Phases of Lagrangian-invariant objects in
the derived category of an abelian variety

Alexander Polishchuk

Abstract In this paper we study Lagrangian-invariant objects (LI objects for short) in
the derived category DP(A) of coherent sheaves on an abelian variety. For every element
of the complexified ample cone D 4 we construct a natural phase function on the set of LI
objects, which in the case dim A = 2 gives the phases with respect to the corresponding
Bridgeland stability. The construction is based on the relation between endofunctors of
DP(A) and a certain natural central extension of groups, associated with D 4 viewed as
a Hermitian symmetric space. In the case when A is a power of an elliptic curve, we show
that our phase function has a natural interpretation in terms of the Fukaya category of
the mirror dual abelian variety. As a by-product of our study of LI objects we show that
the Bridgeland component of the stability space of an abelian surface contains all full

stabilities.
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Introduction

The notion of stability condition on triangulated categories, introduced by
Bridgeland in [6], axiomatizes the notion of stability of branes coming from the
study of deformations of superconformal field theories (see [8]). The hope is that
the space of stability conditions on a Calabi—Yau threefold is related to the mod-
uli spaces of complex structures on a mirror dual manifold. At present we have
examples of Bridgeland stabilities on D®(X) for any surface X. A program for
constructing such examples for Calabi—Yau threefolds was proposed in [2]. It was
implemented in [16] and [17] for some three-dimensional abelian varieties.

The goal of this paper is to test the existence of a stability condition on
DP(A) for any abelian variety A by looking at certain special objects in D°(A).
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More precisely, for an element w =14ia+ 8 € D4y C NS(A) ® C in the complexified
ample cone (defined by the condition that « is ample), one expects to have a
stability condition on D?(A) with the central charge

2(F) = [ expl(-w)-ch(P).

where F € D’(A). The starting point of this work is the observation that there are
certain objects in D’(A) that are automatically semistable with respect to any
nice stability condition (see Proposition 3.1.4). Namely, these are Lagrangian-
invariant objects (LI objects for short) defined in [31] (see also Definition 2.1.1).
The simplest examples are the structure sheaves of points O,. To get other
examples one can consider images of O, under autoequivalences of D’(A), but
in general these do not exhaust all LI objects (see Remark 4.2.2 and Proposi-
tion 4.2.3). Thus, a stability condition should give a phase for any LI object F',
that is, a lifting of Arg Z(F) € R/27Z to R. Furthermore, a nonzero morphism
Fy — F5 can exist only if the phase of F; does not exceed the phase of Fy. The
main result of this paper is the construction of such a phase function associ-
ated with each w € D 4. We also verify some properties of this function that one
expects from the theory of stability conditions (see Theorem 3.3.2).

The major role in our construction is played by the action of a certain group
on the set SO /N* of classes of LI objects modulo the equivalence relation gen-
erated by translations and tensoring with line bundles in Pic’(A) and with vector

—_~—

spaces. This group, which we denote by U(Q), is a central extension by Z of the
group of Q-points of an algebraic group U =Ux, defined as automorphisms of
the abelian variety X 4 = A x A compatible with the skew-symmetric autoduality

of X 4. The preimage of the subgroup of Z-points in U(Q) is closely related to
the group of autoequivalences of D°(A) (see [21], [23], [25]). The main idea that
brings the Siegel domain D 4 into the picture is that the above central extension
has a natural interpretation in terms of the action of U(Q) on D4 (see Theo-
rem 2.3.2). This allows us to parameterize the set S_HLI/N* of classes of LI objects
by points of a natural Z-covering of the set of Q-points of a certain homogeneous
algebraic variety LG = LG 4 for the group U (the points LG(Q) are in bijection
with Lagrangian abelian subvarieties in A x A), and the phase function appears
naturally in this context.

If dim A = 2, then the stability condition corresponding to w was constructed
by Bridgeland in [7], and we check that our phases for LI objects match the ones
coming from this stability condition (see Section 3.4).

In the case when A = E™, where F is an elliptic curve without complex
multiplication, we give a mirror-symmetric interpretation of our picture in terms
of the Fukaya category of the mirror dual abelian variety (following the recipe
of [12]). We show that the central charge on LI objects in D’(A) defined using
w € D4 matches the integral of the holomorphic volume form over the corre-
sponding Lagrangian tori and, hence, that LI objects in D?(A) give rise to graded
Lagrangians on the mirror dual side (see Section 3.5).
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We also observe that the set LG(Q) parameterizing classes of LI objects
also parameterizes a certain natural collection of ¢-structures on DY(A), gener-
alizing the ones obtained from the standard t-structure by applying autoequiva-
lences. (We call them quasistandard.) We conjecture that there is also a natural

t-structure associated with every point of LG(R) whose heart is equivalent to
the category of holomorphic bundles on the corresponding noncommutative torus
(see [4], [28], [32])-

Another by-product of our study is a refinement of the results of [21] and
[12] on the action of autoequivalences of D?(A) on numerical classes of objects.
Namely, we construct a natural double covering Spin — U of algebraic groups
over Q and an algebraic representation of Spin on the vector space associated
with the numerical Grothendieck group of A such that the action of elements
projecting to U(Q) is induced by endofunctors of D?(A) (see Theorem 2.5.3).

The paper is organized as follows. Section 1 contains some auxiliary results
not involving derived categories. In particular, we give an interpretation of the
index of a nondegenerate line bundle on an abelian variety in terms of the function
Argy on the complexified ample cone (see Theorem 1.2.1). We also prove some
useful results about the group U and the variety of Lagraglg\@l subvarieties LG

in Ax A. In Section 2 we study the central extension U(Q) — U(Q) coming
from a natural 1-cocycle with values in O*(D4) and its action on LI objects
in D°(A) and their numerical classes. In Section 3 we parameterize LI objects

(up to a certain equivalence) by points of a natural Z-covering LG(Q) — LG(Q)
equipped with an action of U(Q), and we construct a family of phase functions

on LG(Q) parameterized by D4 x C, equivariantly with respect to U(Q). We
also study the connection with Bridgeland stability conditions on abelian surfaces
(see Theorem 3.4.3) and with mirror symmetry (see Section 3.5). Also, as a by-
product of our study of LI objects we show that any full stability on an abelian
surface A belongs to the Bridgeland component of the stability space Stab(A)
(see Proposition 3.4.4). In Section 4 we construct a family of ¢-structures on

—_~—

D’(A) parameterized by LG(Q) and study a relation between LG(Q)/U(Q)
and the Fourier-Mukai partners of A (see Section 4.2).

NOTATIONS AND CONVENTIONS

We work over a fixed algebraically closed field k. We say that an object F' of a k-
linear category C is endosimple if Home (F, F') = k. For a scheme X we denote by
DP(X) the bounded derived category of coherent sheaves on X. We say that an
object F € D*(X) is cohomologically pure if there exists a coherent sheaf H such
that F' ~ Hn| for n € Z. We denote by Abg the category of abelian varieties up
to an isogeny (i.e., the localization of the category of abelian varieties over k with
respect to the class of isogenies). When we want to consider the F-vector space
associated with a Z-lattice M, where F' = Q, R, or C, as an algebraic variety
over F', we denote it by Mp.
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1. Preliminaries

Throughout this paper A denotes an abelian variety over k.

1.1. Degree, trace, and Euler bilinear form
Recall that for f € End(A) one has

deg(f) = det Ti(f),

where T;(f) is the representation of f on the Tate module T;(A) for I # char(k)
(see [22, Chapter 19, Theorem 4]). Thus, extending deg to a polynomial function

deg:End(4) @ Q — Q,
homogeneous of degree 2¢g, we have
deg(L+tf)=1+1t-Te(f) +O(t?),

where Tr(f) is given by the trace of the action of f on T;(A) ®z, Q;. Furthermore,
f=Te(f- f') is a positive definite quadratic form on End(A) ® Q, where f — f’
is the Rosati involution associated with a polarization of A (see [22, Chapter 21,
Theorem 1]).

Let us fix a polarization on A, and we denote by End(4)* ® Q C End(A) ®
Q the subspace of elements invariant with respect to the corresponding Rosati

involution. Note that the quadratic form Tr(f?) on End(A4)* ® Q is positive
definite.

PROPOSITION 1.1.1
An element f € End(A) ® C is determined by the polynomial function

End(A) @ C — C:z— deg(f — z).

Furthermore, if f is invariant with respect to the Rosati involution, then it is
determined by the restriction of the above function to End(A)*T ® C.

Proof

We have to check that if deg(fi — z) = deg(f2 — z) for all x € End(A), then
f1 = f2. Adding to f1 and f the same element of End(A) ® C, we can assume
that f; and f, are invertible in End(A4) ® C. Observe also that deg(f1) = deg(f2).
(This follows by substituting = =0.) Thus, we obtain

deg(1—xf; ') =deg(f1 — z)deg(f1) "' = deg(fo — ) deg(f2) " = deg(1 — xf{l).
Considering the linear terms in x we derive
Tr(efi ') =Te(zfy ).

The nondegeneracy of the form Tr(fg) implies that f; ' = f5 '
To prove the second statement, we repeat the above argument, letting = vary
only in End(4)* ® C. O
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We always use the standard identification
NS(4) ® Q =+ Hom(A,A)" @ Q: L+ ¢r,

where Hom(A4, A)T ® Q ¢ Hom(A, A) ® Q consists of self-dual homomorphisms.
The Euler characteristic defines a polynomial function yx : NS(4) ® C — C of
degree g = dim A, which we also view as a function on Hom(4, A)* @ C. One has
x? = deg (see [22, Chapter 16]).

Recall that the Grothendieck group Ky(A) carries the Euler bilinear form

X([E),[F]) := > _(~1)" dimHom(E, F),
where E,F € D*(A). We denote by N'(A) the numerical Grothendieck group,
that is, the quotient of Ky(A) by the kernel of this form; A (A) is a free abelian
group of finite rank (see [9, Example 19.1.4]). Associating with a line bundle L
its class [L] in N(A) defines a polynomial map between free abelian groups of
finite rank

£:NS(A) = N(A).

Therefore, we have the induced polynomial morphism between the corresponding
Q-vector spaces

(1.1.1) 0:NS(A)g = N(A)g.

COROLLARY 1.1.2

An element ¢ € NS(A) ® C is determined by the corresponding polynomial func-
tion

NS(A) = C:z— x(€(e), (z)).

Proof
Since NS(A) is Zariski-dense in NS(A)c, it is enough to prove the similar state-
ment with the polynomial function x(¢(¢),4(-)) on NS(A4) ® C. Note that

X(0(9), £(x))? = x (£ — ¢))* = deg(z — ),

where we view 2 and ¢ as elements of Hom(A4, A)T @ C. Let ¢o: A — A be a
polarization. Then the map x — ¢y Yoz gives an isomorphism Hom(A, A)‘*‘ RQ~
End(A)" ® Q (and the corresponding isomorphism of C-vector spaces). Further-
more, this isomorphism rescales deg by the constant deg(¢o). It remains to apply
Proposition 1.1.1. O

REMARK 1.1.3

When the ground field is C we can identify N (A) ® Q with the subspace of
algebraic cycles in H*(A,Q) via the Chern character and NS(A4) ® Q with alge-
braic cycles in H?(A,Q). Then £ is induced by the exponential map H2(A,Q) —
H* (A7 Q) *
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1.2. Characterization of the index of a line bundle

Recall that if L is a nondegenerate line bundle on A (i.e., the corresponding
map ¢r: A— A is an isogeny), then its index i(L) is defined by the condition
H(A,L)=0 for i #i(L). We will use the following recipe for computing i(L):
it is the number of positive roots of the polynomial P(n) = x(L ® L{}), where
Ly is an ample line bundle on A (see [22, Chapter 16]). The index function i(-)
extends uniquely to a Qs o-invariant function on NS(A4)gq.

Let D4 C NS(A) ® C be the complexified ample cone. Note that the function
deg and hence y do not vanish on D4 (see [12, Lemma A.3]). Since D 4 is simply
connected, there is a unique continuous branch of the argument Arg(x(z)) on
D4 such that, for © = ¢H, where H is an ample class (an element of the ample
cone), we have Arg(x(iH)) = gm/2, where g = dim A. Tt is easy to see that this
branch does not depend on a choice of H. Then for a class x € NS(A) ® R with
x(x) # 0 we can define by continuity the argument Arg(x(x)); that is, we set

Arg(x(z)) = tgrgl+ Arg(x(z +itH)),

where H is an ample class. Note that, since x(z) is real, the number Arg(x(z))/m
is an integer.

THEOREM 1.2.1
For the continuous branch of Arg(x(:)) on Da, satisfying Arg(x(iH)) = gn/2
(where H is ample), one has

Arg(x(@)) = i(e)m
for every x € NS(A) ® Q with x(z) #0.

Proof
First, let us consider the case when z is in the ample cone. For z € C we have
Xx(zx) =29 - x(x). Thus, varying z on a unit circle from 1 to ¢ we obtain

Arg(x(ix)) = Arg(x(x)) + g%r

Since Arg(x(ix)) = gm/2, we obtain that Arg(x(x)) =0. Next, assume that x €
NS(A) C NS(A) ® Q. Then for any ample class H the polynomial

P(t)=x(x+tH)

has i(z) positive roots, counted with multiplicity (see [22, Chapter 16]). Let
0<t; <---<t, be all the positive roots of P(t). For ¢ > 0 the class « + tH
is ample, and so Argx(z +tH) = 0. Now we are going to decrease ¢ until it
reaches zero and observe the change of Arg(P(t)) = Arg(x(x + tH)). Note that
it can change only when t passes one of the roots t;. If ¢; is a root of P(t) of
multiplicity m;, then for sufficiently small ¢ >0 one has

Arg(P(tj —€)) = Arg(P(t; +€)) +mym.



Phases of Lagrangian-invariant objects on an abelian variety 433

Adding up the changes we get that
Arg(x(z)) = Arg(P(0)) = i(z)r.

Since i(z) does not change upon rescaling by a positive rational number, the
assertion for any x € NS(A) ® Q follows. O

COROLLARY 1.2.2

For the branch of Arg(deg(:)) on D4 normalized by Arg(deg(iH)) = gm one has
Arg(deg(z)) =i(x) -2

for any x € NS(A) @ Q such that deg(x) # 0.

We will also need some information on the restriction of Arg(x(-)) to lines of the
form tH +Rx C D4.

LEMMA 1.2.3

(i) For any ample class H € NS(A)®@Q and any = € NS°(A,Q) let us choose
any continuous branch of t — Arg(x(iH +tx)), where t € R. Then for 0 <t <t
one has

( | Arg(x(iH +tix)) — (9 — (x))g < Arg(x(iH + tax))
1.2.1
< Arg(x(iH + t12)) + z(gc)g

(ii) For any continuous branch of Arg(deg(-)) on D4 one has
Arg(deg(w)) < Arg(deg(iH)) + g

for any w € D 4, where H is an ample class.

Proof
(i) Indeed, the polynomial

P(t) = y(iH + tz) = igX(H + :x>

has all roots purely imaginary, and exactly i(z) of them are in the upper half-
plane, counted with multiplicity (see [22, Chapter 16]). Let us write P(t) =c- (t —
z1) ... (t—z4). Since P(t) # 0 for all t € R, we can choose for every j=1,...,9
a continuous branch of ¢ — Arg(t — z;) along the real line and use the branch

Arg P(t) = Arg(c) + Arg(t — z1) + - - - + Arg(t — z4).

