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1 .  Introduction.

L et A  be a Noetherian local ring, m the maximal ideal o f  A  and  M  a  finitely
generated A-module , a  will always denote a n  ideal in  A .  L e t a „ • • •  a r  b e  a
s e t  o f  generators f o r  a. Then we denote by K . (a; M ) the Koszul complex
associated to a. Furthermore, Z .  (a ; M ) an d  B . (a ; M )  denote the  cycle  and
boundary of the K oszul complex respectively. F o r an  arbitrary positive integer
n  we set

1 7 (a; M )=Z „(a ; M )/E Z 71 ( a ; M ) n a R ( d ; M ) ]

and name this m odule the syzygy part of the homology 1 1 (a; M ).
T he  purpose o f this paper is to study some properties of the syzygy part.
Obviously there exists a  canonical homomorphism of A-modules

H (a; M ) - - ) -1 7 ,i(a; M ) --> 0  .

If  th e  canonical map is injective for some integer n ,  then we call that a „ • • •  a,
is fl-faithfu l (cf. [ 5 ] ) .  A  sequence of elements a 1 ,  ,  a r  is called a  d-sequence
for M  if

( a 1 ,  • • •  ,  ai_ ,)M : a,a,=-(a„ ••• , a i _i )M : a,

fo r every 1 i j r a n d  a n  unconditioned d-sequence fo r  M  if  any permutation
o f  a ,  ••• , a ,  i s  a  d-sequence f o r  M  (C. Huneke has defined a  d-sequence for
M =A  in [2]).

A . S im is and  W. V. Vasconcelos [6] has defined a(a)=[Z i (a)n aA rl/B i (a)
fo r arbitrary ideal a  generated by r  elements and shown that 5 (a )= 0  if and only
if  th e  canonical homomorphism Symm(a)—>R(a) from t h e  symmetric algebra to
the  Rees algebra is th e  isomorphism in  degree two part o f both algebras.

O n the other hand, C . Huneke has discussed in  [2 ]  that if a 1 , ••• , a,- i s  an
unconditioned d-sequence for A , then Symm((a i , •• • , a r ))- R ((a„ •-• , a r ))  (see also
D I. T h u s w e  can  im m ed ia te ly  see  th a t i f  a l ,  ••• , a ,  i s  a n  unconditioned
d-sequence fo r  A , then it is 17 1 -faithful.

Our first result is

Theorem 1 .1 .  L e t  a„ ••• , a , .  b e  an  unconditioned d-sevucnce f o r  M , then
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••• , a, is  f i n -f aithful f o r every  positive integer n.

Now, M  is called a  Buchsbaum A -m odule if every system o f parameters is
d-sequence fo r M .  Then we have the another result a s  follows :

Theorem 1.2. The follow ing conditions are equivalent:

(i) M  is a B uchsbaum  A -module of dimension d,
(ii) ••• , ad ; M )= 0  f o r every  sy stem  o f  Param eters a 1 , --• , a d  f o r  M

and every positive integer n,
(iii) m171 (a 1 , ad ; M )= 0  f o r every system  o f  param eters a l ,  ••• , ad for M .

Recently N. Suzuki [ 7 ]  has proved that M  is  a  Buchsbaum A-module if and
only if  m H i (a i ,  ••• , a d ;  M )= 0  for any system o f parameters a ,  • • ,  a d  f o r  M.

Theorem 1 .2  says th e  above result is valid fo r the  s y z y g y  part.

2 .  The proof of Theorem 1.1.

In  this section we wish to prove Theorem 1 .1 .  F or this purpose we need a
definition an d  a  few lemmas.

F o r  a  sequence o f  elements a 1 , ••• , a ,  o f  A  we define I,-=(a i , ,  a , )  and
U ( I M ) = I M : (a0 ---0 , a , + 1 = 1 ) for

Lemma 2 . 1 .  I f  a l ,  ••• , a, is an unconditioned d-sequence f o r M , then U(1 1 1 M )
= 11 _1 M : a ;  f o r

P ro o f .  By definition

••• , ••• , a i _i )M :

O n the other hand , as  a l , ••• a i _ 1 , a ,  a i is  a lso  a  d-sequence fo r M , w e have

11 1 M : a J E/ i :  a f a  = U(ii -1M) .

Lemma 2 .2 .  I f  a ,  •-• , a ,  i s  a  d-sequence for M , then u(1m)nirm=rn m
f o r O n , r .

