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The paper deals with discrete moment problems where the possible
values of a random vector form a known finite set. First, some earlier results
concerning the one dimensional discrete moment problem are summarized.
Then, restricting the discussion to the two-dimensional case, for the sake of
simplicity, two different discrete moment problems are formulated: (a) the
known moments are those where the exponents of the random variables are
chosen between 0 and some upper bounds; (b) the sum of the exponents is
less than or equal to a given number. The bounds that can be obtained by
our technique include bounds for probabilities and expectation.

1. Introduction

The one-dimensional discrete moment problem can be formulated in the
following manner. Given a random variable &, the possible values of which
are known to be zp < z; < :+- < 2z, and a function f(z), z € {20,21,...,2}.
We want to give lower and upper bounds for E[f(£)], based on the knowl-
edge of the moments y; = E[¢¥], k = 1,2,...,m, while the probability
distribution of £ is unknown.

Introducing the notations p; = P{{ = 2z}, fi = f(z),1 = 0,1,...,n,
to = 1, we obtain the above mentioned bounds by solving the linear pro-
gramming problems

(1.1) min ( max ) zn:f;p,-
=0

subject to
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where we assume that m < n. Problems (1.1) are termed as discrete
power moment problems. Replacing 2¥ by (%) and px by Sk, where Sy =
E[(i)], k =0,1,...,m, we obtain the binomial moment problem which plays
an important role in bounding probabilities of logical functions of events
(Prékopa (1988, 1990a)). The discrete binomial moment problem can be
transformed into the discrete power moment problem; hence we restrict
ourselves to problems (1.1). (Note that if instead of the consecutive mo-
ments p1, 2, ..., m, the moments pg,,p,, ..., kk, would be known where
k1 < k3 < --- < ky, are non-consecutive integers then simple equivalence
between the power and the binomial moment problems no longer exists.)
The duals of the problems (1.1) throw new light to this approach of
bounding E[f(£)]. If (1.1) is a minimization problem, then its dual is

m
(1.2) max Y pkTk
k=0

subject to
m
ZZ{C(L‘kS‘fi, i=0,1,...,n,
k=0

and if (1.1) is a maximization problem, then its dual is

m
(1.3) min Y prYk
k=0

subject to

m

Ezfyka;, 1=0,1,...,n.

k=0
The optimum values of these problems are called the sharp lower and upper
bounds for E[f(£)]. Since problems (1.1) have feasible solutions and finite
optima, the duality theorem of linear programming ensures that so do prob-
lems (1.2), (1.3) and the optimum values of the primal-dual pairs coincide.
Thus, we have the inequalities

(1.4) i#kka < E[f(§)] £ i#k@/k,

k=0 =0

where g, 21, ..., Zn, satisfy (1.2) and yo, y1,. . . , Ym satisfy (1.3). The bounds
(1.4) are the best in the case of the optimal solutions z, y.
Among the choices of the function f, prominent are the following:

(1) f has positive divided differences of order m + 1 (for the definition of
the divided differences see the next section).
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(2) fr=1and fy=0"fori#r.
(3) f0="'=fr—l=0,fr=°"=fn=1.

In cases (2) and (3) we are bounding P{¢ = z, } and P{¢ > 2, }, respec-
tively.
If we did not know the possible values of £ but we still would know the

moments py, f2,. ..,y then the general moment problem (see, e.g., Krein
and Nudelman (1977)):

b
(1.5) min ( max ) / f(z)do
subject to
b
/zkdazyk, k=0,1,...,m

would provide us with bounds for E[f(£)], where o is the unknown proba-
bility distribution function on [a, b]. Assuming a = 2o, b = 2, furthermore,
designating by Ly, Uy and L., U, the optimum values corresponding to prob-
lems (1.1) and (1.5), respectively, we have the relations

(1.6) Le < La< E[f(§)] < Us < U

This means that if the set of possible values of £ is a known discrete set and
we utilize it in the form of solving problems (1.1) then better bounds can be
obtained than through solving problems (1.5). This is so even though the
optimal solutions of problems (1.5) are discrete distributions. In fact, the
supports of these distributions may not be subsets of {z0,21,...,2n}-

Recent discovery by Samuels and Studden (1989) and by Prékopa (1988,
1990a, 1990b) of the fact that the sharp Bonferroni inequalities are essen-
tially solutions of discrete moment problems, stresses the importance of the
discrete case. A variety of applications of the discrete moment problem,
ranging from communication or power system reliability calculations to ap-
proximations in queueing systems, can be mentioned.

