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Consider sequences of statistics Tn(ﬁn, P) of a sample of size n and the underlying dis-
tribution. We analyze a simple data-based procedure proposed by Bickel, G6tze and van
Zwet (personal communication) to select the sample size m = m, < n for the bootstrap
sample of type "m out of n” such that the bootstrap sequence Ty, for these statistics is
consistent and the error is comparable to the minimal error in that selection knowing the
dlstrlbutlon P. The procedure is based on minimizing the distance between Lm(P ) and
L, /Z(P ), where L,,.(P ) denotes the distribution of T7,.
AMS subject classifications: 62D05.

Keywords and phrases: Bootstrap, m out of n bootstrap, Edgeworth expansions, model
selection.

1 Introduction

In this paper, we investigate an adaptive choice of the bootstrap sample
size m in sampling from an i.i.d. sample of size n m-times independently
and with (resp., without) replacement. To simplify the writing we shall
abbreviate the notion of m out of n sampling as moon bootstrap.

Assume that the random elements X3,...,X,,... are independent and
identically distributed from a distribution P on a measurable space (S, .A).
Let P, denote the empirical measure of the first n observations Xj,..., Xp.
Throughout we assume that P € P, C P, where P, is a set of probability
measures on (S,.A) containing all empirical measures P,.

Let T, = Tn(X3,...,Xn; P) denote a sequence of statistics, possibly
dependent on the unknown distribution P in order to ensure that T, is
weakly convergent to some limiting distribution as n tends to infinity. A
typical example is given by T,, = n® (F(f’n) — F(P)), where F : Py = R
denotes a functional on Py and a > 0 is an appropriate normalization rate.

We are interested in the estimation of the distribution function (d.f.)
L,(P;a) of T,, by means of resampling methods.

! This research was supported by the Deutsche Forshungsgemeinshaft SFB 343.

2 This research was supported by the Deutsche Forshungsgemeinshaft SFB 343 and
Institute of Mathematics and Informatics, Lithuania.



Bootstrap Sample Sizes 287

The nonparametric bootstrap estimates the d.f. L,(P,a) by the plug-in
method, that is, by the conditional d.f.

Lo(a) i= Ln(Pa,a) = P(To(X],..., X5 B) < alXy,..., Xn),

where XT,..., X} is a bootstrap sample from the empirical distribution P,.

One of the major problems for the nonparametric bootstrap estimate Ln
is its consistency. Various types of consistency can be considered. Usually,
if d denotes a certain distance on the set of all distribution functions then
L, is said to be d-consistent (or, simply consistent, when d is fixed) in
probability (resp., a.s.) provided that d(Ln,Ln(P)) =2 0 in probability
(resp., a.s.). Conditions ensuring the consistency were considered, e.g., by
Bickel and Freedman (1981), Bretagnolle (1983), Athreya (1987) and Beran
(1982, 1997). Extensive references and details on various bootstrap methods
can be found in the recent monograph by Davison and Hinkley (1998).

A number of examples, where the bootstrap fails to be consistent to-
gether with positive results suggest that the consistency of the bootstrap
estimate Ly, requires the following conditions:

1) for any @ from a neighborhood V(P) of P, L,(Q) has to converge weakly

to a limit L(Q), say, and the convergence has to be uniform on V(P);

2) the function Q@ — L(Q) has to be continuous.

The moon bootstrap with replacements (shortly, m/n-bootstrap) esti-
mates the d.f. Ln(P,a) by Lm(Ps,a), whereas the moon bootstrap without
replacements (shortly, ()-bootstrap) estimates L,(P,a) by

-1
Lt (P, a0) = (Zl) S YTm(Xipy. . Xin; Ba) < a).
1<i1 <+ <im<n

Under very weak conditions, the moon bootstrap resolves problems of
consistency of the classical bootstrap by choosing m = o(n) bootstrap sam-
ples. It was first suggested by Bickel and Freedman (1981) and investi-
gated in Bretagnolle (1983), Gotze (1993), resp. Bickel, Gotze and Zwet
(1997), Shao (1994), Politis and Romano (1994) (examples of nonregular
statistics), Swanepoel (1986), Deheuvels, Mason and Shorack (1990) (ex-
treme value statistics), Shao (1996) (model selection), Datta and McCormik
(1995), Datta (1996), Heimann and Kreiss (1996) (first order autoregression
models), Athreya (1987), Arcones and Giné (1989) (heavy tailed population
distributions). If d denotes a distance between distribution functions (e.g.,
Kolmogorv, Lévy-Prokhorov, or bounded Lipschitz distance) then a measure
of risk in estimating Ly (P) by some estimator Ly, is given by

EPd(zm Ln(P))'

For L, being the moon bootstrap estimator Lm(l?'n) the ’generic’ nonpara-
metric case is described by the nonconsistency of this estimator for m ~ n
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due to the essential randomness of its limit distribution under f’n for such
m. Introducing h := n/m as a ’bandwidth’ type parameter in this nonpara-
metric estimation problem, the case h ~ 1 is characterized by the fact that
the variance of the bootstrap estimate may not tend to zero as n tends to
infinity. On the other hand for large values of h the variance decreases in
many cases of order O(h~1). Since the moon bootstrap actually estimates
L,,(P), the difference d(Lm(P), L, (P)) will be significant for m/n small (or
h large) and contributes a bias term which dominates the estimation error
in this case. Thus, as in most nonparametric problems one has to look for
a tradeoff choice of m minimizing the estimation error. On the other hand
for ’parametric’ problems where the bootstrap works, like in the estimation
of the distribution of Student’s test statistic under the hypothesis, one can
show by higher order approximations that the bias as well as the variance
of Ly, (P,) essentially decrease as m grows up m ~ n, see Hall (1992). One
would like to find a common recipe for choosing m effectively for both non-
parametric as well as parametric situations in order to obtain a uniformly
consistent and effective estimate for the distribution L, (P).