Suppose the roots 21,...,2,) are in the upper half-plane while the z;’s for
j >i(x) are in the lower half-plane. Then for each j > i(z) the function ¢ +—
Arg(t — z;) is strictly decreasing, and we have

Arg(ty — z;) — g < Arg(te — z;) < Arg(t1 — z;).
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On the other hand, for j <i(z) we have

Arg(ty — z;) < Arg(te — zj) < Arg(ti — z;) + g

Summing up over all the roots gives (1.2.1).
(ii) Applying (1.2.1) to t; =0 and t3 = 1 we get

Arg(x(iH + JU)) < Arg(x(iH)) —|—z(z)g < Arg(x(iH)) —|—g£.

2
Since deg = x% on NS, we get the required inequality for points in D4 with
rational real and imaginary parts. The general case follows by continuity. (|

1.3. Thegroup U,
Recall (see [12], [21], [23], [24]) that with every abelian variety A one can associate
an algebraic group U =Ux, over Q, where X4 := A x A, as follows. For every
F C Q we define the group of F-points U(F') as a subgroup of invertible elements
of the algebra End(X4) ® F consisting of g = (2%) € End(X4) ® F with a €
Hom(A,A)® F, be Hom(fl, A)® F, and so forth, such that

g = ( dA _Ab) € End(A x A) ® F.

—¢ a
The arithmetic subgroup
U(Z) :=U(Q) NEnd(A x A)

is closely related to the group of autoequivalences of D’(A) (see [23]). When we
view the matrix element b above as a function on U(F') we denote it by b(g).

¢

Our point of view is to consider X4 as a “symplectic object” in the cat-
egory of abelian varieties using the skew-symmetric self-duality 74 : X 25X
associated with the biextension pj,P @ p3s P! of X4 x X4 (see [25], [31]). Then
elements of U(Z) are precisely symplectic automorphisms of X 4, that is, auto-
morphisms compatible with 4. The development of this point of view in [31]
was to view elements of U(Q) as Lagrangian correspondences from X 4 to itself,
which allowed us to define endofunctors of D(A) associated with elements of
U(Q) (see [31, Section 3] and Section 2.1 below).

Note that we have the algebraic subgroup T ~ (End(A4)g)* C U consisting

of diagonal matrices of the form
al 0
0 a)°

The following facts about the group U follow easily from Albert’s classification
of the endomorphism algebras of simple abelian varieties (see [12], [24]).

LEMMA 1.3.1

(i) Let us fix a polarization ¢: A — /1, and let Z C'T be the algebraic sub-
group corresponding to a € (End(A)g)* such that a lies in the center of End(A)g
and a™t = ¢~ ta¢p. Then the group U is an almost direct product of the semisimple
commutant subgroup SU and of Z.
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(ii) The algebraic group U is connected, and the Lie group U(R) is connected
(with respect to the classical topology).

We denote by U? C U the Zariski-open subset given by the inequality
deg(b(g)) #0. Note that for any g € U°(R) we have deg(b(g)) > 0 (since the
function deg is nonnegative on Hom(A, A) ® R).

The following condition on a subset of a group was introduced in [34, Sec-
tion IV.42]. (The term is due to D. Kazhdan.)

DEFINITION 1.3.2
Let G be a group. A subset B C G is called big if for any g1, g2, g3 € G one has

B~ 'nBgi N Bgy N Bygs # 0.

This notion is useful because of the following result. (Part (i) is due to Weil, and
part (ii) is a more precise version of [26, Lemma 4.2].)

LEMMA 1.3.3

(i) Let BCG be a big subset. Then G is isomorphic to the abstract group
generated by elements [b] for b€ B subject to the relations [b1][bz] = [b1b2] when-
ever bibs € B.

(ii) Let Z be an abelian group (with the trivial G-action). Let ¢,¢' : G x G —
Z be a pair of 2-cocycles such that

C(bl, bg) = C/(bl,bg)

for any by,ba € B with biby € B. Let p: G. — G (resp., p' : Go — G) be the
extension of G by Z associated with ¢ (resp., ¢'), and let o : G — G, (resp.,
o' : G — G ) be the natural set-theoretic sections. Then there is a unique isomor-
phism of extensions i : G, — G such that i(c(b)) =o'(b) (and identical on Z).

Proof
(i) This is [34, IV.42, Lemma 6].

(ii) Note that the subset p~1(B) C G. (resp., (p’)~1(B) C G ) is big. Thus,
we can define a homomorphism G, — G by requiring that it sends zo(b) to
zo'(b) for b € B, provided we check the compatibility with the relations

O'(bl)O'(bQ) = C(bl, b2)0’(b1b2),
(T/(bl)O'/(bQ) = C’(bl,bg)dl(blbg),

whenever by, ba, b1by € B. But this boils down to the equality ¢(by,be) = ¢'(by,b2).
O

Next, we will show that the subset U%(Q) C U(Q) (resp., U°(R) C U(R)) is big.
Note that the subset U%(Q)NU(Z) in the arithmetic group U(Z) is also big (see
Remark 1.4.2).
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LEMMA 1.34
For any field extension Q C F' the set U(F) is Zariski-dense in U. Hence, the
subset U°(F) C U(F) is big in U(F).

Proof

Since U is connected, the density of U(F') follows from [5, Corollary 18.3]. Thus,
for any g1, 92,93 € U(F) the intersection U° N U%,; N U% N U%s3 contains a
point of U(F). O

The group U has two natural parabolic subgroups: P is the intersection of U
with the subgroup of upper-triangular 2 x 2 matrices in End(A x fl)@, and P~ is
the intersection with the subgroup of lower-triangular matrices. We also denote
by N+t C P+ (resp., N~ C P7) the subgroup of strictly upper-triangular (resp.,
strictly lower-triangular) matrices. Note that both N+ and N~ are isomorphic
to NS(A)Q

LEMMA 1.3.5
Any normal subgroup of U(Q) containing P~ (Q) is the entire U(Q).

Proof

Since P*(Q) is conjugate to P~(Q) by an element
_(0 o

(1.3.1) wy = (_d) 0 )

where ¢: A — Ais a polarization, it is enough to check that U(Q) is generated
by the subgroups P (Q) and P~(Q). We can write any g = (¢ %) € U(Q) with

invertible a as
_ 1 0 fa 0 . 1 a1b
9= \eat 1) N0 a) o 1 )

Finally, any element of U°(Q) has form gw, with g as above. Thus, the statement
follows from Lemma 1.3.4. O

1.4. Action of U(Q) on Lagrangian subvarieties
Recall that an abelian subvariety L C X 4 = A x A is isotropic if the composition

L—Xa- X4—1

is zero, where n4 is the standard skew-symmetric self-duality. If in addition
dim L = dim A, then L is called Lagrangian (for other equivalent definitions see
[31, Section 2.2]). In this case 14 induces an isomorphism X 4 /L~ L.

To enumerate all Lagrangian abelian subvarieties in X4 it is convenient to
work in the semisimple category Abg of abelian varieties up to isogeny. Note that
abelian subvarieties of X 4 are in natural bijection with subobjects of X4 in the
category Abg. Thus, we can use a similar notion of a Lagrangian subvariety in
Abg. Now if L C X 4 is Lagrangian, then we have an isomorphism X4 ~ L ® Lin
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Abg, which implies that L is isomorphic to A in Abg. Thus, we can describe a
Lagrangian subvariety (in the category Abg) as an image of a morphism A — X 4,
that is, by a pair (z,y), where 2 € End(4) ® Q, y € Hom(A4, A) ® Q. The isotropy
condition is the equation

Jr = Ty.
The existence of a splitting X4 — A in Abg is equivalent to the condition
(%) (End(4) ® Q)x + (Hom(4, A) ® Q)y = End(4) ® Q.

The pairs (z1,y1) and (z2,y2) define the same subvariety if and only if there
exists an automorphism a of A in Abg such that zs = 10, y2 = y1a. Thus, we
obtain an identification of the set of Lagrangian subvarieties in X 4 with the set

(1.4.1) LG(Q) = {(z,y) | gz =2y,(%)}/(2,y) ~ (va,ya),

where z € End(A) ® Q, y € Hom(4, A) ® Q, and « € (End(A4) ® Q)*. We denote
by (2 : y) € LG(Q) the equivalence class of (z,y) € End(4) ® Q@ Hom(4, 4) ®Q.

Fixing a polarization on A we can identify A with fl, so that the dualization
gets replaced by the Rosati involution  — 2’ on A := End(A) ® Q. We claim that
the set LG(Q) can be identified with the set of Q-points of a certain homogeneous
projective variety LG for the group U (a subvariety in the Grassmannian of
right rank-1 A-submodules in A?). Here the action of U on LG is induced
by the natural action of End(X4)g on pairs (x,y) (viewed as column vectors).
Consider the point (0: ¢o) € LG(Q), where ¢ : A — A is a polarization. (The

corresponding Lagrangian is 0 X A C X 4.) Note that the stabilizer subgroup of
(O: ¢p) is the subgroup P~ C U of lower-triangular matrices. Thus, we define

LG=LG,=U/P".

The fact that the set (1.4.1) is indeed the set of Q-points of LG follows from the
transitivity of the action of U(Q) on the set of Lagrangian subvarieties that we
will prove below (see Proposition 1.4.3).

We start with the following useful result.

PROPOSITION 1.4.1
For any collection of Lagrangian subvarieties Lq,...,L, C X4 there exists an

element g € U(Z) such that all the Lagrangians gL1,...,gL, are transversal to
{0} x A.

Proof

We use an argument similar to the first part of the proof of [31, Theorem 3.2.11].
Consider elements in U(Z) of the form gzb for some polarization b: A — A, where
n € Z. Then the condition that g;bei is transversal to {0} x A is equivalent to
L; being transversal to gt , ({0} x A) =T(—nb). By [31, Lemma 2.2.7(ii)], the
latter transversality holds for all n except for a finite number. O
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REMARK 1.4.2

The above proposition immediately implies that the subset U’ NU(Z) of the
group U(Z) is big (see Section 1.3). Indeed, for any given g1,..., g, € U(Z) con-
sider the Lagrangian subvarieties L; = g;({0} x A) € X4, i=1,...,n. Then we
can find g € U(Z) such that gL; = gg;({0} x A) for i =1,...,n are transversal
to {0} x A. Thus, we get gg; € U° as required. The same proof works for any
finite-index subgroup I' C U(Z). The fact that U NT is a big subset of I' was
stated in [26, Lemma 4.3]. However, the proof in [26, Lemma 4.3] was not correct:
it relied on the absence of compact factors in SU(R), which is not always the
case (see [12, Corollary 5.3.3]).

Lagrangian subvarieties in X 4, transversal to 0 x A, are all graphs T'(f) of sym-
metric homomorphisms f € Hom(A,A)+ ®Q (see [31, Example 2.2.4]). This cor-
responds to points of LG(Q) of the form (1: f), which are precisely Q-points of
the Zariski-open subset

(142) NS(A)Q ~ Ni’w(bPi/Pi C LG,

where wg is given by (1.3.1) and N~ C U is the subgroup of strictly lower-
triangular matrices. In other words, the subset (1.4.2) is just the N~ -orbit of the
point (1:0) € LG.

PROPOSITION 1.4.3
(i) The action of U(Q) on the set of Lagrangian subvarieties in X 4 is tran-
sitive.

(ii) The action of U(R) on LG(R) is transitive.

Proof

(i) The subgroup N~ (Q) ~ NS(A4) ® Q acts on the subset NS(A)g C LG by
translations, so the corresponding action on the set of Q-points is transitive. By
Proposition 1.4.1, any point of LG(Q) is obtained from a Q-point of this subset
by an action of U(Z), so the required transitivity follows.

(ii) As is well known, it suffices to check the triviality of the kernel of the
map of Galois cohomology H!(R,P~) — H(R,U). Since P~ is a semidirect
product of [], GL,,(D;) (where the D;’s are skew fields) and of G, in fact, the
set HY(R,P~) is trivial. O

The description (1.4.1) of Q-points of LG can be extended to a similar description
of LG(F), where F =R or C, so we can still use homogeneous coordinates (z : y),
where z € End(A) ® F and y € Hom(A, A) ® F, to describe points of LG(F).

The complexified ample cone D4 C NS(A) @ C is a Hermitian symmetric
space (a tube domain) with the group of isometries U(R) (see [21, Section 5],
[12, Section 8]). Namely, the group U(R) acts on D4 by

(1.4.3) g(w) = (c+ dw)(a+bw) ™"
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This action is well defined since deg(a+bw) # 0 for w € D 4 (see [12, Lemma A3]).
Furthermore, it is transitive, and the stabilizer of a point w € D4 is a maximal
compact subgroup of U(R) (see [12, Theorem A1]). Also, the natural embedding

Dp—=LGC):w—(1:w)

is U(R)-equivariant.

2. LI functors and central extensions

2.1. Ll objects and functors
Recall that every object K C D?(A x A) gives rise to a functor of Fourier-Mukai
type

O : D*(A) = D*(A): F = Rpau(pi F @ K),

where p; and py are projections of A x A to its factors. (We refer to K as
the kernel of the functor ®x.) The composition P, o Pk, corresponds to the
convolution of kernels K5 o4 K7 (see [20]; our notation is as in [30]).

Recall that in [31] we have extended the relation between autoequivalences
of D®(A) and the group U(Z) (see [23], [25]) to a construction of endofunctors
of Db(A) (given by kernels on A x A) associated with elements of U(Q) suitably
enhanced. Namely, to every element g € U(Q) we associate its graph L(g) C
X 4 X X 4, which we view as a Lagrangian subvariety in X 4 X X 4 with respect to
the symplectic self-duality (—n4) x n4 (see [31, Section 3.1]). The corresponding
kernel on A x A is constructed as a generator of the subcategory of L(g)-invariants
with respect to the action of X4 x X4 on Db(A x A).

More precisely, every Lagrangian subvariety L C X 4 can be equipped with
a line bundle « such that we have an isomorphism of line bundles on L x L

(2.1.1) al1+l2 ®al:1®al:1 :PPA(ll),pA(l2)7

where pg: L -+ A and py : L — A are the projections and P is the Poincaré
bundle on A x A. We refer to (L,a) as Lagrangian pair. For every such pair
(L,) there exists a unique up to an isomorphism endosimple coherent sheaf
Sr.o on A together with an isomorphism

(2-1-2) (SL,a)erpA(l) ® PI;PA(l) ®ay =~ (SL,a)x

on L x A (where [ € L, xz € A), satisfying a certain natural compatibility con-
dition. We view this condition as invariance with respect to the lifting of L to
the Heisenberg groupoid H=H,, acting on D?(A) (and on D’(A x §) for any
scheme S). By definition, H is a Picard groupoid extension of X 4 by the stack
of line bundles, so its objects over a scheme S are pairs: a point (z,&) € X 4(S5)
and a line bundle £ on S. The group operation is determined by

(xlagl) : (372,52) :PJthz : (xl +$2,€1 +€2)
The action of (z,€) € Xa(S) C H(S) on D¥(A x S) is given by the functors
(2.1.3) FHT(I’E)(F) :/P5®t;F,
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where P; is the line bundle on A x S’ corresponding to £ € A(S) A choice of a
line bundle « satisfying (2.1.1) gives a lifting of L to a subgroup of H, and the
left-hand side of (2.1.2) is the result of the action of I € L on S 4.

