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Abstract. We describe an approach to classification of weighted homoge-
neous Saito free divisors in C®. This approach is mainly based on properties of Lie
algebras of vector fields tangent to reduced hypersurfaces at their non-singular
points. In fact we also obtain a classification of such Lie algebras having similar
properties as ones for discriminants associated with irreducible real reflection
groups of rank 3. Among other things we briefly discuss some applications to the
theory of discriminants of irreducible reflection groups of rank 3, some interesting
relationships with root systems of types Es, F7, Eg, and few examples in higher
dimensional cases.

Introduction.

It is well-known that the discriminant D associated with an arbitrary
irreducible real reflection group W, of rank n can be defined in C" as zero-set of a
polynomial, the determinant of a square matrix of order n whose entries are
coefficients of vector fields tangent to D at its non-singular points (cf. [15], [16],
[21]). Furthermore, the discriminant is, in fact, a weighted homogeneous reduced
hypersurface of special kind. It is possible to prove [loc. cite] that tangent vector
fields generate a free module over the polynomial ring Clz, ..., z,]. Following A.
G. Aleksandrov (cf. [3]), a reduced hypersurface is called a Saito free divisor if the
tangent vector fields generate a free module over the polynomial ring. In this
sense, discriminants are Saito free divisors.

The purpose of this paper is to obtain a complete list of weighted
homogeneous Saito free divisors in C® whose Lie algebras of tangent vector
fields have similar properties as ones for discriminants associated with irreducible
real reflection groups of rank 3, that is, with groups As, Bs and Hj. The key idea
of our approach is to compute the required list in parallel with enumeration of
certain Lie algebras of rank 3 making use of properties of vector fields tangent to
discriminants.
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Let us briefly describe the content of the paper. In the first three sections we
discuss basic notions and results from the theory of Saito free divisors related with
discriminants of finite reflection groups. Then we describe all Lie algebras of three
variables satisfied certain conditions. As a consequence we obtain a total of 17
non-isomorphic Lie algebras associated with different weighted homogeneous
polynomials which define Saito free divisors in C°. In the next two sections we
prove the main result of the paper. It states that the set Z of all these polynomials
is the union of 3 subsets 24, Zp and Py, containing 2, 7 and 8 elements with
types of homogeneity w4 = (12;2,3,4), mp=(9;1,2,3) and 7y = (15;1,3,5),
respectively. In its turn, they correspond to types of homogeneity of discriminants
associated with reflection groups As, B3 and Hj, respectively. In Sectionb we
prove that any polynomial from 2 determines an affine hypersurface which can be
regarded as an affine deformation of a singular plane curve having simple
singularities of types Eg, E7 or Es. In a more general context (see [5]) such
hypersurfaces can be also considered as affine quasicones over projective weighted
plane curves. In Section 6 we establish close relationships between polynomials
from 2 and subroot systems of root systems of types Eg, E7 or Eg. To be more
precise, our result is the following.

There are natural bijections between 25 and 2y and two sets of corank one
subdiagrams of Dynkin diagram of type E; and Eg, respectively. On the other
hand, there is a natural bijection between %4 and the set of corank one
subdiagrams of Dynkin diagram of type FEg invariant under its non-trivial
symmetry.

In section 7 we discuss some related topics while in Appendix we give explicit
representations for coefficient matrices associated with generators of Lie algebras
of tangent vector fields for 17 hypersurfaces determined by polynomials from 2.

It should be noted that E. Brieskorn, K. Saito [7] and P. Deligne [10] proved
that the complement € of the discriminant associated with an arbitrary finite
irreducible reflection group is a K(, 1)-space and the fundamental group #(%) is
an Artin group. That is why it is quite interesting to analyze fundamental groups
of the complement of hypersurfaces determined by the polynomials from Z.
Recently T. Ishibe and K. Saito computed these groups explicitly (cf. [12]).

In conclusion we also remark that there are few works devoted to the problem
of classification of Saito free divisors in the context of the theory of arrangements
(see [13]) or non-isolated singularities (see [5]); there are also many other studies
devoted to similar problematic from other points of view (for example, see [9],
11], [20)).
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1. Affine Saito free divisors.

First let us consider an algebraic version of the original definition of free
divisors; the latter appeared in the context of the theory of unfoldings of functions
with isolated critical points initiated by K. Saito (see [15]). Recall his basic
definition. Let S be an m-dimensional complex manifold, let D be a reduced
hypersurface of S, and let o € D. Then locally D is defined by an equation
h(z) =0, where h(z) = h(z1,...,2,) is the germ of a holomorphic function in an
open neighbourhood U of o, h(z) has no multiple factors, and (z1,...,2,) is a
system of local coordinates in U.

Following K. Saito we denote the coherent sheaf of &s-modules of vector
fields logarithmic along D by Derg(log D). This &gs-module is often called the
module of tangent vector fields; it consists of germs of holomorphic vector fields
n € Der(0g) on S such that n(h) belongs to the principal ideal (h)-Og. In
particular, the vector field 7 is tangent to D at its non-singular points. It should be
remarked that Derg(log D) is naturally endowed with structure of Lie algebra
denoted by .Zp. It is usually called the Lie algebra of vector fields tangent to the
hypersurface D.

The next statement is due to K. Saito [15] and it gives a criterion of freeness
for reduced hypersurfaces in the local situation.

PROPOSITION 1 (Saito’s Criterion). The stalk Derg,(logD) is a free
Os,o-module if and only if there are n germs of logarithmic vector fields
VO ..., V"l € Derg,(log D) such that the determinant of the square matriz M =
lvijl| of order n whose entries are coefficients of V¢, i =0,...,n — 1, is equal to ah,
where a is a unit. These vector fields form a basis of Derg,(log D).

