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This paper characterizes and constructs efficient estimators of the au-
toregression parameter in the heteroscedastic autoregression model of order
1 with unknown innovation density and unknown volatility function.

1. Introduction. In this paper I consider a stationary and ergodic semipara-
metric heteroscedastic autoregressive model of order 1. More precisely, I assume that
the observations X, X1, X»,..., X, of this model satisfy the structural relation

Xy =pXi1 + U(Xt—l)eh t=1,2,...,n

for some real parameter p, some Lipschitz-continuous positive function o that is
bounded away from zero, and innovations €1, ...,&, which are independent of the
initial observation X, and are independent and identically distributed (iid) with
common positive density v that has zero mean, variance 1, finite fourth moment
and finite Fisher information for location and scale. The latter means that + is
absolutely continuous and

2
/(1 +a2) (%) +(z) de < oo
I also assume that

2
(1.1) P +limsup 2 ). < 1

2
|Z| =00 I+z

This condition yields the (geometric) ergodicity of the model as shown by Maercker
[10]. Her results establish V-uniform ergodicity with V(z) =1+ 2%, z € R

In what follows p, o and 7y are assumed to be unknown. The goal is to estimate
p efficiently in the presence of the infinite-dimensional nuisance parameter (o, 7).
One possible estimator of p is the least squares estimator

n
515 = > Xj—1X;
" Y Xi
This estimator is n!/2-consistent as n'/2(5%5 — p) has a limiting normal distribution

with mean zero and variance E[X?02(X;)]/(E[X2])?. If o were known one could
use the weighted least squares estimator

ﬁWLS _ Z;;l Xj—lxj/02(Xj—1)
" Yie1 X3 1/0%(Xj-1)
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This estimator is also n'/2-consistent with n'/2(s% S — p) having a limiting normal
distribution with zero mean and variance 1/E[X?/02?(X1)]. An application of the
Cauchy-Schwarz Inequality shows that the limiting variance of the weighted least
squares estimator is smaller than that of the least squares estimator unless o is
constant in which case the two limiting variances are the same. Estimators pr,, which
are asymptotically equivalent to the weighted least squares estimator in the sense
that n'/2(p, — p¥*5) = 0 in probability but which do not require the knowledge
of o, were recently constructed by Wefelmeyer [18] and Schick [16] for slightly more
general models in which the innovations are martingale differences. Wefelmeyer’s
construction relies on martingale arguments and replaces 0?(X;_1) by an estimator
vj_1 based on only the observations Xy, ..., X;_; to exploit martingale arguments.
Schick’s construction uses a generalization of the sample splitting techniques in [12]
from the iid case to ergodic Markov chains and replaces 02(X;_1) by v2(X;_1)
if j < n/2 and by v1(X;_1) if j > n/2 where vi(z) and vz(z) are estimators of
o2(z) based on roughly the first and second half of the sample. Wefelmeyer [18]
also showed that estimators equivalent to the weighted least squares estimator are
efficient in this more general setting. More precisely, he showed that such estimators
are regular and least dispersed within the class of regular estimators. However, more
efficient estimators can be constructed for models with iid innovations.

Maercker [10] considered this under the assumption that + is also symmetric.
She demonstrated that in this case the parameter p can be estimated adaptively.
More precisely, she constructed an estimator of p without the knowledge of v and
o that is asymptotically equivalent to the efficient estimator for the parametric
model with known v and o. If v is the standard normal density this estimator will
be equivalent to the weighted least squares estimator, but will improve upon it for
other densities. Her construction generalized ideas of Bickel [1]. She used a small
initial part of the sample to estimate ¢ and v and hence the influence function and
then used the remaining part of the sample to form the average with this estimated
influence function. Relying on the above mentioned sample splitting techniques for
ergodic Markov chains, Schick [16] was able to make better use of the data by using
estimators of the pair (o,~) based on roughly half the data rather than just a small
initial part of the sample. He also relaxed some of the assumptions used in [10].

In this paper I shall consider efficient estimation of p without the symmetry
assumption on . I shall characterize efficient estimators of p in Section 4 and
then use a modification of the sample splitting techniques of [16] to construct an
efficient estimator in Section 5. This efficient estimator will no longer be adaptive
in general. However, if 7 is the standard normal density, the efficient estimator will
be equivalent to the weighted least squares estimator and hence be adaptive.