P ro o f .  This assertion is similar as Lemma 4 .2  in  [ 1 ] .  L et x  be a n  element
o f u(Lim)nrrm, and express

fo r some x  E M .  Then we can see

a n + I X =  E  a n + i a i x i =  E  aiy ;•

J=1

fo r some 3), M .  Thus a n , a r x r c I n M , which implies x r c I n M : a n + i a , .  But as
a i , • •• , a,- is  a  d-sequence fo r M , x r c I n 111: a , .  Therefore, x I,_ 1 111. Repeating
the  above argument, w e have the desired result.
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Proposition 2 .3 .  Suppose that a l , • •  ,  a,. is an unconditioned d-sequence for M.
Then Z  (ai, ••• , ; M )=B n (ai, •" ; M) : a.;-n for positive integers n, m.

Pro o f . We prove this assertion by induction on r. If r=1, there is nothing
to prove. Suppose that r = 2 .  Obviously we may prove this assertion in case
n = 1 .  Since Z i (a i  ; M ) = 0  a l  a n d  B i (a i ; M )= 0 , w e have the following equal-
ities from Lemma 2.1.

B i (a i ; M ) : aT=0: a 7
2n=0: a 2 = 0  a i= Z i(a i;  M ) .

Now, suppose th a t r > 2  and  the  a sse rtion  holds for r - 1 .  L e t  K.=
K .(a i , ••• , a r _i ; M )  a n d  L. = K .(a i , •-• , ar_2 ; M). L et d. (resp. e . )  denote the
differential of K. (resp. L . ) .  Then, we can see that K = L n EDLn_i fo r  every

by the definition of the Koszul complex. Thus the differential d. is induced
from e .  as follows :

v)— (e(u)+a,- _1v, — en-i(v)) (cf . [7]).

With notation as above, let (u, y) be an element of 1 3 (K ) : a;." . Then we
have

(2.3.a) aT u=en-Fi(t)+ ar-l w

(2.3.b) aTv-=—en(w)

where tO E L ,, w E L n .
Since both a l ,  ••• , a,--2, a,- and a l , ••• , a r ,  are the unconditioned d-sequences

for M  of length r-1, we get yE B _ ,(L ) : aT =Z _ 1 (L )=1 3 .-1 (L ): ar_ i by induc-
tion. This implies e 1(v)=0 and a r _i v =e 7,(14 ,  where w '  L .  Using (2.3.a) and
(2.3.b), we have the following equalities ;

ar_ v av ±  - ie n ( w )

=a;!' ar_iv +en(ar-iw )

=aT e n (w ')d-e n (a u)

= a [e „( w '± u ) ] .
This leads

by induction. Hence

This implies

a;-"w t-Fa;nuG Z .(L )=B n (L ) : a,

B„(L) : al,"+ 1 -=Z „(L ).

0 = e ( w '± u ) = e , i (u)-1-a r _1 v . .
Thus (u, v) Z .(K ).

Conversely, let (u, y) be an element of Z n (K ) .  The equation

(2.3.c) 0= d  (u , v ) .= (en (u )d  ar- , — en-i(v))

Then y E Z ,(L )= B .- - i (L ) :  aT , since a l , ••• , a r -2, a ,  is  a  d-sequence of length
r-1. Thus there exists w E L T,  such that
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(2.3.d) av =e n (w ) •

O n  t h e  other h a n d , e„(u)-Var_ 1v = 0  show s th a t e n ( u ) = 0  i n  K.(a i , •-• ,
Mlar_iM) •
A s a i , • • •  ,  a , , ,  a ,  is a n  unconditioned d-sequence fo r M I(4 1 11/1, by induction we
get

E  B .( a •-• , a,_ 2 ; M la,_,M ):

Hence there exist x E L n  a n d  t E L n + i  such that

(2.3.e) a7u=en+I(t)-Far-1x .

From (2.3.d) and (2.3.e), w e have

0=e„(a'-"u)-FaTa r _i v =e n (ar- i x)-Fe n (ar_iu.).
Thus we get

ar_ix +ar_iw EZ „(L ).

Therefore, a s  a i , ••• a r - 2 ,  ( 1 , - 1  is an  unconditioned d-sequence fo r M,

a , , x + a r _i w EB , i (L): a7_1.
T h is  implies that

x E B n (L) : a ' =B „(L ): a,_

Hence, there exists t ' E L n + 1  such that

(2.3.f) ar_ix +ar_im =en+i(r).

Combining th e  above equations (2.3.d), (2.3.e) and  (2.3.f), we get

alr"u=e„,(t)H - ar_ix =en+1(t+r)±a,-1( — w)

a,Tv=en(w)= — e.( — w).

Therefore, (u, v) B n (K): a;.". q. e. d.

Corollary 2 . 4 .  Suppose that a 1 , ••• , a, is  an unconditioned d-sequence fo r  M
and put K .=K .(a i , ••• , a,_ 1 ; M ) .  Then

n(K )=IrK ,,nZ  n (K)

for an arbitrary  positive integer n.