The hypersurface D is called a Saito free divisor when Derg(log D) is a locally
free Og-module (see [8]). For example, Derg(logD) as well as its Og-dual
Q4 (log D), the module of logarithmic differential forms with poles along D, are
locally free if D is a smooth hypersurface, a plane curve (see [15], Corollary (1.7)),
or a divisor with strict normal crossings (see [3]). It is not difficult to see that the
system of vector fields V = (V',... V") is involutive; the corresponding Lie
algebra .Z(V) of rank n is isomorphic to .Zp.

One can get an affine globalization of this notion as follows. Let now S = A"
be the n-dimensional affine space over C, and let R= C[z,...,2,] be the
polynomial algebra of n variables. In such a case, a local freeness of Derg(log D)
over R means that this &g-module is stable free over R, that is, for any large
enough N there is a R-module isomorphism

Iy : Derg(log D) @ RN — R™V.
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Of course, the requirement of freeness over the polynomial ring R is much
stronger than the condition of local freeness: any affine hypersurface with free
module Derg(log D) of logarithmic vector fields is a Saito free divisor in the
original sense. However, the converse is not true in general. Of course, Saito’s
Criterion remains still valid for affine hypersurfaces.

2. Discriminants and determinants.

Now we restrict ourselves by the case of affine space of dimension three, that
is, S = C®. Let now p, g and r be positive integers such that p < ¢ < r. We assume
that p,q,r have no common factors > 1. Let R= C[z,y,z] be the graded
polynomial algebra generated by weighted variables x, y and z with entire positive
weights equal to p, ¢ and r, respectively. Further, denote by 0,, 9, 0. the partial
derivatives with respect to x, y, 2, respectively.

Let E = px0, + qyd, + rz0. be a linear vector field; it is usually called the
Euler vector field. If f € R is a polynomial such that E(f) = df, then f is called
weighted homogeneous of type (d;p, ¢, 7). The number d is called the degree of f.

Let us now define the following triple of regular vector fields on S:

VO = pxar + qyay + T‘Z@Z,
V! = qyo, + hae0,, + ha30.,
V2= 20, + h32ay + h330,,

where VY is the Euler field and h;; € R are weighted homogeneous polynomials.
Analogously to notations of Saito’s Criterion one can associate with this triple a
square matrix of the third order whose entries are coefficients of these vector
fields:

bpr qy rz
M= qy ha ho

Tz h32 h33

Let us consider the following requirements on triples of vector fields defined
above.

CONDITION 1.
(i) [VO’ Vl] =(¢- p)Vla [VO’ V2] =(r— p)VQ;
(ii) [V, V¥ = fiV' + fiV! + f,V2, where f; € R are polynomials for all j =0, 1,2;
(iii) hog = az+ g(z,y), where a € C* is a non-zero constant and g(z,y) is a
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polynomial depending on = and y only;
(iv) the polynomial F = det(M) is not equivalent to the monomial z* under
weighted changes of variables.

REMARK 1. The first two requirements of Condition 1 imply that the
system of vector fields V = (V° V1 V?)is involutive. That is, these vector fields
generate Lie algebra Z(V) of rank 3 over R. The third requirement yields that
p+r = 2q and det(M) contains the monomial z* with a non-zero coefficient. That
is, the degree of the polynomial det(M) is equal to 3r = 3(2q — p). If det(M) = 23,
then F' = 0 defines a non-reduced affine hyperplane D and it is clear that .Zp is
generated by 0,, 0y, 20, that is, Z (V) # Zp; it is reasonable to exclude such case
from further considerations with the help of the fourth requirement.

3. Basic examples.

Let W be a finite irreducible reflection group acting on a real vector space of
dimension 3. Let x,y, z be the basic W-invariant polynomials and let F' be the
discriminant of W. Then F' is a polynomial containing in the graded ring R; it
determines an affine reduced hypersurface D ¢ C®. All vector fields tangent to D
satisfy Condition 1; they generate Lie algebra #p isomorphic to £ (V). The
following three basic examples can be found in [15] or [22].

Ajs-case: m4 = (12;2,3,4), and

2z 3y 4z
M=|3y —-22+4z —%xy
4z —fawy 18wz —3y?)

Then det(M) = Fapsc = 1 (—162"z + 4a®y® + 128222% — 144wy’z + 2Ty* — 2562°).
Further, [VO, V'] =V, [VO V] =V? and [V!,V?] =1V0 —1aV! (cf. [2], (6.1)).
Bs-case: mp = (9;1,2,3), and

T 2y 3z
M=12y zy+3z 2zz
3z 2xz Yz

Then det(M) = Fp psc = 2(—4x32 + 2°y* + 18xyz — 4y — 272%), [V1, V?] = 2V? —
2V (cf. [2], (6.4)).
Hs-case: mg = (15;1,3,5), and
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T 3y 5z
M=|3y 22°y+2z Txy? + 2xty
5z Txy® +2z'y  3(15y° + 4otz + 182°%y?)

Then det(M) = Fy psc = —502° + (42° — 502%y)2* + (4a7y + 60z'y* + 225xy°)z —
133 45 — 11523y* — 102%° — 42%2. In this case [V, V'] =2V, [V? V?] = 2V?2 and
VLV = (4a3y + 202) VO + dayVh.

The aim of the paper is to describe a class of hypersurfaces which can be
regarded as analogues of the discriminants associated with finite irreducible
reflection groups. In particular, they are to be Saito free divisors.

