On SL(2)-orbit theorems

Kazuya Kato

Abstract We extend SL(2)-orbit theorems for the degeneration of mixed Hodge struc-
tures to a situation in which we do not assume the polarizability of graded quotients. We
also obtain analogous results on Deligne systems.

1. Introduction

1.1.

In this paper, we show that the SL(2)-orbit theorems on the degeneration of
Hodge structures (see [10], [3], [9], [7]) hold in a situation in which we do not
assume the polarizability of the graded quotients for the weight filtration. We
also obtain analogous results on Deligne systems.

1.2.

Recall that a Deligne system of n variables is (V,W, Ny,..., N,,«), where V is
a finite-dimensional vector space over a field E of characteristic 0, W is a finite
increasing filtration on V' (called the weight filtration), Ny,..., N, :V =V are
mutually commuting nilpotent linear operators (called the monodromy operators)
which respect W, and « is an action of the multiplicative group G,, on V,
satisfying certain conditions (see [11]; see also Section 2.1.2 of this paper for a
review).

In this paper, we define a similar notion, namely, a Deligne-Hodge sys-
tem (DH system for short) of n variables, which is (V,W,Ny,...,N,, F) where
(V,W,Ny,...,N,) has the same properties as in the definition of a Deligne sys-
tem of n variables with £ =R, and F' is a decreasing filtration on Vo =C Qg V
(called the Hodge filtration) satisfying certain conditions (see Section 2.1.2).

A DH system of zero variables is nothing but a mixed R-Hodge structure.

In general, the notion of a DH system is similar to the notion of an infinites-
imal mixed Hodge module (IMHM) of Kashiwara (see [5]; see also Section 2.1.9
of this paper for a review). In fact, if (V,W,Ny,...,N,, F) is an IMHM, then
it is a DH system of n variables. In the definition of a DH system, we do not
assume the polarizability of the graded quotients for weight filtration, which was
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assumed for IMHM. Another difference is that, in the definition of a DH system,
the order of (Ny,...,N,) matters though it does not matter for an IMHM.

1.3.

The SL(2)-orbit theorems are statements on the properties of exp(zyzl iy; N;)F
for an IMHM (V, W, Nq,...,N,, F) of n variables in the situation y;/y;4+1 — oo
(1 <j<n, ypt1 denotes 1). (In specific work, [10] treats the pure case with
n =1, [3] treats the pure case in general, [9] treats the mixed case in certain
cases, and [7] treats the mixed case in general.) In this paper, we prove the
following Theorem 1.4, which shows that the SL(2)-orbit theorems in [10], [3],
[9], and [7] are generalizable to DH systems.

THEOREM 1.4

Let (V,W,Ni,...,N,,F) be a DH system of n wvariables. Then for Nj/. =
Ziﬂ ajkNe (1<j<n)withajr >0 (1<k<j<n) such that a;/a; 11 >0
(1<k<j<n), (V,W,Ni,...,N/ F) is an IMHM of n variables.

For example, if (V, W, N1, Ny, F') is a DH system of two variables, (V, W, Ny,aN; +
N, F) for a> 0 is an IMHM.

For NI as in Theorem 1.4, if y;/y;+1 — 0o (1 <j < n), we have that
> i1 yiNy =300 vy N with g /yi — oo (1 <j <n). Hence the property of
exp(Y_7_, 7y N;)F in the situation y; /y;11 — 0o (1 <j <n) for a DH system is
reduced to the case of IMHM.

1.5.
We have a canonical functor from the category of DH systems of n variables
to the category of Deligne systems of n variables over R, which has the shape
(V,W,Ny,...,Np, F)— (V,W,Nq,...,N,,a) for a canonically defined « (see Sec-
tion 2.2). We have also a canonical functor from the category of Deligne systems
of n variables over R or over C to the category of DH systems of n variables
which has the shape (V,W,Ny,..., N, ) (VO2 W2 NE2 N2 F) for a
canonically defined F' (Section 2.3). Here in the case of a Deligne system over C,
V2 is regarded as an R-vector space by the restriction of scalars. We study
Deligne systems and DH systems by using these two functors and applying the
results on one to the other.

From the above theorem on DH systems, we obtain the following theorem
on Deligne systems.

THEOREM 1.6

Let (V,W,Ny,...,Np,a) be a Deligne system of n variables over R or over C.
Then for NJ’» = Zi:l aj kN with ajr, >0 (1 <k <j<n)suchthat a;/a; k41>
0 (1<k<j<n), the associated DH system (V2 W®2 (N])®2 ... (N})®2 F)
of n variables associated to the Deligne system (V,W,Ni,..., N, «a) is an IMHM.
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This shows that, roughly speaking, any Deligne system of n variables underlies
some IMHM if it is modified in an elementary way.

From Theorem 1.4 (resp., Theorem 1.6) and the SL(2)-orbit theorem in [7,
Theorem 0.5], we have the part on DH systems (resp., Deligne systems) in the
following theorem.

THEOREM 1.7

(a) Let (V,W,Nuq,...,N,,F) be a DH system of n variables. If y;/y;+1 >0
(1<j<mn, ypt1 denotes 1), (V,W, exp(z:?:1 iy; N;)F') is a mized Hodge struc-
ture. The splitting of W associated to this mized Hodge structure (canonical split-
ting from Section 2.2.1) converges when y;/y;+1 — o0 (1<j<n).

(b) Let E be R or C, and let (V,W,Ny,...,N,,«) be a Deligne system of
n variables over E. Let W' be the increasing filtration on V defined by «. (For
w € Z, W,, is defined as the sum of the weight k part for o for all k <w.) Ify; >0
(1<j<n)and y;/yj+1 >0 (1<j<n), then W' is the relative monodromy
filtration (see Section 2.1.1) of Z;L:1 y;N; with respect to W. The splitting To
of W defined by the Deligne system (V,VV,Z;;I y;Nj,a) of one variable (see
Section 5.1.3) converges when y; >0 (1<j<n) and y;/yjy1 — oo (1<j<n).

In Theorem 4.2.1 in Section 4.2, we will give more precise descriptions of the
convergences in (a) and (b) of this theorem.