Section 2 introduces notation and important properties of my model such as equi-
V-uniform ergodicity and the continuity of the stationary distribution with respect
to the parameters. In Section 3 these properties are used to obtain an appropriate
LAN Condition of the model that will be needed in the efficiency considerations.
This LAN Condition is formulated with respect to the autoregression parameter
and parameters which index the volatility function o and the innovation density 7.
This result extends those of Maercker [10], who only considered LAN with respect
to the autoregression parameter, and the more general results of [2] and [6], which
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give sufficient conditions for LAN with respect to the autoregression parameter and
parameters indexing the volatility function only.

Throughout this paper ¢; and £, denote the score functions for location and scale
of the innovation density 7:

_ 7@ _ 7' (x)
b(z) = — @) and {r(z) = -1- w’y(w) , TER,

and J;; denotes the inner product of £; with ¢;:

Ty = / 0:(2); (@)y(e) dz, ij=1,2.

Then Jy; is the Fisher information for location and Jsy the Fisher information for
scale. Under the assumptions on 7 these quantities are finite and positive. Moreover,
the 2 X 2 matrix with entries J;; is positive definite.

Let £(¢| P) denote the distribution of a random variable £ under the probability
measure P and use = to indicate convergence in distribution. Finally, given random
variables &1,&2,... and probability measures Py, P;,..., I write &, 22 0 to mean
P,(|én]| >€) > 0 for alle > 0.

2. Preliminaries. For my model the parameter is § = (p,0,v), and the pa-
rameter set is

32(x)2 <1}.

0 ={(r,s,9) E RxS xG: r? +limsup

200 1+

Here S denotes the set of all Lipschitz continuous functions from R to (0, 00) that

are bounded away from zero, while G denotes the set of all positive densities with

zero means, unit variances, finite fourth moments and finite Fisher informations for

location and scale. For 9 = (r, s, g) € O, let fy denote the stationary density of the
model and py denote the transition density, so that

1 y—rc
=—g{LT= R
pﬂ(fl’,y) S((L‘) g( S(.’L‘ )1 T,y €
Of course, I can and do take fy such that

foly) = / po(z,y)fo(z)dz, yeR
Also, I let pg) denote the j-step transition density defined iteratively by

p,(f)(:v,y) = /pg_l)(z,y)pg(a:,z) dz, z,y€eR, J=23,...,
starting with pf,l) = py. Let Py and Ey denote the probability measure and expec-
tation associated with the parameter 9.
Let H denote the set of all measurable functions A from R to R such that |[h(z)| <
1 + 2 for all z € R. The first result gives local equi-V-uniform ergodicity of the
model for V(z) = 1 + 2%, £ € R This generalizes the V-uniform ergodicity result
of [10], which is (2.1) with 9 = 6 only.
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LEMMA 1. There exist a small positive § and positive constants ( and D, { < 1,
such that

|[hw)ps (.9 dy = [h@)s@) dyl _

i =1,2,...,
@y oo L f
for all 9 = (r,s,9) € O satisfying
|s(z) — o()] l9(z) — v(=)|
2.2 r—p| <4, sup—i—x"<38§ and sup——— <.
SRR S B @

PRrROOF. Let Us denote the set of all ¥ = (r, s, g) in © satisfying (2.2). I shall use
the computable bounds for geometric ergodicity of [11] to derive (2.1). See Theorem
2.2 in [16] for a convenient formulation. In view of Lemma 2.1.1 of [10], one only
needs to show that for small enough &, there are constants a < 1 and b < 0o and a
compact set C such that

sup /(1 +y°)ps(z,y) dy < a(1 + 2°) + blc(z), z€R,
dEUs

and

inf inf 0.
nf , inf ps(z,y) >

But this is easily done generalizing the arguments in the proofs of Lemmas 2.1.1
and 2.1.2 of [10].

The next result establishes the continuity of the stationary density with respect
to the full parameter. It generalizes (8.2) in [16] which established continuity with
respect to the autoregression parameter only.

LEMMA 2.  Let (6n) = ((pn,0on,n)) be a sequence in © such that

lon(z) — o(z)] [n(2) — (=)
n—p, SUp———-—= =30 and sup———"""2" 0.
p p zeﬁ V1422 zeg 7(‘7")
Then

Ja+2)sn, @ - fa@)lde 0.
PRrOOF. Following the argument in [16] one only needs to show that
/(1 +y°)pe,, (2,9) — po(z,y)|dy = 0
for each z € R. But this follows as pg, (z,y) = pe(z,y) for all z,y and

/(1 +y°)pe. (2,y) dy = 1 + p}2® + o7 (2) - /(1 +y°)po(z,y) dy
for all z.
The above continuity will be helpful in establishing LAN. It will be used to

show that the information contained in the initial distribution is negligible, i.e.,
Assumption (A.5) of [6] or Condition (C.1) in [2]. See also (2.8) in [8].
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3. Local asymptotic normality. I shall now derive the LAN Condition for
regular parametric submodels. In view of Lemma 2 I impose (3.1) and (3.2) below.
Let {0y, : 7 € (—1,1)} be a subset of S such that 09 = ¢ and

|on(z) — o(z)
@ i

Let {v; : 7 € (—1,1)} be a subset of G such that 7y = v and

—+0 asn—0.