PROBLEM 1. How to describe all triples (VO V! V?) of vector fields
satisfying Condition 1 up to weighted changes of variables and the corresponding
Lie algebras Z (V) up to weighted algebraic isomorphisms?

4. The main result.

Our solution of Problem 1 can be summarized as follows.

THEOREM 1.  In notations of Section2 the following assertions hold.

() If (p, q,7) # (2,3,4),(1,2,3),(1,3,5), then there are no triples (V°, V' V?)
of vector fields satisfying Condition 1.

(ii) The remaining cases are described as follows.

(D4) if (p,q,7) = (2,3,4), then up to weighted changes of variables there are
two triples of vector fields satisfying Condition 1; the corresponding polynomials
F = det(M) of degree 12 are the following:

Fp= 1624z — 42y? — 1282%2% + 144a9?2 — 27Ty* + 2562°;
Fuo =225 — 322 + 182%y% — 18xy°2 + 27y* + 25

(Z3p) if (p,q,7) = (1,2,3), then up to weighted changes of variables there are
seven triples of vector fields satisfying Condition 1; the corresponding polynomials
F = det(M) of degree 9 are the following:

oy — 4y — 4Pz 4 18xyz — 272°);
Fpo = 2(—2y° + 4232 + 18xyz + 272%);
—2y® + 9zyz + 452%);

Fpy = 2(92%% — 4y + 18zyz + 927);
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Fps =2y’ +y*2+ 2%
Fpe = 9ry* + 6%z — 4yPz + 232% — 120y2% + 42%;
Fpr = %zy4 — 2x2y22 — ygz + 22322 + 2xy22 + 22

(Zn) if (p,q,7) = (1,3,5), then up to weighted changes of variables there are
eight triples of vector fields satisfying Condition 1; the corresponding polynomials
F = det(M) of degree 15 are the following:

Fy = =502 + (42° — 502%y)2” + (4d2"y + 60z"y* + 225zy°) 2z — 1355 — 11527y
— 1025 — 42%%

Fro= 10023y + 4° + 402y 2 — 102y 2 + 42° 2% — 152%y2* + 25

F3 = 82%y* + 108y° — 362y’ 2 — 2y2? + 42°;

Frqa= y5 — 2333/32 + x2yz2 + zg;

Fys =2y —y° + 3ay’z + 2%

Fre = o3y + 1 — 22%P2 — day®z + 2°2° + 3a%y2® + 2%

Frr= iz + oy’ + 25

Frg = 2%y + o — 8a'y2 — Tay®z + 162°2% + 122292 + 2°.

In all cases (24), (PB), (Pu), there are isomorphisms £Lp =2 L(V), where
the zero-set of the corresponding determinant polynomial F = det(M) is denoted
by D.

REMARK 2.

1. The first variant of Theorem 1 has been proved by the author in 1992 (see
[17]).

2. The polynomials Fl4 1, Fp; and Fy; are equal to the discriminants F4 psc,
Fppsc and Fy psc associated with irreducible reflection groups of types Aj, Bs
and Hj, respectively (see Section 3).

3. The polynomial F4 2 was found by M. Sato (cf. [23], [17]).

4. Let F(x,y,z) be any polynomial from Theorem 1. If the weights of
variables z, y, z are equal to (2,3,4) (or to (1,2,3), (1,3,5)), then the zero-set & of
the polynomial F(0,y, z) is a plane curve with a simple singularity of type Eg (or
E;, Eg, respectively) (cf. [19]). It should be noted here that the curve defined by
F(0,y,2) =0 does not depend on the choice of the weighted homogeneous
coordinates (z,y, z) since p < ¢, r. Moreover, the polynomial F(x,y,z) defines a
family of plane curves &, in yz-space; this family can be considered as an affine
deformation of the curve & = &, or an affine quasicone over &.
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5. As was already remarked in Introduction, the complement % of the
discriminants associated with an arbitrary finite irreducible reflection group is a
K(m, 1)-space and the fundamental group m(%) is an Artin group. In this
connection it should be remarked that recently T. Ishibe acquainted the author
with his master thesis where all these fundamental groups are computed (see
12)).

5. Proof of Theorem 1.

For the proof we need the following technical statement.

LEMMA 1.  Assume that m,n,l are positive integers and i,j,k are non-
negative integers satisfied the following conditions:
(a) l € {2,3,4};
(b)y m(i+j5+k—1)=n(l—j-2k);
(¢) if m >1 and n > 1, then m and n are mutually prime.
Then the following conclusions are valid.
(i) Suppose that m > 2.
If 1 =2, then (i, j, k) = (0,0, 1).
If 1 =3, then (j,k) = (0,0) and m =3, =n+ 1.
Ifil=4,thenm=3i=n,j=1,k=0o0orm=4,i=n+1,=k=0.
(ii) Suppose that m = 2.
If 1 =2, then (i, j,k) € {(0,0,1), (n +1,0,0)}.
If 1 =3, then (i,j,k) = (n,1,0).
Ifl =4, then (i,5,k) € {(n,0,1),(n — 1,2,0)}.
(iii) Suppose that m = 1.
If 1 =2, then (i, j,k) € {(0,0,1), (2n + 1,0,0), (n,1,0)}.
If 1 =3, then (i, j,k) € {(n,0,1),(n — 1,2,0), (2n,1,0), (3n +1,0,0)}.
If n>1 and 1=4, then (i,5,k) € {(2n,0,1), (n—2,3,0), (2n—1,2,0),
(3n,1,0), (4n+1,0,0)}.
Ifn=1andl =4, then (i,5,k) € {(2,0,1),(1,2,0),(3,1,0),(5,0,0)}.

m Mm

We omit the proof of this lemma since it is quite elementary.

