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SPACES AND MODULAR TRANSFORMATIONS
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§ 1. Introduction

Let S be a Riemann surface of type (/>, n) with 3p—3-f w>0. As is well-
known, the Teichmύller space T(S) of S is a 3p—34-n dimensional complex mani-
fold. Maskit [9] has observed that the deformation space T(Γ) of some kind
of Kleinian group Γ is a model of T(S), and he also has described an embedd-
ing T(S)->Uzp-2+n, where U is the upper half plane. The group Γ is defined
by choosing an admissible set of 3p—3-j-n curves Σ on S. The embedding
does not depend on the base point of T(S) and depends only on the choice of
curves, which is done in a finitely many ways. The embedding yields global
coordinates of T(S), called the Maskit coordinates, and with these coordinates
the modular transformation induced by a Dehn twist about an element of Σ is
represented by a parabolic element of PSL(2, R).

In this paper we shall investigate some properties of Maskit coordinates.
In § 4, we shall observe a certain type of modular transformations. In § 5, we
shall give a sufficient condition for parabolic modular transformations to have
an invariant Teichmϋller disc.

§ 2. Preliminaries

In this section we recall some known results and fix our notations. Let S
be a Riemann surface of type (p, n) with 3p—3+n>0, and let / and g be
quasiconformal mappings of S onto S' and S", respectively. The mappings /
and g are said to be equivalent if there exists a conformal mapping h of Sr

onto S" such that g~ίoh°f: 5->5 is homotopic to the identity. The Teichmϋller
space T(S) of S is the set of all these equivalence classes. It is known that
T(S) is a 3p—3+n dimensional complex manifold.

T(S) is a metric space with the Teichmϋller distance

d(q, /0=-jjΓ inf{log # / o ί-iI/<=/>, g^q)

where Kfog-i denotes the maximal dilatation of g° f'1. The Teichmuller distance
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coincides with the Kobayashi distance on T(S). The image of an holomorphic
isometry of the upper half plane U into T(S) with respect to the hyperbolic
distance on U and the Teichmύller distance on T(S) is called a Teichmuller disc.

Let ω be a quasiconformal self-mapping of S. The self-mapping of T(S)
of the form Z[α>]: [/]-*[/o<w~1] is biholomorphic and is isometric with respect
to the Teichmύller distanse on T(S). Such an automorphism of T(S) is called
a modular transformation of T(S). The set of all modular transformations is
called the modular group of T(S), and is denoted by Mod (S).

A non-empty set of disjoint closed Jordan curves C = {CU ••• , Ct\ on S is
called admissible if no C3 is homotopic to a point, a puncture or Ck (kφj).
An orientation preserving homeomorphism / : S->S is called to be reduced by C
if f{C)—C, A self-mapping of S is called reducible if it is homotopic to a
reduced mappings, and is called irreducible otherwise. Let / be reduced by C.
For each component S α ) of S—C, there is the smallest positive integer J(k)
such that fJ<k\S<k>)=S<k\ If /'<*>|SC*> is irreducible as a self-mapping of Sc*>
for each S(k\ then f is called to be completely reduced by C. Bers [23 showed
that every reducible self-mapping is homotopic to a completely reduced mapping.

Let X be an element of Mod (S) and not the identity. We shall say that X
is elliptic if it is periodic, and non-periodic X is hyperbolic if it is induced by
an irreducible mapping, parabolic if there exists a reduced mapping / by some
admissible set of curves C such that / induces X and for each part S(*° of S—C
yvc*)|£c*) i s homotopic to a periodic selfmapping of S α ) , and pseudo-hyperbolic
otherwise (cf. Bers [2]). For each element X of Mod (S), set α(Z)=inf {d(p, X(p))
P<ΞT(S)}. It is known (Bers [2]) that 1 is elliptic if and only if X has a fixed
point, parabolic if and only if a(X)—0 and there is no fixed point, hyperbolic if
and only if a(X)>0 and there is a p<=T(S) with a{X)—d{py X(p)), pseudo-hyper-
bolic if and only if a(X)>0 and no point of T(S) attains a(X).

A finitely generated non-eίementary Kieinian group G is called to be a b-
group if it has exactly one simply connected invariant component Δ(G) of the
region of discontinuity fl(G). If there is a parabolic element of a 6-grouρ G
not corresponding to a puncture of A(G)/G, then it is called an accidental para-
bolic transformation. We call a b-group G to be regular if the Poincare area
of A(G)/G is half of that of Ω(G)/G (cf. Bers [1], Maskit [8]).