P ro o f .  L e t  u  b e  an  element of I r K n n Z .( K ) ,  then u -=y -i-a r x B ,,(K ): a,
by Proposition 2.3 , where y E I r _i K „ and  x K „.  T h is  implies that

O x + Tr y  B „(K )C I r _i K„ .
Hence,

: 0=A .11r0(1,-1M :
K m

71\ A r0(1,_ 1 M : a,)

= I r _i K n r : a , ,n
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because a1 , ••• , a ,  i s  a n  unconditioned d-sequence for M .  Thus, a,x E1,_,K ,,.
Therefore, u = y + a r x E I r _,K n ,  as desired.

Proof of Theorem 1 .1 . Let K '=K .(a,,••• , a r ; M ) and K .=K .(a,,••• ,a 1 ; M).
First, we show that

Z „,(K 1)(1I,K =B ,,(K ')

for any positive integer n .  We prove this by induction on n. We may assume
that

I f  r = 1 ,  then 131 (K / ) =0  a n d  Z 1 (K 1 =0 : a,. L e t  x  b e  a n  element of
Z i (K ') n ( a i) K , then there exists y e K = M  such that x =a l y .  Thus we have

y E O : a = 0 : a l .
Hence x

Suppose that r. - 2 and that the assertion holds for r - 1 .  A s  K =K nEB K .-1,
d ', the differential of K ',  is induced from the differential d .  Now, let (u, v ) be
an element of Z n (K ') n I r K 'n ,  where u E i r K7,  and v a I r K „ ,  Then

( a )  0 =d(u , v )=(d .(u )-Farv , — dn-i(v)).

Thus, by Corollary 2.4

v E Z ._,(K )(1/ r K „, = Z n  _1 (K)(1/ 7- 1 K._ 1 =  _  i (K) .

Hence there exists t K „ such that v =d „( t ) .  O n  th e  other hand, from (a), we
have

0=dn(u)±arv =c1.(u)-Fardn(t)=dn(u-k art).

Thus, by Corollary 2.4

u-Ha r t E Z n (K ) n / r K .=Z n(K )n/r_,K 7,=- B i,(K ).

Hence, there exists w EK. + 1 such that

u ± a r t=d n + ,(w ), e., u=d„+,(w )-Ea(— t).

Therefore, (u , v ) =d i( w , B ( K ') .  This completes the proof of Theorem 1.1.

Now, we show some corollaries which are immediate from Theorem 1.1.

Corollary 2 .5 .  Let A  be a Noetherian local ring and m  the maximal ideal of
A. S uppose that a1 , ••• , a r  is  an unconditioned d-sequence fo r  A .  Then a l , •-• , a-
is 17„-faithful for an arbitrary positive integer n.

Corollary 2 .6 .  Let M  be a Buchsbaum A-module and a l , ••• , a, a subsystem
of parameter f o r  M .  T hen a 1 , ••• , a ,  i s  f i n -faithful fo r  a n  arbitrary  positive
integer n.

Pro o f . T h is  follows from t h e  fac t th a t a 1 , ••• , a,- i s  a n  unconditioned
d-sequence for M.

Now, assume that /(M,i (M ))<09 for every i * d  (d=dim M ) .  Then by [4 ],
there exists an  m-primary ideal q  such that any system of parameters a l , ••• , a d

for M  contained in q  forms an  unconditioned d-sequence for M .  Thus
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C orollary 2.7. I f  a ,  • ,  a, is contained in  q  and a  subsystem of parameters
f o r  M ,  then it is 17n -faithful fo r  a n  arbitrary  positiv e integer n.

3 .  The proof of Theorem 1.2.

In this section we will prove Theorem 1.2. In  proving this theorem, we need
th e  following key proposition.

Now l e t  a l , •••  , a,- be a n  arbitrary sequence o f  elements o f A . We put
I = ( a „  • • • ,  a r )  and le t J  be any ideal such that / J r g m .  We call that a l , • • ,

is a  strong d-sequence fo r  M  i f  a i ki, ••• , a r
k ,  is  a  d-sequence for M  for positive

integers k 's . Then we have

Proposition 3 . 1 .  I f  J1 7 1 (a 1 k , ,  • • •  ,  a r
k ,  ;  M ) - = 0  f o r  every  positive integer k ;

(1 - j _ r ) ,  then a i ,  • • •  ,  a r  is  a  strong d-sequence fo r M .

Pro o f . First we show that

( a 1 ,  • • •  ,  a , ) M  : 4 -= ( a „  • • •  a t ) M :  a k

fo r every i O a n d  k _ i + 1 .