Now we are able to prove Theorem 1. At first we are going to determine the
polynomials h;;, the entries of the matrix M from Section 2. The proof is divided
into few computational steps.

STEP 1. As was also remarked Condition 1 implies that 2¢ = p +r. Set
p=m, g=m+n, r=m+ 2n, where m,n are positive integers. In addition, if
m > 1, then one can assume that m and n have no common factors. Under our
assumptions one obtains
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deghos =m +2n, deghsy =deghzs =m+3n, deghss =m+4n,
degz'y/ 2" = im + j(m + n) + k(m + 2n),

and the following relations:
(c.1) degz'y/2* = deg hyy if and only if m(i +j+k—1) =n )
(c.2) degz'y/ 2" = deg hys if and only if m(i +j+k—1) = n(3 — j — 2k).
(c.3) degz'y/ 2" = deg hso if and only if m(i +j+k—1) = n(3 — j — 2k).
(c.4) degx'y/ 2" = deg hss if and only if m(i +j+k—1) = n(4 — j — 2k).
All the statements below are easy consequences of relations (c.1)-(c.4) and

2 — j—2k).

A~~~ A~

Lemma 1.
(d.i) The case m > 4: there is a non-zero constant a such that

hao = az, hoz = h3y = h3z3 =0.

(d.ii) The case m = 4: there is a non-zero constant a and a constant b such
that

hos = az, hoz=hg =0, hgg=>ba"""

(d.iii) The case m = 3: there is a non-zero constant a and constants by, bg, b3
such that

_ _ n+1 _ n+1 _ n
hos = az, hog =b1x""", 3z =bx"", g3 = bzx"y.

(d.iv) The case m = 2: the integer n is odd and there is a non-zero constant a;
and constants as, as, b1, ba, b3 such that

— n+1
hos = a1z + agz"™,

haz = azx"y,
hsy = bix"y,
hyz = 2" Y (boxz + bsy? + by ).

(d.v.1) The case m =1 and n > 1: there is a non-zero constant a; and
constants ag,...,ar, by, ..., b1y such that
hos = a1z + asa"y + azz™™ ™,

n—1y2 4 a6x2”y+ a7x3"+1,

hos = aux"z + asx
h32 _ blfL’"Z =+ ben—lyZ + b3x2n,y + b4$3n+1,

h33 _ ben—lyz 4 b6$2nz 4 b71'n_2y3 4 beQ'n—lyQ + ng‘Sny 4 b10$4n+1.
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(d.v.2) The case m =1 and n = 1: there is a non-zero constant a; and
constants as,...,ar, b17 ey bg, bg, bg, bm such that

hay = a1z + asz’y + azx®,

hos = aszz + asy’ + agz’y + arx’,

hao = b1z 4 boy® + bga®y + by,

has = bsyz + bgz’z + bgxy® + box’y + broz’.

Cases (d.v.1) and (d.v.2) differ by the term 2" 2y of hos.

STEP 2. Let us analyze three cases (d.i), (d.ii) and (d.iii), subsequently.

Case (d.i). In this case F' = det(M) is equal to the monomial z* up to a non-
zero constant; it should be excluded in view of the requirement (iv) of Condition
1.

Case (d.ii). One gets V' = (n+4)yd, + azd,, V= (2n+4)20, + bz""0..
Hence, [V1,V?] = bz"(—azd, + (n+ 1)(n + 4)yd.). The involutivity implies that
b=0 and det(M) can be transformed to the monomial 2. It contradicts the
requirement (iv) of Condition 1 again.

Case (d.iii). If n > 1, then n is not divided by 3. In view of the arguments
above one has

VY =320, + (n+ 3)yd, + (2n + 3)z0.,
V= (n + 3)y0, + az0, + biz"t1o,,
V2 = (2n + 3)20, + box" ™0, + b3z"yO,.

Hence,

vt V2] ={(2n+3)by — (n + )b }z" 19, + {(n + 1)(n + 3)by — abs }z"yo,
+ [n(n + 3)bsz"'y? + {abs — (n + 1)(2n + 3)b }2"2]0..

Therefore one obtains 3[V!, V?] = {(2n + 3)b; — (n + 3)by}2"V". This implies the
following relations:

(n+3)(2n+ 3)by —2(n+ 3)(2n + 3)by + 3a1bs = 0,
3n(n+ 3)b; =0,
—(Zn + 3)(571 + 6)b1 + (n + 3)(27’L + 3)b2 + 3ai1b3 = 0.
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Since n is a positive integer, it follows that b; = by = b3 = 0. That is, det(M) can
be transformed to the monomial z?%; it is the same contradiction as above.

STEP 3. Case (d.iv). Analogously to the above arguments one gets
VY =220, + (n +2)yd, + 2(n + 1)20,,
V= (n+2)yd, + (a12+ agx”“)ﬁy + azx"y0,,
V2 =2(n+1)20, + bix"yd, + 2" (bowz 4 byy? + by )0,
Since m = 2 one may assume in considerations below that n is odd. Set V3 =

[VL,V? and let us find conditions on a; and by guaranteed the inclusion

V3 e L(V). Set

2(n + 1)@3 - (n + 2)b1 V!
n-+2 '

U=Vv3—

It is sufficient to find conditions under which the relation U =0 holds. The
definition implies that there are polynomials @, @2 € R such that U =
@10y + Q20,. Let us define a vector field W € Z(V) as follows:

W= (n+2)yV° — 22V

Since the both fields U and W don’t contain the differentiation 9., the weight
condition implies that U coincides with z" 'W up to a constant multiple.
Comparing the coeflicients of 0, of U and W, one gets

B n(n + 2)b1 — albg
B (n+2)*

(2)

Now we are going to describe conditions on ay,as,as, by, by, b3, by under which
relation (2) holds. We treat two cases n =1 and n > 1, separately. Let us first
assume that n =1. In this case relation (2) implies the following system of
equations:

12a9a3 — 24a9by + 2a1asb3 + 9a1b4 = 0,

72ay + 12aia3 — 24a;by + 9arby + 2aiby = 0,

12a; — 6azb; — 9azby — 18asbs + 2a;azb; — 81by = 0,
12a3 + 12b; — 9by — 10a;b3 = 0.