For an arbitrary Kieinian group G, a quasiconformal self-mapping w of C
is G-compatible if M/ 7'<>MΓ1ePSZ,(2, C) for all γ<=G. Two G-compatible quasi-
conformal mapping wx and w;2 are said to be equivalent if there exists an A G
PSL(2, C) such that w1oγ^wι'

ι=A-W2oT°w2-
ιoA-1 for all r ^ G . The deformation

space T(G) is the set of all equivalence classes \_w~]G of G-compatible quasicon-
formal mappings w.

§ 3. Maskit coordinates of Teichmuller spaces

Now we shall introduce the embedding T(S)-*U*p-*+n, where U is the upper
half plane, due to Maskit [9] and Kra [6].
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An admissible set of 3p—3+n Jordan curves Σ—{au •••, a3p-3+n} on S is
called a maximal partition of 5. It is known (Maskit [8]) that there exists a
torsion free regular &-group Γ satisfying :

1) (Ω(Γ)—A(Γ))/Γ is a union of 2p~2+n thrice punctured spheres,
2) A(Γ)/Γ is conformally equivalent to S,
3) there is a one to one correspondence between conjugacy classes of
primitive accidental parabolic elements of Γ and {au •••, α3 p_3 + n}.
It is also known that Γ is determined by (S, J?) uniquely up to conjugation

in PSL(2, C). We say that Γ represents (5, Σ). A regular &-group with the
property 1) is called terminal. For a terminal fr-group G, it is known that T(G)
is canonically identified with T(A(G)/G). We shall make no distinction between
them.

S—Σ is a union of 2p—2-\-n connected components: S—Σ—SiO ••• \JS2v-2+n.
Each component St is topologically equivalent to a thrice punctured sphere. Let
π : A(Γ)->A{Γ)/Γ be the canonical projection. The stabilizer of each component
of π~\St) in Γ is a triangle group (z = l, ••• , 2/>—2+n). Here, we consider a
decomposition of Γ. Let S' be a region of 5 whose boundary is a union of
elements of Σ and punctures of S. The stabilizer Γ' of each component of
π~\Sf) in Γ is a terminal regular £-group, we may assume that it is constructed
from some of these triangle groups taken as above by means of two types of
operations (Kra [6]):

1) amalgamated free products across cyclic groups, and
2) HNN extensions obtained by conjugating, via a Ioxodromic element of
Γ, one cyclic parabolic group into another,
It is also known that Γ' represents (Δ(Γ')/Γ', Σr\S') and that A{Γ)/Γ' is

topologically equivalent to S'.
We shall denote by Tt the component of S—(Σ— {at}) containing {at} (i—

1, •••, Zp—Z+ή), and also denote by Gf the stabilizer in Γ of a component of
π~\Tt). Since Σ is a maximal partition, Tt is a surface of type (1, 1) or (0, 4)
and {flj is a maximal partition of 7\. Δ(Gi)/Gi is topologically equivalent to
TV

We proceed to introduce the embedding of T(Γ) (=T(S)). For / = 1 , •••, w,
every /^-compatible quasiconformal mapping is Gϊ-compatible. Thus there is a
natural map m: T{Γ)->Π)lτ*+nT(Gj), defined by:

The mapping m is known to be holomorphic injection onto an open subset of
Π)lϊ*+nT(Gj) (Maskit [9], Kra [6]). Each T(Gt) is canonically identified with
the upper half plane U. This identification depends only on the conjugacy class
of d in PSL(2, C). We call the representation of T(Γ) via m to Uzp~s+n

Maskit coordinates of T(Γ) (Kra [6]). We shall identify T(S) and m(T(S)), and
regard it as a domain of U3p~3+n.

Under this identification, it is easily seen that the modular transformation
induced by a Dehn twist about a3 is of the form (Maskit [8]):
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\Z\9 '" , Zj-i, Zj, Zj + ι, " , Z3p+3+n)

— > (zu ••• , Zj-U Zj+1, zj+1, ••• , zzp-3+n) ( / = 1 , •••, 3p

§4. Some properties of Maskit coordinates

In this section, we shall investigate Maskit coordinates of Teichmαller spaces
and a certain type of modular transformations.

Let S, Σ, Γy and {Tt}\t:[z+n be the same ones as in the preceding section.
We assume that the open subset Sr=T1\J ••• UTt is connected. Recall that Γ',
the stabilizer of a component of π~\S') in Γ is a terminal &-group representing

', S'Γ\Σ).