The following result is deduced from Theorems 1.4 and 1.6 and from the fact
that the category of IMHMs of n variables is an abelian category (see [5]).

PROPOSITION 1.8

The category of Deligne systems of n variables over a field E of characteristic O
s an abelian category. The category of DH systems of n variables is an abelian
category. In these categories, the underlying vector space V' of the kernel (resp.,
cokernel) of a morphism A — B is the kernel (resp., cokernel) of the map of the
underlying vector spaces, and W, N;, and so on, of the kernel (resp., cokernel)
are the ones induced from those of A (resp., B).

1.9.
We expect that results of this paper are useful to generalize the work [8] on
classifying spaces of degenerating Hodge structures to a situation where we do
not assume the polarizability of the graded quotients for the weight filtration.
We also expect that the study of Deligne systems in this paper is useful
in the studies (like [1] and [6]) which treat the degeneration of motives over
nonarchimedean local fields. In fact, for a nonarchimedean local field K and for
a prime number ¢ which is not the characteristic of the residue field of K, it
is expected that the f-adic étale realization of a motive over K with the ¢-adic
monodromy operator produces a Deligne system of one variable over QQy, and
degenerations of motives over K yield Deligne systems of many variables over Q.
The results of this paper show that, once we fix a homomorphism Q, — C of fields,
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the induced Deligne systems over C have nice real analytic properties. Thus we
have real analytic properties of £-adic objects, and such a strange thing should
be useful in the study of degeneration.

2. Deligne systems and Deligne-Hodge systems

2.1. Definitions
2.1.1.
We first review the notion of relative monodromy filtration defined by Deligne
[4, Proposition 1.6.13].

Let V be an abelian group, let W = (W, )wez be a finite increasing filtration
on V, and let N:V — V be a nilpotent homomorphism such that NW,, C W,,
for all w € Z.

Then a finite increasing filtration W' = (W), )wez on V is called the relative

monodromy filtration of N with respect to W if it satisfies the following conditions
(a) and (b).

(a) NW! CW!

w u

,_o for any w € Z.
(b) For any w € Z and m >0, the map N™ :gr}fﬂmgry — gV oW is an
isomorphism.

The relative monodromy filtration of N with respect to W need not exist.
If it exists, it is unique (see [4, Proposition 1.6.13]).

If V is a vector space over a field E and if the W,,’s are E-linear subspaces and
N is E-linear, the relative monodromy filtration consists of E-linear subspaces
of V if it exists.

2.1.2.
We review the notion of a Deligne system of n variables (see [11]), and define a
DH system of n variables.

A Deligne system over a field E of characteristic 0 (resp., DH system) is

(V,VV,Nl,...,Nn,Oé) (resp., (Vavvalv"'aNn;F))a

where V' is a finite-dimensional E-vector (resp., R-vector) space, W is a finite
increasing filtration on V' by E-linear (resp., R-linear) subspaces, N; are linear
operators V' — V, and « is an action of G,, on V (resp., F is a finite decreas-
ing filtration on Ve = C ®g V by C-linear subspaces), satisfying the following
conditions (a), (b), (c), (d), and (e) (resp., (a), (b), (c), (d), (f.1), and (f.2)).

(a) The operators Ni,...,N, are nilpotent, mutually commute, and
respect W.

(b) There are finite increasing filtrations W) (0 < j < n) such that W) =
W and such that, for 1 <j <n, W) is the relative monodromy filtration of N;
with respect to WU,
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(c) Let1<j<m,let0<k<j—1,let weZ, andlet U=WS. Then the
restriction W )|y of W) to U is the relative monodromy filtration of N;|; with
respect to WU |y,

d) N;W) cw for any j,k,w, and N;(WF)yc w®, if k> j.

(e) a splits W™, ) is stable under the action a of G,, for any 0<j<n
and w € Z, and N; is of weight —2 for a (i.e., a(a)Nja(a)™! =a=2N; for any
a € Gy,) for any 1 <j<n.

(f.1) N;FP C FP~! for any 1 <j<n and p € Z.

(f.2) (W™ F)is a mixed Hodge structure. Furthermore, for 1 <k <n, w €
7 and for U =W, (W, F|y) is a mixed Hodge structure.

2.1.8.
We denote the category of Deligne systems of n variables over £ by D,, g.
We denote the category of DH systems of n variables by DH,,.

2.1.4.
For example, a Deligne system of zero variables over E is nothing but a finite-
dimensional E-vector space endowed with an action of G,,.

A DH system of zero variables is just a mixed R-Hodge structure. In this
paper, we call a mixed R-Hodge structure just a mixed Hodge structure.

2.1.5.

A Deligne system of one variable over E is nothing but (V, W, N, «) where V is
a finite-dimensional E-vector space, W is a finite increasing filtration on V., N
is a nilpotent linear map V' — V such that N(W,,) C W, for any w € Z, and «
is an action of G,, on V such that W, is stable under the action « of G,, for
any w € Z, N is of weight —2 for «, and if we define W/ to be the sum of the
weight k part of « for all k < w, then W’ is the relative monodromy filtration of
N with respect to W.

2.1.6.

Both the categories D,, g and DH,, have direct sum, tensor products, symmetric

powers, exterior powers, duals, and Tate twists defined in the evident manners.
The following is easy to see.

LEMMA 2.1.7

Let E be a field of characteristic 0, and let E' be a subfield of E. Let H =
(V,W,N1,...,Ny,,a) be as in the hypothesis of the definition of a Deligne system
of n variables over E. (We do not assume (a)-(e).)

(a) Assume that H=H' @g E for some H = (V' , W' /Nj{,...,N/ o) over
E'. Then H is in Dy, g if and only if H' is in Dy, gr.
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(b) Assume that E is a finite extension of E'. Let H' be H but V in H' is
regarded as an E'-vector space by the restriction of scalars. Then H is in D, g
if and only if H' is in Dy, gr.

The following is also easy to see.