Solving this system, one obtains
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s = —(1/12)&1(—6[)1 + 3by + 2(11[)3),
(1/12)(—12b1 + 9b2 + 10@11)3),
= (1/162)(36b3 — 27b1by — T2a1b1b3 + 27a1baby + 26a703),
= (1/9)(3b1 — a1bs),

and
ai (24b1 — 9b2 — 1Oa1b3)(24b1 - 9b2 — 2a1b3) =0

Since a; # 0, one gets the following two possibilities:

(el) 24b1 — 9b2 — 10a1b3 = 0, or (62) 24b1 — gbz — 2a1b3 =0.

Let us first treat Case (e.l), that is, by = 2 (12by — 5aibs). If by # 0, then,
making use of the following change of variables

B ,+6b1—a1b3 2 B 3 1/2 ’ _ 3a1 1/4,
= 36 T \aby) TV T \dens) V0

one obtains that det(M) can be transformed up to a constant multiple to the
following form:

162'47 — 4a3y* — 1282 2% + 144a/y/*2 — 27y + 25627°.

If by = 0, then it is not difficult to verify that det(M) = 3 a1 (b1a? — 62)°, that is,
det(M) can be transformed to 2%; it contradicts the requirement (iv) of Condition
1.

Let us consider Case (e.2), that is, by = % (12by — ayb3). If by # 0, then, making
use of the following change of variables

6by — arbs 12 \'? 48a;\ V*
z = Z/ -5 T, T= .’L'7 y = y7
36 a1b3 b3

one obtains that det(M) can be transformed up to a constant multiple to the
following form:

228 — 12277 + 182"%y/* — 18297 + 27y/* + 3.

This is, in fact, the polynomial Fy 5. If by = 0, then it is easy to see that det(1]) is
exactly the same as in Case (e.1).
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At last let us consider the case n > 1. Since the coefficient of the term " 23

is equal to (n — 1)(n + 2)bs, one obtains that b3 = 0. Then relation (2) implies
(n+2)a1by — 4(n+ 1)agby + 2(n + 1)asas = 0,
4(n+ Darby — (n+ 2)arby — 2(n+ ajas — 2(n + 1)*(n + 2)ay = 0,
2(n + 1)a2 — 2nazby — (n + 2)agby — (n +2)*(2n + 1)by = 0,
2(n+ Dag +2(n+ 1)by — (n+2)by = 0.

Solving this system of equations, one gets

albl 4(n+1)b1 Qb%
a2:——,a3:b1, b2:7, 4= T 9
(n+1)(n+2) n+2 (n+2)

As a result one obtains

~da{biz" = (n+1)(n + 2)z}?
B (n+1)(n +2)°

det(M)

)

that is, det(M) can be transformed to z3. It contradicts the requirement (iv) of
Condition 1.

STEP 4. Case (d.v.1). Assume now that n = 2 and hgg, hos, hsa, hgs are the
polynomials given by (1). Then

VY =20, + 3y0y + 520,
V! =3y0, + (a12 + axx’y + a3x5)8y + (42?2 + aszy® + agzy + azz") 0.,
V2 =320, + (bleZ + boxy? + byzty + b4w7)8y

+ (bszyz + bz 2 + byy® + bs®y* 4 boxSy + bypx”)0..

We are able to compute relations between the constants aq,as,...,b;y which
provide that (V°, V!, V?) satisfy Condition 1. In virtue of the requirement (iii) one
can assume that a; # 0 in considerations below. Taking a suitable weighted
changes of variables

(2,9, 2) = (2,9 + 12,7 + cox’y + c32”)

with some constants cj, co, c3, one may assume that ay = a5 = ag = 0. Moreover,
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replacing V2 by V2 + ¢;2%(2yV" — V') with a suitable constant ¢, one may also
assume that by = 0. Let us determine conditions under which the commutator
[V1,V?] is contained in .Zp. Set

W= [VL, V% — (maz + poy’ + psa’y + p32®)V0 — (qrzy + @)V — ri2?V?,

where p1,...,q, 1 are constants. Let us now determine a condition under which
the commutator W vanishes. Direct computations show that

p1 = —3(arbs), pa = 3a1b7, ps = 3:(—108bs + arasbr + Yaibg), ps = —3(a7 — by),
q = —%a1b7, Q@ = 8_11(189b3 — ayagby — 9arbs), 11 = %(15[71 + a1bs).