L E M M A 1. The projection πh.d : (zu •••, z3p-z+n)-^(zu •••, zt) ((zlf •••, zzv-z+n)
is a surjective mapping of T(S) onto Γ ( Δ ( Γ ' ) / Γ ' ) .

Proof. (See also Kra [5]) Each {zu •••, z{)^T{^Γf)/Γr) corresponds to a
terminal regular fr-group Γ' being quasiconformaly equivalent to Γr. By the
argument as in the proof of Maskit [7] Theorem 5, 6, the following fact is
shown. By means of amalgamated free products and HNN extentions, we can
construct from Γf a terminal regular 6-group Γ which is a quasiconformal de-
formation of Γ, and corresponds to a point p of T(Γ) such that π1...t(p)=
{zu -" , zι). Thus we have π^TiS^IDTίAiΓ'yΓ'. Conversely, each (zlf •••,
z3p-3+n)^T(Γ) corresponds to a /^-compatible quasiconf ormal mapping w. Con-
sidering w as a .Γ'-compatible quasiconformal mapping, we see that the equi-
valence class of w corresponds to (zu •••, zt). Hence π1...ι(T(S))cT(A(Γ')/Γf,

T H E O R E M 1. Let X[w~] be a modular transformation induced by a quasicon-
formal mapping w of S which is completely reduced by Σ. Then there exist
3p—3+n elliptic or parabolic elements of PSL(2, R) fu •••, f3p-3+n and an ele-
ment σ of @3P_3+7i, such that

where ©3p-3+ri is the permutation group of degree 3p—3-\-n.

Proof. Set XίwJz)=(Φ1(z), - , Φ3p-3+n(z)), ZΪΞT(S). Since w(Σ)=Σ, the
Kleinian group Γ representing (S, Σ) also represents (S, w~\Σ)), and there is
an element σ of &3p-3+n such that w1(Tt)=TσW (i=h •••, 3p-3+n). We
shall show that each Φ^z) depends only on zσW. Let w be a lift of w on A(Γ),
so that the following diagram is commutative.

w
Δ(Γ) > Δ(Γ)

π\ \ π

S > 5
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Here, π is the natural projection of A{Γ) onto S=A(Γ)/Γ. Then there exists
an isomorphism p of Γ to itself such that w°γ=p(γ)°w. Since w~ι maps each
component of π~\Tτ) onto a component of π~\TσW), p(Gi) is the stabilizer in
Γ of a component of π~\TσW), where G* is the stabilizer in Γ of a component
of π~\Tt). Φx is determined by p(Gi), hence Φ t depends only on GσW, the
terminal fr-group determining zσCi> Thus we see that ΦiO)=/0<rco) is a
holomorphic mapping of zσu> From Lemma 1, both of the domain and the range
of ft are U. By the same argument as above, X[u;]"1(^)=^Cw"1](^)=(^i(^r«)),
•••, £3;p-3+7i0rC3p-3+n))), where r=a > " 1 e© 8 p_ 8 + n and each gt is a holomorphic
mapping of U onto £7. Since gi°fTw(zt)=zt foe £7), ft is injective. Hence
fi^PSL(2, R).

Since p(Gχ) and G σ ( o are conjugate in Γ, we may assume p(Gt)=Gσcί>
Since Δ(lo(Gi))//θ(Gΐ)=Δ(Gαcϊ))/G:

(T(ί), the transformation z<,w-*fi(zσW) is a modular
transformation of T(A(GσW)/GσW) induced by a selfmapping wσW of A(GσW)/
Gσa ). In other words, / t is represented as following;

) corresponds to a terminal regular fr-group representing
and [^(olGTCG^co/Gaco) corresponds to a terminal regular

6-group representing (Δ(Gσ ( O), w7fo(aσW)). On the other hand, since w~\at)=
dσw, fi{[id~\) corresponds to the terminal regular ^-group representing (A(p(Gi))
/p(Gi), aσW)> Since /i([ίd])=[Wσ(

1i)], Wσh^dσw) a n ( i &σw a r e i n t n e s a m e

homotopy class. Hence wσW is reducible. This means that ft is not hyperbolic
modular transformation of T(A(GσW)/GσW). Under the identification of T(Δ(Gσ ( ί ))
/Gff(i)) with U, the Teichmuller metric is the hyperbolic metric. Hence f% is a
non-hyperbolic element of PSL{2, R) (cf. Kra [4]).

It is known (Royden [10]) that if dim T(S)^2 Mod(S) is the group of
holomorphic automorphisms of T(S), and acts properly discontinuously on T(S).
Since there exist uncountably many conformal automorphisms of U3p~*+n, T(S)

j33 Furthermore the following fact is shown.