One way would be to look for a sample size m minimizing some cross-
validation measure by a jackknife estimate related to the risk under the
unknown distribution. This has been suggested by Datta and McCormik
(1995) in a first order regression problem. Unfortunately, this method is
computationally rather involved and the performance of this scheme is dif-
ficult to analyze.

Bickel, Gotze and van Zwet (personal communication) suggested to base
the choice of m on the discrepancy between Lp,(P,) and Lm/2(}3n). We
motivate this idea by showing that the (random) distance between Lo, (P,)
and L,(P) as a function on m is stochastically equivalent to the (random)
distance between L, (P,) and Lm/g(f’n) as n — oo and m = m(n) — oo.
More precisely, consider for some distance d between distributions (like e.g.
Kolmogorov’s distance)

(11)  Ami=d(Ln(Pn),La(P)) and Am i=d(Lmn(Pa), Lyj2(Pn)-

In Theorem 2.3 we prove that, under certain conditions, for some model
dependent rate 0 < a < 1 (like = 1/2,1/3,1/4 etc. ) and sequences m(n)
such that the limit lim, m(n)/n®, say v € [0, 00| exists, we have

(1.2) Am D, £,

A,, n—oo

where & and £ are constants depending on P and, for 0 < v < o0, &
denotes a random variable depending on P. Here, —D-L denotes as usual con-
vergence in distribution. Typically, we find that EpAp/EpAm,m — ¢y (P),
where ¢, (P) is a constant depending on y and P.
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~

Based on these observations, we suggest m* = argming<,,<, A as a
random choice of m for the m/n-bootstrap. We will show that this choice is
as good as choosing the optimal m when knowing the unknown distribution
P as long as m/n — 0 holds. Simulations show that the method works in
the region m ~ n as well but behavior in this region is difficult to analyze
for general models of distributions.

The reasons for such a choice are illustrated by the following simple
example.

Example 1.1 Consider the statistic T, = Tn(X1,...,Xn; P) = n(Xn)?,
where Xi,...,X, is an i.i.d. sample from a distribution P on the real line
with zero mean and let X, denote the sample mean. Let L,(P;r) denote
the d.f. of T,,. The corresponding m/n-bootstrap approximation is the d.f.
Lum(Pa;7) of the statistic T* = m(X%,), where X T..., Xy is a sample from
the empirical distribution I3n, and X%, denotes the corresponding sample
mean. Assume that EX} < oo and that P satisfies Cramér’s condition of
smoothness. Consider the uniform errors introduced in (1.1), based on the
Kolmogorov distance d. Let Y denote a standard normal random variable
and assume that the sequence m = m(n) is chosen such that m — oo and
m/n — 0. In Section 4 we prove the following. If m/n!/2 — oo, then

(1.3) (n/m)(AmBm) 2o (Y2, erY?)2),
where ¢; denotes an absolute constant. If m/n/2 — 0, then
(1.4) mAm — co(P), and mA, > co(P),

where ¢y (P) is a constant depending on P. If m/n'/2 — ¢ = const. # 0, then

~

(1.5) n2(Am,Bm) 23 (fo(Y), 1Y),

where fo, f1 are certain measurable functions of Y (see Section 4 for details).
Thus, if limm/n'/2 = v € [0, 0] exists, then (1.3)—(1.5) imply (1.2). More-
over, {g = 1 and £, = 1/2. Under the same conditions we obtain as well

EpAm/EpDm — cy(P).

Note that the value of m obtained in this way by minimizing A,, strongly
depends on the particular sample. For instance if by chance in this example
X,, approximates the true value EX) = 0 very accurately, that is n'/2X,, =
o(1) (which happens rarely), the approximation of L,(P) by the random
bootstrap distribution Ly, (P, ) might be accidentally precise as well (compare
(3.1) and (3.2)). In this case the bias as well as the variance of the estimate
Lm(f’n) will decrease with m which leads to a choice of a large sample size
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m ~ n. Such a case cannot be detected by an average criterion for the
choice of m like say Epd (Lm(f’n), L, (P)), which would lead to a much less
adaptive and accurate choice of m for such an exceptional sample.

Similar arguments apply to the moon bootstrap without replacements.
We will show under certain conditions (see Theorems 2.1, 2.3 and Remark
2.1) that, for Lo- distances of distribution functions say d, the random dis-
tance A7, = d(Ly, (P ), Ln(P)) is stochastically equivalent to the distance
Ax = d(L* (Pn), 2(P )). More precisely, for some model dependent rate
0 < a < 1 and sequences m(n) such that v = lim, m(n)/n* € [0, cc] exists
we have _

A:‘n D

A* n—00

where 7 is a constant depending on P and, for 0 < v < 00, 7, is a random
variable depending on P. Typically we e get EpA /EpAy, — cy (see Remark
2.1). This motivates m* = argmin A* as a random choice of m for the
(»)-bootstrap.

L " " s " L n
o 50 100 150 200 250 300 350 400

Figure 1. Smoothed graphs of the functions m — Am (dot line) and m — A, (solid line)
from Example 1.1, where P is a centered 2 distribution. Sample size n = 400.

In Figure 1 we consider Example 1.1. It shows (smoothed) graphs of
the functions m — A, (dot line) and m — A,, (solid line), where P is a
centered 3 distribution. The simulations were done for a sample size of
n = 400.

In Fig. 2 the true and estimated Kolmogorov distances m — A}, and
m — K;‘\n are smoothed and plotted based on an individual sample of size
n = 400 and m < n/2 when sampling without replacement. The first plot
shows the behavior of sampling without replacement in the setup of Fig.
1 with P = x2. The second and third plot represents a parametric case:
Student’s t-test with P = N(0,1) and sampling with/without replacement.
The third one represents a nonparametric case: distances for the normalized
distribution of the largest order statistic for P = Uniform(0, 1) and sampling
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Figure 2. True and estimated Kolmogorov distances m — A}, and m — E smoothed
and plotted based on an individual sample of size n = 400 and m < n/2 when sampling
without replacement.

without replacement, see also Example 2.2 below.