DEFINITION 2.1.1

LI objects are cohomologically pure nonzero objects in D?(A) that can be
equipped with (L, a)-invariance isomorphism (2.1.2) for some (L,«) as above.
In fact, they are all of the form S% [m] for some (L,a), n €N, and m € Z (see
[31, Theorem 2.4.5]). Let SH*'(A) denote the set of isomorphism classes of LI
objects on A. In this paper we work mostly with the set S_HLI(A) of LI objects
viewed up to the action of H(k), that is, up to translations and tensoring with line
bundles in Pic’(A). We will refer to this equivalence relation as H-equivalence.

We will use the notation N - F':= F®N for an LI object F. This defines an action
of the multiplicative monoid N* on S_HLI(A).

PROPOSITION 2.1.2
There is a well-defined map

LG(Q) — SH™(A): L S(L)

sending a Lagrangian subvariety L C X 4 to the class of the LI sheaf St, o, where
(L,«) is a Lagrangian pair extending L. The map

LG(Q) x N* x Z —SH" (A): (L, N,n) — N - S(L)[n]

is a bijection of N* X Z sets.

Proof

The fact that S(L) depends only on L follows from [31, Lemma 2.4.2]. The second
statement follows from [31, Theorem 2.4.5] about the structure of the category
of (L,a)-invariants in D®(A) and [31, Corollary 2.4.11] stating that L can be
recovered from Sy, 4. O

Recall that for an element ¢ € NS(4) ® Q ~ Hom(A, A)™ ® Q the graph I'(¢)
is a Lagrangian subvariety of X 4. Furthermore, these graphs are precisely all
Lagrangians L C X4 such that the projection L — A is an isogeny. The sheaf
Sr(¢),a associated with a Lagrangian pair (I'(¢), «) is a simple semihomogeneous
vector bundle with ¢;/1k = ¢ (see [19]). For ¢ € NS(A) ® Q we denote the H-
equivalence class of this bundle by

(2.1.4) Ve =S(I(9)).

The above construction of LI sheaves can be applied to Lagrangian subva-
rieties L C X4 X Xp for a pair of abelian varieties A and B, where we use the
symplectic self-duality (—na) x np of X4 x Xp. We refer to the corresponding
Lagrangian pairs (L,«) as Lagrangian correspondences from X4 to Xp. The
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obtained LI sheaves Sy, , on A x B can be used as kernels of LI functors
D o :=Pg, . : D"(A) - D°(B).

The key property of these functors is that we have canonical isomorphisms

(2.1.5) Br0 0Ty 1) =@ Thym) 0 Pr g

for [ € L, where py,ps : L — X 4 are two projections. Note that every exact equiv-
alence D°(A) — D®(B) is given by such an LI functor with L being the graph of
a symplectic isomorphism X4 ~ Xp (see [23]).

Let pap :L—>A><B,pAA:L—>A></1, andeB:L—>B><B be the projec-
tions. The line bundle « can always be chosen in such a way that its restriction
to the connected component of zero in ker(pap) is trivial. In this case Sp o is a
direct summand in (see [31, Lemma 3.2.5])

(2.1.6) pap«(a™! ®pj‘4AP*1 ®@prsP).

In the case when pup is an isogeny the finite group scheme ker(pap) has a
canonical central extension Hy, by G, with the underlying line bundle o|ier(p, )
Furthermore, Hj, is a Heisenberg group scheme, and (2.1.6) has a natural Hp-
action, so that

(2.1.7) Spa=pap(a” @p, P @pyP)

for a maximal isotropic subgroup I C ker(pap) lifted to Hp. It follows from
the theory of weight-one representations of Heisenberg groups that taking I-
invariants reduces the rank by the factor |ker(pag)|'/?, so we get

(2.1.8) rk Sy, o =deg(pap: L — A x B)Y/2.
In particular, for B =0 we get
(2.1.9) rk V, = deg(pa : T(¢) — A)"/*.

EXAMPLE 2.1.3

The functor of tensoring with a line bundle L on D%(A) commutes with the
action of A and satisfies

L® (t:F) ~ 'P_¢L(l-) ® t;(L ® F)
In fact, it is the LI functor corresponding to g_4, = (_igL i%). More generally,
for ¢ € NS(A) ® Q the LI functor corresponding to the element g_, € N~(Q)
is the functor of tensoring with the semihomogeneous vector bundle V;, (up to
H-equivalence).

The above construction gives a map

(2.1.10) U(Q) - SH (A x A): g— S(g) = S(L(g)).

We denote by ®, € Fun(D¥(A), D*(A))/H the functor associated with the kernel
S(g), defined up to composing with a functor of the form T, ¢, (z,£) € X4 (on
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either side). For each (z,&) € X4 we have (noncanonical) isomorphisms
L9 0 TN = Tig(a) © Pa>
where N is such that Ng € End(X4).

Note that we have a well-defined homomorphism induced by @,

p(g) : N(A) = N (A).

DEFINITION 2.1.4
Let F be a cohomologically pure object of D?(A), and let G be an endosimple
LI object. We write

F=N-G

if there exists n € Z such that F[n] and G[n] are sheaves and F'[n] has a filtration
of length N such that each consecutive quotient is H-equivalent to G[n]. In the
case of sheaves on A x A we will use the same notation for the relation between
the corresponding endofunctors of D°(A).

One of the main results of [31] is the following calculation of the convolution of
kernels (see [31, Theorem 3.3.4]):

(2.1.11) S(g2) 04 S(g91) = N(g1,92) - S(g9192) [Mg1,92)],

for some 2-cocycles N(g1,92) and A(g1,g2) of U(Q) with values in N* and Z,
respectively.” Furthermore, we have

a(L(g1))"*a(L(g2))"/?

(2.1.12) N(g1,92) = q(L(g1gz))1/2 ,
where

(2.1.13) a(9) = a(L(9)) = deg(p1 : L(g) = Xa).
Also, for g1, g. € U%(Q) such that g2 € U°(Q) one has
(2.1.14) g1, 92) = —i(b(g1) " 'b(g192)b(g2)"")-

Note that in order for the right-hand side to be well defined the argument of i(-)
should be symmetric. This indeed follows from the equality

byt (arby + bide)by ' = b7 tay + daby !,

where we use the usual notation for the entries of g; and gs.

DEFINITION 2.1.5 o
We denote by U(Q) the central extension of U(Q) by Z associated with the

In [31, Theorem 3.3.4] we made the assumption that char(k) = 0, which implies a stronger
statement: the left-hand side of (2.1.11) is a direct sum of objects H-equivalent to the right-
hand side. It is easy to see that the same argument in the positive characteristic case gives a
filtration instead of a direct sum.
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—_~—

2-cocycle A(+,-). Explicitly U(Q) = U(Q) x Z with the product

(91,m1) - (92,n2) = (9192,11 + n2 + A(g1,92))-
Note that, since the subset U°(Q) C U(Q) is big (see Lemma 1.3.4), by Lem-

ma 1.3.3(ii), the formula (2.1.14) determines the extension U(Q) uniquely up to
a unique isomorphism.

Let us denote by SﬁLI(A) /N* the set of equivalence classes with respect to the
equivalence relation generated by F ~ N - F for some N € N*. By (2.1.11), the
map g +— S(g) modN* defines a homomorphism of monoids

(2.1.15) U(Q) — SH" (A x A)°P /N,
and hence a homomorphism of monoids
(2.1.16) U(Q) — Fun(D(A), DY(A)) /(H x N*) : g+ &,

where on the right we consider functors up to H-equivalence and up to replacing
® with N - & = @SN,

On the level of numerical Grothendieck groups we can eliminate taking quo-
tients by N*. Namely, let us set for g € U(Q)

(2.1.17) e =9 M) e RSN (A) SR
q(g)/?

Then from (2.1.11) and (2.1.12) we derive that
p(91)p(g2) = (=1)X99) (g1 g2),

where g1, g2 € U(Q). Thus, p defines a homomorphism from a(j) to GL(V(4)®
R), trivial on the central subgroup 27Z C Z C U(Q). Note that the quotient

—_~—

U(Q)/2Z is a double cover of U(Q). Below we introduce an algebraic structure
on this double cover and show that p is induced by an algebraic homomorphism
defined over R (see Sections 2.3 and 2.5).

2.2. Splittings over subgroups

We are going to define a splitting of the central extension I/J@ — U(Q) over the
parabolic subgroup P*(Q) C U(Q) of lower-triangular matrices (resp., over the
subgroup P~ (Q) of upper-triangular matrices). Note that PT(Q) is a semidirect
product of the subgroups of strictly upper-triangular matrices N*(Q) ~ NS(4)®
Q and of diagonal matrices T(Q) ~ (End(A) ® Q)*.

PROPOSITION 2.2.1 o
(i)  There exist unique liftings of the subgroups NT(Q) and N~ (Q) to U(Q).
The lifting of the element g(;L = (1 4’), where ¢ € NSY(A,Q), is given by

01

(gg,i(qb)) € U(Q). The lifting of the element g, = (é, (1)), where ¢ € NS°(A,Q), is

—_~—

given by (g;,O) € U(Q). The corresponding functor CIDQ; (defined wup to
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H-equivalence) is given by tensoring with the semihomogeneous bundle V_,

(see (2.1.4)).

(i) Fort=t,= (aal 0) € T(Q) we have (up to H-equivalence)
S(t)=0p
for some abelian subvariety B C A x A such that the two projections p,q: B — A

are isogenies. Hence, the functor ®; is of the form q.p* (up to H-equivalence).
(iii) For any t € T(Q) and g € U(Q) one has A(t,g) =0.

Proof

(i) The uniqueness of the liftings follows from the fact that there are no nontrivial
homomorphisms from a Q-vector space to Z. Thus, to check the formula for the
lifting of g; we have to check that

S(94,) 0 S(98,) = S(95, 15, [1(61 + 02) — (1) — ()]
for ¢1,ps € NS°(A,Q) such that ¢; + ¢ € NSY(A, Q). But
Mogd . gh,)=—i(é1 (61 + d2)py ') = —i(d7 " + 3 "),

so we are reduced to showing that

(o7t + o3 ) =i(¢1) +i(2) —i(d1 + b2).

Since

i+ o3 ") =i(d1(d7 " + 3 1) = i1 + d1dy 1),
this follows from [27, Proposition 15.8] (taking into account that i(—x) =g —

i(x)).

Since the composition of functors @V, and ®Vy, is again tensoring with a
bundle that has a filtration with consecutive quotients H-equivalent to Vi, 44,,
the assertion about the lifting of g follows (cf. Example 2.1.3).

(ii) Assume first that « € End(A4). Then L(t,) ~ A x A, and its embedding
into X4 x X4 is given by
(z,8) = (az, €, x,a8).

This implies that (L(t,),0) is a Lagrangian correspondence from X4 to itself,
50 (2.1.6) in this case gives that

SL(te),0 = (a,ida)«Oa,

and the corresponding functor ®;, is the pullback functor a*. Similarly, if a=! €
End(A), then

Srtay,0 =~ (ida,a™").0a,

and the corresponding functor ®;, is the pushforward functor (a~!),. The general
case is obtained by combining these two.
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(iii) We have to check that the convolution S(g) o4 S(t) is a sheaf. Indeed,
using the form of S(t) from (ii) we obtain that

S(g) oa S(t) =~ (ida xq)«(ida xp)*S(g),

where p,q: B — A are isogenies. a

COROLLARY 2.2.2
There is a unique splitting of the central extension U(Q) — U(Q) over PT(Q) C

——

U(Q) (resp., over P~(Q)), which maps t € T(Q) to (¢,0) € U(Q).

2.3. Identifying central extensions
Recall that D4 C NS(A) ® C ~ Hom(A, A)* @ C denotes the complexified ample
cone of A.

Consider the function A : U(R) — O*(Dy4) given by

o= (1 ) AW =dex(a+ ),

where w € D 4.

LEMMA 2.3.1
For g1,92 € U(R) one has
(2.3.1) A(g192)(w) = A(Ql)(Q?(w)) “A(g2)(w);

that is, A is a 1-cocycle.
Proof
This follows from the identity
a+bw= (a1 +b1ga(w )(ag + bow),

where g; = (% %) for i =1,2 and g1go = (¢}). =

Since D4 is contractible, we have an exact sequence of U(R)-modules
0—=Z—0(Dy) owEriT) O*(Da)—0.
Applying the boundary homomorphism H!(U(R)) — H?(U(Z)) to the 1-cocycle
A(g)~! we obtain a central extension U» of U(R) by Z. Explicitly,
U ={(9,f) €U(R) x O(Da) | A(g) = exp(—2mif)}.

The multiplication rule on U2 uses the cocycle condition on A: we set

(91, f1) - (92, f2) = (9192, f1(92(+)) + f2)-

THEOREM 2.3.2 o
There is a homomorphism ¢ : U(Q) — U2, lifting the natural embedding U(Q) —

—_~—

U(R) and sendingn € Z C U(Q) to (1,n) € U. This homomorphism is uniquely
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characterized by the condition that for g € U°(Q) one has

1(9,0) = (g, f),
where
; - -_9
nh_}n;o Re f(inH) = 5

for any ample class H.

Proof
First, we are going to define a section o : U°(R) — U of the projection U® —
U(R) over the open subset U°(R) C U(R) consisting of g with deg(b(g)) # 0.
Note that for g= (2 %) € U’(R) one has

A(g)(w) = deg(a + bw) = deg(b) - deg(b™ a + w).

Since deg(b) > 0, to define o(g) = (g, f;) amounts to choosing a branch of the
argument for deg(b~'a + w)~!. Let us choose the branch of the argument of
deg(b~'a +w) in such a way that

lim Arg(deg(b™'a+inH)) =7 g,

n—-4o0o
where H is an ample class, and set Arg(A(g)(w)™!) = — Arg(deg(b~ta + w)).
Then we set 1(g,0) = a(g) for g € U(Q). Since UY(Q) is big in U(Q), by
Lemma 1.3.3, it remains to show that for g;, go € U%(Q) such that g, g, € U%(Q)
one has

o(g1)o(g2) =0 (g192) - (L, A\(g1,92)).

In other words, we have to check that
o (92(w) + fg, (W) = £7,g, (@) + Xg1, 92)
or, equivalently, that with the above choice of Arg(A(g)) one has
Arg(A(g1)(92(w))) + Arg(A(g2) (W)

= Arg(A(g192) (W) — 21 - A(g1, 92)-
It is enough to check the equality of the limits of both sides for w =inH as n
goes to infinity (where H is an ample class). Let g; = (‘;l gl) for i =1,2. Note
that

(2.3.2)

lim_gy(inH) = daoby *.
Thus, (2.3.2) reduces to the equality
Arg(A(g1)(d2by 1)) = =27 (g1, 92) = i (b7 'b(9192)b3 ).
But
Arg(A(g1)(doby ")) = Arg(deg(by "ar + daby ")) = Arg(deg (b 'b(g192)b5 "))
=2 i(bflb(glm)bz_l)
by Corollary 1.2.2. O
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The central extension U2 — U(R) has a natural continuous splitting over the
subgroup P~ (R) C U(R). Indeed, for g € P~ (R) we have A(g) = deg(a) >0, so
we can lift g to

7p-(9) = (9.~ log(deg(a) ).

where we choose log(deg(a)) to be in R. The following result will be useful for
us later.