2. Dual Feasible Bases and Lagrange Polynomials
Associated with Problems (1.1)

In this section we further restrict ourselves to that special case of the
objective function f where all m + 1st divided differences are positive. The
first order divided differences of f are

f(zi,) = f(zz'l),

Zip — %

(21) [Z,‘l, Ziz]f = 0<i1 <1< n.
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The higher order divided differences are defined recursively by

Zingeseals — 125 90e042;
(2'2) [ziuziza---,zik,zikﬂ]f = [ o . 'k“]f Ltn : ‘k]f,
-z

Zikt1
021 << < <41 1

for k > 2. It is known (see, e.g., Jordan (1965)) that if all divided differences
of order k, corresponding to consecutive points, are positive then all divided
differences of order k are positive, and we have the equality

1 1 1

Ziy Ziy Tt Ziks1

k-1 k=1 .. k-1

“y %i Zikt1
(2.3) [z,‘l 5 2,’2 gesey z’-k+1]f — f(z'll? f(z'r) t f(fl.k.*.l)

Zi Zipg vt Zigp

zk_l zl‘_l zl‘-l

%k o
iy % T Zen

If f is defined for every z in [2o, 2,] and f(™+1)(z) > 0 at every interior
point z of this interval, then all m + 1st divided differences of f are positive
On 29,21, "+, 2, (see Jordan (1965)). The positivity of the first order divided
differences means that f is increasing and the positivity of the second order
divided differences means the convexity of the function f, i.e., the polygon
connecting the points (z;, f(2;)),i = 0,1,...,n in the plane, is convex. This
implies that an equivalent formulation of the positivity of the second order
divided differences is:

f(zi) — f(2,) S f(z,) -f(zil),

zt'a - zt] Zig - z‘i;

0<i <iz2<t3< M.

We assume that the m+ 1st divided differences of f are positive (while there
is no condition on the lower order divided differences). Thus, we handle the
type (1) of the objective function f, mentioned in the Introduction. The
results corresponding to the others are presented in Prékopa (1990b).

Letal = (1,2;,--+,2™),i=0,--+,n,and A = (ag,"--,a,). Furthermore
let B be an (m 4 1) X (m + 1) part of the matrix A. Since B is a Vander-
monde matrix, it is non-singular and thus, it represents a basis in the linear
programming (minimization or maximization) problem (1.1). The columns
of B will be called basic vectors.
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Let fg designate the vector consisting of those f; values as components
which correspond to basic vectors a;. By definition, B is dual feasible if

(24) f;- ng'laj >0 for all 7, in the minimization problem,
(25) f;j- ng'laj <0 for all 7, in the maximization problem.

If a; is basic then we have equality in the above relations.
Let I be the set of subscripts of the basic vectors and Lj(z) the Lagrange
polynomial corresponding to the points 2;, ¢ € I. Then

L(z) = 3 Li(2) (=),
1=0

where

Lli(z) — H (2‘ - Zj)

jer—y (% — %)
is the 4th fundamental polynomial. Furthermore let bT(2) = (1, z,...,2™).
Clearly we have b(2;) = a;,¢=0,1,...,n and

T
9) -5 n(e) = | 1)

From (2.6) we first derive
(2.7) LB 'b(2) = Ly(2).

In fact, f§B~1b(z) is an mth degree polynomial that is equal to f(z) if
z = z;. Another observation is that if z ¢ {2;,7 € I} then the second
determinant on the right hand side in (2.6) is different from 0. This follows
from (2.3) and the assumption that all m + 1st order divided differences of
f are positive. This implies that if z ¢ {z;,¢ € I} then (2.6) is nonzero,
in other words, no basis is dual-degenerate. Hence, in (2.4) and (2.5) we
have equalities at basic points, otherwise we have strict inequalities. This
means that the basis B is dual feasible in the minimization (maximization)
problem (1.1) if and only if the Lagrange polynomial corresponding to the
basic points { z;, ¢ € I} is strictly below (above) the function f(z) at any
nonbasic point z.
Using (2.6) and (2.3), we obtain the equation

(2.8) f(2) = Li(2) = [[(z - %) [z, 2zi, i € 1] f,

JjelI
which is well-known in interpolation theory. We also mention Newton’s form
for the interpolating polynomial:

Li(z) = fo+ i I (z=2) [z, 5 € 1W] £,

k=0 jeI(¥)
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where I*) is the set of the first & + 1 elements of I and fo is the function
value corresponding to the first element in I.

In order to find necessary and sufficient condition that a basis is dual
feasible in any of the problems (1.1), equation (2.8) can be used. Since

(2, zi, 1 € I]f > 0 for every z ¢ {zi, 1 € I}, we see that the basis is dual
feasible in the minimization problem, if and only if

H(z -2;)>0 for all non-basic z,
J€EI

and is dual feasible in the maximization problem, if and only if

H(z -2)<0 for all non-basic z.
Jel
Thus, the basic vectors have to follow each other according to some patterns

that can be best summarized in terms of their subscripts. If the basis B

corresponds to the subscript set I, then sometimes we will write B(I) instead
of B.