Indeed, l e t  x  b e a n  element o f  (a 1 ,  • • •  ,  a t )M  ;  4 .  Then there exists the
following equation

Oi x =

where x r i M .  L et [ • ,  • • • ,  • 1  denote an  element o f  a  f r e e  m o d u le  in  a  Koszul

complex. Now, let n  be an arbitrary positive integer and fix this number. Then, as

[x i , ••• , x i , 0 , ••• , 0 , — x, 0, ••• , 0 ]

E Z , ( a „  • • •  ,  a i ,  a 7 + 1 , ••• , 4 ,  4 4 , ,  • • •  ,  4 '; 'M )

an d  a s  a k E J ,  we have

a k [x i ,  • • •  ,  x i, 0 , • • •  ,  0 ,  — x , 0 ,  • • •  ,  0]

( a „ ,  a i ,  a l 2+1, ••• , aJeL l, a;41, a ;!)•

•••  , a i ,  a7+ ,, , , a  ;  M ) .

Thus we conclude that

a k x E ( a „  • • •  ,  a i, al l+1, •-• , a i , ••• (277-1 )M .

Claim.
a k x E ( a „  • • •  ,  a i ,  4 +1 , • • •  , af , (1 1 4 1 , •••  , (49M

fo r every
We prove this by induction on p. If p = 2 , there is nothing to prove. Suppose

that p > 2  and that the assertion holds fo r p - 1 .  Hence we may assume that

a k x E ( a , ,  • • •  ,  a i ,  4 4 1 , • • •  ,  a r , ,  4 ') M .

Then a x  may be written as
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where th  t  e  M.

a k x =  E a k +  E ayti + a r t ,
.J=1 j o k

On the other hand, as a ix G ( a „ • • •  ,  a i )M , we have

 

af t= aix  —  E a k a k —  E a k a7 t,
J=1 j * k

e ( a l ,  • • •  ,  ai, ar:+ z, ••• arz+1, ••• a '! )111

Thus we Pget a t =  E E ejs i , where s i e M .  Since
j=1 iok

 

[ S 1 ,  • • •  , 5 t ,  S k + i , S r]

Z i ( a i ,  •  • •  ,  ai, ••• ,a , ,  a ; - 1 ; M ) .

we know that

a r i t G ( a i , • ••  , al 1
+ 1, ••• a 7kLi, a ,  ait+1, ••• ( 4 9 M ,

which completes the proof of the claim.
Let us continue the proof of Proposition 3.1 . By the above claim we know

that
a x G  f l  (a 1, • - •  ,  a i , ••• , •••  , a;) M

I l,  p

= ( a i , • • •  , a,) M ,

which shows x G ( a i ,  • • •  ,  a i ) M :  ah.
To establish the proof of Proposition 3.1,

(a1, ••• a i ) M :  a j a k =

for every Now let x  be
n  be an arbitrary positive integer. Then

we only need to show that

(a 1 ,  • • •  ,  n i) M :  a ;

an element of (a l , •••
 a i )M : a j a k and

we have

aiakx+ E a p x , = 0 ,
p=i

where x p e M .  Multiplying (4 - 1  to  the above equation (b),

a ,a Ik'x ±  E
p=i

This shows that

Ex 1 , • • •  , x t , O, • • •  ,  
a i x ,  0 , • • •  , •• ,  a,, . . • ,  a ,7  ;  M ) •

As a ,G L Ç I ,  we have a ;x G ( a i , • ••  , az, a l + i ,  ' • ,  a ; ') M .  Therefore,

a_ lx G (a„ •••  , az )M - k f l  (a1+1, ,  ( 4 i )M = ( a 1 ,  • • •  ,  a , , ) M

by Kull's intersection theorem. This implies that x e ( a „ • • •  ,  a t )M : a .  But as
(a 1 , • - •  ,  a i )M : a ; = - ( a i ,  • ,  a t ) M : a ,  by virtue of the first assertion, w e have
x  ( a i , ••• a t )M : a ,.  Thus we have proved that a 1 , • • •  , a, is a d-sequence for M.

Finally, i f  w e  put bc=a,, k t, then it is easy to see that 6 1 ,  • • •  ,  b r  is also a
d-sequence for M  by the same routine in the previous proof.

(b)
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Proof  o f Theorem 1.2. If  M  is  a  Buchsbaum A-module, then

• - •  ,  ad ; M ) = 0

fo r every system o f parameters a 1 ,  • - •  ,  a d  f o r  M  by  the m ain T heorem  in  tn .
O n the other hand, by Corollary 2 .6  w e have

H i (a i , ••• , ad ; M ) = 1 7 1 ( a 1 ,  • • •  ,  a d ; M ) .

Hence ( i )  implies (ii). ( i i )  implies ( iii)  is  trivial. ( i i i)  im plies ( i )  follows from
Proposition 3 .1  in case J = in .
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