¥r () — ()
v(z)

I call the map (r,n,7) — (r,04,7,) a path and denote it by g. It follows from (3.1)
and (1.1) that there is a ¢ > 0 such that

(3.2) sup
z€ER

-0 as7T—=0.

2
(3.3) sup (7'2 + lim sup a,,(z)2> <1

Ir—pl<c,lnl<e lo|soo 142
This shows that ¢(6) € © for all § = (r,n,7) € A = (p—c,p—c) X (—¢,¢) x (—1,1).
Consequently, P, = {Py(s) : § € A} is a parametric submodel of P = {Py : ¥ € 0}.
The log-hkehhood ratio for the observations under this submodel is given by

foe)(X Pq(s) (Xj-1,X;)
An(8,80) =log =82 4 g I 5,60 € A
" fl1(5o)(X0 ; Pq(s0) (Xj-1, X ;) ’

To obtain the LAN condition under this submodel I have to impose additional
smoothness requirements on q.
I call the path q regular if

(3.4) /

for a measurable function a, such that 0 < [ a2(z)fs(z) dz < 0o, and if

(35) [ (V@ - va@ - rbqw)\/v(z))z dz = ofr?)

for a measurable function b, such that 0 < [ bg (z)v(z) dz < co. In this case, I call
the pair (agq, bq) the characteristics of g.

In connection with the Hellinger differentiability condition (3.5) I should mention
the following known result; see Lemma 7.2 in [5] for the relevant argument.

7@ =70 _ pay(e)

LEMMA 3. Let {g: : |t| < c} be a family of densities such that

(36) [ (Vai@) - V@) - 5 thie)Vau@) de = o),

for some measurable function h such that [ h*(z)go(z)dz < co. Let k be a mea-
surable function such that limsup,_, [ k*(z) gt(z) dz < oo. Then the map t —
[ k(z)g:(z) dz has derivative [ k(z)h(x)go(z)dz at 0.
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REMARK 1. In view of this lemma, the function b, appearing in (3.5) must also
satisfy

/z"bq(x)»y(m) dz =0, i=0,1,2.

This follows as [ ztby(z)y(z) dz is the derivative at 0 of the constant function
T [y, (z)dz, i =0,1,2.

REMARK 2. Since v has finite Fisher information for location and scale, one
obtains that

1. the location model {g; = v(- — t) : t € R} satisfies (3.6) with A = ¢; and

2. the scale model {g; = y(-/(1+1¢))/(1+¢) : |t| < 1} satisfies (3.6) with h = £,.

See [4, pages 210-214] for the relevant arguments. Since also [y(z — t)dz = 1,
Jzy(z —t)dz =t and [ z?y(z — t) dz = 1 + t2, an application of Lemma 3 yields

3.7 /ll(w)'y(w) dz =0, /zél(z)'y(m) dz =1 and /x2£1($)7(x) dz = 0.

Similarly, since [ziy(z/(1+t))/(1 + t)dz = (1 +t)* [z'y(z)dz for i = 0,1,2,
Lemma 3 yields

(3.8) /Ez(z)'y(:c) dz =0, /xfz(w)'y(x) dz =0 and /zzﬁz(x)'y(x)dﬁ =2.

Finally, one can show that

/HWM@My=/Mm&WM@My

and
/ yk'(y)y(y) dy = / k(y)ea(y)v(y) dy

for every continuously differentiable function k such that |k(z)| < A(1 + z2) and
|k'(z)| < A(1 + |z|3) for some A < 0o and all z € R.

If g is regular, I set

£it1(g4(r))

Sj(?", Q) = a’q(Xj—l)Z2(5j(r)) , TE (_la 1),
bq(e;(r))

with

Xj - TXJ'_l

and Ej(T)ZO_(X—j_l), j=1,...,n,

— X._l
ST o
and let

W(q) = Ee[S1(0,9)S] (p9)]

denote the dispersion matrix of S;(p,q) under Py.
In what follows I call a sequence (p,,) a local sequence if (n'/2(p, — p)) is bounded.



