
times 0% = 0%(K, v5) is known. For example, if ¥ = R, K(z,y) = sign(z —y)
and v, is continuous, then 02 = 1/3. However, in general, 02 is not known.
In this case it is possible to define an estimator o2 such that o2 converges to
o? w.p.1, if H((,l) holds. Moreover, we prove that under Hl(l) ok — 0%(K,vp)
w.p.1, where vg = 61 + (1 — 0)v,, if in addition K is continuous and X is
a separable metric space. Herewith we are in the position to generalize the
Csorgé—Horvath (1988) test. Let a denote the error of the first kind, then the
test is defined by

M —
tno = Loz n1/2 supy gy Irn(®)]>en (@)}

where ¢;(a) is the (1 — a)-quantile of the Kolmogorov-Smirnov distribution.

THEOREM 1. Let X’ be a separable metric space and let K be a bounded,
antisymmetric and continuous kernel. Then lim,,_, Po(tg,(), =1)=aVlce

(0,1] and lim,, oo Py(t8h =1) =1V a € (0,1] ¥ 8 € (0,1) ¥ 1, v, with X # 0.
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Next we are interested in the power of our test. Let 7,(1“)(0, v,vp) =
Py n (tn « = 1) be the power function.

THEOREM 2. Under the same assumption as in Theorem 1,
lim,— o 7(0') (n=12 vy, 15) = By(N), where 0 = 0%(K, ;) and B,(])) is an ana-
Iytical completely known function. Furthermore, if (V2 ,)neN converges weakly
to vy in such a way that A, = [ Kdvyn @ vy ~ n~1/2, then lim,_ o 7,‘;’)(0, v,
Vo) = 1= hog(er(a)) V 8 € [0,1), where 02 = 0(K,vy) and hyg(ci(e)) is a
certain boundary crossing probability of the Brownian Bridge.

We have determined the boundarg crossing probability of Theorem 2
explicitly. For Hy (2) . 9 = 6o versus H! 1710 # 6y with 0 < 6y < 1 given, we
proceed as in the standard case and propose the following test:

2)
tSzL = L suPo<i<1 [Tn(t)—7an,00 (B)|>c2(e)}

Here, A\, = 7,,(60)/(60(1 — 6p)) and cz(e) is the (1 — @)-quantile of a centered
Gaussian process, which may be specified. Since these quantiles are, if at all,
not easily available, one has to replace them by a bootstrap approximation of
the exact critical value, namely the (1 — a)-quantile of n!/? supgc;cy |Pa(t) —
Tan60(t)|. We can prove consistency of these quantiles. o

THEOREM 3. Let X be a measurable space and let K be a bounded and
antisymmetric kernel. Then lim,_,o, Pg, (t,(f’a =1)=a and
limy—yoo Po(t2h = 1) = 1V 8 # 60 ¥ 11, w5 with X # 0.

In the more general situation of H(§3) : 0 € O versus H 1(3) : 0 ¢ O, the
test tg?, is not applicable, because it involves the quantities A, and 6y, which
are now unknown. Indeed, neither under Hj ) nor under H 1(3) we know the
value p of the change-point. However, following Ferger and Stute (1992) we
can define an estimator 6,, such that 6, — 6o = 0(n~logn) w.p.1 under Héa)
and 6, — 0y # 0o w.p.1,if HI(B) holds. Therefore we suggest:

=

Lipise supoge<1 Irn(t) =5 o, (B)]>c2(a)}

where )\, = Tn(0n)/(0.(1 = 6,)).

THEOREM 4. Assume 00 1s closed and the assumptions of Theorem 3 are
satisfied. Then lim,,_, Po(tn a=1)=aV0e€0pandlim,_ Pg(t% a=1)=
1V0¢ 0OV v,vs with X # 0.

REMARKS.

(1) We prefer to state our results for bounded kernels K, since in this case
the conditions are completely carried by the given K rather than by the
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unknown distributions v; and v,. Moreover, tests induced by bounded
kernels will be robust against outliers. Nevertheless, boundedness of K
is not necessary and may be replaced by some moment conditions.

(2) Clearly, our approach raises the question, how to choose an optimal ker-
nel.

(3) In the standard framework Csorg6 and Horvdth (1988) proposed to deal
with weighted versions of r,(t), in order to obtain tests, which are more
sensitive in the tails.
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