The paper is organized as follows. In Section 2 we investigate the moon
bootstrap without replacements. To this aim Hoeffding expansions for U-
statistics are used for m/n = o(1) in order to evaluate the error of the
random approximations. In Section 3 we investigate as well the moon boot-
strap with replacements representing our statistics in terms of empirical
processes. Here, following Beran (1997), we require that the sequence of
statistics should be locally asymptotically weakly convergent. Furthermore,
we shall use Edgeworth expansions to prove the stochastic equivalence of the
random distances in the examples studied in this paper. Finally, Section 3
contains the proofs of our results.

Throughout the paper we write m € n(a,<) to indicate that m = m(n)
is a sequence such that m — oo, m/n — 0 and lim, m/n® = ~ exists
allowing ~y € [0, 00].

2 Moon bootstrap without replacements

In this section we let X1,---, X, denote a sample of i.i.d. random elements
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from an unknown distribution P on a measurable space (S, .A), and let T, =
T.(X1,...,Xn; P) denote a sequence of statistics with distribution Ly (P).
We assume that T;, converges in distribution to a random variable T.

Let 6,(P;a) = Eh(Ty;a), where h : R x R — R is a real measurable
bounded function, denote a family of parameters indexed by a € R. The
moon bootstrap without replacements estimates 6,(P;a) by

~ . 1 ~
Omn(Pn;a) = LY (Po)h(,0) = v > (T (X, - - -5 Xin 3 Pn); @)

(77:1,) 151:1 <...<im5n

As distance d between L, (P) and L%, (P,) we choose the Lo-distance between
0n(P;a) and Op,n(Pp;a) writing

A, = (/I; (gmn(ﬁrda) - gn(P;a))zﬂ(da))lﬂ’

87 = ([ Omn(Pai) — br1a(Prs)utde)) ", M =2,

where p is a probability measure. For indicator functions h(z;a) = I{z < a},
A¥? reduces to the integrated square error between the distribution func-
tion L, (P;a) and its (*)-bootstrap estimator L,(P,;a). For special discrete
measures 4, AX2 may then be written as

A2 = Z,\k *(Pp;ak) — Ln(P; ax))2.

We shall give COIldlthIlS which ensure the stochastic equivalence of Ay,
and A},. First, we impose some restrictions on the sequence of statistics Tr,.

Assumption (I). There exist measurable functions x, &, : S X R — R such
that

E (h(Tm; a)| X1) = Eh(Two;a) + m™2k(X1; 0) + &m(X1;0),
where [p E £*(X1;a)u(da) < oo and [R E €2,(X1;a)u(da) = o(m™1).

Assumption (J). fR(Omn(T’n;a) — Omn(P;a))?u(da) = op(m/n + 1/m),
where

-1
Opmn(P;a) = (::L) S h(@n(Xi,- . Xin; P);a).

1<i1<<im<n

To establish stochastic equivalence of A7, and A* we shall consider
stochastic processes (;,,(a) = Omn (Pa;a) — On (P a), a€R,and(, (a) =
Omn(Pr;a) — Orn(Pasa), a € R, M = m/2, as random elements in the
space Lo(R, ). Let (p denote a mean zero Gaussian process with covariance
given by

ECp(a)Cp(b) = cov(k(X1;a), K(X1;b)), a,b€ R.
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Theorem 2.1 Suppose that assumptions (I) and (J) are satisfied and
ap(-) = E k(X1;-) # 0. Choose a sequence m € n(1/2,v). Depending on
v =00 or 0 <y < oo choose as norming sequence Tpm = (n/m)'/? or m/2
respectively. Then

(2.1) T (Coms Goam) 3 (€4371y)

n—00

in the space Ly(R, p) x Lo(R, 1), where (writing ¢ :== 1-2"1/2, d:=1-21/2)
(§o0sMo0) = (1,¢)Cp and (&y,ny) = (¥Cp + ap, c¥(p + dap) for 0 < v < oco.

Noting that A%, = ||¢%.|l2 and A%, = [|C%,.||2, where || - ||2 denotes the
norm in Lo(u) we have by Theorem 2.1 the following corollary.

Corollary 2.2 Suppose that assumptions (I) and (J) are satisfied and the
sequences m = m(n) and Tn,, are chosen as in Theorem 2.1. Then

A;"n D

—
A;'_‘n n—»o00

(2.2) Ty,
where oo = 1 — 2712 75 = 21/2 _ 1 and Ty is a random variable for 0 < v <
0.

Remark 2.1 From the proof of Theorem 2.1 it is clear, that if assumption
(J) is substituted by

/RE(an(ﬁm a) = Omn(P; a))*p(da) = o(m/n+1/m),

then, in addition to (2.2), we also have EpA%, /EpA¥, 2 ¢y(P). A similar
remark applies to other results in this section. Furthermore, similar results
hold with different ¢ = ¢()\) when comparing sample sizes m and Am, 0 <
A<1lin Z;‘\n

In the following we shall discuss the nature of the assumptions of Theo-
rem 2.1. Assumption (J) allows to reduce the analysis of the (™)-bootstrap
approximation Omn(f’n) to that of U-statistics 0, (P) with increasing de-
gree m = m(n) and values in the space Lo(p). This assumption is satisfied
for a large class of statistics T,,. For example, we consider the estimation
of a parameter §(P) of an unknown distribution P by means of a plug-in
estimator 6(P,). Introduce the statistic T), = m(6(P,) — 8(P)), where the
normalization 7, is chosen such that T, converges in distribution. If h is a
Lipschitz function, e.g., [(h(t;a) — h(s;a))?du < |t — s|2, we obtain

/R (B (Ba; ) = Bran (P3 0))21(da) < ml0(Bn) — 6(P)]
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and assumption (J) is satisfied provided that 7, /7, = o((m/n)'/?).

