
M. PRASHANTH AND D. K. GUPTA
KODAI MATH. J.
36 (2013), 119–136

RECURRENCE RELATIONS FOR SUPER-HALLEY’S METHOD
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Abstract

The aim of this paper is to study the semilocal convergence of the Super-Halley’s

method used for solving nonlinear equations in Banach spaces by using the recurrence

relations. This convergence is established under the assumption that the second Frëchet

derivative of the involved operator satisfies the Hölder continuity condition which is

milder than the Lipschitz continuity condition. A new family of recurrence relations

are defined based on two constants which depend on the operator. An existence-

uniqueness theorem and a proori error estimates are provided for the solution x�. The

R-order of the method equals to ð2þ pÞ for p A ð0; 1� is also established. Three

numerical examples are worked out to demonstrate the e‰cacy of our approach. On

comparison with the results obtained for the Super-Halley’s method in [3] by using

majorizing sequence, we observed improved existence and uniqueness regions for the

solution x� by our approach.

1. Introduction

Many scientific and engineering problems can be reduced to solving non-
linear equations. There exists a large number of applications that give rise to
thousands of such equations depending on one or more parameters. The bound-
ary value problems appearing in Kinetic theory of gases, elasticity and other
applied areas are reduced to solving nonlinear equations. Dynamic systems are
mathematically modelled by di¤erence or di¤erential equations and their solutions
usually represent the equilibrium states of the systems obtained by solving non-
linear equations. Many optimization problems also lead to solutions of these
equations. Generally, iterative methods are used for this purpose under various
continuity conditions like Lipschitz, Hölder and o on first/second Frëchet deriv-
atives of the involved operators. The local, semilocal and global convergence
analysis are also established for them by using either majorizing sequences or
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recurrence relations. In the case of majorizing sequences, a sequence generated
by an iterative method in Banach spaces is majorized by a sequence generated by
the same iterative method applied on a scalar function. But, the main advantage
of recurrence relations is that the problem in Banach spaces can easily be reduced
to simpler problems with real sequences and functions. The convergence analysis
depends on the choice of the distance k:k, but for a given distance the speed of
convergence of the sequence fxng is characterized by the speed of convergence
of the sequence of nonnegative numbers kx� � xnk. Two important measures of
the speed of convergence are the Q-order and R-order of convergence. It is well
known that a sequence fxng converges with Q-order at least t > 1, if there exists
a positive constant b such that kxnþ1 � x�ka bkxn � x�kt, n ¼ 0; 1; . . . . And
it converges with R-order at least t > 1 if there are constants C A ð0;yÞ and
g A ð0; 1Þ such that kxn � x�ka gt

n

, n ¼ 0; 1; . . . . Both these orders of conver-
gence are important to study the convergence of the sequence fxng derived from
an iterative method. But the R-order of convergence is more important be-
cause of their di¤erences. That is, if a sequence fxng converges with Q-order
at least t > 1, then it converges with R-order at least t > 1, but not vice versa.
For further studies of these orders of convergence, one can see the work of
[13, 14].

In this paper, we are concerned with the semilocal convergence of a third
order Super-Halley’s method used for approximating a locally unique solution x�

of nonlinear operator equations

FðxÞ ¼ 0:ð1Þ
where, F : WJX ! Y be a nonlinear operator on an open convex subset W of a
Banach space X with values in a Banach space Y. The most well known second
order iterative methods used to solve (1) are Newton’s method and it’s variants.
The Kantorovich theorem [12, 15] provides su‰cient conditions to ensure conver-
gence of these methods. Many researchers [1, 6, 9] have also considered the
convergence of one point third order iterative methods such as the Chebyshev’s
method, the Halley’s method and the Super-Halley’s method used for solving (1)
under the assumption that the second order Frëchet derivative satisfies Lipschitz
continuity condition. Under the assumptions that F 00 is Lipschitz continuous,
Candela and Marquina [1] used recurrence relations and derived a family of four
real sequences in order to study the semilocal convergence of the Chebyshev’s
method in Banach spaces. Gutiérrez and Hernández [10] used recurrence rela-
tions and derived two real sequences in order to study the semilocal convergence
of the second order derivative free version of the Chebyshev’s method. Gutiérrez
and Hernández [6] studied convergence of the Super-Halley’s method under the
assumption that F 00 is Lipschitz continuous. Ezquerro and Hernandez [4] estab-
lished semilocal convergence of second order derivative free version of the Super-
Halley’s method by using recurrence relations. Their main assumption for the
convergence analysis was that the second Fréchet derivative satisfies Lipschitz
continuity condition. However, it is not always true as the following example
illustrates.
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Example. Let us consider the integral equation of Fredholm type [2]:

FðxÞðsÞ ¼ xðsÞ � f ðsÞ � l

ð1
0

s

sþ t
xðtÞ2þp

dt;

with s A ½0; 1�, x; f A C½0; 1�, p A ð0; 1� and l is a real number.
Under the sup-norm on the operator F , the second Fréchet derivative of F

satisfies

kF 00ðxÞ � F 00ðyÞka jljð1þ pÞð2þ pÞ log 2kx� ykp; x; y A W:

Hence, for p A ð0; 1Þ, F 00 does not satisfy the Lipschitz continuity condition,
but it satisfies the Hölder continuity condition. Hernandez and Salanova [8]
studied the convergence of the Chebyshev’s method by using recurrence rela-
tions under the assumption that F 00 satisfies Hölder continuity condition. J. A.
Ezquerro et al. [5] discussed the convergence of Super-Halley’s method using
majorizing sequences under the Lipschitz continuity condition. The conver-
gence of the Chebyshev’s method and the Convex Acceleration of Newton’s
method using majorizing sequences under the Hölder conditions are given in
[3, 7].