COROLLARY (to Lemma 1). With respect to Maskit coordinates, T(S) is not
represented as following

T(S)=U1XU2

where Uι {resp. U2) is an open subset of Uk (resp. Jjzp^3+n~k) corresponding to
the first k coordinates {resp. the last 3/?—3+n — ̂  coordinates). Here, k is a
positive integer.

Proof. The proof is given by induction on dim T(S) = 3p—3+n. For
3p—3+?z=2, if T(S) was represented as the direct product of ϋΊ and U2, then
from Lemma 1 we see that U1 and U2 coincide with U. This contradicts the
proper discontinuity of the action of Mod (5). Suppose that the statement
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holds for the case in which d i m 7 ( S ) ^ r a - l , and that T(S)=U1xUt, where Ut

and U2 are open subsets of U* and JJm~k respectively as in the statement of the
corollary. If k—1, then Ux—U from Lemma 1. Thus, all transformations of
the form: (zu z2, •••, zm)->(/(*i), zif •••, zm), f^PSL(2,R) are contained in
Mod (5). This contradicts the discontinuity of the action of Mod (S). Hence
k>2, and by the same reason m—k^2. We may assume that one of the compo-
nents of S—am is homeomorphic to a Riemann surface S' and the mapping πh..m-i:
(zlt " > zm)-+(zu •••, Zm-i) is a surjection from T(S) to T(S') If follows that
T(S')=π1...m-1(T(S))=U1xU2', where ί/2 is an open subset of ί/™-*-1 correspond-
ing to the last m—k — 1 coordinates zk+i, •••, ̂ m-Λ-i. Since m—k — 1^1, this is
a contradiction.

§ 5. Parabolic transformations with invariant discs

Related to the modular group, there is a problem: what kind of modular
transformations leave some Teichmϋller discs invariant? It is known that each
hyperbolic transformation has an invariant Teichmϋller disc (Bers [2]) and each
pseudo-hyperbolic transformation has none. With respect to parabolic trans-
formations it is also known (Marden-Masur [7]) that a product of Dehn twists
about an admissible set of curves leaves a Teichmϋller disc invariant if the
factors of the product have simultaneously positive orders or negative orders.
The converse of this fact, which was suggested to the first author by Earle's
talk at the conference in Helsinki 1987 (cf. Earle-Sipe [3], Kra [4]), is shown
by making use of Maskit coordinates

THEOREM 2. Let X be a parabolic element of Mod (5) with an invariant
Teichmiiller disc D, and let m be an integer such that Xm is induced by a product
of Dehn twists about an admissible set of curves Σ on S. Then the factors of
the product are simultaneously of positive orders or are simultaneously of nega-
tive orders.

Proof. Let X, m, D and Σ be as above. Adding some Jordan curves to Σ,
we get a maximal partition of S. We shall employ the Maskit coordinates of
T(S) defined by them. Then there exist 3p—3+w integers mu •••, msp-3+n such
that

It is sufficient to prove all mk are simultaneously non-negative or non-positive.
Suppose that some of them, say mx is negative, and another, say m2 is posi-

tive. Since D is a Teichmϋller disk, there exists a biholomorphic mapping Ψ—
(φu '" > ψsp-s+n) of U onto D. As Xm also leaves D invariant, ψ-^X'^oψ \s an
element of PSL(2, R), and is parabolic since Ψ is isometric with respect to the
hyperbolic distance on U and the Teichmϋller distance on T(S) (cf. Kra [4] p.
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267). Composing some element of PSL(2, R) with Ψ, we may assume that

ψ-ιolm<>Ψ(z)^T(z)y or

=T-\z) on U,

where T(z)=z+L In the first case, namely when Xmoψ(z)=Ψ°T(z), we have

φί(z)+mί=φ1(z+l) (*)

This implies that the holomorphic mapping φx of U into U is projected to a
holomorphic mapping / of ί//<T> into £//<T>. £//<T> is identified with the
punctured disc D*={0<\z\<l}. The origin is a removable singularity of /,
and /(0)=0. In fact, by the Lindelδf's theorem and the above formula (*), φx

has a horospherical limit oo at oo. Hence a closed curve around the origin is
mapped to a closed curve around the origin. Considering (*), those with wind-
ing number one is mapped to those with winding number mx. Since / is orienta-
tion preserving, mx is non-negative. This contradicts the assumption.

In the latter case, a similar argument yields a contadiction.
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