As a result one gets that

405W = (9C zyz + Coxtz — Cyaby + C4:E9)8y
+ (=135C59%2 — 27Cs2y® — 3Cqx3yz — 27052 y* + 27Cox%2 — 9C 928y
+ Ci12')0.,

where

Cy = 270ay — 2700y + 72a1bs + 5alb,

Cy = 6075a3 + 405a3b; — 40563 — 1350a1b3 — 27a1bybs + 405a,bg + 5a’asby
+45a3bg,

C3 = —3645a7 + 945a5b3 + 405b1b3 + 12150by + 27a1bs3bs — 5a1a%b7 — 45a1a3by
—45a1a9bg — 405a1 by,

Cy = —405a7b; + 405a1b1y — 1350a3b3 + 405a2b4 — 405b1by — 27a1bybs + Dajasasby
+45a;a3bs,

Cs = 9b; + 14a, by,

Cs = 45a9b7 + 15b1b7 + a1bsby + 135bg,

C7 = —2700b3 + 135asbs + 135b1bs + 9a1b? + 1620bs + 25a1a2by + 495a, b,

Cs = 45a3b7 + 30a2bg + 15b1bg + a1bsbg + 270by,

Cy = 540a; — 225by — 15a3b5 — 15b1bg — a1b5b6 — 15aq by,

Cho = 1215b1p + 45a7bs — bajarby + 90azbs + 45a2bg + 45b1bg + 3a1bsby,

Chi1 = —405b1b1g — 945a7b3 — 27a1b1gbs — 405a7bg + Sajasarb; + 45a1a7b3 — 405a3bg.
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Hence, W = 0 if and only if C; = 0 for all j =1,2,...,11. One can verify that nine
equations C; =0 for 1 < j <11, j # 4,11, imply that
az = (270b; + 107a3b;) /270,
a3 = —ay (—2430bg + 2970a,b,b7 + 313a3b2) /36450,
a7 = a;b7(123930067 — 1224720a1bs + 915435a3b,by + 97559ab2) /82668600,
by = (14580bs — 5535a1b1b; — 1001a}b?) /24300,
by = (—2755620b,bs + 1283040a,b*b; — 867510a3bgby
+ 609579a3b; b7 + 63602a]b3) /41334300,
bs = —14a,b7/9,
bg = —br(1080b; + 293a2by) /2430,
by = b7(291600% — 4374a,bs + 19953a3b, by + 2380a1b%) /393660,
bio = —b7(551124000b7 — 3031182000, b,bs + 634230000a3b2b;
+ 19952730a3bsbr + 132987420a1b,b? + 6967331a5b3) /100442349000.

As a result the remaining two equations Cy = C1; = 0 yield the following two
relations

a1 (1339231320067 + 205687350063b; — 19647570600a1b; bgbr
+ 609839482547 b3b% — 15135498003 bsb2

+ 1187984070ab, b3 + 40787747alb?) 0,
b7(297606960000b; — 2382981444000a;b2bs + 1968670040400a2b?

+ 1041024028500a2b3b; — 2043418201200, bsbs

+663011412075a;b7b? — 2521745427604 bgb2

+ 130912141140a5b; b3 + 8033686661a;b7) = 0.

It is clear that b; = 0 satisfies the second equation. Hence, since a; # 0 one gets
bs = 0. Direct computations show that det(M) can be transformed to 2°; it
contradicts the requirement (iv) of Condition 1. Let us analyze the case by # 0.
Since the above two relations can be considered as polynomials depending on bg
one can compute their resultant:

G = b (46305b; — 2048a3b7)(8640b; — 329a3by)(540b; — 119a3b7)(20by + 3alby)
x (108by + 5a3b7)(135b; + 64atbr) (135, + 364a3br).
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When b7 # 0, then it is not difficult to verify that bg is uniquely determined for
each solution by of the equation G = 0. As a result one gets that (b1, bg) is equal to
one of the following eight couples:

(0,1001a}b%/14580), (—364a2b7/135, —(1/60)a}b?),
(—64atby /135, —4229a3b% /43740), (—3a2b7/20,139a3b2/29160),
(—5ajbs /108, 17a}b3/360), (329a3b; /8640, 36074’ b2 /46080),
(2048a3b7 /46305, 2880794362 /3025260),  (119aib;/540,821a3b2/3240).

It should be remarked that in Case (d.v.1) for n > 2 it is possible to verify by
similar considerations that det(M) can be transformed to z°. However, in this case
direct computations are very complicated and we omit them. In conclusion, it
remains to analyze Case (d.v.2). In fact, one obtains seven polynomials
Fg1,...,Fpr by similar considerations as in Case (d.v.1), n = 2. For this reason
we omit again computational details.

Thus, this completes the proof of Theorem 1.

It should be also underlined that there is the following relation between

solutions of the equation G = 0 and the set of polynomials Fy ; for j =1,2,...,8.
To be more precise, one has the following statement.
o PROPCZ)()SSE;PI(;N 2. 1{11)91 is equal to 0, — i‘gg atby, — 135 L a3y, — 35 3 a3by, — 108 abs,
32 albr, 2aib;, or H3aib;, then det(M) can be transformed by suitable
weighted changes of variables to the polynomials F1, Frs, Frra, Frugs, Frus, Fug,
Fyo or Fy 7, respectively.

6. Singular loci of hypersurfaces.

As was remarked in Section 1 an arbitrary Saito free divisor has singular locus
of codimension one (see [4]). Let us show how it is possible to analyze properties of
hyperplane sections of singular loci of polynomials from Theorem 1. Thus, let
F(x,y, z) be such a polynomial, let Zp be the affine hypersurface in C* defined by
F =0, and let Sp be the set of singular points of Zp. Direct computations show
that the intersection Sp N {x # 0} is a smooth manifold. Let S%, j=1,2,...,k be
the set of irreducible components of Sp. It is not difficult to see that each
irreducible component S‘} is a plane curve. Take a point P € S’% N{z # 0}. The
purpose of this section is to study the hypersurface Sr near P.