EFFICIENT ESTIMATION IN A HAR(1) MODEL 75

THEOREM 1.  Suppose the path q is regular. Let (p,) be a local sequence. Set
0n = (pn,0,0)T. Then

An(&n + n‘l/zvny 571) - n—1/2 ZUTS (pn’ Q) + UTW(Q)vn _e) 0
j=1

for every bounded sequence (v,) in R, and

f Z Si(bw @) | Plowoi) | = NO,W (@)

Moreover,

o n'’(pn ~ p)
\/—ZS(pn,q) \/—Z i(p,a) +W(q) 3 2 0.

PROOF. Let v, = (rn,sn,ts)’ be a bounded sequence in R3. Set 4, =
(pn,o,7)" and ¥, = q(6, + n~1/?v,). Clearly,

n
E((Pn +n Y 2r) X1 — pa X — T P X 0)E P, 0.
j=1
Actually the left hand side is zero. It follows from the regularity of ¢ that

i Op-1/24 (Xj_l) - O'(Xj—l) —1/2 2 Py
n — n X'_ é .
Z( o(Xj-1) o ena i) ’

j=1

Moreover, by stationarity and square-integrability,

‘max nY2X; ;| 250 and max n%|a (X, 1) =% 0.

j=1,...,n j=1,...,n
Since the distributions of (X1, ..., X,) under P, and Py are mutually contiguous as
established by [10], the four convergence results above remain true if Py is replaced
by Py, . The proof proceeds now along the lines of [6, 2, 8]. I omit the details, but
should mention that the conditions on the initial density required by these papers
follow in the present case from Lemma 2. Actually, the first two papers give the
present result immediately if ¢, = 0. The third paper deals with ¢,, # 0 but restricts
attention to the homoscedastic case.

4. Efficiency considerations. Let Q be the family of all regular paths. The
next lemma which is stated without a proof shows that there are many regular
paths.

LEMMA 4. Let a be a measurable function such that 0 < [ a®fg(z) dz < 0o and
b be a measurable function such that 0 < [ b*(z)y(z) dz < 0o and

/ z'b(z)y(z)dz =0, i=0,1,2.

Then there exists a regular path q with characteristics (a,b).
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Let F denote the distribution with density fy and I" the distribution with density
v. For q € Q, partition the matrix W(q) as

_ [WH(Q) le(Q)]
Wia(q) Waa(q)

with W11(q) = Eg[(¢é141(£1))?]. Then
I(q) = Wii(q) — Waa(g)Wg3' (@) War ()

is the information for estimating p in the subproblem generated by g. I am now
looking for a least favorable path, i.e., a regular path that minimizes the map

g~ I(g).
Since Wia(q)Ws5'(q)Wai(g) is the second moment of the projection of U =
&1¢1(e1) onto the linear space {uag(Xo)la(€1) + vbq(e1) : u,v € R}, one sees that

I(q) > Eo[U?] — Eg[V?] = Ep[(U - V)?], q€Q,
where V is the projection of U onto the closed linear subspace

T = {a(Xo)la(e1) + b(e1) : a € La(F), b € Ly(T), f sib(g)dl(z) = 0, i = 0,1,2}

of La2(Py). In view of (3.8), T can be written as the sum of the two orthogonal
subspaces

i = {a(Xo)la(er) 1 a € L2(F),/adF —0}

and
T3 = {b(er) : b € Ly(I), / sib(g)dl'(z) =0, i = 0, 1}.
Let now
T —

Then the projection of U onto 77 is

Vi = B(E(Xo) — €) La(er) = B(&1 — §) La(er), with 8= %’

while the projection of U onto 73 is
Va = E(ti(er) — &)
Since 7; and T3 are orthogonal, V = V; + V, and
U=V =(&—8bler) +éa
with
to(e) = 6(0) - flale) = (o) - T2 to(2), sER

This shows that I(q) > I,, where

I, =/(§—£)2dF/egdr+£2.
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Since [ ¢3dI' and [ ¢2 dF are positive, so is I,. Let u3 denote the third moment of
I' and define functions a and b by

a(e) = B(E() ~ &) — yEua and b(z) = () — o+ Jpshr(z), zER

Using (3.7) and (3.8) one verifies that [ z°b(z) dI'(z) = 0 for i = 0,1, 2. Next, easy
calculations show that a(Xo)€a2(€1) +b(e1) = V. The above shows that each regular
path with characteristics (a, b) is least favorable.

Call a function L from R into [0, c0) a loss function if L(0) = 0, L(—z) = L(z),
z € R, and L is nondecreasing on [0, 00). Let A'(m, v) denote the normal distribution
with mean m and variance v. We now have the following result.