LEMMA 2.1.8

Let (V,W,Nu,..., Ny, ) (resp., (V,W,Nq,...,Ny,, F)) be an object of D, g (resp.,
DH,, ). Then for any a;, € E (resp., R) (1<k<j<n) such that a;; #0 (1<
J<mn), if we put Nj = Zi:ﬂlj,ka for 1 <j<n, then (V,W,N{,...,N}, a)
(resp., (V,W,Ni,...,N,,,F)) belongs to D,, g (resp., DH,, ).

2.1.9.

The notion of a DH system of n variables is similar to the notion of an IMHM of
Kashiwara. We review the notion of an IMHM. (In fact, we consider in this paper
only IMHMs which have R-structure, and we call such an IMHM just IMHM in
this paper.)

An IMHM of n variables is (V,W, Ny,..., N,, F) as in the hypothesis of the
definition of a DH system of n variables, satisfying the conditions (a), (f.1), (g),
and (h).

(a) The same as (a) in Section 2.1.2.

(f.1) The same as (f.1) in Section 2.1.2.

(g) For each w € Z, there is a nondegenerate R-bilinear form (-,-),, : grlV x
gr’V — R which is symmetric if w is even and antisymmetric if w is odd such
that (Nju,v)y + (u, Njv), = 0 for any j and any u,v € grl’ and such that if
y; >0 (1<j<n), then (grlV, (, -)w,exp(ng:l iy;N;)F(gr!V)) is a polarized
Hodge structure of weight w. Here F(gr!’') denotes the filtration on ngKC induced
by F.

(h) For 1 < j <n, the relative monodromy filtration of IN; with respect to
W exists.

By the arguments in [11, Section 3, Example 2], we have the following.

PROPOSITION 2.1.10
An IMHM of n variables is a DH system of n variables.

2.2, Afunctor DH,, = D, r
We define a functor DH,, = D,, r.

2.2.1.

We review that, for a mixed Hodge structure (V,W,F), we have a canonical

splitting of W. (This canonical splitting is called the SL(2)-splitting in [2].)
There is a unique pair (s',8) of a splitting s": gr'V' =@, 5 grlt SVofw

and a linear map & : gr'V — gr" such that the Hodge (p, q)-component Op,q of 0
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for F(gr'') is zero unless p < 0 and ¢ < 0 and such that F = s'(exp(id) F(gr""))
(see [3, Proposition 2.20]).

The canonical splitting s of W is a modification of this s'. It is defined by
s =s"oexp(¢) where ¢ :gr"V — gr'V is the linear map which is determined by &
as a Lie polynomial of 0, 4 as in [3, Lemma 6.60].

Any morphisms of mixed Hodge structures commute with the canonical split-
tings.

LEMMA 2.2.2

Let (V,W,Ny,...,N,, F) be a DH system of n variables, and let o be the canon-
ical splitting of W™ associated to the mized Hodge structure (W(”),F), Then
(V,W,N1,...,Ny,,«) is a Deligne system of n variables.

Proof
It is sufficient to prove the following (a) and (b).

(a) For any 0<j<n and w € Z, W is stable under the action a of G,
(b) For any 1< j <n, N; is of weight —2 for a.

We prove (a). Let U = Wl(uj ). The inclusion map U — V is a morphism of
mixed Hodge structures (W |y, F|y) — (W™, F). Hence the canonical split-
ting of W)|; associated to the mixed Hodge structure (W |, F|7) and the
canonical splitting of W) associated to the mixed Hodge structure (W(”),F)
(i.e., ) are compatible. This proves (a).

We prove (b). By N;FP C FP~! for any p, N; is a morphism of mixed Hodge
structures (W™, F) — (W) (—~1), F(-1)) where (—1) is the Tate twist. Hence
via IVj, the canonical splitting of W (™) associated to the mixed Hodge structure
(W) F) is compatible with the canonical splitting of W(")(—1) associated to
the mixed Hodge structure (W (—1), F(—1)). This proves (b). O

Thus we obtained the functor

DH, —»Dypg;  (V,W,Ni,...,Nu,F)s (V,W,Ny,..., Ny, ).

2.3. AfunctorD,, p — DH,, for E=RorC
For E=R or C, we define a functor D,, g — DH,,. We consider the case £ =R
in Sections 2.3.1-2.3.3 and the case E = C in Section 2.3.4.

2.8.1.

Let (V,W,Ny,...,N,,«a) be a Deligne system of n variables over R. We define
a decreasing filtration F' on VéBQ as follows. For w € Z, let V,, be the weight w
part of V' with respect to the action « of G,,,. We define F' as a direct sum of the
following decreasing filtrations on Vﬁé If w is an even integer 2r, then define the

filtration F' on fof: by F" = Vf}?é and F™T1 =0. If w is an odd integer 2r + 1,
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then define the filtration F on V@(C as follows: F" = V@%, Frt2 =0, and F"t!
is the C-subspace of V®c generated by (i ® 2,1 ® z) (x € Vy,).

LEMMA 2.3.2
This (V2,W®2 NP2 N2 F) is a DH system of n variables.

n

This is checked easily.

Thus we obtained the functor

D, g — DH,, (V,W,Ni,...,Np,a)— (V2 W2 NP2 NP2 ),
The composition D,, g = DH,, = D,, g with the functor in Section 2.2 is

(V,W,N1,..., Ny, @) — (V2 W2 NB2 - N2 52,

n

On the other hand, the composition DH,, = D, g — DH,, is a not so nice
functor, for we forget the Hodge filtration of the original object.

2.8.4.
The functor D,, ¢ — DH,, is defined as the composition

Dn,C — Dn,R — DHn,

where the first functor is to regard a C-vector space as an R-vector space by the
restriction of scalars, and the second is the above functor from Section 2.3.3.

3. SL(2)-orbits

3.1. Splittings of Deligne

We review two theorems of Deligne on splittings of weight filtrations of Deligne
systems in Sections 3.1.3 and 3.1.4 below, which are introduced in [11, Theorems 1
and 2], respectively.

3.1.1.