In case h(z;a) =I{z < a} is an 1nd1cator function, we obtain on the set
'rm|9(P ) — 6(P)| < ¢, that |Omn( n) mn(P)| < Umnhe, where Up, nhe is
a U-statistic with kernel he (X1, ..., ) =Ha—-e<Th(X1,...,Xm;P) <
a + €}. Hence, E|mn(Py) — mn(P)| does not exceed the quantity

gg {P(a —e<Tnp<a+e)+ P(TmIH(Pn) —0(P)| > 5)}
which, under the convergence assumption, is typically, of the required order.

Edgeworth expansions are well suited to estimating the accuracy of a
bootstrap approximation (see, e.g., the monograph by Hall (1992)). Assump-
tion (I) requires certain expansions for the distribution L,,(P) as well as the
conditional distribution L,(P)|X;. Moreover, by conditioning the statistic
T on a random sample, we implicitly assume some kind of stochastic expan-
sion for the function T}, in the sense that assumption (I) may be checked by
studying the function y — g(y) = Eh(Tn(y, X2, ..., Xm; P);a). Consider,
for example, an i.i.d. sample Xj,..., X, from a distribution P on R%. Let
EX, = 0. For a given symmetric d x d matrix @, consider the statistic T,, =
nQ(Xn), where Q denotes a quadratic form with Q(z) = (z, Qx) for z € RY,
where (-,-) denotes the Euclidean scalar product. Set Xp;; =n~t S5 Xi
and T,; = nQ(X nll) If the function A has two bounded derivatives with
respect to the first argument, we have

E (h'(vaa')lxl) = Eh(Tm|17a) + ZEhI(TmHv a)<X1aQ7m|1) + Rm(Xl;a)v

where ERZ (X1;a) < em™2 provided E|X;|* < oo. Since m!/2X,,; con-
verges in distribution to a mean zero Gaussian random vector Yp with
cov Yp = cov X1, one needs expansions for the quantities Et(m!/ 27,,1‘1) and
E¢(m'?X 1), where ¢(z) = h((z, Qz); a), ¢(z) = 21'((z, Qz); a)(X1, Q).
If the function h is sufficiently smooth, the required expansions are well
known (see, e.g., Gotze (1985)).

If h(z;a) = I{z < a}, then, evidently,

P(Tm < a|X1) = P(Tr1 + (X1, QX 1) < a—m™'Q(X1)),

and the problem reduces to proving expansions for the distribution of the
quadratic polynomial Tp,; + (z, QX m|1) Such expansions have been proved
up to order O(m™!) in Bentkus and Géotze (1999).

From the proof of Theorem 2.1 it is clear that one needs to control
the variance of E(h(Tn;a |X 1) and the correlation between Eh(Tp,;a) and
Eh(Ty/2;b) for a,b € R. It is also clear that if ap = 0, one needs to as-
sume that a second order approximation for Eh(Ty,;a) holds. Consider, for
example,
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Assumption (I;). There exist two functions 1,12 : R X R — R, possibly
dependent on P, such that for all a,b € R

cov (E(h(Tm; a)| X1); E(h(Tm; b)|X1)) = = (¢1(a,b) + 0o(1)) and

cov (B (h(Tm; )| X1) ; B ((Tonj23 D)1 X1 ) ) = %(@(a, b) + o(1)).

Assumption (I3). Eph(Tm;a) = Eh(Teo;a) + m~'8p(a) + 6pm(a), where
Bp € La(p) and dpm is o(m™1) in La(p).

1
m

Assumption (J').  [5(Bmn(Pr; @) = O (P; a))2p(da) = op(m/n + m=2).

Let ¢1,(2 denote mean zero Gaussian processes with covariances equal
to 11 and correlation E¢;(a)Ca(b) = 27/249(a,b), a,b € R.

Theorem 2.3 Suppose that the assumptions (1), (I2), and (J') are sat-
isfied and Bp # 0. Choose sequence m € n(1/3,~). Depending on v = 0o
and 0 < v < 0o we may choose norming sequences Ty, = (n/m)/? and m
respectively such that (2.1) holds where (writing co = 271/2)

(€oosMoo) = (€15 €1 — 0 C2),
(&ysmy) = (61 + Bp,¥(G1 — o ¢2) — Bp) for 0 <y < oo.
Moreover, (2.2) holds where 19 = 1 and 7, is a random variable when 0 <
<1

Example 2.2 In this example, we assume that Xi,..., X, is a random
sample from the uniform distribution P on the interval (0, #). The maximum
likelihood estimator of @ is the extreme order statistic § = max;<x<n Xk- Set
n(d—8
T, =To(X1,...,Xn; P) = ( 7 )
Let L,(P;a) denote the distribution function of this statistic. Its ()-
bootstrap approximation L}, (P,;a) is defined by

-1
L} (Py;a) = (") 3 T (Xky,- .-, Xr,.; Pa) < a},

m 1<k1< - <km<n
where _
Tm(XkU ce ’ka; ﬁn) = m(o —~ ma‘%lsism in) .
Set

B2 = /R (Lia(Pai 0) — Lty o(Pa @) *u(da),

B2, = [ (L (Pai ) = Ln(P; ) *u(da).

As a consequence of Theorem 2.3 we get in this example:
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Corollary 2.4 Assume that m € n(1/3,). We have with the notations
and choices of Theorem 2.3

Proof We shall verify the assumptions of Theorem 2.3, for h(z;a) = I{z <
a}. Obviously we have, for 0 < a < n,

AL L
(2.3) (1 n) =e ety te n2(1 = a/n)?’

where |6| < 1. Since T,, converges in distribution to an exponential random
variable T, the assumption (I}) with Bp(a) = —e~%a?/2 follows by (2.3).
By straightforward calculations we see that

E|L}(Ppnya) — L}, (P,a)| <

m
n

This, clearly, yields assumption (J'). To check assumption (I;) note that for

(J
Zm(a) := P(Ty, < a|X1) P(Ty, <a)=
=(1—a/m)™ (1 —a/m) - {X; < 6(1 —a/m)}],
using (2.3) we have EZ,,(a)Zpy (b) = exp{—(a + b)} min{a;b}m~! + o(m™1!)

and EZm(a)Zpm/2(b) = exp{—(a + b)} min{a;2b}m =" + o(m™?). Hence as-
sumption (I;) follows, which completes the proof of the corollary. =

3 Moon bootstrap with replacements

In the cases, where the classical nonparametric bootstrap fails for the dis-
tribution Ly (P), it often turns out that the limit distribution of Ly,(B,) is
random. In order to describe it, we introduce, following Beran (1997), a local
weak convergence property of the statistic which we want to approximate in
distribution. In order to introduce this notion, we need some preparation.