THEOREM 2.1 A basis B(I) is dual feasible in the minimization (mazimiza-
tion) problem (1.1) if and only if the subscript set I, with elements arranged
in increasing order, has the following structure:

m+ 1 even m+ 1 odd
Minimization
problem {j,7+1,...,k, k+1} {0,7,7+1,...,k, k+1}
Mazimization
problem {0,7,7+1,....;k,k+1,n} {47i+1,...;k,k+1,n}.

3. Bounds for E[f(¢)]

Theorem 2.1 can be used to give bounds for E[f(£)]. These can be
obtained in terms of formulas if m is small (m < 4) or by algorithms if m is
large.

Any dual feasible basis B provides us with a bound. Ifit is dual feasible in
the minimization problem, then the corresponding objective function value
is smaller than or equal to the optimum value. Hence,

(3.1) B p = E[L1(€)) < E[£(€)],

where uT = (1,p1,...,Mm). If, on the other hand, B is dual feasible in the
maximization problem, then

(3:2) 5By = E[L1(€)] > E[f(£)].-
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Note that the inequalities in (3.1) and (3.2) hold also for each possible
value of £, if we remove the expectations.

A basis B is said to be primal feasible if B~1y > 0. A basis that is
both primal and dual feasible, is optimal. Combining these remarks with
Theorem 2.1, we have

THEOREM 3.1 Assume that the function f has all positive divided differences
of order m + 1. The following assertions hold true:

(a) IfI has one of the two structures

{5, 5+1,...,k k+1}, {0,5,5+1,...,k, k+1},

then
Ly(z) < f(2),
with strict inequality for all nonbasic z, and
E[Li(&)] < E[f(8)]-

This bound is sharp if B(I) is a primal feasible basis in problem (1.1).
(b) If I has one of the structures

{7,7+1,....,k,k+1,n}, {0,7,7+1,....;k,k+1,n},

then
Li(z) > f(2),
with strict inequality for all nonbasic z, and
E[Li(&)] > E[£(£)]-

This bound is sharp if B(I) is a primal feasible basis in problem (1.1).

In order to obtain the sharp bound we need to check which one is
that dual feasible basis B(I) for which we also have primal feasibility, i.e.,
[B(I)]"'p > 0. If m is small then Theorem 2.1 gives us a key to find this B(I)
by a formula (see Boros and Prékopa (1989), Prékopa (1990b)). However, if
m is large then the sharp bound can be obtained only by an algorithm.

Instead of a general linear programming algorithm, the following very
advantageous dual type algorithm can be used to solve any of the problems

(1.1).

Step 0. Pick any dual feasible basis subscript set I, in accordance with
Theorem 2.1.
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Step 1. Check if [B(I)]"'p > 0. If yes, then stop; optimal basis and
optimal solution has been reached. Otherwise pick any j for which
([B(I)]™"); < 0, and go to Step 2.

Step 2. Delete the jth vector from B(I) (which is not necessarily the same
as a;) and include that vector which restores the dual feasible basis
structure. Go to Step 1.

Since no dual degeneracy occurs, the objective function values are strictly
increasing and the algorithm terminates in a finite number of steps.

The above algorithm is of dual type but it is not exactly a special case of
the dual algorithm of Lemke (1954). The difference is that here the incoming
vector can be found very easily through a logical analysis of the subscript set
I, rather than a costly procedure involving reduced prices. For more details
of the algorithm see Prékopa (1990a).

NUMERICAL EXAMPLE We present sharp lower and upper bounds for the
moment generating function E (e‘f) at the point ¢ = 0.1. We assume that
the possible values of ¢ are known to be 2; = 4, ¢ = 0,1,---,20 and we
know the first three moments of £: pu; = 9.73086229944, pa = 129.5641151,
p3 = 1903.250122.

The function f(z) = €%!* has positive derivative of any order at any z,
hence the condition for f (that its fourth order divided differences, on the
set of possible values of £, are positive) is fulfilled.

Using the algorithm described in this section, both the minimization and
maximization problems (1.1) have been solved instantly on a 33MHz/486
PC. The code was written in APL language which is very suitable to these
problems. Below we present the subscript sets of the bases encountered in
the subsequent iterations, together with the optimal solutions.