First let us recall the well-known list of plane curves with simple singularities
at the origin:

Ay G, (u,v) =u"™ 0P =0,n>1;
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D, : Gp (u,v) = u(u"? +v*) = 0,n > 4;

Es : Gg,(u,v) = u* +0v* = 0;
E;: Gg (u,v) = u(u® + v*) = 0;
Fs: G (u,v) =u’ +v* =0

We say that the type of singularity of Zp along Sf? is A, if there is an open
neighbourhood U of P and a biholomorphic map ¢ of U to an open neighbourhood
U’ of the origin in C® such that p(ZrNU) coincides with {(u,v,w) € C*:
Ga,(u,v) =0} NU" and ¢(P)=(0,0,0). Similarly we say that the type of
singularity of Zp along S‘Iiy is D, (or Ey(k=6,7,8)) if there is an open
neighbourhood U of P and a biholomorphic map ¢ of U to an open neighbourhood
U’ of the origin in C* such that o(ZrNU) coincies with {(u,v,w) € C*:
Gp, (u,v) =0} N U and p(P) = (0,0,0) (or to {(u,v,w) € C*: Gy, (u,v) =0} N U’
and ¢(P) = (0,0,0)).

We state the main result of this section as follows.

THEOREM 2.
(i) There is a natural bijection between the set of polynomials P4 and the set of
corank one subdiagrams of Dynkin diagram of type Eg invariant under its non-
trivial involution.
(ii) There are natural bijections between two sets of polynomials P, Py and two
sets of corank one subdiagrams of Dynkin diagrams of type E;, Eg, respectively.

This is a direct consequence of the following proposition. In fact,
Ay + Ay + Ay, As

are types of corank one subdiagrams of Dynkin diagram of type FEjs invariant
under its non-trivial involution. Moreover,

As+ A+ A, As+ A, Des, Ds+ A, Es, As+Ar, A
are types of corank one subdiagrams of Dynkin diagram of type E7, while
A+ A+ A, A+ A3 +A, Ds+ Ay, Di Eg+ A, A, B Ag+ A

are types of corank one subdiagrams of Dynkin diagram of type Es.

PROPOSITION 3.  The types of singularities of hypersurfaces defined by
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seventeen polynomials of Theorem1 are given in the following table.

F Slj;ﬂ Type

Faa yzO,z:iaL‘2 Aq F S%- Type
y:\/—i%ﬁﬁ,z:—ﬁxz Ay Fra yZ(Q),z;:O .. jl

=Z2z°, z2=52°

y= oy em et A ZyJ:ig%:Lﬁ, zis%aﬁ Ai

Fap y=0,z=2" As Fro y=0, 2=0 Ay

Fpr y=0,2=0 As y=122%, z = 1442° A,
y=32%,2=0 Ay Fus y=0,2=0 Ds
91%5’32;2:2*17353 Ay y:%x“%,z:ﬁx‘“ A,

Fps y=0,2=0 As Fps y=0,2=0 D,
y=—§x2,z:%x3 Ay Fpgs y=0,2=0 Eg

Fps y=0,2=0 Dy y=—a’ z=2a" Ay

Fpy y=0,2=0 Dj Fys y=0,2=0 A;
y=3%2%2=0 Ay Fyr y=0,2=0 Er

Fps y=0,2=0 Jo Frs y=0,2=0 Ag

Fpg y=0,2=0 Ay y=—32%, 2= 92" A
y =222, 2 = 423 Ay

Fpr: y=0,2=0 Ag

REMARK 3.

1. The author proved this proposition by direct computations. However, some-
what later he found that it can be proved by a method of V. I. Arnol’d (see [6])
which allows one to reduce functions with isolated critical points to normal forms.
2. The author develops this approach (see [18]) and obtains a list of Lie algebras
depending on three variables satisfied certain conditions related with eight
exceptional singularities from the list of Arnol’d. This result produces a number of
Saito free divisors which can be considered as one-parameter deformations of
these singularities. (See also [5] for related topics).

7. Discriminants associated with reflection groups of A,-type.

Let z9,...,x, be independent variables considered as coefficients of the
polynomial of degree n

Py(t) =t" +aot" 2o + xy 1t 4 T,
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Each xj is the k-th elementary symmetric function of roots of the polynomial; this
function is usually called Viete polynomial of weight k. In fact, the polynomial
P,(t) defines a versal unfolding of an A,_;-singularity.

Let O be the partial derivative with respect to zy, k=2,...,n, and let =
2290 + 32303 + ... + nx,0, be the Euler vector field with respect to weights
2,3,...,n, so that Fxy, = kxg, k= 2,3,...,n. Let us consider the following vector
fields whose coefficients are contained in the polynomial ring R =
Clxo,x3,...,Ty):

n—1
V= aia(@)di, i=01,...,n-2,
j=1

Similarly to Section 2 there is defined a square matrix of order (n — 1) associated
with vector fields VO, V1 ... V"2

M= ||aij(x)‘|()gign71, 2<j<n"

The following conditions on the system V = (VO V1 ... V"2) are similar to
Condition 1 on triples of vector fields:

CONDITION 2.
(i) ari(z) = ap(z) = (i + Dy, i=0,...,n—2;
(i) VO,V =VI j=1,2,....,n—2
(iii) the system V is involutive, that is, R-module generated by V/ j=
0,...,n—2, is a Lie algebra over R.

In particular, the first requirement (i) of Condition 2 implies that V' = E.

LEMMA 2 (cf. [15]). Assume that VO, V1, ... V"2 satisfy Condition 2.
Then one has the following relations

VIF(z) = ¢j(x)F(z), j=0,1,....,n—2,
where ¢j(x), j=0,1,...,n—2, are polynomials.