Fix a set F C L2(S, P). Let £(F) denote the Banach space of real-
valued bounded functions on F equipped with the supremum norm ||2||7 =
supscr |2(f)|- Assume that the envelope function

F(s) =sup{|f(s)|: f€F}<oo forall s€S,
and the quantities
sup{|Qf|: f € F} < oo forall Q € Py,

where Qf = [ fdQ are bounded. Then the mappings d, : F — R given by
dsf = f(s) and Q : F — R given by Qf = [ fdQ, where Q € Py, are in
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oo (F). In order to avoid measurability problems connected with the non-
separability of £ (F), we assume throughout, that F is either a countable
or an image admissible Suslin set. For the relevant definitions concerning
these matters, we refer to Dudley (1984).

Let the empirical process vp, = (vpn(f), f € F) be defined by vp, =

n!/2(P, — P), n € N. Note that, for each Q € Py, vQ,n is a random element
with values in £ (F).

Definition 3.1 The statistic T, = Tp(X1,...,Xn;P) € R is called
locally F-weakly convergent at P € Py, if there exists a family of probability
measures {L(P, z),z € £x(F)} on R such that

Ln(Qn) njo)o L(P, z) weakly
for every z € s (F) and every sequence {Qn} C Py such that

In"2(Qn—P)—zllz — o.
Remark 3.1 If the model is parametric, e.g., P = Py, where 8 = (6,(P),
...,684(P)) then the notion of locally F-weakly convergent statistics reduces
to the notion of a 'TLAWC’ statistic introduced by Beran (1997) when taking

F={by,...,04).

Remark 3.2 If F is P-Donsker and if the statistic 7}, is locally F-weakly
convergent at P, then there exists a random element Z with values in £ (F)
such that the random probability measure L, (P,), converges in distribution
to a random probability measure L(P, Z). Indeed, since F is P-Donsker,
the empirical processes vpn converge in law in £oo(F) to a Gaussian process

= {Gp(f),f € F} with zero mean and covariance EGp(f)Gp(g9) =
P f g—PfPg, f,g € F.By aresult of Dudley (1985) there exist a probability
space (€, %, P) and perfect functions g, : (2,2, P) = (Q,%, P) such that
Pog,=Pand

D
In'/?(P, 0 gn — P) —Gpogollr — O.

n—00

Hence, there is a set Qy C Q such that P(Qp) = 1 and
In/2(Pn 0 gn(w) = P) = Gpogow)llr —2. 0

for each w € Q. By the definition of F-weakly convergent statistics we have

Lo(Progn(w)) —3 L(P,Gpogo) weakly.
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Example 3.3 The fact that a characteristic function is real if and only
if the corresponding distribution function is symmetric at 0 suggests the
statistic

+o00

2
Tn(Z1, ..., Zn; Q) = / (nl/zIm(cQ,n(t)Ha(t)) g(t)dt,

—00

for testing symmetry. Here

+oo .
con(®) = [ €dQu(2)
—o0
denotes the empirical characteristic function corresponding to the distribu-
tion @, g is an integrable weight function, and a(t) satisfies [°°_ a?(t)g(t)dt <
oo. This statistic Ty, is locally F-weakly convergent at any symmetric distri-
bution P, when the class F is chosen as F = {z — costz, t € R}.

A parametric version of the following proposition is given in Beran
(1997).

Proposition 2.2 Assume that F is P-Donsker and that the statistic T,
is locally F-weakly convergent at P. Let {m(n),n > 1} denote any sequence
of positive integers such that m(n) — oo and m(n)/n — 0 as n — oo. Then
Lpnn) (P,) is d-consistent in probability, where d is any metric metrizing the
weak convergence.

Proof We have
1/2(D _py
[|m*/*(Pp o gn — P) - 0|l = 0 as.

By Definition 3.1, Ly, (P, 0 gn(w)) converges weakly to L(P,0) for almost all
w € Q. This completes the proof. =

Next we investigate the stochastic equivalence of the random distances
d(Lyn(P,), Ln(P)) and d(Lm (Py), Ly, /2 (P,)), where d is either the Kolmogo-
rov or the bounded Lipschitz distance. A unified way to consider both
distances is to consider the more general class of uniform distances over a
class of measurable bounded functions #, say. Define for distributions F, Q,
the uniform distance

du(F,Q) = sup |Fh — Qh|.
heH

Indeed, if H is chosen as the class of indicator functions I{(—o00,a]}, a € R,
d#(F, Q) will coincide with the Kolmogorov distance. If H is the class of
measurable functions h : R — R such that sup, |k(a)| + sup,, |k(a) —
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h(b)|/|a—b| < 1, then dy(F, Q) corresponds to the bounded Lipschitz metric.
Note that distances dz, where H consists of higher order smooth functions,
have been used as well for investigating the accuracy of the bootstrap. Write

Apym = dH(Lm(ﬁn),Ln(P))a E’Hm = dH(Lm(ﬁn)aLmﬂ(ﬁn))-

Theorem 2.3 Suppose that the sequence of statistics satisfies assumptions
(A), (B), (C), and (D), which are stated and discussed below. Assume
furthermore that F is a P-Donsker class, and that ||vpy||F is uniformly
integrable. For sequences m € n(1/2,7v) we may choose norming sequences
Tmn = (n/m)Y/2 and m!/? corresponding to vy = 0o and 0 < v < oo such
that for random variables £,&1,€2 and a constant ¢y > 0 which are defined
in the proof in Section 4

-~ D
Tm’n(A'H'maA'H'm) n_—:o)o (é}’a”"/)a

where (Writing c:= 1—2~1/23 d= 21/2_1, ) (EOO’ 7’00) = (l,C) £, (50,770) =
(1,d) c1 and (&,my) = (€1,&2) for 0 <y < oo.