First we review the notion of a primitive component. Let V' be an abelian group,
let W be a finite increasing filtration on V', and let N : V' — V be a nilpotent
endomorphism which respects W. Assume that the relative monodromy filtration
W' of N with respect to W exists. Let w € Z, and let m > 0. Then grlV, er!V =

W NmHL
A @ B, where A is the kernel of grw+mgru AN grV’ et and B is the

image of N : gr!V’ +m 12 gr — gr¥ Jrmgr . The component A is called the primitive
component of grw+mgrw

3.1.2.
Let V,W, N, W' be as in Section 3.1.1. Denote the filtration on Hom(V, V') induced
by W (resp., W') by We Hom(V, V) (resp., W, Hom(V,V)). Then W, Hom(V,V)
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is the relative monodromy filtration of the nilpotent homomorphism Ad(N) :
Hom(V,V) — Hom(V, V) with respect to W, Hom(V, V).

3.1.5.

Let (V,W,N,«) be a Deligne system of one variable over E. The first theorem
of Deligne is that there is a unique action 7 = (79, 71) of G2, on V satisfying the
following conditions (a)—(c).

(a) 1 =q.

(b) 70 splits WO =W

(c) For k>1, let N_j € gr', Hom(V, V) be the weight —k part of N with
respect to the action 73 of G,,, on V. Then N_; =0, and for any k£ > 2, the class
of N_j, in gr'™; gr™, Hom(V, V') belongs to the primitive component.

3.1.4.
The second theorem of Deligne is the following.

Let (V,W,Ny,...,N,,«) be a Deligne system of n variables over E. Then
there is a unique action of 7= (7;)o<;j<n of G on V satisfying the following
conditions (a) and (b).

(a) 7 =q.

(b) For 1 <j<mn, (V,WU=Y N; 7;) is a Deligne system of one variable,
and the action (7;_1,7;) of G2, coincides with the action of G2, in Section 3.1.3
associated to this Deligne system of one variable.

Furthermore, for this 7, we have the following (c), (d), and (e).

(c) For 0<j<n, 7; splits W),

(d) For 1 <j<k<mn, N; is of weight —2 for 7.

(e) Let 1 <j<n,and let Nj be the component of N; of weight 0 for 7;_;.
Then Nj is of weight 0 for 73, for any 0 <k < j.

3.1.5.
If (V,W,Ny,...,N,, F)is a DH system of n variables, then we have the associated

action T = (75)o<j<n Of G™*! on V defined by the corresponding Deligne system
(V,W,Ny,...,N,,«a) (see Section 2.2).

3.2. SL(2)-orbits

3.2.1.

We say that a Deligne system (V,W, Ny,...,N,,«) of n variables is an SL(2)-
orbit if

7 (a)Nj7(a) P =N; for0<k<j<n

for any a € G,,, where 7= (7;)o<;<n is as in Section 3.1.4 (i.e., N; is of weight
0 for 7 for 0 <k <j<n).
Recall that N; is of weight —2 for 7, if k> j.
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We denote the full subcategory of D,, g consisting of SL(2)-orbits by D,, z.
We say that a DH system H = (V, Ny,...,N,, F) of n variables is an SL(2)-
orbit if

me(a)N;jm(a) ' =N; for 0<k<j<n and T(a)F=F for0<k<n

for any a € G, where 7 = (7;)o<j<n is as in Section 3.1.5.
We denote the full subcategory of DH,, consisting of SL(2)-orbits by DH,,.

LEMMA 3.2.2

In the category D, g (resp., DH,), bnE (resp., DAHn) is stable under taking
direct sums, tensor products, symmetric powers, exterior powers, duals, and Tate
twists.

As is easily seen, we have the following equivalence of categories between f)n E
and the category of finite-dimensional representations of G,, x SL(2)™ over E.
For an object (V,W,Ny,...,Np, ) of D, g with the associated (7;)o<j<n, the
corresponding representation is (V,p) where p is the action of G,, x SL(2)™ on
V characterized by the following properties (a), (b), and (c).

(a) The action of G, =Gy, x {1} C G, x SL(2)" is 7p.

(b) For 1 <j<n and a € G,,, the action of (1[/)‘1 2) in the jth SL(2) is
7j(a)/Tj-1(a).

(¢) In the action of s[(2) on V induced by the action of the jth SL(2),
(8 8) €5l(2) acts as Nj.

We have the following.

(d) For0<j<nandacG,,7j(a)=p(a,g) where g = (gx)1<k<n € SL(2)"
with gp = (1/* 1) if k<j, and g, =1if k> j.

Conversely, for a finite-dimensional representation (V, p) of G, x SL(2)™, the cor-
responding object (V,W, Ny,...,N,,«a) of DH,, is given as follows: W is defined
by 70, the N;’s are given by the above (c), and a =7, is given by the case j =n
of the above (d).

3.2.4.
We next consider DH,,.

Let (V, p) be a finite-dimensional representation of G,, x SL(2)"™ over R such
that the action 7, of G,, on V defined by the case j =n of Section 3.2.3(d)
has only even weights. Then we have an object [p] of DH,, defined as follows.
Let (V,W,Ny,...,N,,«) be the object of Dn,R corresponding to (V,p) as in
Section 3.2.3 (so & =7, has only even weights), and let Vo, (r € Z) be the weight
2r part of V with respect to «. Let [p] = (V,W,Ny,...,N,, F) where F is the
direct sum over 7 of the decreasing filtrations on Vo, ¢ defined by F"Va,. ¢ = Var ¢
and F™ Vs, c =0.
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Then a general object of DH,, is isomorphic to a direct sum of objects of
the form [p] ® H, where H is a pure Hodge structure which we regard as an
object of DH,, in the trivial way: N; =0 on H for all j, and W is the pure
weight filtration of the weight of H. More precisely, we have the description from
Proposition 3.2.5(b) of DH,, below.

The following Proposition 3.2.5(a) is a consequence of Section 3.2.3 and the
well-known classification of representations of SL(2)™. Proposition 3.2.5(b) is
deduced from Proposition 3.2.5(a) by using the functor DH,, — D,, g from Sec-

tion 2.2.

PROPOSITION 3.2.5

(a) Forl<j<n, letP; bethe object of]A)mE corresponding to the two-dimensional
representation of G, x SL(2)™ given by the projection to the jth SL(2). Fork € Z,
let Sk, be the object oflA)n,E corresponding to the one-dimensional representation of
Gy % SL(2)™ defined as (a, g) — a* (a € G,,, g € SL(2)").