Minimization problem

Initial basis 6 7 8 9
7 8 9 10

8 9 10 11

7 8 10 11

7 8 11 12

6 7 11 12

5 6 11 12

5 6 12 13

4 5 12 13

4 5 13 14

3 4 13 14

3 4 14 15

Optimal basis 3 4 15 16
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The optimal solution is:
p3 = 0.3170498444, P4 = 0.1397544435, P15 = 0.4704357076,
P16 = 0.0727600045, pi =0, for any other .

The optimum value is:

e@3py 4 eON4p, 4 OV, 4 OD18p ¢ = 3.105190886.

Mazimization problem

Initial basis 0 1 2 20

0 2 3 2

0 3 4 2

0 4 5 20

0 5 6 20

0 6 7 20

0 7 8 20

0 8 9 2

0 9 10 20

Optimal basis 0 10 11 20

The optimal solution is:

po = 0.20523691, P1o = 0.2755241346, p11 = 0.3787952662,

p20 = 0.140443686, p; =0, for any other .

The optimum value is:

e(O.l)pO + e(o.l)lopw + e(().l)].].pl1 + 6(0.1)20p20 = 3.129899305.
Thus, we have the sharp bounds:

3.105190886 < E (e°-lf) < 3.129899305.

4. Multivariate Discrete Moment Problems

For the sake of simplicity we restrict ourselves to the discussion of the
bivariate case. The results generalize to the multivariate case in a straight-

forward manner.
Let & and & be two discrete random variables with known finite supports
which are 2;;, j = 0,1,...,n;, ¢ = 1,2, and assume that some of the bivariate

moments o
(4.1) Hop = E 61 €5
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are known, where o and 3 are nonnegative integers, while the probabilities
pij = P{& = 215, §2 = 25 }

are unknown. Note that the support of the random vector (&3, &;) is part

of the set {210, -+, 21n, } X {220, ", 22n, } but we do not assume any further
knowledge about it. Let furthermore f(z1, 22) be a function on the set

{z10,* -+, z1ny } X {220, *, 221, }. We intend to give lower and upper bounds

for E[f(&1, &2)] under some conditions regarding the moments (4.1) and the
function f.

As regards the moments p,g, we consider two cases:

(a) there exist positive integers my, and mgy such that p,g are known for
all @ and J satisfying 0 < a < my, 0 < 8 < my;

(b) there exists a positive integer m such that p, are known for all o > 0,
B2>20,a+pB<m.

The corresponding linear programming problems providing us with the
sharp lower and upper bounds for E[f(&1, £2)], are the following (let f;; =
f(z1:, 225)):

ny n2

(4.2) min ( max ) Z E fijpij

1=0 ;=0
subject to
ny n2 5
DN #ipis = Hap
1=0 5=0
0<a<m, 0<B<my
pz]ZOs OSiSnl, OS]S”Z
and
n1 n2
(4.3) min ( max ) Z Z fijpij
1=0 5=0
subject to
n1 n2 p
DD Aizipi; = Hap
1=0 j=0

a>20, p2>0, at+f<m
pij 20, 0<i<m, 0<j<n.
Regarding the function f, the technique developed in Prékopa (1990b) for
the univariate discrete moment problem and partly outlined in the previous

sections, allows for handling problem (4.2) in three different cases which are
analogous with the cases (1), (2) and (3) mentioned in Section 1. In this
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paper, however, we restrict ourselves to the two-dimensional version of case
(1).

Our condition on f is formulated for the case of problem (4.2). Later, we
will use the results concerning problem (4.2), to obtain results for problem
(4.3). First we introduce some notations. Let I C {0,1,...,n1}, I, C
{0,1,...,n2 }, |I1] = m1 + 1, |Iz| = m3 + 1 be some subscript sets and

LS)(zl, 22) = Z f(zlia 22)L§113(zl)
i€l

LY (1, 2) = 3 S, 22) L))

3
Lyn(z, 22) =Y, Y. f(zi, sz)LS?(zl)LS}(zz)
i€l jeb

where

1 21 — 215
Lﬁlg(zl) = ]I P—— z’,,
JGII_{Z} 1z 1]

2 29 — 29,
L) = 11 =2
jen—{i} T ¥

We use the order (m;+1, mg+1) divided differences of f over { 219, ..., 215, } X
{220, ..., %2, } which are defined in a natural way through the subsequent
applications of the divided difference operations. This property of f is en-
sured if it is defined on [z19, z1n,] X [220, 22s,] and

om +m2+2f(21, 22)
mi+1l9_ m2+1
027702

>0

for every interior point of the rectangle (see Popoviciu (1945)).
Conditions on f in problems (4.2)

Let I, I, be a pair of dual feasible subscript sets, both in the minimiza-
tion (maximization) problem (1.1), using m;, and my, respectively, instead
of m. We assume that at least one of the conditions (¢), (i), (ii%), (iv),
presented below, is satisfied.