Thus Theorem 3.3 yields the stochastic equivalence of the random dis-
tances &ym and Ay, as n — 00.

In order to formulate the assumptions (A) — (D), fix a distance d on the
set Pp and, for given constants ¢y > 0 and ¢; > 0, consider the neighborhood
V(P) C Py of P defined by

V(P)={Q € P :d(Q,P) <c1, |In'*(Q—P)|| < co}-

The first assumption concerns the local F-weak convergence property of
the sequence of statistics. Roughly speaking, we assume that parameterized
expansions for L, (Q)h hold uniformly in the neighborhood V(P). A parame-
terization will be given by the quantity n'/2(Q— P) considered as an element
in £oo(F). In many cases, F will consist of a finite number of functions only.

Assumption (A). For each Q € V(P), there exist a set {L(Q, 2),z € £oo(F)}
of probability distributions on R and a set {¢(Q, z), 2 € £xo(F)} of real valued
functions on H such that for every h € H

Ln(Q)h = L(Q,n"*(Q — P))h + n~Y24(Q,n'/?(Q — P))h
+ Ra(Q,n'/%(Q - P), h),

where

sup sup Rn(Q,n/%(Q — P),h) = o(n™'/?).
QeV(P) heH

Furthermore, we assume first order smoothness for L(Q, z) and a Lipschitz
condition for £(Q, z) as a function of z € £ (F).
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Assumption (B). For each h € H and Q € V(P) we have
L(Q,2)h = L(Q,0)h + L1(Q, h)z + R(Q, h, z),

where L1(Q, h) is a bounded linear functional on £ (F) and

sup sup |R(Q, h,2)| < c2(P)]|2||%-
QeV(P) heH

Moreover, supycy |L1(P, )| < .

Assumption (C). There exists a constant x(P) such that

sup sup |4(Q,0)h — 4(Q, z)h| < k(P)||z||#
QeV(P) heH

and supycy |4(P,0)h| < oco.

Finally, we need the continuity of the limiting distribution L(P)
L(P,0) as well as the continuity of the function £(P) = £(P,0) at P.

Assumption (D). dy(L(P,,0), L(P)) = Op(n~1/2) and

sup [(Pr,0)h — £(P)h| = Op(n~/2).
heH

Remark 2.4 If in assumption (B) the first order approximation vanishes,
i.e. if L;(Q,h) = 0, we need again a second order expansion term for L(Q, z)
defined on 2z € £ (F) to discriminate between the choice of m verses m/2
although now at a lower level. Hence, assumption (B) should be replaced

by the following:

Assumption (B'). For each h € # and Q € V(P) we have
L(Q 2)h = L(Q,0)h + L»(Q, h)2* + R(Q, h, 2),
where Ly(Q, h) is a bounded bilinear functional on £, (F) and

sup sup |R(Q,h,2)| < c2(P)]|2]|%-
QeV(P) heH

Moreover, supycy |L2(P, h)| < oo.

Example 2.5 Here we continue example 3.3. Consider the uniform dis-

tances

Ay = sup|Lm(13n;r) — Lp(P;7)|,
r>0

(2.4) - - -
An = Sl;g |Lm(Pn;T) - Lm/2(P'n; T)l
1'_
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corresponding to the distribution function of the statistic 7, defined in Ex-
ample 3.3. There we assume a # 0. Write T,,(Q) = ¢a(Sn + 2n), Where
Sn(t) =n~Y2 Sk m(t), mk(t) = [cos Zit — E cos Zxt], da(z) = [Z3(2(t) +
a(t))2g(t)dt and, finally, z,(t) = n1/2E cos Z,t. We consider S, as a sum of
i.i.d. random elements in the Hilbert space Ly(R, g(t)dt). We obtain, by the
general result given in Theorem 2.4 below, that the random distances A,,
and A,, are stochastically equivalent as n — co. Namely, if m € n(1/2,7),
then Am/Am N €y, where o, = 21/2_1, 60 =1-2"1/2 and &y is a random
variable for 0 < v < oo. Moreover, we get Epﬁm /EpAm — cy(P), where
cy(P) is a constant depending on v and P.

Example 2.6 Let H be a separable Hilbert space with the norm || - || and
inner product (-,-). Consider random elements Xj,...,Xy,.. in H that are
independent and identically distributed with distribution P. Assume that
EX; =0 and P is taken from a class Py, with the following properties: i) Q
is non symmetric around zero, ii) [y ||z||*@(dz) < oo, and iii) the covariance
operator Vg of @ has at least 13 (counted with multiplicities) eigenvalues
exceeding a given 3 > 0.

The eigenvalues of a positive operator V : H — H will be denoted by
A1(V) > X(V) > ---. It is well known (see, e.g., Gohberg and Krein (1969))
that [A;(V1) — A;(V2)| < |[V1 — V|| for linear completely continuous positive
operators V1, V, on H. Let ||-||2 denote the Hilbert—Schmidt operator norm.
One easily checks that

B|[Vs, ~ Vel < en” [ Jlall*P(da).

It follows that, with probability tending to one, at least d > 13 eigenvalues
of the covariance operator Vﬁn will exceed a number Fy > 0. Hence, without
loss of generality we can assume that Py contains the empirical distribution
P, of P € P,.

For Q € Py and a € H, a # 0, define

n
Tna(Zy,.. ., Zn;Q) =n|ln™ ' Y Zp + o>
k=1

Let Lp o(Q, ) denote the distribution function of this statistic. Furthermore,
let F denote the class of functions on H given by z;(2) = (z, 2) together with
z5(2) = (z, 2)? indexed by = € H with ||z|| = 1. Note that the evaluation at
a point y € H defines an embedding H C £ (F), via y(z1) := 71(y) = (z,y)
and for y € H and y(z2) := z2(y) = (z,v)?.