This paper is organized as follows. Section 1 is the introduction. In Sec-
tion 2, some preliminary results are given. Then, two real sequences are gen-
erated and their properties are studied. In Section 3, recurrence relations are
derived. In Section 4, a convergence theorem is established for the existence and
uniqueness regions along with a priori error bounds for the solution. In section
5, three numerical examples are worked out and results obtained are compared
with those obtained in [3] to demonstrate the e‰cacy of our approach. Finally,
conclusions are covered in Section 6.

2. Preliminary results

In this section, we shall give some preliminary results in order to establish
the convergence of the Super-Halley’s method under the assumption that the
second Frëchet derivative satisfies the Hölder continuity condition for solving
(1) in Banach spaces by using recurrence relations. Let G0 ¼ F 0ðx0Þ�1 A LðY ;X Þ
exists for some x0 A W, where LðY ;XÞ is the set of bounded linear operator from
Y into X. The Super-Halley’s method can now be written in the form for
n ¼ 0; 1; . . .

yn ¼ xn � GnF ðxnÞ
xnþ1 ¼ yn þ 1

2LF ðxnÞðI � LF ðxnÞÞ�1ðyn � xnÞ

)
ð2Þ

where, LF ðxnÞ ¼ F 0ðxnÞ�1
F 00ðxnÞF 0ðxnÞ�1

FðxnÞ:
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Let the following assumptions hold true

1: kG0k ¼ kF 0ðx0Þ�1ka b;

2: kF 0ðx0Þ�1
Fðx0Þka h;

3: kF 00ðxÞkaM; Ex A W;

4: kF 00ðxÞ � F 00ðyÞkaKkx� ykp; Ex; y A W; K > 0; p A ð0; 1�

9>>>>=
>>>>;

ð3Þ

Let

a0 ¼ Mbh; b0 ¼ Kbhpþ1ð4Þ

Now, we define the real sequences

anþ1 ¼ an f ðanÞ2gðan; bnÞ and bnþ1 ¼ bn f ðanÞpþ2
gðan; bnÞpþ1ð5Þ

where

f ðxÞ ¼ 2ð1� xÞ
2� 4xþ x2

ð6Þ

and

gðx; yÞ ¼ x2

ð1� xÞ þ
y

ðpþ 1Þðpþ 2Þð1� xÞ þ
x3

8ð1� xÞ2
ð7Þ

The following Lemmas will be used to establish some properties of these
sequences.

Lemma 1. Let the real functions f and g be given by (6) and (7) respectively
and let p A ð0; 1�, then for x A ð0; r0Þ where r0 be the smallest positive zero of the
polynomial 2x4 � 9x3 þ 32x2 � 32xþ 8 ¼ 0, we get

(i) f is a increasing function and f ðxÞ > 1 in ð0; r0�.
(ii) g is a increasing in both arguements for y > 0.
(iii) f ðgxÞ < f ðxÞ and gðgx; gpþ1yÞa gpþ1gðx; yÞ:

Proof. The proof is simple and hence omitted here.

Lemma 2. For a fixed p A ð0; 1� and two real functions f and g given by (6)
and (7) respectively, define

FpðxÞ ¼
ðpþ 1ÞðPþ 2Þð2x4 � 9x3 þ 32x2 � 32xþ 8Þ

8ð1� xÞð8Þ

Now, for 0 < a0 a r0 and 0a b0 aFpða0Þ, we get
(i) f ðanÞ2gðan; bnÞa 1.
(ii) fang, fbng are decreasing sequences and an < 1.
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Proof. From the definitions of functions f and g, one can easily conclude
that f ðanÞ2gðan; bnÞa 1 i¤

4ð1� anÞ2

ð2� 4an þ a2nÞ
2

a2n
ð1� anÞ

þ bn

ðpþ 1Þðpþ 2Þð1� anÞ
þ a3n

8ð1� anÞ2

" #
< 1

or,

bn a
ðpþ 1Þðpþ 2Þð2a4n � 9a3n þ 32a2n � 32an þ 8Þ

8ð1� anÞ
¼ FpðanÞ

This Lemma can be proved by using induction. For 0 < a0 a r0 and 0a
b0 aFpða0Þ; we can easily conclude that f ða0Þ2gða0; b0Þa 1. From (5), we
obtain

a1 ¼ a0 f ða0Þ2gða0; b0Þa a0 < 1

and as f ðxÞ > 1 in x A ð0; r0�, we get

b1 ¼ b0 f ða0Þpþ2
gða0; b0Þpþ1 < b0ð f ða0Þ2gða0; b0ÞÞð f ða0Þ2gða0; b0ÞÞp a b0

Now, let us assume that the statement hold true for n ¼ k. Then, proceeding
similarly as above, one can easily prove that akþ1 a ak a r0 < 1 and bkþ1 a bk.
Since f and g are increasing functions, we get

f ðakþ1Þ2gðakþ1; bkþ1Þa f ðakÞ2gðak; bkÞa 1

Hence, the Lemma 2 holds true for all n.

