Classification of real analytic Levi flat
hypersurfaces of 1-concave type in Hopf
surfaces

Takeo Ohsawa

Abstract A compact Levi flat hypersurface in a complex manifold is said to be of ¢-
concave type if it admits a neighborhood system consisting of g-concave manifolds in the
sense of Andreotti and Grauert. The real analytic Levi flat hypersurfaces of 1-concave
type in Hopf surfaces are classified.

1. Introduction

The study of smooth real hypersurfaces in complex manifolds was first initiated
by Poincaré [P], who showed that the biholomorphic equivalence theorem that
Riemann [R] had asserted in his thesis does not hold true for the smooth domains
in C2. The equivalence problem between real hypersurfaces, which was naturally
evoked by Poincaré’s discovery, has been studied particularly in detail for the
boundary of the domains of holomorphy. The initially important invariant is
the Levi form (see [L], [Kr], [Li]), and deep results have been obtained for the
boundaries of strongly pseudoconvex domains, on which the Levi form is by def-
inition everywhere positive definite (see [T], [CM], [F]). On the other hand, total
degeneracy of the Levi form defines the class of Levi flat hypersurfaces. Since
they are locally equivalent to each other, only the global questions are of inter-
est from the viewpoint of equivalence theory. Although not so much is known
about them, it has been gradually understood how the geometry of the ambi-
ent manifold is related to the analytic structure of the neighborhoods and the
complements of the Levi flat hypersurfaces (see [G1], [G2], [LN], [N], [S1], [Oh1],
[Oh4], [Oh3], [Oh5], [B1], [B2], [A]). A question which puzzles many people at
present is whether or not the complex projective plane admits a Levi flat hyper-
surface (see [C]). Although there exist several papers asserting the nonexistence
of such things, [S2] and [Oh2], for instance, the problem has not yet surrendered
to any of them.

In this situation, Levenberg and Yamaguchi [LY] studied real analytic Levi
flat hypersurfaces in Hopf surfaces which do not bound Stein domains. Here
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they restricted themselves to the surfaces H(a,b) = (C? — {0})/T'4 s, where T'yp
denotes the infinite cyclic subgroup of GL(2, C) generated by the transformation
(z,w) — (az,bw) with |a|,|b] > 1. As an application of their theory, they showed
that the domain {(z,w) Ty |2z € C,Imw > 0} in H(a,b) with b € R, which is
bounded by a Levi flat hypersurface {(z,w) Ty | z € C,Imw = 0}, is Stein.
The purpose of the present article is to show that any real analytic Levi flat
hypersurface bounding a Stein domain in a Hopf surface is essentially of this
type. More precisely, we shall show the following.

THEOREM 1.1

Let H="H(a,b,\,m) = (C?—{0})/T be a primary Hopf surface (see Section 3),
and let X CH be a real analytic Levi flat hypersurface of 1-concave type. Then
one of the following is true:

(1) m=1 and X 1is of Nemirovski type (see Section /);
(2) m>2, A#£0 and X is of generalized Nemirovski type (see Section /).

Since any Hopf surface is a quotient of a primary Hopf surface by a fixed point
free action of a finite group, the above classification is actually complete for the
real analytic Levi flat hypersurfaces of 1-concave type in any Hopf surface. The
proof of Theorem 1.1 is a straightforward consequence of a well-known fact that
the envelope of meromorphy of a domain in a Stein manifold coincides with its
envelope of holomorphy, combined with an observation that the projectivized
holomorphic tangent bundle of any primary Hopf surface admits a nonconstant
meromorphic function (for the details, see the arguments below).

2. Preliminaries

Let M be a connected complex manifold of dimension n > 2, and let X C M be
a compact real analytic Levi flat hypersurface. Let TX and T'M be the tangent
bundles of X and of M, respectively. Let T1°M be the holomorphic tangent
bundle of M, and let T19M | X be its restriction to X. We put 719X = (TH0M |
X)N(TX ® C). For any complex vector bundle E over M, P(E) will stand
for its projectivization. Let (THYM)* denote the dual bundle of TH9M. Then
TH0X naturally defines a real analytic section of P((T*°M)*) over X, say, o. If
dim M =2, o naturally induces a real analytic section of P(T*°M) over X.