THEOREM 2.  Let (p,,) be an estimator of p. Then

sup lim liminf su L(n'/? -7)) >/LdNO 1/1,
qeg Croo N30 ()2 17251-2<C/'n q(r,n,‘r)[ ( (P 2z ( s / )

for every loss function L. Moreover, if
R 1 . .
(41) n'/? (pn —p= =D L& - Oboley) + fe,-]) 20
j=1

then

‘g(nl/z(ﬁn - pn) I (6,,)) = N(O l/I )

for every q € Q and every sequence (0n) = ((Pn,Mn,Tn)) such that n((pn — p)? +
n2 + 72) is bounded, and this implies

sup hm lim sup sup Eyrin ) [L(n*? (b —7))] = /LdJ\/'(O, 1/1,)
g€QC—=® nooo (r—p)24n2+72<C/n

for every bounded loss function L.

In view of this I call an estimator satisfying (4.1) Q-efficient. The proof of this
theorem is the same as that of Theorem 3.2 in [8] and therefore will be omitted.

REMARK 3. The requirement (4.1) is similar to the requirement (2.1) in [15]
for efficient estimators in heteroscedastic regression models. Indeed, the regression
model most closely related to the present autoregressive model consists of bivariate
observations (Y1, Z1), ..., (Y1, Z,) which satisfy the relation

Yi=aZj+o(Z)n;, j=1,...,n,

where the errors 7y,...,n, are independent and identically distributed with com-
mon density v and are independent of the covariates Z1,..., Z, which are assumed
to be independent and identically distributed with finite positive second moment.
For this model, requirement (2.1) in Schick [15] becomes

=+~ Z(&(Z (Uf)ﬁo:;z;])::m +op(n~112),

with p = E[¢(Z1)] and Jo = [ €% dI". This is my (4.1) with Z; replacing X;_1.
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REMARK 4. If v is the standard normal density, then £;(z) = z, lo(z) = 22 -1
and B = 0. In this case I, = Eg[¢?] = [ £2 dF and (4.1) simplifies to

1/2 &igj

n 0.

( Z Ep(£3) )

Thus an estimator is efficient at the sta,ndard normal innovation density if it is
equivalent to the weighted least squares estimate.

REMARK 5. The information for estimating p if (o,7) is known is I =
[ & dF [ 2dI. The loss in information due to not knowing the nuisance parame-
ter (o,7) is

[—1 =8y - 1) + /(g _§Pdr

It follows from the previous remark that there is no loss of information if v is the
standard normal density. For other densities this can only occur if £ = 0 and J;5 = 0.
Indeed, if 7 is not the standard normal density, then J1; —1 = [(¢(z) —z)%v(z) dz >
0. Since the stationary density is positive, so is [ ¢€2 dI'. The claim is now immediate.
Note that J;, = 0 if v happens to be symmetric about 0. The meaning of £ = 0 is
not so clear.

5. On the existence of efficient estimators. Let now R denote the set of
all 7 such that (r,0,v) € O. Set

1 _
alr )—r+—2[(§ Bto(e;(r) +&5,0|, rer.
Jj=1
Constructing an efficient estimator amounts to constructing an estimator p,, such
that (4.1) holds:

R P
n1/2(pn - Cn(p)) 20
A key to the construction is the fact that

n72(Galpn) = Ca(p)) 22 0

for every local sequence (p,). This follows from Theorem 1 and allows for the
following approach. Construct (,(r) such that

(5'1) nl/z(én(pn) - Cn(pn)) (Pn_v)ﬂ 0

for every local sequence (p,). Then p,, = (,(5n) will satisfy (4.1) for every discrete
root-n consistent estimator j, of p. This is a standard argument in the construction
of efficient estimators in semiparametric models; see [1, 12, 13, 9, 2, 8]. A possible
discrete root-n consistent estimator is obtained by discretizing the least squares
estimator. Simply round the value of this estimator to the nearest integer multiple
of en~1/2 for some positive c. More sophisticated methods of discretization are
discussed in [3].
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Now fix a local sequence (p,,) and set 8, = (pn,0,v). To construct the desired
Cn(pn) 1 shall rely on the sample splitting techniques of [16]. More precisely, I
shall use a slightly modified version of the g-split. This version improves upon the
suggestion made in the Remark prior to Theorem 3.2 in [16] on “wasting of the
middle observations” for the case ¢ = 2. The key is Lemma 2.1 of [16]. Combined
with the contiguity implied by the LAN Condition it yields the mutual contiguity
of the sequences (£(Xo, ..., X1, Xi,+dns---»Xn | Ps)) and (£(Xo, ..., X1, | Ps,) X
(X1, +ds---»Xn|Pes,)) whenever d, — 00, and liminf, l,,/n > 0 and lim sup(l, +
dn)/n < 1. Thus in the proofs I may assume that the future X; 44, ,...,X, is
independent of the past Xo, ..., X;, and then apply standard martingale results to
sums of the form Z;"_k &, ;(X;) with