Then the category ﬁnE 18 equivalent to the category of families
(Hum k)menn kez, where Hy, 1 is a finite-dimensional E-vector space for each
m, k, satisfying Hp, ), =0 for almost all (m, k). The functor from the latter cate-
gory to the former category

(Ho g )m,te = @D Sym™ D (P1) @ - @ Sym™ ™ (P,) © Sy, © Hpn i

m,k

gives an equivalence of categories. Here H,, 1, is regarded as an object of f)nE mn
the following simple way: V = Hpy,p, Wo =V, W_1 =0, N; =0 for all j, and «
is trivial.

The inverse functor sends an object (V,W, N1, ..., Np, @) to (Hp k)m k, where

J
Hpyp= {xe Vv ‘ N;(z) :0,Tj(a)x:akHa_m(Z)x (1<y gn,aGGm)}.
=1

(b) For 1<j<mn, let P; be the object [p] of DH,, corresponding to the two-
dimensional representation p of G, x SL(2)" given by (a,9) — ag; (a € Gy,
9= (gr)r € SL(2)"). )

Then the category DH, s equivalent to the category of families
(Hpm k) menn kez, where H, i, is a pure Hodge structure of weight k for each m,k
satisfying Hp, ), =0 for almost all (m, k). The functor from the latter category to
the former category

(Hu )k = P Sym™ M (P) @ -+ @ Sym™ ™ (P,) @ Hp

m,k

gives an equivalence of categories. Here H,, 1 is regarded as an object of DH,, in
the trivial way explained as H in Section 3.2.).

The inverse functor sends an object (V,W,N1,....,Nu,F) to (Hmk)m.k
where
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Hypp = {z €V | Nj(z) = 0,70(a)z = d*z,
mi(a)7j1(a) e =a""Ve (1<j<n,a€Gy)},

whose Hodge filtration is the restriction of F'.

PROPOSITION 3.2.6
Let (V,W,Ny,...,N,,«a) be an object of bnE Fiz 0 § (< j<k<n. Then
for any nonzero elements y, of E (0 +1<t<k) WW s the relative mon-

odromy filtration of Zt —o41 Yt Nt with respect to W), In other words, (V,W),
Zt:[+1 y+Nt, T1.) s a Deligne system of one variable.

Proof
By Proposition 3.2.5(a), it is sufficient to check this in the cases of the objects P
(1<s<n)and S, (w€Z)in Proposition 3.2.5(a). These are checked easily. [

PROPOSITION 3.2.7

An object of DH,, is an IMHM. Moreover, if H= (V,W,Ny,...,N,,F) is an
object of DAHn, then for each w € Z, there is a nondegenerate R-bilinear
form {(-,)w on gW such that, for any y; >0 (1<j<mn), (e, (),
exp(E?:1 iy;N;)F(gr!V)) is a polarized Hodge structure of weight w and such
that

< a)u,7;(a v> Yaws (Nju,v)y + (u, Njv)yy =0

for any u,v€gr’’, a€G,,, and 1 < j<n.

Proof

By Proposition 3.2.5(b), it is sufficient to prove this for the objects P; of DH,,
(1<j<n)in Pr0p051t10n 3.2.5(b) and for a pure Hodge structure regarded as
an object of DH,, in the trivial way as H in Section 3.2.4.

For a pure Hodge structure, what we have to show is that any pure Hodge
structure is polarizable. (Note that we consider only R-Hodge structures in this
paper.) This is a well-known fact. In fact, any pure Hodge structure is a finite
direct sum of pure Hodge structure of the following forms: (a) pure Hodge struc-
ture of rank 1 of even weight, and (b) pure Hodge structure (V, F) such that
V has an R-basis (e, ez) with the property that, for some p # ¢, e1 + ieq is of
Hodge type (p,q) and e; — iey is of Hodge type (g,p). It is easy to see that the
pure Hodge structures in these (a) and (b) are polarizable.

Next we consider the case of P;. It is a two-dimensional vector space V' over
R with basis (e1,e2), W1 =V, Wy =0, Njea =e1, Nje; =0, and N, =0 for any
k # 7, and the Hodge filtration on V¢ is defined by F0 Ve D F'=Cey D F%2=0.
The condition (g) in Section 2.1.9 is satisfied because the antisymmetric bilinear
form on gr}V defined by (e, e1); = 1 satisfies the condition (g). The condition (h)
in Section 2.1.9 is satisfied because W™ is the relative monodromy filtration of
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N; with respect to W and, for k # j, W is the relative monodromy filtration of
Nj, =0 with respect to W. (]

3.3. Associated SL(2)-orbits
3.8.1.
For an object (V,W, Ny,...,N,, F) of DH,, let

F= S(F(grw(n)))7

where s : ng(n) SV is the canonical splitting of W™ associated to the mixed
Hodge structure (W, F) (see Section 2.2.1).

PROPOSITION 3.3.2

(a) Let (V,W,N1,...,Np,«) be an object of D, g. Then (V,W,Ny,...,
Nn,a), where the Nj ’s are as in Section 3.1./(e), is an object of f)nE

(b) Let (V,W,Ny,...,Nn,F) be an object of DH,. Then (V,W,Ny,...,
Nn,ﬁ), where the Nj ’s are as in Section 5.1./(e) and F is as in Section 3.5.1,
is an object of DH,,.

We call the object of DnE (resp., DAHn) associated to an object of D, g (resp.,
DH,,) in Proposition 3.3.2 the associated SL(2)-orbit.
The proof of Proposition 3.3.2(a) is easy. (The key point is Section 3.1.4(e).)
The following counterpart of Section 3.1.4(e) for F proves Proposition 3.3.2(b).

PROPOSITION 3.3.3

Let (V,W,N1,...,N,,F) be an object of DH,, with the associated T = (T;)o<j<n
(see Section 3.1.5). Let F be as in Section 3.3.1. Then we have 7;(a)F = F for
any 0<j<n and any a € G,,.