(ia) For any fixed 2o € {290,...,22n, }, the function of the variable 2 :
f(z1, 22), has all positive divided differences of order m; + 1.

(ib) For any fixed z; € {z10,-..,21n, }, the function of the variable z; :
Lg)(zl, 22), has all positive divided differences of order mg + 1.
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(iia) For any fixed z; € {z10,-.-,21n, }, the function of the variable z; :

f(#1, 22), has all positive divided differences of order mq + 1.

(4ib) For any fixed z2 € { 220,...,22n, }, the function of the variable 2 :

A )(zl, 2z3), has all positive lelded differences of order m; + 1.

(i72) The function f(21, 22) has all positive divided differences of order

(év)

(m1 4+ 1,m3 + 1) and both (zb) and (i2b) hold.

Let I{i) and Iéj ) designate the sets of the first i+ 1 and j + 1 elements
in I and I, respectively and [z, h € I('), 2ok, k € I(])]f the divided
difference of order (¢, j) of the function f, corresponding to the points

z1n, h € I{ ), 2ok, k € I () We assume that the inequality (let fo be
the function value correspondmg to the first elements in [; and Ip):

my m2 . .
fenz) > fotr 32 [ he iz, ke )] f
=0 ;=0
i+ 1

X H (21 — 218) H (22 — 22k)

el kel

holds for every (21, 22) & { z1i, ¢ € 1 } X { 225, j € I }, if I1, I, corre-
spond to minimization problems. If I, I correspond to maximization
problems then the opposite inequality is assumed to hold. Note that
the sum has the same value for any ordering of the points in the sets
{z1i,1 € I} and {2, j € I}, and is obtained so that we write up
the Newton’s form of the polynomial Ly, 1,(z1, 22) subsequently for z;
and z,.

Introducing the notations (let poo = 1):

1 1 .- 1
A= | O A i=1,2,
:’3' z:'l” z:::
Al A1 Al
20041 241 -+ Zam A
A=A1® 4y = S
2ot A1z Ar - z2n2A1
bT = E[(l,fl,--.,61711)@(1,62,---,631'2)]
= (II'OO’ K105 - -y Km0y HO15 H115-- -)7
PL = (pij; 0<i<ny, 0< 5 <ny),

™
I

(ft],OSzSnlaOS]S"h)’
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we can rewrite problems (4.2) in the concise form:

(4.4) min (max ) fTp
subject to
Ap = b,
p 2 0

5. Bounds for E[f(&1, &2)]

Let I, I be basis subscript sets from {0,1,...,7n; } and {0,1,...,n2},
respectively. The set I = I X I, represents a basis subscript set for problem
(4.4) and B(I) = B1({1) ® Ba(I3) is a basis from A. Bases of this type will
be called rectangular. The vector fg = fp,p, designates that part of f which
corresponds to the basis vectors in B. We prove

THEOREM 5.1 If f satisfies one of the conditions (1), (i2), (i), (iv) and
I, I, correspond to minimization (mazximization) problem, then we have the
relations

(51) f(zly 22) = L1112(217 22)
for (z1, z2) € {z1i,1 € 1} X {225, j € [}, and
(5'2) f(zl’ 22) > (<) LI]IQ(ZI’ 22)7

otherwise. Furthermore, I} X I is a dual feasible basis subscript set in the
minimization (mazimization) problem.

ProoF Let By([;) and By(I3) designate that (m; + 1) X (mq + 1) and
(m2 + 1) X (mg + 1) parts of A; and Az which correspond to the columns
with subscript sets I, and I3, respectively. Then, as it is easy to show, we
have the relations:

f(zl, 22) fngz
1 1
1 z
1 22
|B1(I) ® B2(I2)| el . By(11) ® Ba(J2)
21" 23"
= f(21, 22) — L1,(21,22)
SR (0)
= f(z1, 22) = | fot+ D D, [211” he L, 2, k € Iz(j)] f
=0 j5=0
i+ 521

(5:3) IT (22— z) I (22 — 22x)

helgi) kelgj)
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Now the expression in the first line of (5.3) is the reduced price (tradi-
tionally designated by ¢ — z in linear programming theory) corresponding to
the basis with subscript set I; X I in problem (4.2) and the point (z1, 22).
The dual feasibility in the minimization (maximization) problem means that
these values are nonnegative (nonpositive) for every nonbasic (21, 22). We
will prove positivity (negativity), i.e., also the dual non-degeneracy of the
basis. Note that (5.1) holds trivially.

To prove (5.2) under (z) and (i7) is simple. We only have to repeat the
reasoning, applied to the one-dimensional case.