LEMMA 2.3.3
The restriction of the above lifting homomorphism P~ (R) — U2 to P~(Q) cor-

responds via ¢ to the lifting homomorphism P~ (Q) — U(Q) considered in Corol-
lary 2.2.2.

Proof
By Proposition 2.2.1(i), it is enough to check the compatibility of liftings on
T(Q). In view of Proposition 2.2.1(iii) this follows from the equality

op-(t)o(g) = o(tg)

for any g € U%(Q), where o : U°(R) — U” is the section used in the proof of
Theorem 2.3.2. g

Similarly, the extension U® — U(R) has a natural continuous splitting over
P*(R), which is the same as before over T(R), and over NT(R) is described
as follows.

LEMMA 2.3.4
There is a unique splitting of U — U(R) over N*(R) ~ NS(A,R) which is given
by the branch of

Arg At In+(®) = Argdeg(1 + Yw)

that tends to 0 as w— 0, where 1) € NS(A,R) ~ Hom(A, A){.

Proof

It is straightforward to check that this choice of argument gives a lifting. The
uniqueness follows from the fact that there are no nontrivial homomorphisms
from a real vector space to Z. (]

Let us consider the induced double cover U2 /2Z — U(R). We are going to intro-
duce an algebraic structure on this group.

LEMMA 2.3.5

Consider a field extension Q C F, where either FF =R or F is algebraically
closed. Then for every g=(2%) € U(F), the polynomial A(g)(¢) = deg(a + bo)
on NS(A)(F) is a complete square (and is nonzero).
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Proof
For g € UY this follows from the equality
deg(a + bg) = deg(b) deg(b™'a + ¢) = deg(b)x (b~ a + ¢)°

and the fact that deg(b) > 0 in the case F =R. Viewing (2.3.1) as an identity
of rational functions on NS(A), we see that if A(g;) and A(ge) are complete
squares, then A(g1g2) is a complete square as a rational function on NS(A) and,
hence, as a polynomial. O

DEFINITION 2.3.6

Let Pol<4(NS(A)) denote the space of polynomials of degree at most g on NS(A).
We define a double covering Spin = Spiny, — U of algebraic groups over Q by
setting

Spin = {(g, f) € U x Pol, (NS(4)) | A(g) = 2}
with the group law

(g1, f1) - (92, f2) = (9192, f1(92(")) - fa)-

Here the rational function fi(g2(+)) - f2 is actually a polynomial since its square
is A(g192).

Note that by Lemma 2.3.5, the map 7 : Spin(R) — U(R) is a double covering.
We have a natural isomorphism of groups

(2.3.3) U2 /2Z — Spin(R) : (g, f) — (g,exp(—mif)).

We have two natural subgroups in Spin(R):

(2.3.4) UQ»"=r"1(UQ), UE@Z)*"=r""(U(2)).
LEMMA 2.3.7

Consider the homomorphism
7: U(Q)/2Z — U(Q)*™" C Spin(R)

induced by v : U(Q) — U? (see Theorem 2.5.2) and the isomorphism (2.3.3).
Then for g=(25) € U°(Q) we have

2(g,0) = (g, v/deg(b) - x(b'a+¢)),

with +/deg(b) > 0.

Proof
By Theorem 2.3.2, 7(g,0) = (g, f), where f(¢) is the square root of A(g)(¢) =
deg(b) - deg(bta + ¢) with the property

y="9

lim Arg f(inH mod 27Z.
n—-+4o0o

Since Arg x(b~ta+inH) has the same limit as n — +o0, the assertion follows. [
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REMARKS 2.3.8

(1) If for a field extension Q C F' there is a multiplicative norm Nm on
End(A) ® F such that Nm? = deg, then the map g — (g,Nm(a + bw)) defines a
splitting of the extension Spin — U over F. For example, if A= E", where E
is an elliptic curve without complex multiplication, then End(A) = Mat,,(Z) and
deg([M] ) = det(M)? for a matrix M € Mat,,(Z). Hence, in this case the norm
det(-) gives a splitting of the spin covering.

(2) The group U(Z)*™ is exactly the group U Spin(A x A) defined by Mukai
n [21]. (The same group is denoted by Spin(A) in [12].)

P

Using the isomorphism U(Q)/2Z ~ U(Q)**™™ we can define a homomorphism
(2.3.5) p:U(Q)*™™ — GL(N(A) ®R)
such that 5(z(g,0)) is the operator p(g) (see (2.1.17)).

2.4. The action on LI objects

Recall that with a Lagrangian correspondence from X4 to itself extending a
symplectic isomorphism ¢ : X4 — X4 in Abg we associate an endofunctor @,
of D’(A), defined up to H-equivalence (see Section 2.1). We are going to use
these endofunctors to define an action of I/,T—(\(QT) on some extension of S_HLI(A)
(see Corollary 2.4.2).

THEOREM 2.4.1
(i) For an element g € U(Q) and a Lagrangian subvariety L C X 4 we have

(2.4.1) ®,(S(L)) =N(g,L)-S(gL)[ Mg, L)]

for some A(g,L) € Z and N(g,L) € N*, where we use Definition 2.1.4.
(ii) If L=T(¢) for an isogeny ¢ € Hom(A, fAl)Jr ®Q and if g= (‘c‘ Z) satisfies
deg(b) # 0, deg(a + bp) #0, and deg(c+ dp) # 0, then we have

kV,
(2.4.2) N(g, L) = deg(a + bd) /2 - g(g)V/? - =19
I‘kV¢
where q(g) is given by (2.1.13), tkVy is given by (2.1.9), and
(2:4.3) Ag.T(¢)) = —i(b~a +¢).
Proof

(i) Let us extend L and L(g) to Lagrangian pairs (L,«) and (L(g),3). By [31,
Theorem 3.2.11] applied to the Lagrangian correspondence (L(g), 5) and to (L, )
viewed as a Lagrangian correspondence from 0 to X4, we obtain

(I)L(g),ﬁ(SL7a) = SL(g)OL,Boa [Z]

for some ¢ € Z. As in [31, Theorem 3.2.14] one can check that ¢ does not depend
on o and (3. Next, we have to relate the composed Lagrangian correspondence
SL(g)oL,Boa With S(gL). Here we use the definition of the composition of
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Lagrangian correspondences from [31, Section 3]. Note that the result is a gen-
eralized Lagrangian correspondence in the sense of [31, Definition 3.1.1] We are
going to apply [31, Proposition 2.4.7(ii)] to the generalized Lagrangian Z :=
L(g)oL —+ X 4. Note that Z C L(g) C X 4 x X 4 is the preimage of L under the
first projection p; : L(g) — X4, and the homomorphism j: Z — X4 is induced
by the second projection ps : L(g) — X 4. By [31, Proposition 2.4.7(ii)], we have

SZ,ﬁoa = n1/2 : ’WO(Z)|1/2 : S(](ZO))

in ﬁLI(A x A), where n = |m(j(Z))|. (Here Zy is the connected component of 0
in Z.) By definition, we have j(Zy) = gL. Thus, we deduce (2.4.1) with

N(g,L) = |mo(2)|"? - n}/2.

Also, by [31, (2.4.12)], we have n = deg(Zy — j(Zo)).
(ii) Now assume that L =T'(¢), and assume that g(¢) is defined and is an
isogeny. Note that for sufficiently divisible N we have an isogeny

(244) A— Zy:z— (Na,Noz,N(a+bp)z,N(c+dp)x) € L(g) C Xa x Xa.

In particular, both projections from Zj; to A are isogenies. Let us consider the
commutative diagram of isogenies

Z

PA2

J(Zo) A

where p4 o is the composition Z — L(g) 2 Lox, 2. A Considering the
degrees we obtain

deg(pao:Z—A)= ’7T0(Z)‘ -deg(paszlz,) = ‘7T0(Z)| -deg(j(Zo) —>A) “n.
Recall that j(Zy) = gL, so we get that

N( L)_deg(pA)QZZ—)A)l/2
94 = deg(gL — A)1/2

Now let us consider the projection pa1:Z — L(g) Pox o, PA A Using the
isogeny (2.4.4) we see that

Npazlz, = N(a+bp)pa

Zoy-
Hence,

deg(pap:Z —A)  deg(paz|z,)
deg(pan:Z —A)  deg(pailz,)

Note that pa,; factors through the projection Z — L and we have a Cartesian
square

(2.4.5)

=deg(a + bo).
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Z L(g)
D1
L X4

which shows that deg(Z — L) =deg(p1 : L(g) = Xa) =q(L(g)). Thus,
deg(pa: Z — A)=q(L(9)) - deg(L — A)
and (2.4.5) can be rewritten as
deg(pa2: Z — A) =deg(a+be) - q(L(g)) - deg(L — A).
Therefore,

172 deg(L — A)/?
deg(gL — A)1/2"
Recalling that 1k S(L) = deg(L — A)'/? we obtain (2.4.2).
Finally, to compute A(g,I'(¢)) we apply [31, Proposition 3.2.9]. Namely, we

have to consider the fibered product I'(¢) x 4 L(g) where we use the first projec-
tion L(g) — A. Note that we have an isogeny

Ax A= (D(9) xa L(g)), : (x,€)
— ((Nx,Nqu), (Nm,Nﬁ,N(ax—i—b{),N(cx +d§))),

N(g,L)=deg(a+b¢)"/?- q(L(g))

(2.4.6)

where N is sufficiently divisible. Next, we set
F=ker(I'(¢) xa L(g) — A),

where v is induced by the projection to L(g) followed by L(g) —=2» X4 — A. Note
that the composition of v with the isogeny (2.4.6) is given by (z,£) — N(ax+0bE).
Hence, we have an isogeny

(2.4.7) A—Fy:x— ((Nan,Nan:)7 (Nm, —Nb"taz,0, N(cx — dbilcw:))).

By [31, Proposition 3.2.9], we have
Mg, T(9)) = —=ilgo 0 fo ),

where fy: Fy — A is the natural projection and, for (I,m) € Fy C I'(¢) x L(g),
go(l,m)=pz(I) —p4,(m),

where p; : I'(¢) — A is the natural projection and Piy s the composition

L(g) 21, X4 — A. Thus, the compositions of fo and go with the isogeny (2.4.7)
are x +— Nz and x + N(¢+ b~ tax), respectively. Hence,

goofot=0+ba

as required. O
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Let us set
SH" (A)r = SH"(4) x Rso/N7,
where n € N* acts by (F,r) + (nF,n~1r). Then the bijection of Proposition 2.1.2

extends to a bijection of R~ X Z sets

LG(Q) x Rog x Z —> SH" (A)g.

COROLLARY 2.4.2

—~ 11
There is an action of U(Q) on SH ™ (A)r, commuting with the R<g-action, such
that (g,n) acts by

Fs q(L(g))

For g1,9: € U(Q) and L € LG(Q) we have
Mg1,92(L)) + Mgz, L) = Ag1,92) + Ag192, L).

P

Also, the maps ®4 induce an action of U(Q) on S_HLI(A)/N* ~LG(Q) x Z.

Oy (F)[n].

Note that the natural maps

(2.4.8) SH" (4) = N(4) ® Q/Qso,

(2.4.9) SH" (A)r — N(A) ®R

—_—~

associating with an LI sheaf F' its class [F] in N'(A) are U(Q)-equivariant, where
the action on N'(A4) @ R is given by p (see (2.1.17)).

2.5. Action of Spin on N (A)g

We are going to define an algebraic action of Spin on A/(A)g inducing the homo-
morphism p on U(Q)*P™" C Spin(R). The idea is to use the algebraicity of the
corresponding projective representation and of the action of an open subset on
a fixed nonzero vector. We will need the following simple result.

LEMMA 2.5.1

Let V' be a vector space over a field F, let X be a scheme (resp., a set), and
let f: X =P(V),g: X —P(V), and h: X = P(V) be reqular morphisms (resp.,
maps to the set of F-points) such that the lines f(x), g(z), and h(z) are all
distinct and h(x) C span(f(x),g(z)) for each x € X. Suppose we have a lifting
of f to a regular morphism (resp., map to the set of F-points) f: X — V —{0}.
Then there exist unique liftings of g and h to regular morphisms (resp., maps to
the set of F-points) g,h: X —V — {0} such that h=f +g.

Proof
Consider a subvariety

Y C (V= {0}) x (V= {0}) x (V — {0})
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consisting of (vy,ve,v1 + v2) such that vy and vy are linearly independent, and
consider a subvariety

Y C(V—{0}) xP(V) xP(V)

consisting of (v,L,L’) such that v¢ L, v¢ L', L# L', and v € L+ L'. Then the
natural projection p:Y — Y is an isomorphism. We have a regular morphism
(resp., map to the set of F-points) (f,g,h): X — Y. Now the components of the
corresponding map X — Y give the required liftings. (Il

LEMMA 2.5.2
For a symmetric isogeny ¢ € NSY(A, Q) we have

Vo] _
KV, ={(¢) eN(A)®Q,

where Vi is the semihomogeneous vector bundle (2.1.4) and £: NS(A) @ Q —
N(A)®Q is the polynomial map (1.1.1).

Proof
Since rk £(¢) = 1, it suffices to check the required identity up to proportionality.
Recall that if (L =T(¢),a) is a Lagrangian pair, then the line in N (A) ® Q
corresponding to V; is spanned by the class of pa. (L), where ps : L — A is the
projection and £ = a~'®@P|y, (see (2.1.7)). Also, by the definition of a Lagrangian
pair,

A(O‘)lhlz = PPA(ll)mA(lz)’
SO ¢p: L — Lis given as

¢ =paopi=Dj°pa,
where p 4 : L — A is the projection. Note that for sufficiently divisible N we have
an isogeny

i:A— L:xw— (Nz,Nozx)
and the classes of pa.(£) and [N],(¢*£) in N (A) ® Q are proportional. We have

$in(£) =10 Pa-10p|, 01 =Da0i0p ;= N0,
Thus, the class [i*(£)] € N(A) ® Q is proportional to £(N?¢) = [N]*¢(¢). Hence,
the class of [N].(¢*L) is proportional to
[NLL[N]*€(¢) = N*9€(¢)

as required. O

THEOREM 2.5.3
The homomorphism p: U(Q)*P™ — GL(N(A) @ R) (see (2.1.17)) extends to an

algebraic homomorphism

p: Spin — GL(N (A)r)
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defined over R. For (g, f) € Spin(C) and ¢ € NSY(A,C) such that g(¢) is defined
and belongs to NS°(A,C), we have

(2.5.1) P9, f)(L(e)) = F(d) - £(g(0)).