Lemma 3. Let 0 < a0 < r0 and 0 < b0 < Fpða0Þ. Define g ¼ a1

a0
, then for

nb 1 we get
(i) an a gð2þpÞ n�1

an�1 a gðð2þpÞ n�1Þ=ð1þpÞa0 for nb 1
(ii) bn a ðgð2þpÞ n�1Þ1þp

bn�1 a gð2þpÞn�1b0 for nb 1

(iii) f ðanÞgðan; bnÞa gð2þpÞn f ða0Þgða0; b0Þ
g

¼ gð2þpÞn

f ða0Þ
, nb 0

Proof. We can prove (i) and (ii) by using induction. Since a1 ¼ ga0 and
a1 < a0, we get g < 1. Using (i) of Lemma 1, we get,

b1 ¼ b0 f ða0Þpþ2
gða0; b0Þpþ1 < ð f ða0Þ2gða0; b0ÞÞ1þp

b0 ¼
a1

a0

� �1þp

b0 ¼ g1þpb0

Suppose (i) and (ii) hold for n ¼ k, then

akþ1 ¼ ak f ðakÞ2gðak; bkÞa gð pþ2Þk�1

ak�1 f ðak�1Þ2gðgð2þpÞk�1

ak�1; ðgð2þpÞk�1

Þ1þp
bk�1Þ

a gðpþ2Þ k�1

ak�1 f ðak�1Þ2ðgð2þpÞk�1

Þ1þp
gðak�1; bk�1Þ ¼ gð2þpÞk ak
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Hence,

akþ1 a gð2þpÞk ak a gð2þpÞkgð2þpÞk�1

ak�1 a gð2þpÞkgð2þpÞk�1

� � � gð2þpÞ0a0

¼ gððpþ2Þkþ1�1Þ=ðpþ1Þa0

From f ðxÞ > 1 in ð0; r0�, we get

bkþ1 ¼ bk f ðakÞpþ2
gðak; bkÞpþ1

a bkð f ðakÞ2gðak; bkÞÞpþ1

¼ bk
akþ1

ak

� �pþ1

a ðgðpþ2Þ k Þpþ1
bk

Hence,

bkþ1 ¼ ðgðpþ2Þk Þpþ1
bk < ðgðpþ2Þk Þpþ1ðgðpþ2Þ k�1

Þpþ1 � � � ðgðpþ2Þ0Þpþ1
b0 ¼ gðpþ2Þ kþ1�1b0

Thus, (i) and (ii) hold by induction. (iii) follows from

f ðanÞgðan; bnÞa f ðgððpþ2Þ n�1Þ=ðpþ1Þa0Þgðgððpþ2Þ n�1Þ=ðpþ1Þa0; g
ðpþ2Þ n�1b0Þ

a gðpþ2Þ n f ða0Þgða0; b0Þ
g

¼ gð pþ2Þn=f ða0Þ

as g ¼ a1=a0 ¼ f ða0Þ2gða0; b0Þ:

3. Recurrence relations

In this section, the recurrence relations will be derived for the Super-Halley’s
method under the assumptions given in the previous section. Let G0 ¼ F 0ðx0Þ�1

exists for x0 A W. Then,

kLF ðx0ÞkaMkG0k kG0Fðx0Þka a0

KkG0k kG0F ðx0Þkpþ1
aKbhpþ1

and

ky0 � x0ka kG0Fðx0Þka h

we can now prove the following conditions for nb 1

ðIÞ kGnk ¼ kF 0ðxnÞ�1ka f ðan�1ÞkGn�1k
ðIIÞ kGnF ðxnÞka f ðan�1Þgðan�1; bn�1ÞkGn�1Fðxn�1Þk
ðIIIÞ kLF ðxnÞkaMkGnk kGnF ðxnÞka an

ðIVÞ KkGnk kGnFðxnÞkpþ1
a bn

ðVÞ kxnþ1 � xnka 1þ an

2ð1� anÞ

� �
kGnFðxnÞk

ðVIÞ yn; xnþ1 A Bðx0;RhÞ

9>>>>>>>>>>=
>>>>>>>>>>;