Qn ( ) ¢n,](XO, ] -1,7Z, Xl +dn - 7Xn)a zeR,
and k,, < l,. For example I get

69 3 @)= [ #0560, (X-1,0) dy + On, (V7%

= kn ] =kn
with

Vo = Z/‘I’Z,,(y Po. (X;-1,y) dy

J=kn

To describe the estimator, fix an integer ¢ greater than 2, say ¢ = 10. Let m
denote the integer part of n/q. Let A; = {(¢—1)m+1,...,im}fori=1,...,g—1and
Ag={(g—1)m+1,...,n}.Set Bi={j=1,...,n: < (i—1)mor j > (i+1)m},
1 =1,...,q. Let m; denote the cardinality of 4; and n; the cardinality of B;. I also
need positive tuning parameters a,, by, cn, d, tending to zero and K,, tending to
infinity. I shall use a,, and ¢, as bandwidths in kernel estimators.

I begin by describing kernel type estimators of o, ¢; and ¢, which are based on
the pairs {(X;_1,X;) : j € B;} only. Let the kernel w be a Lipschitz-continuous
symmetric density with compact support [—1,1]. Put w,(z) = w(z/cn)/cn and

2
o;(z) = Ljen, Wn(® = Xi-1)(X; Xi-1) , T€R
ZjeB~ wn (T — XJ—I)
Since 9;(z) is an estimator of o2(z), I can estimate o(z) by &;(z) = 1/vi(z). This

estimator will not be reliable if |z| is large or if its denominator i 1s small. For this
reason I shall introduce the weight function x; defined by

Xi(2) = L{jo|<Kn,5;cp, wnla—X;1)2nidn}s T ER,

which rules out such values. Set

Xi,j = Xz(XJ 1 M; = z Xi,j and N; = Z Xi,j+
_’IGA JGB;
Put
X — pnXj1

6ij =0i(X;-1) and é&;; = o, ji=1,...,n
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Let k be the logistic density or any other density with satisfies Condition K of [14]
and set .kn(:c) = k(x/an)/an. Using the mimicked innovations {éij:j€B;i},Ican
now estimate y by the kernel estimator

. 1 .
Yi(z) = N, Z Xij kn(z —&ij) z€R
JEB;
Next, I estimate ¢;(z) and £5(z) by

; i) ) ;
bi(z) = ——22 (z) = (z) —
Iyz(x) bn + '71',(2))’ £2,z($) zel,z(m) 1, T e R.,
and J,p by
R 1 .
Jab,i = 7 Z Xi,j éf,;léf,,i(éi,j), a,b=1,2.
JEA;
Finally, take
. 1 < . FU .
(63)  Calpn) =pn+ 7 3 Xz',j{(&,j = & )o,i(éig) + §i,*éi,j}
e i=1 jea;
with
A X;1 .1 .
bg= it b= Y e b
1,5 O’i(Xj-l) & M, ;:L;.- Xi,j i,
5 ) Ji2i ;
boi(z) = b1i(z) — = Lri(), z€ER,
Ja2,i

f_lq 1 R Ti\ | 2
x = EZ A D xig (G5 — &) Ju - 3 + &l

i=1 ' jeA; 22,8
I shall now prove (5.1) for this choice under the following assumptions on the tun-
ing sequences. I write a,, ~ 3, if the sequences (a,/8,) and (8,/a,) are bounded.

THEOREM 3.  Suppose the tuning sequences satisfy
an ~ n“l/”, by, ~ n'3/13, en ~n Y3, d;l ~logn and K, ~ logn.

Then (5.1) holds for the choice of Cn(pn) given in (5.3).