In the case of an IMHM, this is [2, Lemma 5.5]. We give the proof in the general
case in Sections 3.3.7 and 3.3.8 below after preparations.

3.9.4.
Let (V,W, N, F) be an IMHM of one variable. Then (V, W, exp(iN)F) is a mixed
Hodge structure. Let 7{; be the representation of G,, on V defined by the canon-
ical splitting of W associated to this mixed Hodge structure. On the other hand,
let (V,W, N, ) be the Deligne system of one variable associated to (V,W, N, F)
(see Section 2.2), and consider its .

(a) An important theorem of Deligne is that

T(/) =T0-

This is introduced in [2, Lemma 2.2], and the proof is given in that paper.

(b) On the other hand, in [7], it is proved that 74(a)F = F for a € G,y,.

By (a) and (b), we have that 7o(a)F = F.
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LEMMA 3.3.5

Let (V,W,N,F) be a DH system of one variable. Assume that W is pure,
and assume that F' = F. Then this object is an SL(2)-orbit, that is, (V,W,
N, F) e DH;.

This is evident.
The following is a special case of Theorem 1.4. (This theorem shows that the
assumption F' = F is not necessary in the following lemma.)

LEMMA 3.3.6

Let (V,W,N, F) be a DH system of one variable. Assume that F =F. Then this
object is an IMHM.

This follows from Lemma 3.3.5 and Proposition 3.2.7.

3.8.7.

We prove Proposition 3.3.3 in the case where n=1. Let (V,W,N,F) be a DH
system of one variable. Then (V,W, N, a ) is a DH system of one variable and
satisfies the assumption of Lemma 3.3.6. Hence it is an IMHM. Hence by Sec-
tion 3.3.4, we have that 7o(a)F = F.

3.8.8.

We prove Proposition 3.3.3 in general by induction on n. Assume that n > 2.
Note that (V, WM Ny, ... N, ,F) is an object of DH,_; and the associated
action (7})o<j<n—1 of Gy, is given by 7/ = 7;11. By the hypothesis of induction,
(v, WO Ny, ... N,L,F) is an SL(2)-orbit. From this and from Proposition 3.2.7,
we have the following.

(a) (V,WD F') with F' = exp(d5_y iN;)F is a mixed Hodge structure.
(b) 7T1(a)F’ =F’ for any a € G,.

For each w € Z, (a) and (b) also hold when we replace V by U :=W,, (w € Z)
and replace W, N;, and F' by their restrictions to U. From this, we see that
(V,W,Ny,F’) is a DH system of one variable. By the case n =1 of Proposi-
tion 3.3.3 proved in Section 3.3.7 and by (b), which shows that the functor
F +— F applied to F’ does not change F’, we have that 7o(a)F’ = F' for any
a € Gy, Since 1o(a)N;7o(a)~" = Nj for any j, this proves that 7o(a)E = F. This
completes the proof of Proposition 3.3.3 and hence the proof of Proposition 3.3.2.

PROPOSITION 3.3.9

Let H=(V,W,Ny,...,Ny,«a) (resp., H=(V,W,Ny,...,N,,F)) be an object of
D,k (resp., DH,, ), and let $(H) be the associated SL(2)-orbit. Then we have the
following.

(a) o(o(H))=o(H).
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(b) H is an SL(2)-orbit if and only if p(H) = H.
(¢) (15)o<j<n associated to H is the same as that associated to ¢(H).

Proof
To start, (c) is reduced to the case of Deligne systems of one variable (see Sec-
tion 3.1.3) and is seen easily in that case. Then, (a) and (b) follow from (c). O

PROPOSITION 3.3.10
For an object of Dy, g with E=R or C, or for an object of DH,,, we use the
notation

n

By) =7 (wi/vi+1)"?)  for y=(yo,....yn) eRZE,
j=0

where y,4+1 denotes 1.

(a) For an object of D,, g with E=R,C or of DH,, and for y = (y;)o<j<n €
RZ6Y such that y; /y;+1 — 0o (0 < j <n), we have the convergences

BumNeB) " = N, B (3wl )8~ = 3N,
jerl jel
for 1 <k <mn and for any subset I of {1,...,n}.
(b) For any object of DH, and for y = (yj)o<j<n € Rggl such that
Yi/Yj+1 =00 (0<j<n, ypq1 denotes 1), we have the convergences

BWF—F,  Bly)exp(Y iyN;)F —~exp(DiN; ) P
Jjel jeI
for any subset I of {1,...,n}.

Proof
We prove (a). Write Ny = N,Em], and write Tj((l)N]Lm]Tj(a)_l = am(j)NILm]
(1<j<n,a€G,,). Then N,Lm] =0 unless m satisfies the following.

(1) m(j) =—2 for any j such that k <j <n.
(2) m(j)<0for1<j<k.

For m satisfying (1), we have that B(y)y, NpB(y) ~* = (Hf;é(yj/yj+1)m(j)/2)-
N,Lm]. When y;/yj+1 — oo for 0 < j < n, this converges to N,Em] if m(j) =0 for
0 <j <k, and to 0 otherwise, and hence converges to N ,Em] for any m.

We prove (b). It is sufficient to prove that S(y)F — F, because the rest
follows from this and from (a).

Let s: ng(n) 5V be the canonical splitting of W (") associated to the
mixed Hodge structure (V, W™ F), and let 6, : ngW — ng<n) be the maps
associated to this mixed Hodge structure (see Section 2.2.1). We have F =
s(exp(—¢) exp(ié)F(ng(n))) = exp(v)F, where v: V — V is the nilpotent linear
map characterized by exp(v) = sexp(—()exp(id)s~!. For any 0 < j <n, k € Z,
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and U := W,Ej), the restriction (U, W |7, F|y) to U is a mixed Hodge structure
(see Section 2.1.2(f.2)), and ¢ and ¢ associated to the last mixed Hodge structure
are compatible with the above § and (, respectively (see Section 2.2.1). This
shows that v is of weight less than or equal to 0 for 7; for any 0 < j <n. Fur-
thermore, v is of weight less than or equal to —2 for 7,,. Hence 8(y)v8(y) =t — 0.
Furthermore, 3(y)F = F' by Proposition 3.3.3. Hence

By)F = (B(y) exp(v)By) ") By)F — F. 0

REMARK 3.3.11

The terminology SL(2)-orbit in the present paper is different from that in [8].
In [8], we called an IMHM H = (V,W, Ny,...,N,, F) an SL(2)-orbit if

m(a)Njme(a) P =N; (1<k<j<n) and m(a)F=F (1<k<n)

for any a € G,,,. The difference is that 79 does not appear in this formulation of [8].
We have the following.