Proof

First, we observe that Theorem 2.4.1 implies (2.5.1) in the case when (g, f) €
U(Q)*®™" C Spin(R) with g € U(Q) and ¢ € NS?(4,Q) is such that g(¢) is
defined and belongs to NS°(A4,Q). Indeed, from (2.4.1), (2.4.3), (2.4.2), and
Lemma 2.5.2 we obtain in this case

p(9)(£(8)) = (=1)"C "+ |deg(a +bg) |2 - £(9(0))
= deg(b)"/? - x(b"'a+¢) - L(g(¢))-

Thus, our claim holds for

1(9,0) = (g,deg()'/* - x (b 'a + ¢)).
It remains to note that both sides of (2.5.1) change sign when (g, f) gets multi-
plied by —1 € {£1} C Spin.
By [26, Theorem 5.1], there is an algebraic homomorphism U —
PGL(N(A)g) sending g € U(Q) to p(g) mod Q*. Let us denote the corresponding
action of U on P(N'(A)g) by

®:U x P(N(A)R) — P(N(A)R)
We also have a map
RYU(QPP" X N(A) @R = N(A) ©R: (3, v) = 4(g)(v)

inducing the restriction of ®(R) to U(Q)*™ x P(N(A4) ® R). We are going to
extend 2 to an algebraic morphism using the density of U(Q) in U (see Lem-
ma 1.3.4).

Note that for a fixed isogeny ¢ the right-hand side of (2.5.1) extends to a
regular morphism (defined over Q)

Ke(¢) :7T_1(V) —>N(A)R,

where V C UY C U is an open subset of g € UY such that g(¢) is defined and
is an isogeny. Furthermore, as we have seen in the beginning of the proof,
the corresponding map on 7~(V(Q)) coincides with the restriction of k¢ to
771V (Q)) x {€(¢)}. In particular, the map

Ry (V) = P(N(A)R)

obtained from r(4) is the composition of the projection to V' with the restriction
of & to U x {(¢(¢))} (since we know this on the dense subset V(Q)).

Now if v e N(A) ® Q is any vector, linearly independent with £(¢), then by
Lemma 2.5.1, we obtain unique liftings

(2.5.2) Fvs Feg)pv T (V) = N(A)r
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of the restrictions of & to 77 1(V) x {(v)} and 7= 1 (V) x {{¢(¢) + v)} such that

Ke(e)+v(9) = Fag)(9) + kv (9)-

Furthermore, the set-theoretic part of Lemma 2.5.1 implies that the maps (2.5.2)
induce the corresponding restrictions of k2 on 7~1(V(Q)).

Thus, if we consider a basis of N (A) ® Q of the form (£(¢),v1,...,v,), then
combining the maps sy, constructed above we get a regular morphism

pv 1 (V) = GL(N(A)z)

inducing p on 7~ }(V(Q)). We can cover Spin with open subsets of the form
7 1(V)g with g € U(Q)**™ and define regular morphisms 7~ 1(V)§ —
GL(N (A)r) by sending g to py (h)p(g). Using the density of U(Q)*™ in Spin,
one easily checks that these maps glue into the required algebraic homomorphism

71 (V) = GLN(A)). O

Consider the action of Spin(R) on the trivial C*-bundle D4 x C* over the domain
D 4 given by

(gvf) : (wvz) = (g(w),f(w) : Z),

where (g,f) € Spin(R), w € D, and z € C*. The map £: D - N(A) @ C
(see (1.1.1)) extends to a C*-equivariant map

(2.5.3) 0:DyxC" > N(A)RC: (w,2) — 2z L(w).

From the identity (2.5.1) we immediately get the following result.

COROLLARY 2.5.4
The map (2.5.3) is Spin(R)-equivariant.

PROPOSITION 2.5.5
For any z,y € N(A) ® C and any g € Spin(C) one has

(2.5.4) X (P(9)(2),0(9)(v)) = x(z,y).

Proof

Note that the left-hand side of (2.5.4) depends only on the image of g in U(C).
Let us first consider the case when this image is an element g € U(Q). Consider
the functor ® = ®p,y) o : D’(A) = D(A) associated with some Lagrangian corre-
spondence (L(g), ) extending g, so that ® represents the H-equivalence class of
®,. Let ¥ be the right adjoint functor to ®. By [31, Proposition 3.2.7], ¥ differs
by a shift from the LI functor associated with some Lagrangian correspondence
extending L(g~!). Applying (2.1.11) and (2.1.12) for g; =g and go = g~ we
obtain

Tod=N-Id,
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where N = q(g)'/?q(g~")"/2. Since for F,G € D*(A) we have an isomorphism
Hom* (®(F),®(G)) = Hom" (F, ¥®(G)),

we deduce the equality

(2.5.5) x(8(9)([F1), p(9)(1G])) = qE]g@T

Since U(Q) is dense in U (see Lemma 1.3.4), there exists an algebraic character
w : U— G,, such that

—1\1/2

x(p(9)(x),p(9)(y)) == (g) - x(x,y)

for any g € U(C). The character w restricts trivially to the semisimple subgroup
SU C U. Thus, by Lemma 1.3.1(i), it remains to show the triviality of its restric-
tion to Z. In fact, we will show directly that w(t) =1 for any ¢t = (‘161 2) € T(Q),
where a € (End(A4)®Q)*. Note that this implies that w|r = 1 since T(Q) is dense
in T. It suffices to consider the case when a € End(A). Then the correspondence
L(t) C X4 x X4 is the image of the embedding

Ax A= XaxXa: (2,8 (ax,& 2,a(€)).

Hence, in this case ¢(t) = deg(a) and q(t~!) = deg(a) = deg(a), and our assertion
follows from (2.5.5). O

COROLLARY 2.5.6
For g= (g, fy) € Spin(C), we D4, and x € N(A) ® C one has

X(Uw), p() 7" () = fo(w) - x(£(9(w)), z).

Proof
Indeed, we have

X(Uw), () (@) = x(p(@) ({(w)),2) = fy(w) - x(£(g9(w)), ). 0

COROLLARY 2.5.7
For any g € U(Q) one has q(g) =q(g71).

EXAMPLES 2.5.8
(1) If A is an abelian variety of dimension n over C without complex multipli-
cation, then we have NS(A) =Z - H, where H is an ample generator, and so
T+ Ty gives an identification ) — D 4, where $ is the upper half-plane. The
group U(R) can be identified with SL(2,R) with the action on $ ~ D4 given
2n

by fractional-linear transformations (1.4.3). Since A(g)(7 - ¢n) = (a + br)*", we

have a natural splitting
SL(2,R) — Spiny, (R) : g — (g, (a+b7)").

Furthermore, if A is generic, then N (A) ® Q can be identified with the (g + 1)-
dimensional subspace in H*(A,Q) spanned by the classes H, i =0,...,g, and
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(2.5.1) shows that SL(2,R) acts on N(A) ® R as on the standard (g + 1)-
dimensional irreducible representation. Assume in addition that ¢y is a principal
polarization of A. Then we can index simple semihomogeneous vector bundles
by rational numbers. Namely, for coprime integers (r,d) with r > 0 we set

Vea=Via/mou-

From (2.1.9) we get in this case that rkV,. 4 =™ (see also [19, Remark 7.13], [27,
Chapter 12, Exercise 2]). Hence, by Lemma 2.5.2,

- n—i i Hz *
ch(Vog)=> r"7'd oy €HY(AZ).
i=0
Note that for r =0, d =1 this formula gives ch(O,). Using the Hirzebruch-
Riemann—-Roch formula we get the following relations for the form x on

N(4)®Q:
X(H', H"™") = (=1)"nl,
X(E(T(ZSH), [Vr,d]) — (d _ ’I"T)n,

(2) Continuing the previous example, assume in addition that n =dim A =3
(keeping the assumptions that A is principally polarized and generic). Then A
is the Jacobian of a curve, so H?/2 is an algebraic class. We claim that the
image of the Chern character ch: Ky(A) = H*(A,Q) contains the Z-submodule
K C H*(A,Q) spanned by (H/i!)o<i<n. Indeed, the Chern characters of the
structure sheaves of a point and of the curve span the submodule ZH?/2 +
ZH?3/6. Together with ch(O4) =1 and ch(O(H)) = exp(H) these classes span
the whole Z-submodule K. On the other hand, using the above formula we see
that for n > 3 the images of the Chern characters of LI sheaves (which are all H-
equivalent to either Vg, or O,) span a proper Z-submodule in K. In particular,
the LI objects do not generate D®(A) in this case.

(3) If A is an elliptic curve over C with complex multiplication, then we have
an isomorphism

U(R) ~SL(2,R) x U(1)/{£1},

where {£1} is embedded into the product diagonally. Also, D4 = ), the upper
half-plane, and U(R) acts on D4 through the projection to SL(2,R)/{£1}. The
spin covering Spiny , (R) — U(R) in this case can be identified with the natural
covering

SL(2,R) x U(1) = U(R).

3. Action on stability spaces

3.1. Induced t-structures and stabilities

We refer to [6] for notions related to stability conditions on triangulated cate-
gories. All t-structures considered below are assumed to be bounded and nonde-
generate (see [3]). All stabilities are assumed to be locally finite and numerical.
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We say that a t-structure (resp., a slicing or a stability condition) on D’(A)
is H-invariant if it is invariant under any functor T, ¢ with (z,£) € A x A
(see (2.1.3)), that is, under translations and tensoring by Pic’(A). Note that,
by [29, Corollary 3.5.2], every full stability condition is H-invariant.

The general construction of the induced ¢-structures (resp., stability condi-
tions) from [29] and [18] specializes to the following result on inducing H-invariant
t-structures.

PROPOSITION 3.1.1

Let A and B be abelian varieties of the same dimension, and let ® : D*(A) —
DY(B) be the LI functor associated with a Lagrangian correspondence (L,c)
from X4 to Xpg such that the projections L — X4 and L — Xp are surjec-
tive, with the right adjoint functor ® : D¥(B) — DP(A). Also, let (D<°, DZ9)
be an H-invariant t-structure on DP(A). Then there is a unique H-invariant
t-structure (? D=0, *D29) on DY(B) such that

(3.1.1) & (DY ¢ ® plobl,
1t is given by
(3.1.2) ®pletl — {F e D(B) | @/ (F) e D@t}

Similarly, if (P(t))er is an H-invariant slicing on DY(A), then there is a
unique H-invariant slicing (* P(t))ier on D®(B) such that ®(P(t)) C ®*P(t) for
any t € R. We have ®P(t) = (®')"1(P(t)).

Proof

First, we observe that, by [31, Proposition 3.2.7], ® differs by a shift from the
LI functor associated with the transposed correspondence (o(L),a~1), where
0: X4 X Xp— Xp x X, is the permutation of factors. Hence, the same argu-
ment as in [31, Lemma 3.3.3] shows that both compositions ® o & and ® o &’
are obtained by consecutive extensions from functors T(, ¢y, one of which is the
identity functor.

The fact that (3.1.2) defines a t-structure follows from [29, Theorem 2.1.2]
once we check that in our situation ® o ® is t-exact with respect to the original
t-structure and (® o ®')(F) =0 implies that F' = 0. Indeed, the former follows
from the H-invariance of our t-structure. To check the latter property it suffices
to consider the case when F' is a coherent sheaf. We observe that the right
adjoint functor to ® o ® sends a structure sheaf of a point O, to a sheaf K,
supported on a finite number of points, including z. Hence, if (& o ®')(F) =0,
then Hom(F, K,) =0 for all z € B, which implies that F'=0.

The inclusion (3.1.1) follows from the H-invariance of the original ¢-structure
and from the form of ®' o ®. The fact that the new t-structure is H-invariant
follows from the H-intertwining property of LI functors (see (2.1.5) and [31,
Lemma 3.2.4]). Now suppose that (®D;=°,®Dz%) is another H-invariant
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t-structure on D®(B) such that ®(DI?]) ‘nga’b]. Then applying [29, Theo-
rem 2.1.2] again we deduce that

D" = {F e D*(A) | ®(F) € *DI*"}

is a t-structure on D’(A) such that D*Y ¢ D[la’b]. Hence, Dga’b] = Dl*% and we
can rewrite (3.1.2) as

*platl = {F e D"(B) | @' (F) € *Di""},

which implies that ‘DD[la’b] C ®Dlabl 50 these t-structures are the same.
The result about slicings is proved analogously. O

Let Stab™(A) denote the space of H-invariant stability conditions on A. (It is
known to be nonempty for dim A <2 and in some cases for dim A = 3, see [16].)

DEFINITION 3.1.2
For g € U(Q) and a stability o = (P(-), Z) € Stab™(A4) we set

g(o) = ("P(). Zoplg)™"),

where p(g) is given by (2.1.17). By Proposition 3.1.1, this defines an action of

—_~—

U(Q) on Stab™(A) such that the central element 1 € Z C U(Q) sends (P(-), Z)
to (P(-)[1],=2).

The restriction of the above action to the preimage of U(Z) C U(Q) is given by
the standard action of the autoequivalence group of D’(A) on Stab(A) (see [6]).

PROPOSITION 3.1.3

For every § € U(Q) the corresponding transformation of Stab™ (A) is an isometry
with respect to the generalized metric d(-,-) introduced in [6, Proposition 8.1].

Proof

Note that the functor ®, sends Harder-Narasimhan constituents of E
with respect to o to those of ®,(E) with respect to g(c), and Z(p(g) 1 (P4(E)))
is a constant multiple (depending only on g) of Z(FE). Hence, d(o1,02) <
d(g(o1),g(02)). Applying the same inequality to g~* and the pair (g(o1),g(02))
we deduce that it is in fact an equality. O

PROPOSITION 3.1.4
Any LI object in DY(A) is semistable with respect to any full stability.

Proof

Let F be an (L, a)-invariant object in D®(A), where (L, ) is a Lagrangian pair
(with L C X4), and let 0 = (P(-),Z) be a full stability. We can assume that Z
takes values in Q 4+ iQ C C. Indeed, the set of such stabilities is dense in the con-
nected component containing o, and the semistability of E is a closed condition
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on o. Then for a dense set of real numbers ¢ (namely, those with tan(nt) € Q) the
abelian category P((t,t+ 1]) is Noetherian (see [1, Proposition 5.0.1]). Applying
the construction of [29] we obtain for each such ¢ the associated constant family
of t-structures over any base S, which is a certain t-structure on D?(A x S), local
over S and such that its heart contains the pullback of P((t,t+ 1]) with respect
to the projection p; : A x S — A. Let us take as a base S = L, and consider the
functor

T(1.0): D’(A) = D"(A x L)

that associates with F' € D?(A) the natural family of objects F on L x A such that
the restriction of F to {l} x A is ay @ T}(F) for [ € L. (Here, F is obtained from
F' by taking the pullback with respect to the map L x A — A: (l,z) —pa(l) +x
and then tensoring the result with a certain line bundle.) Since our stability is H-
invariant (by [29, Corollary 3.5.2]), this functor is easily seen to be t-exact; that
is, it sends P((¢,t+ 1]) to the heart of the corresponding constant ¢-structure on
DP(A x L). By definition, an (L, a)-invariance structure on E is an isomorphism

T(L,a) (E) = pTE

Since both sides are t-exact functors of E, we deduce that the truncations of
E with respect to our t-structure are still (L, «)-invariant. Applying this for an
appropriate set of phases t we derive that all Harder—-Narasimhan constituents of
E are (L, «)-invariant. Let Fy be one of them. Suppose that Ey has cohomological
range [a,b] with respect to the standard t-structure. Then H*Ey and H%Ej are
still (L, q)-invariant, so we have a nonzero morphism HEy — H?Ej (see [31,
Theorem 2.4.5]), which gives rise to a nonzero morphism

Eo[b] — Hon *)HGEO *)E()[CL].