LEMMA 2.1

If M is compact and M — X is Stein, there exists a meromorphic section G of
P((TY°M)*) over M such that 5| X =o.

Proof

Since ¢ is real analytic, one can find a neighborhood U D X and a holomor-
phic section oy of P((T1°M)*) | U such that oy | X = 0. Since M — X is
Stein, holomorphic vector bundles and their projectivizations are holomorphically
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embeddable into complex projective spaces. Therefore, since projective spaces are
bimeromorphically equivalent to products of Riemann spheres, oy is meromor-
phically extendable to M. (I

In what follows we shall denote the extension ¢ of o by ox, which will be natu-
rally identified with a meromorphic section of P(T*9M) if dim M = 2.

We recall here that a complex manifold 2 is said to be g-concave if there
exists an exhaustion function ¢: Q — (0,1] of class C? such that the Levi form
of ¢ has at most ¢ — 1 nonpositive eigenvalues outside a compact subset of (2
(see [AG)).

DEFINITION 2.1
We say that X of 1-concave type if X admits a g-concave neighborhood basis.

We note that “l-concave type” is an intrinsic property of X as a CR manifold if
X is real analytic.

3. Meromorphic functions on projectivized bundles

Let H be a Hopf surface, which is by definition a compact complex surface whose
universal covering space is biholomorphically equivalent to C2 — {0}. Note that
if X is a Levi flat hypersurface in H, then X is of 1-concave type if and only if
M — X is Stein, because Hopf surfaces contain no exceptional curves. Indeed, it
is easy to see that compact quotients of domains in C? with algebraic dimension
<1 can contain only smooth elliptic curves of self-intersection zero as complex
analytic subsets of codimension one. It is known by Kodaira [K] that H is covered
by a primary Hopf surface, that is, there exists an automorphism 7 of C? — {0}
of the form 7(z,w) = (az + Aw™,bw) (Ja| > b >1, A€ C, m €N, and a =b™
if A #0) such that the quotient H(a,b,A\,m) of C? — {0}, by the action of the
infinite cyclic group I' generated by 7, is a finite unramified cover of H. It is
known that #H(a,b,0,1) admits a nonconstant meromorphic function if and only
if a* = b holds for some p,v € N. In contrast to this, the following is true for

all H.

THEOREM 3.1
P(TY°H) admits a nonconstant meromorphic function.

Proof

Clearly it suffices to show the assertion for H(a,b, \,m). From the definition,
T 9% (a,b,\,m) is equivalent to the quotient of C? — {0} x C? by the action
of the group generated by (7,dr). Letting ((z,w),(§,n)) be the coordinate of
C? x C2, where (£,7) represents the vector £9/dz +10/0w, one has

dr(&,m) = (& + m w™ ') 0/0z + bnd/ow.
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Therefore {w/nz is invariant under (7,d7) if A =0, and so is the function
£/mumt — mzjw™

otherwise. O

4. Leviflat hypersurfaces of 1-concave type in Hopf surfaces

Some of the Levi flat hypersurfaces of 1-concave type in torus bundles over com-
pact Riemann surfaces have been constructed in [N], [Ohl], and [Oh5]. To define
a class of Levi flat hypersurfaces in Hopf surfaces, we shall recall the description
of such hypersurfaces in [Oh5], adjusting the notation in the present situation.

Let p: C? — {0} — CP! be the natural projection, and let 7: C* — {0} — H
be the universal covering map. Let ( = z/w be the inhomogeneous coordinate of
CP!, and set

Up ={¢|0<[¢] < oo},
U-={¢|0<¢] < oo}
Then, with respect to any pair of meromorphic 1-forms wy on Uy satisfying
wy —w_=dlog¢ onU;NU_

parallel transports of points in C? — {0} are defined over the real differentiable
paths in CP"' that avoid the poles of w . Namely, over such curves 7: [0,1] = Uy,
the transports are given in the fiber coordinates by

w»—)wexp/w+ on p~H(U})
gl
and

zn—>zexp/w, on p 1 (U_).
gl

Here w and z are used as the fiber coordinates of p~1(U;) and p~*(U_), respec-
tively.