(a) Let n=0. Then H is an SL(2)-orbit in the sense of [8]. On the other
hand, H is an SL(2)-orbit in the sense of the present paper if and only if F=F.

(b) For n>1, H is an SL(2)-orbit in the sense of [8] if and only if N; = N;
for 2 <j <n and F = F. The difference is that in [8] there is no condition on Nj.

(¢) In the pure case, there is no difference between the formulation in [8]
and that in the present paper.

Thus there are more SL(2)-orbits in [8] than in the present paper. The SL(2)-
orbits in this paper are very simple objects and are useful by their simplicity. On
the other hand, the formulation of the SL(2)-orbit in [8] is useful for the study of
classifying spaces of degenerating mixed Hodge structures. In fact, in [8, Part 2],
the classifying space {MHS} of mixed Hodge structures is enlarged as

{MHS} = {SL(2)-orbit of zero variable} C {SL(2)-orbit }
= {degenerating MHS}.

4. Proofs of the main results

4.1. DH systems and IMHM
We prove Theorem 1.4 from the introduction. We also prove the following.

THEOREM 4.1.1

Let E=R or C, and let (V,W,Ny,...,Ny,, ) be an object of Dy, 5. Take 0 <{ <
Jj<k<mn. Then forys >0 ((+ 1<t <k) such that y;/y141 >0 (+1<t<k),
W®) s the relative monodromy filtration of Zf:HI ye Ny with respect to W),
In other words, (V, W(j),Zf:eH y+Nt, T) s a Deligne system of one variable.

Proof
For y = (y+)o<t<n € R, let N, = 5(@)(2?:“1 YNy )B(y)~' where B(y) is as in
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Proposition 3.3.10. Let N = Zf;“l N;. Then by Proposition 3.3.10(a), N, con-
verges to N when y;/y,41 — oo (0 <t < n). By Propositions 3.3.2(a) and 3.2.6,
the map N : grw+mgru‘/y(]) —gr K(Zgr “ is an isomorphism for any w € Z and

any m > 0. It follows that if y;/y41 > 0 (0 <t < n), then the map

* ) *) Gy . . .
N grmmgrw R erV” mng is an isomorphism and hence the map
w® @) w® wl) . . .
(thé 41 YN )™ 8 8l — 8Ty —m8ly 1S an isomorphism. O
4.1.2.

We prove Theorem 1.4.

By Theorem 4.1.1, the condition (h) in the definition of an IMHM (Sec-
tion 2.1.9) is satisfied. In fact, for Nj/- = Zi:l a;,Ni with aj, > 0 such that
ajr/a;kr1>0 (1 <k <j), by Theorem 4.1.1, W) is the relative monodromy
filtration of N} with respect to W.

It remains to consider the condition (g) in Section 2.1.9, that is, the polar-
izability of gr'V. On gr!V, put the bilinear form in Proposition 3.2.7. For y =
(yi)o<j<n ERLF, let F(y) =exp(X7_, iy;N;)F, and let T =exp(3.)_;ilN;)F.
Let S(y) be as in Proposition 3.3.10. Then by Proposition 3.3.10(b), 8(y)F(y)
converges to I when y; /y;+1 — 00 (0 < j <, yn41 denotes 1). Since (V,W,I) is a
mixed Hodge structure (see Proposition 3.2.7), we have that (V, W, 8(y)F(y)) is a
mixed Hodge structure when y;/y;+1 > 0. Hence we can consider the Hermitian
form associated to ({-, )., B(y)F(y)(gr’¥)). This Hermitian form converges to the
Hermitian form associated to ({-, )., I(gr!V)) which is positive definite. Hence the
former Hermitian form is positive definite if y; /y; 11 > 0. Hence when y; /y;41 >
0, (V,W, F(y)) is a mixed Hodge structure and (gr?, (-, )., F(y)(gr!)) is a polar-
ized Hodge structure of weight w for each w. This proves Theorem 1.4.

By Theorem 1.4, SL(2)-orbit theorems for IMHM in [10], [3], [9], and [7]
are generalized to DH,,. For example from [3, Theorem 4.20(vii)], we have the
following.

THEOREM 4.1.3

Let (V,W,Ny,...,N,,F) be an object of DH,,. Assume that W is pure. Then
there is a convergent series g(Th,...,T,) € Endr(V)[[11,...,T}]] with constant
term 1 such that, when y;/y;+1 >0 (1 <j<n, y,y1 denotes 1), we have

eXP(Z iy; N, )F 9(Y2/y1,Y3/Y2, - - Yn+1/Yn)

f[ i (i /y)" eXp(i i) P

4.2. On Theorem 1.7 and Proposition 1.8
Concerning Theorem 1.7, we give a more precise statement about the convergence
of the splitting of W.
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THEOREM 4.2.1

Letn>1, and let (V,W,Ny,...,N,, F) (resp., (V,W,N1,...,Np,a)) be an object
of DH,, (resp., Dy g with E=R or C). For y= (y1,...,yn) € RY,, let H(y) =
(V.W,exp(3_j_y iy N;)F) (resp., H(y) = (V,\W.3°7_,y;Nj,a)). Let H=(V,W,
exp(E?Zl iNj)F) (resp., H=(V,W, Z?zl Nj,a)). Let h=n (resp., h=n—1).
Then there is a family (tm)ment of R-linear (resp., E-linear) maps tup : V —V
having the following properties.

(a) uo=1, and uy, Wy, C Wy—q for anym #0 and any w € Z. For 1 <j<mn,
(4) (4)
U W' C Ww+m(j

(b) Let w(Ty,...,Th) =), cnn umTlm(l) T Then there is ¢ >0 such
that u(Ty,...,T,) absolutely converges if |T;| < c for all j.