It is easy to verify that the statistic Tr, 4 is locally F-weakly convergent at
any P € Py which has zero mean. We aim to prove the stochastic equivalence
as n — oo of the uniform errors A,, and Em defined by (3.1).
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Denote by pg the mean zero Gaussian measure on H with covariance
operator Vg, and let D’(z)ug be the jth directional derivative of x in the

direction of z. Set V,(z) = {z € H : ||z + 2||?> < r}. For P,Q € Py, consider
the distance

4@, P) = | [ lall*dQ(z) — Pa)] +[IVo ~ Vel

Define V(P) = {Q € P : d(P,Q) < c¢1, n'?||Q — P||r < c2}. An
inspection of the proof of Theorem 2.1 in Bentkus (1984) gives the following

uniform expansions (compare with assumption (A)). For any Q € V(P) we
have

La(@,7) = wg(Ve(a + )+ 5n 2 EDY(Z1 )ug(Vh(a + z0))
(2.5) + Rn(Q,a,7),

where z, = n'/2EZ, and, for any € > 0 and ¢y > 0, there exists a constant
¢ > 0 such that

sup sup supR,(Q,z,7)=cn T
QEV(P)|lal|<co 720

Furthermore, note that, for 2 € H, we have

(2.6) pQ(Vr(a + 2)) = p(Vr(a)) + D(2)uq(Vr(a)) + R(Q, ;7),

where

sup sup sup|R(Q,z;7)| < ca(P)||2][%-
QEV(P)||a||<co 720

Indeed, by standard arguments (inversion formula, Lebesgue lemma) it easily
follows that

£ IR . AN
@7 D@ue@)=en7 [ e ale + 1)

where g;(a) is the characteristic function corresponding to pug(V;(a)). By
elementary calculations one proves that

(28) 1D} (2)uq(Vr(a))l < C(M(Q)- - As(Q))™V/? max{L, ||al*}|z|I>.

Hence, (2.6) follows by Taylor’s formula and (2.8). Note, that (2.6) implies
assumption (B). By (2.7) (which is assumption (C)) we get
|ED*(Z1)pq(Vr(a + 2)) — ED*(Z1)uq(a)l

< CM(Q) -+ 29(Q)) 2 max{1, ||al|*}|=I|E||Z] .

Finally, collecting the bounds (3.2), (3.3), and (3.6) we have proved the
following result.

dt,

7=0

(2.9)
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Theorem 2.4 Suppose that Q € V(P) and [zQ(dz) # 0. Then, for any
constants cy > 0 and € > 0, there exists a constant ¢ > 0 such that

Ln(Q,7) = po(Vr (a)) + D(zn)uq(Vr(a))
t e 1/2 —5ED*(Z1)uq(V:(a)) + Rmn(r),
where

sup  sup Sup|Rmn(r)| < c(n™F¢ + [|2a|[* + 071220l )).
QEV(P) [la]|<co r20

Arguing as in Go6tze and Zitikis (1995) one can prove that

sup sup |up (Vi (a) — pp(V(a))| = O(n~'/?)

[la]|<co 720
and
sup sup|n” 12D3 Xx)up, (Vr(a)) — EpD*(X1)pp(Ve(a))| = O(n~?),
|la||<co T>0 k=1

Combining this with Theorem 2.4, we get

Corollary 2.5 If the sequence m € n(1/2,7), then

Am
-_m s 57,

A,, n—ooo

where §g =1, o =1 — 2712, and & is a random variable for 0 < v < oco.

Remark 2.7 We excluded the case a = 0 since here D(z)ug(V-(0)) = 0 and
D3(2)pg(V-(0)) = 0. Therefore, here one needs to use asymptotic expansions
for L,(Q;7) up to order o(n~!.) This would require some additional use of
Cramér’s condition of smoothness for the measures @ € V(P).

3 Proofs

Proof of Example 1.1 Set t_ = (t — X,m!'/?)/5, t; = (t + X,m'/?)/35,
where, as usual, 52 denotes the sample variance. We also denote, for s > 0,
ks = EX]. By Edgeworth expansions we have

Pm(X,)? < 2| X1,...,Xn) = ®(t_) + ®(t4) — 1

+m Y2(Q1(t-) — Qu(—t4))
m ™ (Q2(t-) — Q2(—t4)) + op(m™),
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where
—t2/2 ~t2/2 2
e K € K K
Q) = = Halt) g5, Qat) === 50 Hslt) + 5 5 Hs(0)]

and Ql and Qz denote the plug-in estimates of @ and Q2 respectively. Here
H, denote the standard Hermite polynomials. Straightforward calculations
show that

P(m(X,,)? < t}|X1,...,Xn)

(3.1) = 20(t/5) — 1 + ﬂ@”(t/a)w o 2 0\(t/5)Y

- 2o on ()" 4 1) or( L),
where Y;, = (n'/2X,,)/&. Furthermore,
(3.2) P (n(Xn)? < ) = 28(t/0) — 1 + o(n"1/?),

Set
(m(®) =P (m(X5)? < 2|X1,...,Xn) = P (n(Xn)? < 2)

and (n(t) = Cm(t) — Cm/2(t). If n/m? — 0, then (4.1) and (4.2) together
yield

_SuPKm(t)l" sup|<1>" ()] +op(1)
and

n -~ _
—sup [m(t)] =2 1y2 sup |®" ()| + op(1).
m t>0 t>0

Combining this with the central limit theorem we get (1.2). The proof of
(1.3) immediately follows by (4.1), (4.2), and the law of large numbers. For
the proof of (1.4), we have, by (4.1), (4.2) combined with the law of large
numbers,
/% Bem, = sup [ (2)]
>0
= sup|(m/n'/2)8" ()Y;? — 2Q}(1)Y + 2(n"/? /m)Qa(1)] + 0p(1)