ð9Þ
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Assuming that 1þ a0

2ð1� a0Þ

� �
a0 < 1 and x1 A W, we get

kI � G0F
0ðx1Þka kG0k kF 0ðx0Þ � F 0ðx1Þk

a kG0k
ð1
0

kF 00ðx0 þ tðx1 � x0ÞÞk dtkx1 � x0k

aMkG0k kx1 � x0k

From

kx1 � x0ka 1þ a0

2ð1� a0Þ

� �

we get

kI � G0F
0ðx1ÞkaMb 1þ a0

2ð1� a0Þ

� �
h

a 1þ a0

2ð1� a0Þ

� �
a0 < 1

Then, by Banach Lemma, G1 ¼ F 0ðx1Þ�1 exists and

kG1ka
kG0k

1� kG0k kF 0ðx0Þ � F 0ðx1Þk
a

2ð1� a0Þ
ð2� 4a0 þ a20Þ

kG0ka f ða0ÞkG0kð10Þ

Using the Taylor’s formula, we get

F ðxnþ1Þ ¼ F ðynÞ þ F 0ðynÞðxnþ1 � ynÞ þ
ð xnþ1

yn

F 00ðxÞðxnþ1 � xÞ dxð11Þ

¼
ð1
0

½F 00ðxn þ tðyn � xnÞÞ � F 00ðxnÞ�

� ð1� tÞðI � LF ðxnÞÞ�1ðyn � xnÞ2 dt

�
ð1
0

F 00ðxn þ tðyn � xnÞÞðI � LF ðxnÞÞ�1
LF ðxnÞð1� tÞðyn � xnÞ2 dt

þ
ð1
0

F 00ðxn þ tðyn � xnÞÞ dtðyn � xnÞðxnþ1 � ynÞ

þ
ð1
0

F 00ðyn þ tðxnþ1 � ynÞÞð1� tÞ dtðxnþ1 � ynÞ2

For n ¼ 0 and y0 A W, we get

kF ðx1Þka
Mh2a0

2ð1� a0Þ
þ Khpþ2

ðpþ 1Þðpþ 2Þð1� a0Þ
þ Mh2a0

2ð1� a0Þ
þ Mh2a20

8ð1� a0Þ2
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This gives

kG1Fðx1Þka kG1k kFðx1Þka f ða0Þgða0; b0ÞkG0Fðx0Þkð12Þ

and (II) holds for n ¼ 1. To prove (III) and (IV) for n ¼ 1, notice that

kLF ðx1Þk ¼ MkG1k kG1F ðx1Þka a0 f ða0Þ2gða0; b0Þa a1;ð13Þ

and

KkG1k kG1Fðx1Þkpþ1
aKf ða0ÞkG0k kG0Fðx0Þkpþ1

f ða0Þpþ1
gða0; b0Þpþ1ð14Þ

a b0 f ða0Þpþ2
gða0; b0Þpþ1

a b1

This leads to

ky1 � x0ka ky1 � x1k þ kx1 � x0k

a f ða0Þgða0; b0Þ þ 1þ a0

2ð1� a0Þ

� �� �
h

a 1þ a0

2ð1� a0Þ

� �
½1þ f ða0Þgða0; b0Þ�h

< 1þ a0

2ð1� a0Þ

� �
h

ð1� gDÞ
Therefore,

ky1 � x0k < Rhð15Þ

and

kx2 � x1ka 1þ a1

2ð1� a1Þ

� �
kG1Fðx1Þkð16Þ

From,

kx2 � x0ka kx2 � x1k þ kx1 � x0k < 1þ a0

2ð1� a0Þ

� �
h

ð1� gDÞ ¼
2� a0

2ð1� a0Þ
h

we get

kx2 � x0k < Rhð17Þ

Using (10), (12) and (13) to (17) respectively, the conditions (I)–(VI) hold true for
n ¼ 1. Let us assume that (I) to (VI) hold for n ¼ k. Proceeding similarly as
above, we can easily prove that these conditions also hold for n ¼ k þ 1: Hence,
by induction (I) to (VI) hold for all n:
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4. Convergence theorem

In this section, an existence and uniqueness theorem is established for the
solution of nonlinear equations (1) in Banach spaces obtained by the Super-
Halley’s method by using recurrence relations under the assumption that the
second Frëchet derivative satisfies the Hölder continuity condition. The R-order
of the method equals to ð2þ pÞ is shown along with a priori error bounds. Let

us denote g ¼ a1

a0
, D ¼ 1=f ða0Þ, R ¼ 2� a0

2ð1� a0Þ
, Bðx0;RhÞ ¼ fx A X : kx� x0k <

Rhg and Bðx0;RhÞ ¼ fx A X : kx� x0kaRhg:

Theorem 1. Let F : WJX ! Y be a nonlinear twice Frëchet di¤erentiable
on a non-empty open convex subset W of a Banach space X with values in a
Banach space Y. Assume that G0 ¼ F 0ðx0Þ�1 A LðY;XÞ exists for some x0 A W:
Under the assumptions given in (3) and Bðx0;RhÞJW, the method (2) starting
from x0 generates a sequence of iterates fxng converging to the root x� of (1),

which is unique in B x0;
2

Mb
� Rh

� �
VW: Furthermore the error bounds on x� is

given by

kx� � xnka
ð2� a0g

ððpþ2Þ n�1Þ=ðpþ1ÞÞ
2ð1� a0gððpþ2Þ n�1Þ=ðpþ1ÞÞ

gððpþ2Þ n�1Þ=ðpþ1ÞDn

1� gðpþ2Þ nD
ð18Þ

Proof. In order to establish the convergence of fxng, it is su‰cient to show
that the sequence fxng is a Cauchy sequence. From the condition (IV) of (9),
we can conclude that

kyn � xnka f ðan�1Þgðan�1; bn�1Þkyn�1 � xn�1kð19Þ

a � � �
Yn�1

k¼0

f ðakÞgðak; bkÞ
 !