Let P be the union of the set of poles of wy and w_. Then, fixing a point
(o in CP! — P, the transports of any closed real 1-dimensional submanifold
S in p~1(¢y) yields a Levi flat hypersurface in p~'(CP* — P.,), if the parallel
transports over closed paths in CP' — P leave S invariant.

If S satisfies this invariance condition, we shall denote by Xg the hypersur-
face in p*l(CP1 — P,) obtained by the parallel transports with respect to wy.
Then the closure X of Xg in C2— {0} becomes a smooth Levi flat hypersurface
if and only if certain conditions on the poles of wy as described in [Oh5] are
satisfied. Existence questions of such wy aside, hypersurfaces X in H such that
771(X) = Xg for some S shall be said to be of Nemirovski type.

More generally, if there exist a holomorphic map p: C? — {0} — CP* of
the form p(z,w) = (2 + f(w) : w) for some polynomial f(w), and meromorphic
1-forms w’ on U’ :={w # 0} and w” on U"” := {p # 0} satisfying w’ —w” =
dlog((z + f(w)/w)) on U'NU" such that 7=1(X) is obtained as the closure of
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the parallel transport of a closed real 1-dimensional submanifold of a general
fiber of p, we shall say that X is of generalized Nemirovski type.

Real analytic Levi flat hypersurfaces of generalized Nemirovski type are of
1-concave type because the distance ¢ from (z,w)-I" to X, measured fiberwise on
p~H(U') with respect to |dw|/|w]|, satisfies rank d 1log § = 2 outside the preimages
of a finite set. As for an explicit form of such a computation in a more general
setting, see [M], for instance.

Proof of Theorem 1.1

If H =H(a,b,0,1), then the image of ox intersects with the preimages of {w/nz
along level sets of £/n, since H contains no compact complex curves C' such that
p(7~1(C)) = CP'. This shows that X is of Nemirovski type. If H = H(a,b,\, 1),
a similar argument applies for the function (£/n — z/w)/(z/w — \) instead of
Ew/nz, so that X is also of Nemirovski type. If H = H(a,b,A\,m), with XA # 0,
m > 2, and a = b™, a similar method also works with respect to the fibration
p: C2— {0} — CP', where

p(z,w) = (z+ cw™/m:w)

and c is a constant such that the image of ox is contained in the preimage of ¢
by &/nw™™t —mz/w™. O

5. Remarks

Responding to a request from the referees, the author would like to add remarks
on the Levi flat hypersurfaces in Hopf manifolds of dimension > 3.

(1) Let H" = C™—{0}/T'y, where I', denotes the group generated by z — az
(la]| > 1), and let X C H be a real analytic Levi flat hypersurface. Then, by a
theorem of Merker and Porten [MP], an argument similar to that in Section 4
above works to describe such X provided that H — X is (n — 1)-complete; X
bounds a Stein bundle over a Stein domain in CP™ ! unless X is fibered over
a Levi flat hypersurface in CP?2. Therefore, up to a long-standing open question
whose affirmative answer would exclude the latter possibility, they all belong to
a class implicitly given by Nemirovski [N].

(2) Let HW =C™ —{0}/T™ where I'™ is generated by z + (221 + 2y, ...,
2%p 1+ Zn, 22,). Then the domain D,, = {zT(™ | z € C"* —{0},Im 2,, > 0} in H("™)
is bounded by a Levi flat hypersurface. D,, is Stein because it is a pseudoconvex
Riemann domain over C™ by the map induced from

Z > (exp(47riz1/zn), . ,exp(47rizn_1/zn),zn27221/2"),
and 0D, is of Nemirovski type in a sense similar to that in Section 4.

Finally, the author would like to comment that the method of this paper
works to determine the holomorphic foliations, possibly with singularities, on
compact complex surfaces of algebraic dimension < 1 whose projectivized tangent
bundles are a union of the images of meromorphic sections.
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