>0

and
n?Ap, = sup [Cm ()| =
t>0

=sup |(m/2n2)®@" (£)Y;2 — 2(n'/? /m)Qa(t)| + op(1).
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It is not difficult to verify that (1.5) is valid with f1(Y') = supy>q |[7v®" (t)Y2—
2Q1(1)Y +277'Q2(t)] and f2(Y) = supy»o [2719@"(H)Y? — 2771 Q2(t)]- =

The proof of Theorem 2.1 is using two results about U-statistics due to
Vitale (1992) which we state below. For a sequence of i.i.d. random elements
Xi,...,Xn taking values in a measurable space (S,.A) and a sequence of
functions (h,), where hp, : S™ — R is a real-valued kernel of degree m < n,
define the U-statistic Up mhm by

-1
n
Un,mhm = (m) > h(Xiyy - - - Xi)-

1< <+ <im<n

whereas the conditional kernel Ay, : S¥ — R is defined by

hm|k(x1,...,zk)=[S--./Shm(zl,...,zm)P(dka)-.-P(dxm).

Then the Hoeffding decomposition of Uy mhr, is given by

= (m
Un,mhm - EUn,mhm = Z (k ) Un,khm(k)a
k=1
where
k

hm(k)(l‘l,...,mk) = Z(—l)k_:, Z hm|j(£i11"'1mij)-

=0 1<i <+<ij<n

The degree of degeneracy of the U-statistics Up mhm is the largest integer r
such that hpxy =0fork=1,...,n

Lemma 3.1 Suppose that Up mhy, is the U-statistic based on the sym-
metric kernel hy, satisfying Eh2, < oo. If the degree of degeneracy of Uy, is
equal to r — 1, then

m\ 2 m
C) () + (—T:#)(var(hm) — (7) var(hp,) )
+

(*) (w31)

Lemma 3.2 If Upmhm is as in Lemma 3.1, the sequence var(hm|k)/(’:),
where k = r,...,m is nondecreasing.

var(Up,) <

Proof of Theorem 2.1 Write

C;,m(a) = Unm(a) + Vam(a) + Ram(a),
where Upm(a) is the U-statistic with kernel

hm(z1,...,Zm;a) = (T (21, - .. ,Zm; P);a) — 0 (P;a);
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Vom (@) = 0 (P; @) — 0n(P; a), Rum(@) = Omn(Pn; @) — 6mn(P; a), a € R. By
assumption (J), ||Rnmll2 = op((m/n)'/? + m~1/2) whereas assumption (I)
yields

1
Vam(a) = ﬁEn(Xl;a) + vpm(a), a € R,

where ||vnm||2 = o(m~1/2). Hoeffding’s decomposition yields

nm(a ng(Xz»a) +Tn M(a)
z—l

where
gm(z;0) = E(h(Tp; a)| X1 = ) — Om(P;a)

and, in view of Lemma 4.1 and Lemma 4.2, we obtain
m2 2
Eri (a) < FE(h(Tm;a) — 0m(P;a))”.
This gives ||Tnm||2 = op((m/n)/? 4+m~1/2). Finally, assumption (I) leads to

(33) Gimla) = Y §<n(xk; o) = ER(Xk;0)) + Z=ER(X15) + nym(a),

for every a € R, where ||kmn|l2 = op((m/n)/? + 1/m!/?). Now the result

easily follows from the representation (3.3) and the central limit theorem in
Hilbert spaces. =

Proof of Theorem 2.3 Under the assumption (J') the Lo-weak limiting
behavior of the process Tmn(;, coincides with that of the process TmnUnm,
where Uy, denotes the Lo-valued U-statistic, Unn(a) = Omn(P;a) —0n(P;a)
(where a € R). Hoeffding’s decomposition, Lemma 4.1, Lemma 4.2 and
assumption (I) reduce the proof to the weak convergence of the Lo-valued
random elements

m'n. a) ng Xk, + ﬁP( ), a € R.

This can be easily shown using the results of Cremers and Kadelka (1986)
on weak convergence in L, spaces. m

Proof of Theorem 2.3 Introduce Tmy = (m/n)Y/2 + m~1/2 and fixing
constants cg > 0,c; > 0, define the set Qy = {||vpnllr < co(n/m)}/2} N
{d(Pn, P) < c1}. On this set 2, we have by assumption (A)

H(h):=L (13 )h = Ly (P)h = L(P,,mY*(P, — P))h — L(P,0)h
b b Pa (B~ PR~ LB, 0h + R (B),
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where suppcy |[Bmn(h)| = op(m™1/2).
Write @n(h) = Li(Pn,h)(VPn), bn(h) = £(P,,0)h. Using assumptions
(B) and (C) we get

H(h) = (m/n)"/*an(h) +m~"/2bn(h) + Trun(h),
where supy ey [Tmn(h)| = 0p(Tmn). In view of assumption (D), we conclude
(3.4) H(h) = (m/n)2an(h) + m~/2b(h) + Trmn (h),
where
an(h) = Li(P,h)(vp,n), b(R) = £(P,0)h.
Now (3.4) yields

(3.5) R R
H*(h) := Lo (Pr)h — Lm/2(Pn)h'

= (1 - 2_1/2)(772/71)1/2an(h) - (21/2 - l)m—l/zb(h) + Tr:z,n(h'),

where sup,ey [Ty, n(h)| = 0p(Tmn). Since F is P-Donsker and ||[vpy||F is
uniformly integrable, we obtain

D
3.6 sup |an(h)] — sup|Li(P,h)Gp|.
(3.6) hegl w52 sup [La(P h)GPl

Using (3.4), (3.5), and (3.6) it is easy to complete the proof of the theorem.
Moreover, we observe that { = suppcy |L1(P,h)Gp|, c1 = suppey |b(R)],
whereas

& = sup |[yL1(P,h)Gp + b(h)| and
heH

& = sup |y(1 — 27Y3)L1(P,h)Gp + (1 — V2)b(h)|-
heH

This concludes the proof =
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