ky0 � x0k

a
Yn�1

k¼0

f ðakÞgðak; bkÞ
 !

h

and

kxmþn � xmka kxmþn � xmþn�1k þ � � � kxmþ1 � xmkð20Þ

a
ð2� amþn�1Þ
2ð1� amþn�1Þ

kymþn�1 � xmþn�1k þ � � � ð2� amÞ
2ð1� amÞ

kym � xmk

a
ð2� amÞ
2ð1� amÞ

Ymþn�2

k¼0

f ðakÞgðak; bkÞ þ � � �
Ym�1

k¼0

f ðakÞgðak; bkÞ
" #

h
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Now, for a0 ¼ r0, we get b0 ¼ Fpða0Þ ¼ 0: Hence, from Lemma 2, we get

f ða0Þ2gða0; b0Þ ¼ 1;

an ¼ an�1 ¼ an�2 ¼ � � � a1 ¼ a0

and

bn ¼ bn�1 ¼ bn�2 ¼ � � � b0 ¼ 0

Thus,

kyn � xnka ð f ða0Þgða0; b0ÞÞnh ¼ Dnh

and

kxnþ1 � xnka
ð2� a0Þ
2ð1� a0Þ

Dnh

From this, we get

kxmþn � xmka
ð2� a0Þ
2ð1� a0Þ

½Dmþn�1 þ � � �Dm�h ¼ ð2� a0ÞDm

2ð1� a0Þ
1� Dn

1� D

� �
hð21Þ

If we take m ¼ 0 then we get

kxn � x0ka
ð2� a0Þ
2ð1� a0Þ

1� Dn

1� D

� �
hð22Þ

Thus, xn A Bðx0;RhÞ: Similarly, we can prove that yn A Bðx0;RhÞ: As D < 1,
from (21), we conclude that fxng is a Cauchy sequence. Let 0 < a0 < r0 and
0 < b0 < Fpða0Þ then from the (19) and Lemma 3 (iii), for nb 1

kyn � xnka
Yn�1

k¼0

f ðakÞgðak; bkÞ
 !

h <
Yn�1

k¼0

ðgðpþ2ÞkDÞh ¼ gððpþ2Þ n�1Þ=ðpþ1ÞDnhð23Þ

Hence, from (20), we obtain

kxmþn � xmka
2� am

2ð1� amÞ
Ymþn�2

k¼0

f ðakÞgðak; bkÞ þ � � �
Ym�1

k¼0

f ðakÞgðak; bkÞ
" #

h

a
2� am

2ð1� amÞ
½gððpþ2Þmþn�1�1Þ=ð pþ1ÞDmþn�1 þ � � � gððpþ2Þm�1Þ=ðpþ1ÞDm�h

a
2� am

2ð1� amÞ
Dm½gððpþ2Þmþn�1�1Þ=ðpþ1ÞDn�1 þ � � � gððpþ2Þm�1Þ=ðpþ1Þ�h

a
2� gððpþ2Þm�1Þ=ðpþ1Þa0

2ð1� gððpþ2Þm�1Þ=ðpþ1Þa0Þ
Dmgððpþ2Þm�1Þ=ðpþ1Þ

½gðpþ2Þmððpþ2Þn�1�1Þ=ðpþ1ÞDn�1 þ � � � þ gðpþ2Þmððpþ2Þ n�1�1Þ=ð pþ1ÞDn�1 þ 1�
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By Bernoulli’s inequality, for every real number x > �1 and every integer kb 0,
we have ð1þ xÞk � 1b kx: Thus, we get

kxmþn � xmka
ð2� gððpþ2Þm�1Þ=ðpþ1Þa0Þ
2ð1� gððpþ2Þm�1Þ=ðpþ1Þa0Þ

Dmgððpþ2Þm�1Þ=ðpþ1Þð24Þ

1� gðpþ2ÞmnDn

1� gðpþ2ÞmD

Now, for m ¼ 0, we get

kxn � x0ka
ð2� a0Þ
2ð1� a0Þ

ð1� gnDnÞ
ð1� gDÞ haRhð25Þ

Hence, xn A Bðx0;RhÞ: From

kynþ1 � x0ka kynþ1 � xnþ1k þ kxnþ1 � xnk þ � � � kx1 � x0kð26Þ

a kynþ1 � xnþ1k þ
2� an

2ð1� anÞ
kyn � xnk

þ � � � þ 2� a0

2ð1� a0Þ
ky0 � x0k

a
2� anþ1

2ð1� anþ1Þ
kynþ1 � xnþ1k þ

2� an

2ð1� anÞ
kyn � xnk

þ � � � þ 2� a0

2ð1� a0Þ
ky0 � x0k

a � � �a 2� a0

2ð1� a0Þ
1� gnþ1Dnþ1

1� gD
h ¼ Rh

we get yn A Bðx0;RhÞ: On taking the limit as n ! y in (22) and (25), we
get x� A Bðx0;RhÞ: To show that x� is a solution of FðxÞ ¼ 0, we use
kFðxnÞka kF 0ðxnÞk kGnF ðxnÞk and since, the sequence fkF 0ðxnÞkg is bounded
as