(c¢) Fory; >0 (1<j<n) such that y;/y;+1 >0 (1 <j<n where y,q1
denotes 1) (resp., (1<j<n)), let s(y): gt SV be the canonical splitting
(resp., the splitting by 19) of W in Section 2.2.1 (resp., Section 5.1.3) associated
to the mized Hodge structure (resp., Deligne system of one variable) H(y). Let

) for any m and any w.

5:gtW SV be the one associated to the mized Hodge structure (resp., Deligne
system of one variable) H. Then

s(y) =uw(y2/y1, - Ynt1/yn)3
when y;/yj1 >0 (1<j<h).

By Theorem 1.4, Theorems 1.7 and 4.2.1 for DH,, follow from the corresponding
result in [7, Theorem 0.5] for IMHMs.

We will prove in Section 4.2.3 the parts concerning D, g (E =R,C) by
reducing them to the part of DH,,.

LEMMA 4.2.2

Let E =R, let (V,W, N, a) be a Deligne system of one variable with the associated
(7j)j=0.1, and let (VE2 W2 N®2 F) be the corresponding object of DHy (see
Section 2.3). Then (V2 W2 exp(iN®2)F) is a mized Hodge structure, and we
have 7§, = 7% where 1}, denotes the canonical splitting of W®? (see Section 2.2.1)
associated to this mized Hodge structure.

Proof

By Theorem 1.4, any object of DH; is an IMHM. Hence (V®2 W®2 N®2 F) is
an IMHM. It is easy to see that F' = F' by construction in Section 2.3. Hence the
result follows from Lemma 3.3.6 and Section 3.3.4(a). O

4.2.3.
We prove the parts of D,, i in Theorems 1.7 and 4.2.1.

By Lemma 4.2.2, these theorems for D,, g are reduced to the parts for DH,
by using the functor D,, g — DH,, (see Section 2.3). In fact, we have the result
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that (s(y) 087 1)®2: V2 5 VP2 for y,/y;11 >0 (yn41 denotes 1) is a conver-
gent series in Yo /Y1, - . -, Yn+1/Yn With constant term 1 satisfying the conditions in
Theorem 4.2.1(a) with W and W) (1 < j <n) replaced by W2 and (W©))®2,
respectively. This shows that u(y) :=s(y) 0§71 :V — V is a convergent series

in yo2/y1,--.,Ynt+1/yYn with constant term 1 satisfying the conditions in Theo-
rem 4.2.1(a). Since s(y) depends only on the ratio (y; :---:yn), u(y) is actually
a series in Yo /Y1, -, Yn/Yn—1-
4.2.4.
For a € R, define the functor ¢ : DH,, — DH,, as
j—1
(V,W,N1,...,No, F) = (V,N{,...,N;,, F)  where N} = "(a*/k!)N; .
k=0

That is, (N{,...,N},)t =exp(aR)(Ni,...,N,)" where R is the (n,n) matrix whose
(j,k)th entry is 1 if k=4 — 1 and 0 otherwise, and (-)! denotes the transpose.

For an object H of DH,,, we have the following.

(a) 09T H = 02(0°H).

Since 6*6~¢ is the identity functor by (a), we see that the following holds.

(b) 6*:DH,, — DH,, is an equivalence of categories.

By Theorem 1.4, we have that the following holds.

(¢) If H is an object of DH,,, then §°H is an IMHM if a > 0.

For a € R, let DH;“) be the full subcategory of DH,, consisting of all objects
H such that §°H is an IMHM. By (c), we have the following.

(d) DH,, = |J, DH(®. Note that DH(” c DH® if a <b.

4.2.5.
We prove Proposition 1.8.

First we prove the part concerning DH,,. Proposition 1.8 is true if DH,, is
replaced by the category of IMHMs of n variables (see [5]). For a € R, the category
DH;“) in Section 4.2.4 is equivalent to the category of IMHMs of n variables by
the functor #%. This shows that DH;‘I) is an abelian category and the kernel and
the cokernel are described as in Proposition 1.8. By Section 4.2.4(d), this proves
Proposition 1.8 for DH,,.

We prove the part concerning D,, g. First we show that we can assume that
E = C. This is because an object of D, g or a morphism of D,, g comes from
D,, g for some subfield E’ of E which is finitely generated over Q. Then we
have an embedding of E’ into C as a subfield. Hence by Lemma 2.1.7(a), we are
reduced to the case E =C.

Next by Lemma 2.1.7(b), we can assume that £ =R.

We prove Proposition 1.8 in the case in which £ = R. We denote the functor
DH,, = D,, r in Section 2.2 by a and the functor D,, x = DH,, in Section 2.3 by b.
Let f: A= (VA7WA;N1,A7-~-7Nn,A7aA) —B= (VB,WB,NLB,...,N”)B,O[B) be
a morphism of D,, g, let Vi (resp., Vo) be the kernel (resp., cokernel) of f: V4 —
Vi, and let Wk, N; g,ax on Vi (resp., We, Nj ¢, ac on Vi) be the ones induced
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from those of A (resp., B). Then f induces a morphism b(f):b(A) — b(B) of
DH,,, and the kernel (resp., cokernel) of b( f) is described as in the part of Proposi-
tion 1.8 concerning DH,,, which we have proved. By applying the functor a, we see
that (V22 W22 NP%, .. N2%, o) (vesp., (VG2 WE* NP2, .. \N2%,a8?)
is an object of D,, g. This shows that K := (Vx, Wk, N1 k,...,Np k,ax) (resp.,
C:=Ve,We,Nic,...,Npc,ac)) is an object of D,, . We have shown that
the kernel and the cokernel of a morphism in D,, g exist and are described as
in Proposition 1.8. Let I be the cokernel of K — A (resp., J be the kernel of
B — (). Since DH,, is an abelian category, the canonical morphism b(I) — b(J)
is an isomorphism. By applying the functor a, we see that the canonical mor-
phism 792 — J®2 is an isomorphism. Hence the canonical morphism I — .J is an
isomorphism. This proves Proposition 1.8 for D,, .
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