By the semistability of Fy we should have b < a; that is, Ey is cohomologically
pure. Since Ej is a direct sum of several copies of the generator Sy, o, it follows
that S, o is also semistable. O

3.2. Z-covering of LG(R)
Recall that the action of U(R) on LG(R) is transitive (see Proposition 1.4.3), so
we have an identification

(3.2.1) LG(R)~ U(R)/P~(R).

We have a natural lifting of P~(R) to a closed subgroup of U® (see Lem-
ma 2.3.3). Therefore, the homogeneous space U2/P~(R) is a Z-covering of
LG(R). Below we describe this Z-covering explicitly using the homogeneous coor-
dinates (z:y) on LG(R) (see Section 1.4).

Namely, to every L = (z:y) € LG(R) we associate a holomorphic function
on D4, defined up to rescaling by a positive constant,

5(L)(w) = deg(j — #w) = deg(wz —y) mod R,
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where w € D 4. Note that if we change (z : y) to (za : ya), then this function gets
multiplied by deg(a) € Rsq. It is easy to see that for g € U(R) one has

(3.2.2) 5(9(0: ¢0)) = A(g~") mod R,

where ¢g: A — Ais a polarization and A is the 1-cocycle of U(R) with values
in O*(D4) defined in Section 2.3. In particular, 6(L)(w) #0 for all w € Dy.
LEMMA 3.2.1

For L e LG(R) and g € U(R) one has
3(gL)(9(w)) = (L)) - A(g™) (9(w)) = d(L)(w) - Alg)(w) "

Proof
Pick ¢’ € U(R) such that L =¢'(0: ¢p). Then use (3.2.2) and the cocycle condi-
tion for A. O

Note also that if we have a Lagrangian subvariety L C A X fl, then viewing L as
a point in LG(Q) we have

(3.2.3) 0(L)(w) = deg(wpy — p2) mod R,

where p1 : L — A and py: L — A are the projections, and we use the polynomial
function deg: Hom(L, A) ® C — C.

DEFINITION 3.2.2
We define the Z-covering p: LG(R) — LG(R) by setting

—_~—

LG(R) = {(L, /) e LG(R) x (O(D4)/iR) | §(L) = exp(2mif) mod Rs0}.

We also set

—_~— —~—

LG(Q):=p ' (LG(Q) CLG(R).

When we need to stress the dependence on A we write LG 4(R) (resp., LG 4(Q)).
We have an action of U” on LG(R) given by

(9, f5) - (L, fL) = (9L, fr.(g7 (w)) + fo (g7 (w))).

The fact that this action is well defined follows from Lemma 3.2.1.

PROPOSITION 3.2.3
(i) There exists a unique bijection

(3.2.4) SH"(A4)/N* 5 LG(Q): Frs Ly
that lifts the natural projection F+— Lp to LG(Q), sends Oy to ((0: ¢p),0) €

—_~— —_—

LG(Q) (where ¢ : A— A is a polarization), and is U(Q)-equivariant, where the

—_~

action on LG(Q) is induced by the embedding 1 : U(Q) — UA.
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(ii) Let Vg be the semihomogeneous vector bundle associated with

¢ €NS(A) ®Q, so that Ly, =T(p) (see (2.1.4)). Then

(3.2.5) Ly, = (D(¢), (21i) ™! - log (deg(w — ¢)) modiR),

where the branch of log(deg(-)) is normalized by
Imlog(deg(iH)) = Arg(deg(iH)) = —gm

for ample H.

Proof
(i) First, let us compute the stabilizer subgroup St C U(Q) of the class of O, in
S_HLI(A) /N*. By considering the action on the corresponding Lagrangian we see
that St is a certain lifting of P~ (Q) C U(Q) to I/J—@ From the explicit form of
the functors @, for t € T(Q) (see Proposition 2.2.1(ii)) we see that these functors
preserve O, up to H-equivalence and N*. Therefore, St is the lifting of P~ (Q)
described in Corollary 2.2.2. By Lemma 2.3.3, ¢(St) is exactly the stabilizer of
the point ((0: ¢),0) € LG(Q). Hence, there is a well-defined U(Q)-equivariant
map (3.2.4). Since this is a map of Z-torsors over LG(Q) (see Proposition 2.1.2),
it is a bijection.

(ii) Assume first that ¢ is nondegenerate, that is, that ¢ € NS"(A, Q). Con-
sider the element g;ll € NT(Q) as in Proposition 2.2.1(i). Then

951(0:00) = (6™ 0 do) = (1:¢) =T(¢).

By Proposition 2.2.1(i), under the canonical lifting of N (Q) to U(Q) the lifting
of g:;_l corresponds to the kernel S(g;_l)[i(qﬁ)}. (Note that i(¢p~1) =i(4).) On

the other hand, its canonical lifting to U® is

g= (g;_l,—log(deg(l + gifl(,u))/27ri)7
where we use the branch of Argdeg(1l + ¢~'w) that tends to 0 as w — 0 (see
Lemma 2.3.4). By the U(Q)-equivariance of the map (3.2.4), we obtain that the

object Vg[i(¢)] is mapped under this map to
G- ((0:¢0),0) = (T'(6),log(deg(1 — ¢~ 'w)) /2mi mod iR)
= ([(¢), (2mi)~" - log(deg(w — ¢)) mod iR)

with the same choice of the argument as above. Recall that if we choose the
branch of Argdeg(w — ¢) in such a way that Argdeg(inH — ¢) will be 7g, then
we will obtain (see Corollary 1.2.2)

Argdeg(—¢) =2mi(—¢) =27 (g — i(¢)).

Subtracting 2mg we get the branch that gives the limit —27i(¢) as w — 0, which
is exactly what we get for the image of V;,. This proves the required statement
in the case when ¢ € NSO(A,Q). The general case follows by using the action of



Phases of Lagrangian-invariant objects on an abelian variety 463

—_~—

the subgroup N~ (Q) C U(Q) (see Example 2.1.3). Indeed, this action changes
both sides (3.2.5) by adding to ¢ an arbitrary element of NS(A) ® Q. O

Recall that we can view NS(A) ® R as an open subset of LG(R) via the map
¢+ (1:¢) =T(¢). Proposition 3.2.3(ii) implies that we have a commutative
diagram

NS(4) 2@ 228 SEY (4)/N

—_~—

LG(R)

NS(4A)®@R
where the right vertical arrow is (3.2.4) and the bottom arrow is the continuous
section of the projection LG(R) — LG(R) over NS(A) ® R given by

—_~—

(3.2.6) NS(A) @ R - LG(R): ¢ — (T'(9), fs),
where f; € O(D4)modiR is the branch of (277)~! - log(deg(w — ¢)) mod iR sat-
isfying

Jim fy(inH) = —g/2

for any ample H.

DEFINITION 3.2.4
We define the double covering p*P* : LG*P(A,R) — LG4(R) by setting
LG*P(A,R) = LG(R)/2Z. Explicitly,

LG™"(A,R) = {(L,¢) € LG(R) x (O(D4)/R>o) | 6(L) = ¢* modRxo}.
We also set LGP (A4, Q) = (p") "1 (LG(Q)).

The isomorphism Spin(R) ~ U2 /2Z induces a transitive action of Spin(R) on
LG™"(A,R) (and of U(Q)*™ on LG*™™(A,Q)).
We also have a natural U(Q)-equivariant map (see (2.4.8))

SH"'(4)/N* = N(A) ® Q/Qs0: F -+ [F]mod Qso,

which we can view as a map from LG(Q) using the bijection (3.2.4). The equiv-
ariance of this map with respect to the Z-action implies that it factors through
LGP (A, Q). Furthermore, we claim that it extends to a continuous Spin(R)-
equivariant map

(3.2.7) LG*™(4,R) - N (A) @ R/Rx
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such that we have a commutative diagram

SH" (4)/N* — N(A) @ Q/Qs0

LG™"(A,R) — N(A) @ R/R+q
Indeed, we can define (3.2.7) by sending g((0: ¢o),1) to g[Oz]modRsq for g €
Spin(R). To check that this map is well defined we observe that Q-points P~(Q)
are dense (with respect to the classical topology) in the stabilizer P~ (R) of
the point ((0: ¢p),1) € LGP™(A,R). Since P~(Q) C U(Q)*™™" leaves the class
[0.] € SN (A) ® R invariant, this proves our claim.

LEMMA 3.2.5
The section (3.2.6) induces a section
(3.2.8) NS(A4) ® R — LG (A, R),

which sends ¢ € NS(A) @R to (I'(¢), x(¢ —w)modR~y).

Proof

Since x(¢ — w)? = deg(¢ — w) = deg(w — ¢), this follows from the fact that the
argument of x(¢ —inH) tends to —gm/2mod 277 as n — co. O
EXAMPLE 3.2.6

In the case when A = E™, where E is an elliptic curve without complex mul-
tiplication, we can identify End(A) with the algebra of n x n matrices over
Z, and NS(A) with symmetric matrices. Note that for M € End(A4) we have
deg(M) = det(M)? and for ¢ € NS(A) we have x(¢) = det(¢). In a coordinate-
free notation, if A=FE ® A, where A is a free Z-module of rank n, then elements
of NS(A) can be viewed as Z-valued symmetric bilinear forms on A, and the
function y is given by the discriminant. The group U in this case is the symplec-
tic group Sps,, and the variety LG 4 is the Lagrangian Grassmannian associated
with the 2n-dimensional symplectic vector space. Also, D4 is the Siegel upper
half-plane $),,, and the covering U” — Sp,,, corresponds to a choice of argument
of Z + det(A+ BZ)?, where Z € ), and (& 5) € Sp(2n,R). Thus, U” contains
the universal covering éB(QnJR) of Sp(2n,R) as a subgroup of index 2 (cf. [23,
Example 4.15]). Now let us consider our lifting of P~(R) to U2. It is easy to
check that the restriction of the projection to U» — UA/é?)@n, R) ~ {£1} to
GL(n,R) C P~ (R) can be identified with the homomorphism A — signdet(A).
It follows that U2 = §f)(2n,R) ‘P~ (R), and P~ (R)N §1;(2n, R) is the semidirect
product of N~ (R) and of GL™ (n, R) (matrices with positive determinant). Hence,

P

we can identify LG 4 (R) with the quotient of §f)(2n, R) by a connected subgroup,
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so LG 4(R) is simply connected. It follows that in this case LG 4(R) is the uni-
versal covering of the Lagrangian Grassmannian LG 4(R).

3.3. Phase function

Since A: U(R) = O*(D,) is a 1-cocycle (see Lemma 2.3.1), it defines a natural
action of the group U(R) (by holomorphic automorphisms) on the trivial C*-
bundle over D 4. We have constructed the central extension U2 — U(R) by Z
in such a way that A lifts to a 1-cocycle of U® with coefficients in O(D4). In
other words, we obtain the action of U* on D4 x C (respecting the structure of
a C-space), which we view as a universal covering of Dy x C*. (In Section 3.4
we relate this covering to Bridgeland’s stability space in the case dim A = 2.)
Explicitly, this action is given by

(3.3.1) (9. 1) (w,2) = (9(w), z = f(w)),

where (g, f) € U” and (w,z) € D4 x C.
On the other hand, we have a transitive action of U” on the Z-covering

LE(_Hi) of LG(R). By definition of this Z-covering, we have a continuous function

—_~—

fo: D4 x LG(R) = R: (w, (L, f)) — Re f1(w).

We can extend it to a continuous function on (D4 x C) x LG(R) setting

f((w,z),i) =Re(z) + fo(w,z),

where L € LG(R).

LEMMA 3.3.1
The function £ is U”-invariant; that is, for g € U® and (0,L) € (Dg x C) x

LG(R) one has

£(3(c),9(L)) =f(o, L).

The proof is straightforward.
Now using the map F'+— Ly of Proposition 3.2.3, we define the phase function

(3.3.2) (Ds x C) x SH"(A)/N* 5 R: (0,L) ¢, (F) := (o, L),
where o € D4 x C. Note that we have

In Section 3.4 we show that in the surface case the function ¢, gives the
phases of LI objects with respect to the Bridgeland stability condition on D?(A)
associated with o € D4 x C. In the following theorem we check some of the
properties of ¢, that conform to the conjecture that the corresponding stability
condition exists in the higher-dimensional case as well.
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THEOREM 3.3.2
The phase function ¢, (F) satisfies the following properties.

—_~—

(i)  This function is U(Q)-invariant, that is;
D5(0) (9(F)) = ¢a(F),

where the action of U(Q) on D x C is induced by (3.3.1) via the homomorphism

—_~—

L:U(Q) = UA. In particular, forn € Z,
¢o (F[n]) = ¢ (F) +n.
(i) For o= (w,z) and F € SH" (A) one has
(3.3.4) exp(miz) - x ({(w), [F]) € R - exp(mig, (F)),

where [F] € N(A) @ R is the numerical class of F.
(i) For a semihomogeneous vector bundle Vy associated with ¢ € NS(A)®@Q
one has

O (Vs) =Rel(2) + 5 Arg(des( — 9)),

where the branch of Arg(deg(-)) is normalized by Arg(deg(iH)) = —gr for
ample H.

(iv) For a pair of LI objects Fy and Fy such that the corresponding
Lagrangians Ly, and Lg, in A x A are transversal, one has

(335) ¢0(F1) §¢G(F2)+i(F17F2)7

where i(Fy, Fy) is the index of the pair (Fy,Fy), that is, the number such that
Ext'(Fy, F») =0 for i £i(Fy, Fy). (It exists by [31, Corollary 8.2.12].)

Proof
(i) The invariance follows from Lemma 3.3.1. The second assertion follows
from this:

¢(w7z) (F) = ¢(1,n)-(w,z) (F[Tl]) = ¢(w,z—n) (F[ﬂ]) = ¢(w,z) (F[n]) —-n,

where in the last equality we used (3.3.3).
(ii) By part (i), the right-hand side of (3.3.4) is invariant under the diagonal

action of U(Q) on (o, F'). We claim that the same is true for the left-hand side
(modulo R+). Indeed, by Corollary 2.5.6, for g = (g, f,) € U® we have

X (€@),[F) = exp(—ify () - x(£(g()). [F(F)]) mod R,
(Recall that the map F + [F] mod N* is compatible with the projection U —
Spin(R) sending (g, f,) € U to (g,exp(—7if,)) (see (2.3.3)).) This immediately
implies that the left-hand side of (3.3.4) is invariant modulo R~ with respect to
the diagonal action of I?(\(_QT) on the pair (0,F) € (Dyg x C) x ﬁLI(A)/N*.
Thus, it is enough to check the equality for F' = O,.. We have x({(w),[0,]) =1
for al}vw. On the other hand, by the definition of the map of Proposition 3.2.3,
fo(w,Lo,) =0, 50 ¢(,,2)(Or) = Re(z).
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(iii) This follows from Proposition 3.2.3(ii).

(iv) By the m—invariance of both parts with respect to the diagonal action
on the pair (Fy, Fy), it is enough to consider the case when Fy = O,. Note that in
this case the transversality assumption implies that Ly, =T'(¢) for ¢ € NS(A)q,
so Fy = Vy[n] for some n € Z, where V, is the simple semihomogeneous bundle
associated with ¢. Since ¢, .)(Oz) = Re(z), by part (iii), the required inequality
is equivalent to

Arg(deg(w — ¢)) <0,

where Arg(deg(-)) is normalized by Arg(deg(iH)) = —gm. But this follows imme-
diately from Lemma 1.2.3(ii). O

REMARK 3.3.3
By Lemma 1.2.3(i), for F; = O, F» =V, and o = (iH,0), where H is an ample
class, the inequality (3.3.5) can be replaced by a stronger one:

QbiH,O(O) < qi)iH,o(Vq;) + @

However, this inequality is not invariant with respect to the group action consid-
ered above, so it cannot be extended to the case of arbitrary o € D4 x C.