The assertion under (iv) is a consequence of the equality between the
first and third lines in (5.3).

The assertion under (4i¢) is a consequence of the equality (see Popoviciu
(1945)):

f(z1, 22) = { I (21, 22) + L (21, 22) = Iny (21, 22) }
= f(21,22) = L1, (21, 22) — {L(I?(Zl,zz)
_LIl 12(21’22) + L([z)(zl’ 22) - LIl 12(21,22)}

(5.4) = [l = 210) [] (22 = 225) (210 i € 15 225, G € Ia) f
i€l 3

and the equality between the first and the second lines in (5.3). We only
have to apply (2.8) and the rest of the proof is simple. a

THEOREM 5.2 Suppose that f satisfies one of the conditions (i), (i), (1i1),
and (iv). Then the following assertions hold true:

(a) IfI, and I, both have one of the structures:
{5,541, ko k+1},  {0,5,5+1, ...,k k+1},
then
Ly1,(21, 22) < f(21, 22),
with strict inequality for all nonbasic (z1, z3), and
(5.5) E Ly (&1, &) < E[f(§, &)
This bound is sharp if B(I1 X I,) is a primal feasible basis in problem (4.2).
(b) IfI; and I, both have one of the structures:
{7,7+1, ..., k,k+1,n}, {0,7,7+1,...,k,k+1,n},
then
Llllz(zh 22) > f(zla 22),

with strict inequality for all nonbasic (z1, z2), and



Multivariate Moments 323

(5.6) E[Lyy (&, &)] > E[f(&, &)].
This bound is sharp if B(Iy X I3) is a primal feasible basis in problem (4.2).

ProoF The theorem is a consequence of Theorem 4.1 and the fact that a
both primal and dual feasible basis is optimal. O

REMARK It is not sure that among the bases of the form By(l1) ® Ba([2)
there is one which is primal feasible. This is ensured if £ and & are in-
dependent because in this case pop = E[¢; ]E‘[{i,3 ] and the constraints in
problem (4.2) split into two separate sets of constraints, where there are
primal feasible bases B1([1) and By(I3). If £ and £; are dependent random
variables then the sharp inequalities may not be among those in (5.5) and
(5.6). Still, we can obtain the sharp inequalities if we use B1(I;) ® Ba(I2)
as an initial dual feasible basis and apply the dual method for the solution
of the problem.

For the case of problem (4.3) the bounds obtained for problem (4.2) can
be used in the following manner. First we observe that if both I; and I, are
dual feasible basis subscript sets in the minimization problem, |I1| + |I3] =
m + 2, and f satisfies one of the conditions (%), (i), (¢¢), and (iv), with
my = |I1|, mg = |I2|, then

(5‘7) LI112(z17 22) S f(zla Z2)a

for any (21, 22). Similarly, if I, Iz are dual feasible basis subscript sets in
the maximization problem, |Ji| + |J2| = m + 2, and f satisfies one of the
conditions (2), (i2), (4i7), and (iv), with m; = |J1|, mg = |J2|,then

(5.8) Ly (21, 22) 2 f(21, 22)

for any (z1, 22). Then we replace (21, z2) by ({1, &2), take expectations
in (5.7) and (5.8), and let I, I3, Jq, Jo vary so that the best bounds for
E[f(&1, &2)] are obtained. This result is summarized in

THEOREM 5.3 We have the inequalities

max {E [Ly1,(&, &2)] |1, 12 dual feasible for the min problem,
||+ || = m+2} < E[f(&, &)
< max{FE[Ly, 1, (&, &)] |J1,J2 dual feasible for the maz problem,
[Jil + |J2| = m + 2},
where we assume that the function f satisfies the condition mentioned in

Section 4, for all I, I and Jy, J2, respectively, that are allowed in the above
inequalities.
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REMARK When constructing the bounds presented in Theorem 5.3 we may
restrict ourselves to some of the rectangular bases with |I1| + |I3]| = m + 2
(J71] + |J2] = m 4+ 2). In this case the bounds become weaker but we impose
less condition on f.

We illustrate the above bounds in the case of m = 2. Problem (4.2) is
now the following

ny n2
(5.9) Minimize Y fijpij
1=0 7=0
subject to
ny ng
(5.9a) 3> pij = poo
1=0 =0
ny n2
(5.90) DD A = o
1=0 5=0
ny n2
(5.9¢) Z Z 22iPij = Mot
1=0 =0
niy n2
(5.94) YD Aipi; = ko
1=0 ;=0
ny ng
(5.9¢) D 2 = poz
1=0 7=0
ny n2
(5.9f) Y3 zizpii = pm
=0 j=0

pi; 20, t=0,1,...,m, 7=0,1,...,n9.