kF 0ðxnÞka kF 0ðx0Þk þMkxn � x0k < kF 0ðx0Þk þMRh

and F is continuous, by taking the limit as n ! y, we get F ðx�Þ ¼ 0.
To prove the uniqueness of the solution, let y� be the another solution of (1)

in Bðx0; 2=ððMbÞ � RhÞÞVW. From,

0 ¼ Fðy�Þ � Fðx�Þ ¼
ð 1
0

F 0ðx� þ tðy� � x�ÞÞ dtðy� � x�Þ

Clearly, y� ¼ x�, if
Ð 1
0 F

0ðx� þ tðy� � x�ÞÞ dt is invertible. This follows from
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kG0k
ð1
0

½F 0ðx� þ tðy� � x�ÞÞ � F 0ðx0Þ� dt
����

����
aMb

ð1
0

kx� þ tðy� � x�Þ � xa;0k dt

aMb

ð1
0

ð1� tÞkx� � x0k þ tky� � x0k dt

a
Mb

2
Rhþ 2

Mb
� Rh

� �
¼ 1

and by Banach’s theorem. Thus, y� ¼ x�.

5. Numerical results

Example 1 ([4]). Let X ¼ C½0; 1� be the space of all continuous functions on
the interval ½0; 1� and consider the integral equation FðxÞ ¼ 0, where

F ðxÞðsÞ ¼ xðsÞ � sþ 1

2

ð1
0

s cosðxðtÞÞ dtð27Þ

If we choose x0 ¼ x0ðsÞ ¼ s and the norm kxk ¼ maxs A ½0;1�jxðsÞj, then we get

F ðx0ÞðsÞa
1

2
sin 1s

F 0ðxÞuðsÞ ¼ uðsÞ � 1

2

ð1
0

s sinðxðtÞÞuðtÞ dt

and

F 00ðxÞuvðsÞ ¼ �1

2

ð 1
0

s cosðxðtÞÞuðtÞvðtÞ dt

Taking uðsÞ ¼ ½F 0ðxÞ��1
vðsÞ; we get

vðsÞ ¼ uðsÞ � s

2

ð1
0

uðtÞ sinðxðtÞÞ dtð28Þ

Now, multiplying (28) by
Ð 1
0 sinðxðsÞÞ ds, we getð1

0

vðsÞ sinðxðsÞÞ ds ¼
ð1
0

uðsÞ sinðxðsÞÞ ds�
ð1
0

s

2
sinðxðsÞÞ

ð1
0

uðtÞ sinðxðtÞÞ dt
� �

ds

This gives

ð 1
0

uðsÞ sinðxðsÞÞ ds ¼

ð1
0

vðsÞ sinðxðsÞÞ

1�
ð1
0

s

2
sinðxðsÞÞ ds

ð29Þ

130 maroju prashanth and dharmendra k. gupta



Consequently,

uðsÞ ¼ ½F 0ðxÞ��1
vðsÞ ¼ vðsÞ þ

ð1
0

vðsÞ sinðxðsÞÞ ds

1�
ð1
0

s

2
sinðxðsÞÞ ds

From this, we get

G0vðsÞ ¼ ½F 0ðx0Þ��1
vðsÞ ¼ vðsÞ þ

ð1
0

vðsÞ sinðxðsÞÞ

1�
ð1
0

s

2
sinðxðsÞÞ ds

ð30Þ

This gives

k½F 0ðx0Þ��1ka 3� sin 1

2� sin 1þ cos 1

kF 0ðx0Þ�1
Fðx0Þka

sin 1

2� sin 1þ cos 1
¼ h

kF 00ðxÞka 1

2
¼ M

and

kF 00ðxÞ � F 00ðyÞkuvðsÞa 1

2

ð1
0

jcos xðtÞ � cos yðtÞjuvðtÞ dt

a
1

2
kx� yk

This implies that K ¼ 1
2 , p ¼ 1, b ¼ 1:2705964 and h ¼ 0:4953234: Hence, we

get a0 ¼ Mbh ¼ 0:314678 < r0 ¼ 0:380778 and b0 ¼ Kbh2 ¼ 0:155867 < Fpða0Þ ¼
0:191729: Hence, the conditions of theorem 1 are satisfied and the solution of
(27) exists in the ball Bðx0; 0:883997Þ: and is unique in the ball Bðx0; 2:26413Þ:
However, solving (27) by using majorizing sequence [3], we find that the solu-
tion exists in the ball Bðx0; 0:609569ÞJW and is unique in Bðx0; 1:70991Þ:
This clearly improves the existence and uniqueness regions of solution by our
approach.