PRrROOF. It suffices to prove
(5'4) j* =1+ OP,,, (1)7
and the following statements for i = 1,...,q¢:

(5.5) \/iﬁj;,. [Xi,jéi,*éi,j — & (Pn)] = op,, (1)
(5.6) = > {xz',j(fz',j — & )loi(8i5) — (& - _)fo(ej(pn))} = op,, (1).
\/ﬁ JEA;
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I shall show later that for a = 1,2, all & < 2/3, some a. > 1/6, and some constants
¢o and ¢:

(5.7) — 2(1 Xij)(1 +X2_;) = op, (1);
]GA
(5.8) sup xi(z)|6:(z) — o(z)| = op,, (1);
59  — Z Xii(1+ X31)(64(X-1) — 0(X;-1))? = op,, (n™%);
JGA
(5.10) Javi = [ Eas@)toy) AT@) +op,, ()
(5.11) ‘ / (i1 + 09) = Lo (v) - thai(W)a(w) ) AT (y)| < cot?ar?
(5.12) [ (Cast) - ) dr ) = or,, ()
(5.13) |Za,i($)| < ca=! I (:B)l < cq=2 |e:zl,z(z)| <ca: 3 z€eR

T+lz] =% Tip =% Ti[ =

Let us now show how to derive (5.4)—(5.6) from these statements. It follows from
(5.10) and (5.12) that

(5.14) Jab,i = Jap +0p, (1), a,b=1,2.

Since o is bounded away from zero, (5.7) and (5.8) imply

(5.15) = — Z & + o, (1)
JGA
and
(5.16) Z Xi,j (5%,] §z x) = Z & - 2+ op,, 1.
]GA JEA

In view of the Ergodic Theorem, the above give (5.4).
It is straightforward to verify that

X 5.
éi,j = (1 + A,;‘j)Ej(Pn) with A,J U(JJM
1’)]
Since o is bounded away from 0, one obtains from (5.7) and (5.8) that
= Z[Xw 1+ A - ] =op,, (1)

JGA.

Thus it follows from (5.15) and (5.2) applied with &, ;(X;) = [x:;(1 + As;) —
1)e;(prn) that (5.5) holds.
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It follows from (5.14) and (5.15) that the left hand side of (5.6) equals

J12z(

22,1

Y §z *Ln 1 — 2 éi,*Zn,Z) + OPan (1)7

where, for a = 1,2,

Z [Xt,]‘gz jta,i 51 ]) {jza(sj (Pn))]a

zeA
Zn,a = 7—,’; iEZAi [Xi,jza,i(éi,j) - ea(sj (pn))] .

In view of (5.14) and (5.15) the desired result (5.6) will follow if one shows that

Mi Ai* 7 ja i ;
(517) Yn,a = jﬁ, /Za,i dI' + 2) Z X@',]f,"in’j + op,, (1), a=1,2,

\/ﬁ JEA;
and
(5.18) /Za Al + —== 02 : Z Xi,j Qi j +op,, 1), a=1,2.
JGA

It follows from (5.7), (5.8), (5.9), (5.12) and (5.13) that

23 [ frastosbast@ + 25)0) - 64a)] 4I@) = o, (1

]EAt
In view of (5.2), this shows that

Yonae= \/—Jg Xw&u/eal (1+Ai;)y)dl(y )+0Pe (1).

Using (5.11)7 (5.8) and (5.9) one obtains

Z Xi ng,] /eazd['+ ’\/—— Z X’L]{lJAl] /ea ilo dF+OPo (1)
JEA JEA;
The desired (5.17) follows from this, (5.9) and (5.10). Similarly, one verifies (5.18).
I am left to verify (5.7)-(5.12). Since the stationary density fy satisfies fo(y) =
[ pe(z,y) fo(z) dz, y € R, it has finite Fisher information for location and is thus
Holder continuous of order 1/2; see [7, page 52] for the latter. It follows from
standard arguments that

anx— i-1) = fo(@)| = op, ().

]EB

sup
|z|<Kn

This and the fact that fs has finite second moment give (5.7) with 6, = 6. The
general case follows by contiguity.
Since o is Lipschitz-continuous, there is a positive constant K such that

(619)  |o"@) ~o"(@)| < KA +[el" My —al, ly-zl<Ly=1,...,4
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Thus one obtains as in [16] that
sup xi(2)|vi(2) — o*(z)| = op,, (1)
z€R

if Kpn=c,®?d-% - 0 and

1 « . 11—
— D xij(0:i(Xj-1) — 0%(X;-1))? = Op,, (n" e dy% + &2).
b jeA;

Since o is bounded away from zero, these immediately give (5.8) and (5.9).
The statements in (5.13) follow from the work in [14]. Since

/ yl,, ;(y)dI'(y) = / la,i(y)t2(y) dT'(y)

by Remark 2, a Taylor expansion shows that the left hand side of (5.11) equals the

absolute value of
1 v
t? / y? /0 /0 2" (1 + ut)y) dudvdl(y)

which by Remark 2 equals

t2/ / (14 ut)™ /[(1 + ut) yf (1 + ut)y) — Lo :((1 + ut)y))la(y) dI'(y) du dv.