For a given pair I, I, with |I1| + |I2| = m + 2 = 4 we pick a subset
of the set of constraints of problem (4.3) so that the matrix of the new
constraints is a tensor product of two matrices with sizes |I;| X (n; + 1) and
|I2] X (ng+1), respectively. There are three possibilities to do this concerning
problem (5.9).

The first one is to pick the constraints (5.9a), (5.9b), (5.9d). In this case
L] =3, || = 1.
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The second one is to pick the constraints (5.9a), (5.9¢), (5.9¢). In this
case || =1, |I;| = 3.

The third one is to pick the constraints (5.9a), (5.9b), (5.9¢), (5.9f). In
this case || = 2, | 2| = 2.

In order to simplify the formulation of the next theorem we introduce
the notation:

Zl ={z10,°°°,z1n1}, Z2={220)""z2n2}, Z=Z1 XZ27 2:(21,22).

THEOREM 5.4 Suppose that f has positive divided differences of orders (1,0),
(0,1), (2,0), (0,2), (3,0), (0,3), (2,1), (1,2). Then we have the following
bounds on f(z1,27):

(510) E f(Zlo,ZQj)Lg;(Z) < f(Zl,Zg), z2€Z

JEL
for any I = {0,l,1 + 1}, 1 < I < ny — 1, with strict inequality for z ¢
{210} X {225, € I2};
(5.11) 3 f(zi, 20 LN(=) € fz1,22), 2z € 2,

i€l
for any I = {0,k,k + 1}, 1 < k < ny — 1, with strict inequality for z ¢
{z1i,1 € It} x {220};
(512) Y (i) LoN2)LE () < f(21,22), €K,

1€K1,j€K2

forany Ky = {r,r+1},0<7r<n1 -1, Ko ={s,s+1},0<s<ny -1,
with strict inequality for z & {z1i,1 € 1} X {225,7 € I1};
(5.13) Y f(oings 25) LPU2) 2 flz1,m), 2 € 2,

Jj€l2
for any I = {l,1 + 1,n3}, 0 < I < ny — 2, with strict inequality for z ¢
{zlnl} X {z2j’j € 12};
(5.14) > forizm) LN21) 2 S, ), 2 €2,

i€l
for any I of the form I = {k,k + 1,7}, 0 < k < ny — 1, with strict
inequality for z € {z1i,1 € [1} X {220, };
(515) Z f(zl,',22]').[/%31-(21)[/&2]-(22) > f(21,22), z € Z,

i€K1,j€EK?

for Ky = {0,n1}, Ko = {0,n2}, with strict inequality for z ¢ K1 X K,.
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Proor Inequalities (5.10), (5.11), (5.13) and (5.14) are consequences of
Theorem 3.1 and the assumption that for any 2;; the function f(21:,22)
is strictly increasing in 2 and for any z;; the function f(21,22;) is strictly
increasing in z;. We have utilized the assumption that all divided differences
of orders (0,1), (1,0), (0,3) and (3,0) are positive.

Inequality (5.15) is a simple consequence of the positivity of the (2,0),
(0,2) order divided differences.

To prove (5.12) assume first that z; € {z1,,21,41}, 22 € {225, 22541}
Since all (1, 2) and (2, 1) order divided differences are positive, we derive

f(21,22) + f(21r,225) — f(21r,22) — f(21,225)
(21 — 217 )(22 — 225)
f(21r+1, 22) + f(21r, 225) — f(21r, 22) — f(Z1741, 225)
(z1r41 — 217 )(22 — 225)
(5.16) > f(21r41, 22541) + f(21r, 225) = (21075 22641) — f(21r+1,223)
(21,.+1 - er)(2«'23+1 - 223)

On the other hand, the positivity of the (0, 2), (2, 0) order divided differences
imply that

(5°17) f(zl'r722) > f(zlr, 223) + f(ZIT’ z28+1) — f(zlr,zz.s)( 22.9)
22541 — 22s

(5.18) f(21,22s) > f(z1ry225) + f(ri1s20s) = f (zlr,zb)( - 21,).
21r41 — 21r

Picking the inequality that exists between the first and third lines in (5.16)
and utilizing (5.17) and (5.18), we obtain:

f(21r, 22541) — f(21r, 225)
(22 —
22541 — 22s
+ f(zl'r+1a 223) — f(zl'r, 223) (21
Zir+1 — 21r
f(21r+1, z2s+1) + f(21r, 225) — f(21r, 22541)
(21r+1 - er)(223+1 - Zzs)
(5.19) _ f(211‘+1,223)
(z1r41 — 217 )(Z2541 — 225)

Inequality (5.19) is the same as (5.12).