Example 2. Let X be the space of all continuous functions on ½a; b� and
consider the integral equation FðxÞ ¼ 0 on X; where

FðxÞðsÞ ¼ xðsÞ � f ðsÞ � l

ð1
0

s

sþ t
xðtÞ2þp

dtð31Þ

with s A ½0; 1�, x; f A X, p A ð0; 1� and l is a real number.
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The given integral equation is called Fredholm-type integral equations
studied by [2]. Here norm is taken as the sup-norm.

Now it is easy to find that the first and the second order Frëchet derivatives
of F as

F 0ðxÞuðsÞ ¼ uðsÞ � lð2þ pÞ
ð1
0

s

sþ t
xðtÞ1þp

uðtÞ dt; u A W

F 00ðxÞuvðsÞ ¼ �lð2þ pÞð1þ pÞ
ð1
0

s

sþ t
xðtÞpðuvÞðtÞ dt; u; v A W

Here F 00 does not satisfy the Lipschitz condition as, for p A ð0; 1Þ and for all
x; y A W

kF 00ðxÞ � F 00ðyÞk ¼ lð2þ pÞð1þ pÞ
ð1
0

s

sþ t
½xðtÞp � yðtÞp� dt

����
����

a jljð2þ pÞð1þ pÞ max
s A ½0;1�

ð1
0

s

sþ t
dt

����
����kxðtÞp � yðtÞpk

a jljð2þ pÞð1þ pÞ log 2kx� ykp

But it satisfies the Holder continuity condition as p A ð0; 1�: Hence K ¼
jljð2þ pÞð1þ pÞ log 2: Now, we need to compute the parameters M, h, b.
Clearly,

kFðx0Þka kx0 � f k þ jlj log 2kx0k2þp

Also note that

kI � F 0ðx0Þka jljð2þ pÞ log 2kx0k1þp

Figure 1. Conditions on the parameter S.
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and, if jljð2þ pÞ log 2kx0k1þp < 1, then by Banach theorem, we obtain

kG0k ¼ kF 0ðx0Þ�1ka 1

1� jljð2þ pÞ log 2kx0k1þp
¼ b

and

kF 00ðxÞka jljð2þ pÞð1þ pÞ log 2kxkp ¼ MðxÞ
Hence

kG0F ðx0Þka
kx0 � f k þ jlj log 2kx0kp

1� jljð2þ pÞ log 2kx0k1þp
¼ h

Now, for l ¼ 1=4, p ¼ 1=5, f ðsÞ ¼ 1 and x0 ¼ x0ðsÞ ¼ 1 in the interval ½0; 1�,
we have kG0ka b ¼ 1:61611, kG0Fðx0Þka h ¼ 0:280051, K ¼ 0:457477, and
b0 ¼ Kbh1þp ¼ 0:160518. Now we find the domain in the form of W ¼
Bðx0;SÞ such that W ¼ Bðx0;SÞJC½0; 1� ¼ X. So M ¼ MðSÞ ¼ 0:457477Sp,
a0 ¼ a0ðSÞ ¼ MðSÞbh ¼ 0:207051Sp: In this situation, from Theorem 1, it is
necessary that Bðx0;RhÞJW: For this it is su‰cient to check S � ðRðSÞhþ 1Þ
> 0 and Fpða0Þ � b0 > 0: This requires that S A ð1:39475; 14:9209Þ as is evident
from Fig. 1. Also, a0ðSÞa r0 ¼ 0:380778 if and only if S < 21:0365: Taking
S ¼ 14, we get W ¼ Bð1; 14Þ, M ¼ 0:775523, a0 ¼ 0:350997, and b0 ¼ 0:160518 <
0:178796 ¼ Fpða0Þ: Thus, all the conditions of the Theorem 1 are satisfied.
Hence a solution of (31) exists in Bðx0; 0:76485Þ: and is unique in the ball
Bð1; 0:830898Þ: But, by using majorizing sequences [3], we find that the solution
exists in the ball Bðx0; 0:377703Þ:JW and is unique in Bðx0; 0:958765Þ. From
this result, one can easily conclude that our existence and uniqueness regions of
solution improved the existence and uniqueness regions obtained by majorizing
sequences.

if and only if Sa 82:1227: Hence if we choose S ¼ 14, then we have W ¼
Bð1; 14Þ, M ¼ 0:775523, a0 ¼ 0:350997, and b0 ¼ 0:160518 < 0:178796 ¼ Fpða0Þ:
Thus the conditions of the Theorem corresponding paper satisfied. Hence the
solution of Eq. (31) exist in Bð1; 0:420745Þ and the solution unique in the ball
Bð1; 1:175ÞVW