Thus (5.11) follows from this and (5.13). A similar argument yields that there is a
constant ¢, such that, for a,b=1,2and t € R,

< ciltlay?

/ (1 + )", (1 + t)) dT'(y) - [ o :(0)o(y) AT (3)

It follows from (5.2), (5.8) and (5.13) that

Juni= 30 3 i / ((1+ 8i)9) 8, (1 + Di)y) dT(y) + op, (n~/2a3).

JGA

Combining the above gives (5.10).
Let £, ; be defined as £, ; but with €; ; replaced by €;(p,) for j € B;. Then

[(Cests) - ta0)? a8 @) = or,, (1), a=1,2

This was shown for the case a = 1 in [14]. The case a = 2 is similar; see [17] for the
important argument. It follows from (L3) in [14] that

|fai(2) — Lai(2) 2 C . 2
p— - < X',‘(E',‘_E‘(p )% a=1,2,
z€R 1+ r2a 2 Niaibn ng;i 2,J\“1,) J\Fn

for some constant C. Thus (5.12) follows if one shows that

- Z Xi,; (€15 — €5(pn))? = Op,, (KSn e d,2 + &2).

JEB
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In view of (5.8), this is implied by
1 N 11—
(5200 > xii€5 (pn) (0:(Xj-1) — 0%(X;-1))? = Op,, (Kin~tegtdn? +¢f).
JEB;
Using (5.19) one finds that the left hand side of (5.20) is at most of the order of

LY a0 X + L S e (3 putis)

]EB JEB; " keB;

with
Djx =1{x,_, <k yWn(Xj—1 — Xk—1) and Uny = 0*(Xx_1)(ex(on) — 1).

Clearly, the first term is of order Op,_ (c2). The second term can be be bounded
by 3T, + 3T, + 3T,}, where the terms T,;, T", T, are as the original second term
but with the summation k € B; replaced by k€ B;; ={ve€B;:v<j-1}
keB;={veB;:|v-j|<1}and k € Bf; —{ueB v > j + 1}, respectively.
By the Llpschltz -continuity of o and the boundedness of w, there are finite constants

C, and C5 such that
(5.21) |D;kUni| < 01K2wn(Xj—1 — Xi—1)lek(pn) — 1| < C2Kie ek (pn) — 1.
This, Kjic;'d;?n~1/2 - 0 and n=*/2 max; |e2(pn) — 1| = op,, (1) imply that
n —= nn2d2 Z 2(pn Z D],kU‘rzL,k =0p,, (n—lc;l)'
JEB;: keBZ;

Since pg, is bounded by |||l |1/0]loc and wn(z) < c;tl|wllool{|z|<c.}> ODE SeES
that

(5.22) sup/wi(:c — 2)pe, (y,2)) dz = O(c;b).

z)y
Using this and the first inequality in (5.21), one obtains that
(5.23) Jmax Bo,[(1+¢; 3 (pn)) D3 (Un k] = O(Kpen ).

Since Fy, [52‘(pn Dj,ij,lUn,kUn,l] =0 for j < k <, one obtains that
> Y Bl enD3U%] = 0 )
" nn f dz 0 n) ndZc,/

n EB k€B+

By, [T,

Finally, conditioning on Xy, ..., X;_; shows that
Ee, [T ] = zdz > > Ee.[DjuUniDjkUnil-
" j€B: keB]
For 0 <l < k—1<j—2, one finds via conditioning on Xg, ..., X} that
Eo,[D;1Un 1 D;jrUpn ] = Ep, [Un U xEo,[DjiDjx | Xo,---, Xkl
= Ep, [UnUn kAuk,j),
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where
VR /l{gmgxn}wn(y — Xi—1)wn(y — Xk—l)(P((;i_l_k)(Xk,y) — fo.(y)) dy-

It follows from the equi-V-uniform ergodicity and the properties of w that there is
a finite constant D and some o < 1 such that |A; x ;| is bounded by

Do? ™ her® (14 XE)L (10 1< Kaben} L Xoa | <Kt en L Xma— Xioa <200}
Since also
X7 < (P2X2y + 0% (Xeet))(1 +2(0n)),
one finds that
|E6,[DjUniDjsUni]| < 30?1 *Kpe,? By, [lef (Pn) — 11{1x,_y— Xu_y|<2¢0}]
< Crad1=kKOc
for finite constants C3 and C4. Combining this with (5.22) one finds that
E[T;] = O(K8d;*n"1c;").
This completes the proof of (5.20).
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