The following property is also motivated by the picture with the stability condi-
tions for dim A =2 (see Section 3.4 below).

PROPOSITION 3.3.4
The fibers of the map
Z:Dg x C— Hom(N(A),C) : (w,2) — exp(miz)x ({(w), )

are exactly the orbits of the action of 27 C C by translations on the second factor.

Proof
Suppose that

exp(m'z)x(ﬁ(w), [F]) = exp(ﬂ'iz’)x(é(w’), [F])

for all F. Since x(4(-),[O,]) =1, this implies that exp(7iz) = exp(miz’). Using
the action of 2Z we can assume that z = 2’. Now the fact that w = w’ follows
from Corollary 1.1.2. O

EXAMPLE 3.3.5

Recall that the standard stability condition on an elliptic curve has Z(F) =
—deg(F) 4+ irk(F') and semistable objects that are shifts of semistable bundles
and torsion sheaves. The corresponding phase function ¢** satisfies

O™ (F) = d(i0)(F) +1
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for any semistable F'. Indeed, this follows from the formulas

Arg(i —d/r
¢St(ox) — 17¢St(vd/r) — g( - / )’
where V. is the simple bundle of degree d and rank r and we normalize the

argument in the upper half-plane by Arg(i) =1/2.

3.4. Stability conditions on abelian surfaces

—_~—

In this section, assuming that dim A = 2 we will identify the action of (U (Q)) C

—~—

U2 on Dy x C with the natural action of U(Q) on the component Stab! of
Bridgeland’s stability space Stab(A) of D?(A) described in [7, Section 15].

Recall that the stability space Stab(A) carries a natural continuous action of
the group GNL+ (2,R), the universal cover of GL™(2,R), which can be described as
the set of pairs (T, f), where T € GLT(2,R) and f:R — R is an increasing map
with f(t+1) = f(¢) +1 such that the map induced by T on R?\ {0} /R~ ~R/27Z
coincides with fmod2Z. We use the left action of GL" (2,R) on Stab(A): a pair
(T, f) maps a stability condition (Z,P) to the stability (T'o Z,P’), where P’(t) =
P(f~1(t)). Note that n— ((=1)", ¢+t +n) gives an embedding Z — &+(2,R)
such that 27 is the kernel of the projection to GL™*(2,R).

Recall that for each w = ia+ 8 € D4 Bridgeland defined a stability condition
on DY(A) with the central charge

Zo(F) = —x(t(w),[F])
and with each O, stable of phase 1. This defines a submanifold V(A4) C Stab(A),

isomorphic to D4, which is a section of the action of @ff(Q,R) on a connected
component Stab'(A) C Stab(A), so that we have an isomorphism (see [7, Sec-
tions 11 and 15])

(3.4.1) V(A) x GL" (2,R) ~ Stab'(A4).

Conjecturally, Stabf(A4) = Stab(A). Below we show that Stab'(A) contains all
full stabilities (see Proposition 3.4.4).

We have a natural embedding C* = GL(1,C) — GL"(2,R) and the corre-
sponding homomorphism of universal coverings C — @iﬁ(Z,R) (where we use
the map C — C* : z — exp(miz)). Hence, from the isomorphism (3.4.1) we obtain

an embedding

(3.4.2) Dj x C~V(A) x C < Stab'(A).

Note that the central charge corresponding to a point (w,z) € Da x C is
Zioroy (F) = — explmiz)x (£(w), [F]),

and the phase of O, with respect to this stability is

(3.4.3) R 1 (O0,) =14 Re(2).

(w,2)
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Recall that the nonempty fibers of the projection
Z :Stab'(A) — Hom (N (A),C)

are exactly the orbits of the action of 2Z C C C GL" (2,R) (see [7, Theorem 15.2]).
Hence, we have

(3.4.4) V(A)xC=Z""(2(V(4) xC)).

The image Z(V (A) x C) coincides with C*-£(D 4) C N (A)® C, where we identify
N(A) ® C with Hom(N (A),C) using x(,-).

Recall that we have an action of the group I/J—(@/) on Stab™(A) defined using
functors ®, (see Definition 3.1.2). Also, note that, by [29, Corollary 3.5.2], we
have an inclusion Stab'(A) C Stab™(A) since all stabilities in Stab'(A4) are full.

PROPOSITION 3.4.1 o
The subset V(A) x C C Stab™ (A) is invariant with respect to the action of U(Q),

—_~—

and the induced action of U(Q) on V(A) x C~ D4 x C is ezactly (3.5.1).

Proof
First, let us look at the action on central charges. Applying Corollary 2.5.6 to the
element § = (g,exp(—mif)) € Spin(R) coming from an element (g, f) = 1(g') € U2

—_—~

where ¢’ € U(Q), we get (see (3.3.1))

Z(w,z) (ﬁ(g/)_lF) = Z(w,z)(ﬁ(g)_l[F]) = ZL(g')-(w,Z)(F)'

In particular, the transformed central charge is still in C* - £(D4). Recall that
the connected component Stab'(A) is characterized by the condition that the
central charge is in the GL1(2,R)-orbit of £(D,) and the O,’s are stable of
the same phase for all € A. Furthermore, by [7, Lemma 12.2], it is enough
to require all O, to be semistable of the same phase (due to the absence of
spherical objects; see [7, Lemma 15.1]). In our case the condition on the central
charge is satisfied by the above computation, and the semistability of O, follows
from Proposition 3.1.4, so we get the inclusion ¢'(V(A4) x C) C Stab'. Taking into
account (3.4.4) we derive the required inclusion

g (V(A) x C) C V(A) x CC Stab.

Furthermore, we obtain that the action of ¢’ € U(Q) on D4 x C differs from
the action (3.3.1) by the translation by an element in 27 C C. Thus, the differ-
ence between the two actions is given by a homomorphism U(Q) — 2Z. Note
that the element 1 € Z C U(Q) acts on a stability in Stab(A) by changing the
central charge Z to —Z and adding —1 to all the phases. Since this matches
with its action on D4 x C given by (3.3.1), the above homomorphism factors
through a homomorphism U(Q) — 2Z. Next, we observe that the action of
P~ (Q)C I/J@ preserves the phase of O, (see the proof of Proposition 3.2.3(i)).
On the other hand, «(P~(Q)) C U” consists of elements (g, f) with Re(f) =0
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(see Lemma 2.3.3), so taking into account the formula (3.4.3) we deduce that the
homomorphism U(Q) — 2Z is trivial on P~ (Q). It remains to apply Lemma 1.3.5.
O

COROLLARY 3.4.2
—~+
There is a transitive continuous action of U» x GLy (R) on Stab'(A), extending

the action of U(Z) (coming from autoequivalences of D*(A)) and the standard
, ~+
action of GLy (R).

Proof
This follows from the identification (3.4.1) and from the transitivity of the action

P

of U” on Dy x C. Note that our action of U(Q) on Stab™(A) extends the
standard action of U(Z) by autoequivalences of D°(A). O

THEOREM 3.4.3

For any o = (w,2) € Do x C and any LI object F € D(A), let ¢B7(F) be the

phase of F' with respect to the corresponding Bridgeland stability condition. Then
Og" (F) = ¢g(F) +1,

where the function ¢, is given by (3.3.2).
Proof

The assertion is true for F' = O,. Also Theorem 3.3.2(i) together with Propo-
sition 3.4.1 implies that both sides are invariant with respect to the action of

U(Q) on the pair (o, F'). It remains to use transitivity of the action of U(Q) on
SH™(A)/N*. O

WEe finish our consideration of abelian surfaces by observing that Proposition 3.1.4
implies the following description of the component StabT(A).

PROPOSITION 3.4.4

For an abelian surface A the component StabT(A) of the stability space consists
of all full stabilities on D®(A).

Proof

Let o be a full stability on D°(A). By Proposition 3.1.4, any skyscraper sheaf
O, is o-semistable. Using [7, Lemmas 12.2 and 15.1] we deduce that O, is in
fact o-stable. Now the proof of [7, Proposition 3.1.4] shows that any full stability
belongs to Stab'(A). (One has to run this proof with U(X) being the set of all
full stabilities, which is an open subset of Stab(A).) O
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3.5. Mirror symmetry and phases
In the case when A = E™, where E is an elliptic curve without complex multipli-
cation, we can interpret the phase function of Section 3.3 in terms of the Fukaya
category of the mirror dual abelian variety.

Let E=C/(Z+ 7Z) be an elliptic curve over C, and let A be a free Z-module
of rank n. We set

A=A®C/(A®(Z+71Z)) ~E",
so that we have a natural isomorphism
Fa:=H1(AZ)~ADA,

where the second summand corresponds to A ® 7. The natural polarization of E
given by the Hermitian form H,(z1,22) = z1Z2/(Im7) induces an isomorphism

A~ N @C/(N @ (Z+T7),

where A* = Homy (A, Z).

Assuming that E has no complex multiplication we obtain identifications
End(A) ~ Endz(A), Hom(A4, A) ~ Homg(A, A*), and NS(A) ~ Homgz(A,A*)*.
(The latter group consists of symmetric homomorphisms.) Thus, for a field
F > Q we can identify NS(A) ® F with the space of symmetric bilinear forms on
A ® F. The ample cone in NS(A) ® R consists of positive definite forms. Thus,
D4 C NS(A) @R is the Siegel half-space consisting of symmetric bilinear forms
on A ® C with positive definite imaginary part.

According to [12] (see also [27, Section 6.5]), one can view the abelian variety
B associated with an element w = w4 € D4 ~ §,, as a mirror dual to (4A,w4).
More precisely, let us set

FB:A*@A, B:FB®R/F37
and define the complex structure on I'g ® R via the isomorphism
(3.5.1) ko : TBOR=A"@C: (A, N) = A" —w(N),

where we view w as an element of Hom(A,A* ® C)". Note that there is an
isomorphism B ~ A* ® C/(A* +wA). (However, the corresponding identification
of Hy(B,Z) with TI'p differs from the original one by the sign on the summand
A CT'g.) We have a natural principal polarization ¢q : B =B given on homology
lattices by

(3.5.2) T = T5: (A5 0) = (A", ) = A (No) = AH(A).
Similarly, the natural isomorphism A* ®A* ~ I ; ~I'% corresponds to the pairing
(A ®A") xT g = Z: (A, 5), (A1, A2)) = AT (A2) — A3(A1).
Let us define an isomorphism of orthogonal lattices

ViTa®T ;=T @Tp=Tr@Ts: (A, Ao, AL AS) — (A5, A2, AT, A).
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PROPOSITION 3.5.1

The isomorphism ~ induces a mirror duality in the sense of [12, Section 9]
between the pairs (A,wa) and (B,wp) for wp =T - ¢o, where ¢po € Hom(B, B)*
is the principal polarization defined above.

Proof
By definition, we have to check that the operator of complex structure on (I'p &
I'p) ® R corresponds under v to

—1 1
I, = (a fﬁaﬁ_lﬁ _ﬂaa—1> € Ua(R),

where wq = ia + 3, and we view U4(R) as a subgroup in automorphisms of
(F'a ®T ;) ®R, and similarly that the complex structure on (I'y ®T' ;) ® R cor-
responds to I, . Both facts are checked by a straightforward computation (cf.
[12, Proposition 9.6.1]). O

Recall that the variety LG4 = LG g~ is naturally identified with the Lagrangian
Grassmannian associated with the symplectic lattice A* @ A. Thus, a Lagrangian
subvariety L C A x A, viewed as a point of LG(Q), corresponds to a Lagrangian
Z-submodule II(L) C A* @ A =Tp, so that I'y = Hy(L,Z) ~II(L) ® II(L) C
I'y ®T' 4. Hence, from (3.2.3) we get

(3.5.3) §(L)(w) = det (k| m(r))?> mod Rx,

where we view k|r1(r) as an element in Hom(I1(L), A*) ® C and define det? using
some bases in II(L) and A*.

Similarly, a point L of LG 4(R) corresponds to a real Lagrangian subspace
IIg(L) CTp®R, and the formula (3.5.3) still holds (with IIg (L) instead of TI(L)).
Recall that we have a double covering LG*P™ (A, R) — LG(R) consisting of pairs
(L,p) € LGA(R) x O(D4)/Rsq such that ¢? =§(L), so that the group Spin(R)
acts on LG®P™ (A, R) (see Definition 3.2.4). In our case there is a splitting U(R) —
Spin(R) (see Remark 2.3.8.1), so we have an action of U(R) on LG*"(4,R)
given by

g-(L,p)=(gL,¢"), where @’(g(w)) = p(w) - det(a + bw) ™.

We claim that LG (A4, R) — LG 4(R) is in fact the natural double covering
corresponding to a choice of orientation on a Lagrangian subspace in I'p @ R.
Indeed, let us fix an orientation € € A" (A). Then a choice of a square root ¢ =
VO(L) € O*(D4)/Rsq for L € LG 4(R) induces an orientation on Ilgx(L) CTp®
R as follows. By formula (3.5.3), for each w the nonzero element

p(w) - det(ulm ) € A\ (M) @ A" (a(L)) ™ @=C,

depending continuously on w, belongs to the R-subspace A" (A*)@ A" (Ug(L)) L.
Thus, we get an isomorphism

A (=) = A" W) oR,
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and we define the orientation p, € A"(IIg(L)) so that it corresponds to ¢~

under this isomorphism, that is,
(W)™ det(kolma(r)) - Hgp,e =€
Let us associate with L € LG 4(Q) the real subtorus in B by setting
T, =II(L)®R/I(L) CTp®R/T g = B.

Note that 77, is Lagrangian with respect to the translation-invariant symplectic
structure on B corresponding to the standard symplectic structure on I'g = A* @
A (i.e., this symplectic structure on B comes from the principal polarization ¢yg).
As we have shown above, a lifting of L to a point (L, ) € LG™™(A,Q) gives
rise to an orientation of T7,.

—_—~—

Since LG (A,Q) = LG 4(Q)/27Z, the map (3.2.4) induces a map
SH” - LG (4, Q).
By Lemma 3.2.5, the composition
NS(4)®Q—SH" = LG™™(4,Q) : ¢V, — (T(¢),¢)

corresponds to the choice of the square root ¢(w) = det(¢ —w), where we use dual
bases of A and A* to compute the determinant (see also Example 3.2.6). The
corresponding orientation on Tt (4) is induced by the isomorphism II(I'(¢)) ® R ~
A ®R and the orientation € of A @ R.

Let €,  denote the holomorphic volume form on B defined by

Qe = Ko (€),

where we view e € A\"(A) C A"(A) ® C as an n-form on A* ® C and use the
isomorphism (3.5.1).

THEOREM 3.5.2
For an endosimple LI object F € D°(A) one has

(3.5.4) x(t(w),[F]) = /[T L

where L = Ly and 11, is equipped with the orientation fi,, . coming from the
point (Lp,or) € LG™"(A,Q) associated with F'.