Example 3. Consider the di¤erential equation

y 00 þ y 0 � y3 ¼ 0; yð0Þ ¼ yð1Þ ¼ 0ð32Þ

We divided the interval ½0; 1� into n subintervals and we set h ¼ 1

n
: Let fzkg be

the points of the subdivision with

0 ¼ z0 < z1 < z2 < � � � < zn ¼ 1

and corresponding values of the function

y0 ¼ yðz0Þ; y1 ¼ yðz1Þ; . . . ; yn ¼ yðznÞ
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Standard approximations for the first and second derivatives are given respec-
tively by

y 0
i ¼ ðyiþ1 � yiÞ=h; y 00

i ¼ ðyi�1 � 2yi þ yiþ1Þ=h2; i ¼ 1; 2; . . . n� 1

Noting that y0 ¼ 0 ¼ yn, define the operator F : Rn�1 ! Rn�1 by

FðyÞ ¼ GðyÞ þ hJðyÞ � 2h2gðyÞ;
where

G ¼

�4 2 0 � � � 0

2 �4 2 � � � 0

0 2 �4 � � � 0

..

. ..
. ..

. . .
.

0

0 � � � � � � � � � �4

0
BBBBBB@

1
CCCCCCA
; J ¼

0 1 0 � � � 0

�1 0 1 � � � 0

0 �1 0 � � � 0

..

. ..
. ..

. . .
.

0

0 � � � � � � � � � 0

0
BBBBBB@

1
CCCCCCA

gðyÞ ¼

y31
y32

..

.

y3n�1

0
BBBB@

1
CCCCA; y ¼

y1

y2

..

.

yn�1

0
BBBB@

1
CCCCA;

Then, we get

F 0ðyÞ ¼ G þ hJ � 6h2

y21 0 0 � � � 0

0 y22 0 � � � 0

0 0 y23 � � � 0

..

. ..
. ..

. . .
.

0

0 � � � � � � � � � y2n�1

0
BBBBBB@

1
CCCCCCA
;

F 00ðyÞ ¼ �12h2

y1 0 0 � � � 0

0 y2 0 � � � 0

0 0 y3 � � � 0

..

. ..
. ..

. . .
.

0

0 � � � � � � � � � yn�1

0
BBBBBB@

1
CCCCCCA
;

Let x A Rn�1, A A Rn�1 � Rn�1; and define the norms of x and A by

kxk ¼ max
1aian�1

jxij; kAk ¼ max
1aian�1

Xn�1

k¼1

jaikj

For n ¼ 10 and for all x; y A Rn�1, we now get

kF 00ðxÞ � F 00ðyÞka 0:12kx� yk
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As the solution should vanish at the end points and be positive in the interior, a
reasonable choice of initial approximation seems to be expðpxÞ=100. This gives
the following vector:

x0 ¼

0:0136911

0:0187446

0:0256633

0:0351359

0:0481048

0:0658606

0:0901703

0:1234530

0:1690200

0
BBBBBBBBBBBBBBB@

1
CCCCCCCCCCCCCCCA

;

We now get the following results for our method:

kG0ka b ¼ 6:11998638, kG0F ðx0Þka h ¼ 0:168893, kF 00ðxÞkaM ¼ 0:0202824,
N ¼ 0:12, a0 ¼ Mbh ¼ 0:02096435, b0 ¼ 0:0209486, r0 ¼ 0:380778 and Fpða0Þ
¼ 0:0401631: This implies that a0 < r0 ¼ 0:380778, and b0 < Fpða0Þ. Thus, all
the conditions of Theorem 1 are satisfied. This implies that the solution of equa-
tion (32) exists in the ball Bð1; 0:171405Þ and unique in the ball Bð1; 15:9411ÞV
W: Solving (32) by using majorizing sequence, we obtained that the solution
exists in Bð1; 0:17017Þ and unique in Bð1; 2:67306ÞVW: From this, we can
easily conclude that the existence and uniqueness regions of solution are improved
by our approach.

6. Conclusions

The semilocal convergence of Super-Halley’s method used for solving non-
linear equations in Banach spaces by using the recurrence relations is established
in this paper. This is done under the assumption that the second Frëchet
derivative of the involved operator satisfies the Hölder continuity condition which
is milder than the Lipschitz continuity condition. A new family of recurrence
relations are defined based on the two constants which depend on the operator F .
An existence and uniqueness theorem along with a priori error bounds for the
solution x� is given. The R-order of the method equals to ð2þ pÞ for p A ð0; 1�
is also established. Three numerical examples are worked out to demonstrate the
e‰cacy of our approach. On comparison with the method described in [3], we
observed the improved existence and uniqueness regions of solution.

References

[ 1 ] V. Candela and A. Marquina, Recurrence relation for rational cubic methods I: The Halley

method, Computing 44 (1990), 169–184.

[ 2 ] H. T. Davis, Introduction to nonlinear di¤erential and integral equations, Dover, New York,

1962.

135recurrence relations for super-halley’s method



[ 3 ] J. A. Ezquerro and M. A. Hernández, On a convex acceleration of Newton’s method,

Journal of Optimization Theory and Applications 100 (1999), 311–326.

[ 4 ] J. A. Ezquerro and M. A. Hernández, Avoiding the computation of the second Fréchet-
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