Considering the case where either 23 € {215, 21,41} OF 22 € {225, 22541}
holds, we can easily check the validity of (5.19) in all possible cases. Since
(5.19) is the same as (5.12), the proof of the theorem is complete. o

Theorem 5.4 provides us with a tool to establish lower and upper bounds
for E[f(&,€2)]. We only have to plug & and &; in the place of z; and 2,

respectively, in all inequalities and pick the best lower and upper bounds.

f(zlazZ) > f(zl'r, 223) +

223)

- zlr)

(21 — 217 )(22 — 225)-
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Each expectation inequality that we obtain from (5.10), (5.11), (5.13),
(5.14) can be optimized by the use of the algorithm presented in Section 3.
The expectation inequality that we obtain from (5.15) is already optimal.
There is no easy algorithm, however, to find the best pair K, K, to optimize
the expectation inequality that we obtain from (5.12). We may try out each
pair K, K, and pick that one which provides us with the largest lower
bound. Instead of doing this, the following may be suggested.

Starting from any rectangular basis By (K;)® B2(K?3) as initial dual feasi-
ble basis of the 4x [(ny + 1)(n + 1)] size linear programming (where we min-
imize the objective function of problem (5.9) subject to (5.9a), (5.9b), (5.9¢),
(5.9f) and the nonnegativity restrictions), we carry out the dual method and
obtain a (not necessarily rectangular) optimal basis. The corresponding op-
timum value is the best lower bound on E [f(&;,£2)], using pio, o1, K11-

NUMERICAL EXAMPLE Assume that the possible values of any of the ran-
dom variables &;, &2 are known to be 0,---,9. Assume furthermore that

Mo = 4.8, oo = 3L.5

Ho1 = 4.1, Ho2 = 27.5, H11 = 19.95

and let

f(z1,22) = £0:005(25 +23 +2122)

Considering one subproblem of problem (5.9), let (¢, ) represent the column
vector consisting of the coefficients of z{',-zg ;» as components, for the allowed
a, B values. Thus, any basis of any subproblem is a collection of subscript
pairs (3, J).

The results are summarized in the following tables:
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Nonzero elements

Optimal basis of of the optimal Optimum value:

the reduced problem | probability distribution Bound
Lower bound poo = 0.2642857143
based on (0,0), (6,0), (7,0) peo = 0.35 1.176108584
H10, K20 P70 = 0.3857142857
Upper bound P29 = 0.1285714286
based on (2,9), (3,9), (9,9) P39 = 0.55 2.285735942
H10, K20 DPog = 0.3214285714
Lower bound poo = 0.3857142857
based on (0,0), (0,6), (0,7) pos = 0.2 1.154458017
Ho1, Ho2 Por = 0.4142857143
Upper bound P19 = 0.05
based on (1,9), (2,9), (9,9) p29 = 0.6428571429 2.189880833
Ho1, MHo2 pog = 0.3071428571

Table 1. Optimal lower and upper bounds on E [f(£1,£2)]
using only univariate first and second order moments.

Nonzero elements
of the corresponding

probability distribution Bound
Poo = 0.45
Lower bound Best rectangular basis | pss = —0.25
based on (4,4), (4,5) psa = 0.45 1.352634113
H10, Ho1, H11 (5,4), (5,5) pss = 0.35
Poo = 0.0125
Optimal lower | Optimal basis pag = 0.1375
bound using (0,0), (4,4) psa = 0.7 1.355182972
H10, Po1, P11 (5,4), (5,5) pss = 0.15

Optimal upper
bound using
H£10, Po1, H11

Optimal basis
(0,0), (0,9)
(9,0), (9,9)

Poo = 0.2574074074
Pos = 0.2092592593
Ppoo = 0.287037037

Poo = 0.2462962963

1.831596631

Table 2. Lower and upper bounds on E [f(§;,&2)] using first order moments
and the expectation of the product of the random variables. Observe
that the best rectangular basis is not primal feasible because ps5 < 0.
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Using the largest lower bound and smallest upper bound, we obtain the
inequalities:

1.355182972 < E [f(£1,£2)] < 1.831596631.

Figures 1, 2, 3 and 4 serve to illustrate the structures of the dual feasible
bases that appear in Tables 1 and 2.
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Figure 1. o (O) means: optimal basis producing
lower (upper) bound using 10, p20
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Figure 2. e (O) means: optimal basis producing
lower (upper) bound using po1, po2
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Figure 3. e means: best rectangular basis producing
lower bound using p10, fo1, f11
O means: optimal basis producing upper bound using p10, po1, 11
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Figure 4. A means: optimal basis producing lower bound using
H#105 Ho1s K11
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