Proof
Note that shifting F' by [1] changes the orientation of T}, so the assertions for F’
and F'[n] are equivalent.

First, let us prove (3.5.4) in the case when Ly is transversal to {0} x A,
that is, when F' =V, is the semihomogeneous bundle corresponding to ¢ €
Hom(A4, A)t © Q ~ Hom(A,A*)* ® Q (and Lp =T(¢) C A x A). Recall that
tkVy = deg(Lp — A)'/? (see (2.1.9)). For K =Qor Rlet g (¢) C (A ©A) @ K
be the graph of ¢ viewed as a map of K-vector spaces (i.e., [k (¢) = Hi(Lp, K)),
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and set

Iz(¢) :=Tq(d) N (A" @A),

so that T, =T'r(¢)/T'z(¢). We also denote by i : I'z(¢) — A* & A the natural
embedding. The orientation on T}, is induced by the natural isomorphism I'g(¢) ~
A ®R and by the orientation of A ® R given by e. The cycle [Ty] in Hy,(A) ~
A"(A* @A) is the image of the positive generator u € A" (I'z(¢)) under the map

N Go): N\ (Tz(0) = N\ (A" @A),

Note also that the integration map

Hn(A)—>(C:’y|—>/Qw,6
¥

is identified with
N N es) - A ec=c,

where the last isomorphism is given by €. Hence, f[TL]Qw,E = 6(u) - €, where
e N'(A*) @ N"('z(¢)) ! ® C is the determinant of the composition

T2(¢) —2r A* @A 2 A*

The projection py : T'z(¢) — A is an embedding of index deg(Lr — A)'/2, so the
commutative diagram

T2(6) L% A* & C

D2 id

o—w

A A®C

implies that
S(p) - e =det(¢p — w) - deg(Lp — A)'/2 = x (U(w), () - Tk(F) = x (£(w), [F]),

where the last equality follows from Lemma 2.5.2.

Next, we will check that (3.5.4) is compatible with the action of the group
U(Z) on [F], w, and B, where we use the natural symplectic action of U(Z)
on I'g = A ® A* and the splitting U(Z) — U(Z)*P® of the spin covering (see
Remark 2.3.8.1). Namely, for g = (2Y) € U(Z) the relation

(—w ida-) g =(a+bw)* - (—g(w) ida~)
leads to a commutative diagram

Rw

I'p AN ®C
(3.5.5) g (a+bw)*

Rg(w
FB g(w) A*®(C
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Hence, we have
9" Qy(w),e = det(a + b))t Qe

which implies that

/ Qg(w)76 = det(a + bw)*l . / Qw,e.
9[TL] [Tr]

Also, the diagram (3.5.5) gives the equation

(3.5.6) Kulmr) = (@ +bw)™ o Kgw)lmgr) © 9l

in Hom(II(L),A*) ® C. Since g - (L, ) = (gL, "), where ¢'(g(w)) = ¢(w) det(a +
bw)™!, passing to determinants in (3.5.6) we obtain that the orientation fiy
of II(gL) ® R corresponds to i,  under the isomorphism II(L) — II(gL) given
by g. Hence, the class g[T1] is exactly the fundamental class of T, associated
with the orientation coming from g[F]. On the other hand, by Corollary 2.5.6,

X (6w), [F]) = x(£(9(w)), gLFT),

since for g € U(Z) the operator p(g) is simply the map induced by any auto-
equivalence of D¥(A) compatible with the canonical lifting of g to U(Z)*P™".
Finally, applying Proposition 1.4.1 and using the U(Z)-invariance, we see
that the general case of (3.5.4) follows from the case when Lp is transversal to
{0} x A considered above. O

REMARK 3.5.3

Note that since Ly is equipped with the lifting Zp to the universal covering
of the Lagrangian Grassmannian (see Example 3.2.6), the Lagrangian torus 77,
has a structure of a graded Lagrangian (see [33]). The corresponding choice of a
phase of fTL obtained from Theorems 3.3.2 and 3.5.2 comes from Kontsevich’s
description of a grading on a Lagrangian (see [33, Example 2.9]).

4. Quasistandard ¢-structures and Fourier-Mukai partners

4.1. Quasistandard ¢-structures

The Z-covering LG(Q) — LG(Q) appears also naturally when considering ¢-
structures. Let T (A) be the set of H-invariant t-structures on D®(A). We identify
T(A) with the set of cores of such t-structures, so we view elements of T(A) as
abelian subcategories A C D°(A).

THEOREM 4.1.1
(i) There is a natural U(Q)-equivariant embedding

—~—

LG(Q) = T(A): L A;,
which is uniquely characterized by the condition

.A(o;qgo)p = COh(A).



476 Alexander Polishchuk

—_~—

Thus, the LI functor ®5: D*(A) — D®(A) corresponding to g € U(Q) (defined up
to H; see Section 2.1) satisfies

(I)g(.Az) C Agi-

(ii) For an LI objeﬁ\ﬁ; and L € LG(Q) one has F|—i(Lp,L)] € Az, where

P e Ny

i(+,+) € Z is the unique U(Q)-equivariant function on LG(Q) x LG(Q) such that
for ¢1,02 € NS(A) @ Q one has

Z.(sz;l ) EV¢2) = Z(¢2 - (7251)7
provided ¢o — ¢1 is nondegenerate. (Recall that Zw is given by (3.2.5).)

Proof
(i) Recall that the action of U(Q) on LG(Q) is transitive, and the stabilizer

—_~—

subgroup of the point ((0: ¢¢),0) is P~(Q), lifted to U(Q) as described in
Corollary 2.2.2. Thus, it suffices to check that P~(Q) preserves the standard
t-structure. But this immediately follows from the description of the functors
corresponding to elements of P~(Q) (see Proposition 2.2.1).

(ii) The fact that every LI sheaf is cohomologically pure with respect to each
t-structure constructed in (i) follows from Theorem 2.4.1. The uniqueness of the

U(Q)-equivariant index function i(-, ) follows from Proposition 1.4.1. It remains
to find the number i = i(¢1, ¢2) such that

V¢>1 [_7’] €Az

LV(bz '
Let g = ((1) ‘1’2;1 ) Then by formula (2.4.1), we have
®,(0,) =V,, mod N,

(There is no shift in this case since the kernel S(g) is a vector bundle.) It follows
that

o, (COh(A)) C ‘AZ% .
Note that I'(¢1) = g(I'(¢)), where
p=p1(1—¢y 1) "
Hence, using (2.4.1) and (2.4.3) we obtain
Dy (Vy) = Vg, [—i(d2 + ¢)] mod N*,
so denoting ¢3 =1 — ¢2_1¢1 we obtain

i=i(po+ Pr103 ") =i(p3(pags + 1)) = i(d3d2) = i(2 — 61)

as claimed. 0

DEFINITION 4.1.2

We will refer to t-structures on D?(A) constructed in the above theorem as quasi-
standard t-structures.
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PROPOSITION 4.1.3

Let A and B be abelian varieties, and let n: X4 — Xp be a symplectic iso-
morphism in Abg (i.e., up to isogeny). Then the map 1, : LG4(Q) - LGp(Q)
induced by n extends to a Z-equivariant map

1+ : LG4 (Q) = LGp(Q)

which is compatible with the quasistandard t-structures; that is, for every Le
LG 4(Q) the LI functor ®, associated with n (defined up to H) satisfies

(4.1.1) ®, (A7) C A, ;.

Proof

Note that B is isogenous to A; that is, there exists an isomorphism f: A — B
in Abg. Let 79 : X4 — Xp be the induced symplectic isomorphism in Abg. We
also have natural compatible isomorphisms induced by f:

—_~ o~

UXA _>UXB7 UXA(Q)_)UXB(Q)7

no« : LG 4(Q) = LG(Q), Mo« : LG 4(Q) = LG5(Q).

Furthermore, it is easy to see that the t-exactness (4.1.1) holds for 7y, and the
functor ®,,, which is the composition of the pullback and the pushforward under
isogenies. (This is proved similarly to Proposition 2.2.1(ii).) Now let g, € U(Q)
be the unique element such that

="10°3gn-

Choose any element g, € U(Q) over g,, and define
7. :LG4(Q) = LG5 (Q) : L= ijo (34(L)).

By Theorem 4.1.1(i), the required assertion follows for the functor ®,, o & .
By [31, Theorem 3.2.11], its H-equivalence class differs from ®,[n] by an action
of N*. (One has to use also [31, Proposition 2.4.7(ii)] as in the proof of [31,

Theorem 3.3.4].) Changing 7, using the action of n € Z C U(Q) on LG 4(Q), we
get the required compatibility (4.1.1). a

REMARKS 4.1.4 o

(1) The quasistandard ¢-structure associated with Ly € LG(Q) has a simple char-
acterization in terms of the LI object F' (defined up to H-equivalence). Namely,
the corresponding subcategory D= C D?(A) consists of all X € D?(A) such that
Hom'(X, T, ¢(F)) =0 for i <0 and all (z,£) € A x A. Indeed, by using I?@—
action this reduces to the characterization of the standard subcategory D=9 by
the above condition, where F' is a nonzero torsion sheaf.

(2) In the case of an elliptic curve all the quasistandard ¢-structures are
obtained from the standard one by tilting (up to a shift). More precisely, let
P(-) be the slicing associated with the standard stability on D®(E) for an elliptic
curve E, so that P((0,1]) = Coh(F) (see Example 3.3.5). Then the quasistandard
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—_~—

t-structure associated with ¢ € NS(F,Q) ~Q (lifted to LGg(Q) by (3.2.6)) is
P((Arg(i—¢))/m — 1,(Arg(i — ¢))/x]). Note that this construction extends to
irrational numbers ¢ € R and for k£ = C the corresponding hearts are equivalent
to the categories of holomorphic bundles on noncommutative 2-tori (see [28],
[32]). We conjecture that this connection between quasistandard ¢-structures and
noncommutative tori extends to the higher-dimensional case. (The corresponding
equivalence of derived categories is established in [4].) Namely, to every point of

—_—~

LG 4(R)\ LG 4(Q) there should correspond a t-structure on D*(A) (in a way

—~

compatible with the action of U(Q)) whose heart is equivalent to the category
of holomorphic bundles on the corresponding noncommutative torus.

4.2. Fourier-Mukai partners
Recall that the set of Fourier-Mukai partners (FM partners for short) of a smooth
projective variety X is defined as

FM(X) = {Y smooth projective | D*(Y) ~ D"(X)} /isomorphism.

For an abelian variety A we can also define the subset FM®°(4) c FM(A) by
considering only FM partners among abelian varieties. In characteristic zero it
is known that FM(A) = FM(A) (see [14]).

Recall that if B is an FM partner of A, then any equivalence D?(A) ~ Db(B)
is given by the LI kernel associated with a Lagrangian correspondence (L(n),a)
extending a symplectic isomorphism 7 : X4 ~ Xp (see Section 2.1). The U(Z)-
orbit of the Lagrangian (1) (0 x B) € LG 4(Q) does not depend on a choice of
an equivalence D’(A) ~ D*(B).

PROPOSITION 4.2.1
The above construction gives an embedding
(4.2.1) FM®(A) = LG A(Q)/U(Z).

The image consists of orbits of Lagrangian subvarieties L C X o for which there
exists a Lagrangian subvariety L' C X 4 such that LN L' = 0.

Proof

The first assertion is immediate since the Lagrangian subvariety (1,)~1(0 x B) C
X 4 corresponding to B is isomorphic to B. For the second we observe that if we
have a Lagrangian L' C X4 such that L N L' =0, then we get an isomorphism
Lx L' — X4 and also L' ~ X 4 /L ~ L, which leads to a symplectic isomorphism
L x L~Xy, sothat B=L is an FM partner of A. O

REMARK 4.2.2

The set LGA(Q)/U(Z) =U(Z)\U(Q)/P~(Q) is known to be finite (see [11,
Theorem 6]). Note that this set is also in bijection with the set of endosimple LI
objects in D?(A) up to the action of exact autoequivalences of D’(A) (as follows
from Proposition 2.1.2).
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Here is an example of a situation when the embedding of Proposition 4.2.1 is a
bijection.

PROPOSITION 4.2.3

Assume that A is principally polarized, and assume that End(A) = R is the ring
of integers in a totally real number field F (so the Rosali involution on F is
trivial). Then the map (4.2.1) is a bijection, and

[FM®(A)| = [LGA(Q)/U(Z)| = hg,

where hr is the class number of R.

Proof

First, we observe that in this case the set LG 4(Q) consists of all subvarieties
in X4 =A x A, isogenous to A. We claim that all such subvarieties L C X4 are
direct summands. Indeed, L is an image of the morphism A — A2 associated
with a pair (a,b) € R?\ {(0,0)}. Consider the exact sequence

01 -R*—- 10,

where I = (a,b) C R. This sequence splits since I is a projective R-module. Hence,
there is a corresponding split exact sequence of abelian varieties

0— AT - A% A >0,
where we use the natural functor M — AM from R-modules to commutative
group schemes with AM (S) = Hompg(M, A(S)) (see [10]). Since A! is exactly the
image of the map (a,b) : A — A2, this proves our claim.

It remains to check that the orbits of SLy(R) on the projective line P1(F)
are in bijection with the ideal class group Cl(R). We have a well-defined map

P!(F)/SLy(R) — CI(R)

sending (a: b) with a,b € R to the class of the ideal (a,b). This map is surjective
since every nonzero ideal in R is generated by two elements. To show injectivity
suppose that pairs (a:b) and (a’ : V') define the same ideal class. Then upon
rescaling we can assume that (a,b) = (a/,b"). Now we have two surjective maps
R? — I = (a,b), one given by (a,b) and another by (a’,b'), and our assertion
follows from Lemma 4.2.4 below. |

LEMMA 4.2.4

For every nonzero ideal I C R the action of SLa(R) on surjective maps R? — I
1s transitive.

Proof
Since I is a projective R-module, for every surjective map f : RZ — I there exists
an isomorphism

a:R2 -l
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such that f is the composition of « with the projection to I. Note that det(«)
induces an isomorphism of R with I’ ® g I, so we obtain an isomorphism I’ ~ 1,
Thus, we can view « as an isomorphism R? — =1 & I such that det(«) is the
canonical isomorphism R — ! ®I. If g : R?> — I is another surjective morphism
and §: R?2 —» I~' &I is the corresponding isomorphism, then v ="' o« is
an element of SLy(R) such that goy=f. O

REMARK 4.2.5

In general the embedding (4.2.1) is not a bijection as one can see already in
the case of a nonprincipally polarized abelian variety with End(A) =7 (cf. [23,
Example 4.16]). The Lagrangians not in the image of this map correspond to
categories of twisted sheaves equivalent to D?(A) (see [25]). Note that the set
LG 4(Q) is a subset of vertices of the spherical building associated with the group
U, which is related to the boundary of the Baily-Borel compactification of the
Siegel domain D 4. It would be interesting to see whether other elements of this
building have an interpretation in terms of DY(A). Also, one can expect some
relation between the quasistandard ¢-structures and the ¢-structures associated
with stabilities coming from points of D4 or D4 x C. In the case of K3-surfaces
similar questions are studied in [15] and [13].

Acknowledgments. 1 am grateful to Tom Bridgeland for helpful discussions and
to Maxim Kontsevich for a discussion of the picture in Section 3.5 involving
mirror symmetry.
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