A typical example of polynomials in question is the discriminant polynomial
of P,(t). To be more precise, if F(z) is the discriminant polynomial of P, (t), then
there are vector fields VO V1 ... V"2 satisfying Condition 2 such that F(z) =
det(M) (cf. [15], [21], [22]).

EXAMPLE 1 (see [23]). Let us consider the following system of vector fields:
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VO = 22905 + 3305 + 42404 + 52505 + 6260,
V! = 3230, + (4ay — 3332)63 + (bxs — x2x3)04 + (626 — §x2x4)65 — %x2x586,
V2 = 42,05 + (t—ong) — 5;62;63)63 + (36x6 — §$2$4)84 — 2291505
+ BGwaws — %1‘31‘5 + %xi)ag,
V3 = 5250, + (1626 — x2x4 + —363)53 2292504 — —x3x58r — $4xr86,

Vi = = 6602 + (— 332335 + 933‘31‘4)83 + (3$2$6 §$3$5 + 5.134)84
— 5;10433585 + (—1—0$§ + —sc4gc6 + meﬁ + m2x4 227x2x3xr)86
Then R-module generated by the system of vector fields V = (VO V1 V2 V3 V4)
is endowed with structure of a Lie algebra over R. Moreover these vector fields
satisfy Condition 2 and det(M) is a polynomial which can be considered as an
analogue of the discriminant of the polynomial Ps(¢) defining a versal unfolding of
an As-singularity.

It should be remarked that Lie algebra .#(V) generated by V7, j =0,1,...,4,
was found in the study of the prehomogeneous vector space (SL(5) x GL(4 H ®
0) by T. Yano and J. Sekiguchi under the guidance of M. Sato. Based on this
example M. Sato posed the following question.

PROBLEM 2 (M. Sato). How to describe the set of all polynomials having
the form F(x) = det(M) up to weighted changes of variables?

This problem can be directly generalized to the case of Weyl groups, or more
generally, to the case of Coxeter groups (cf. [15], [21]).

We are going to mention some results related with Problem 2. The simplest
example is the following: det(M) = 2"~ 1. Here are other well-known examples:

(1) If n =2, then F(z) = x4, the discriminant of Py(t).

(2) If n = 3, then F(z) = 4a3 — 2723, the discriminant of Pj(t).

(3) If n =4, then there are only two polynomials F4; and F42 given by
Theorem 1.

(4) If n = 5, then there are at least two polynomials satisfying Condition 2.
The first one is equal to the discriminant of Ps(¢), while the second is equal to the
determinant of the following matrix

21’2 3$3 4;64 5%5
3x3 x% + 4dxy % 5 130 ToXy
M= 5 5
41’4 5(E5 -3 Xoy -3 IoX5
15 3.2 15
51’5 2%2%4 16 T3X4 31’4 + 7= 16 T35
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More exactly, det(M) = — 5 (312524 — 1500292322 4+ 1200z325ws — 60232 —
768z3).

(5) If n = 6, then there are at least two polynomials satisfying Condition 2.
One is the discriminant of Pg(¢), another is the polynomial defined as the
determinant of the matrix associated with fields V°, V!, ... V* of Example 1.

(6) In the case m > 6 the author knows only examples which are the
discriminants of polynomials Py, (t), k > 6, versal unfoldings of A;-singularities.

Finally we mention about an interesting relationship between Example 1 and
deformations of complete intersections. Let us consider the total space V C
c:

6 .. . .
) X C(u’w’by(%d) of the minimal versal deformation of a simple space curve

singularity of type Ss. It is defined by the following two equations

PP+ 2 by+cz+d =,

Yz +ar = .

Set § = C?Mﬂ_’b’&@ and consider a natural projection ¢ :V — S. Let D be the
discriminant set of the map ¢. A system of free generators (6 61 ... §6)) of

Clu,v,a,b, c,d-module Derg(log D) has been computed by A. G. Aleksandrov (see
2], p.237). Set Y; =6V, j=0,1,2,4, and Y5 =1 (6 — 26| _;. Then by
direct computations one gets that Y}, j = 0,1,2, 4,5, are holomorphic vector fields
on Ci’?l,’v’b,p’d). Moreover, Lie algebra .Z(Y)) is isomorphic to Z(V) for the system
V =(VY VL ...,V of Example 1 under the following change of variables

2 1 1

_ 1 _1 _ 1 1 _1 _
d = —313, b =313, ¢ = —35(T4 — 373), v = 5575, u=5(T6 — §TaT4)-

8. Appendix.

Here we write out matrices M associated with polynomials given by Theorem
1 and also write out [V, V?] for the vector fields V1, V2.

2z 3y 4z
(AD) |3y —2’+4z  —gzy |, VLV =V — V!
4z —fxy  1(8zz—3yP)
2z 3y 4z
(Aii) 3y 1(z—2?) 6y , VLV = —6yV0 + 142V?

4z —2zy 1623 + 249° — 8x2
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T 2y 3z
(Bi) 2y wy+3z 22z |, [VL,VY=—2V"42V?
3z 2xz Yz
T 2y 3z
(Bii) 2y — % (2zy —9z) —dzz |, [VL,V?] = %yV1 — %xVQ
3z — % (v* + 3z2) —2yz

T 2y 3z

(Biii) 2y —3(ay—52) —Laz |, VLVY= v —Spv?
3z — g y? — gyz
T 2y 3z

(Biv) |2y 3Bazy+z) 6xz |, [V, V= -92V" 492V
3z 0 —3yz

T 2y 3z
(Bv) (2y —2dxy +2z 2 —32zxz |, [VL,V?] =242V 4+ 6yV! — 402V
3z —9y? —12yz

T 2y 3z
Bvi) |2y Bay+3e  §y+Taz |, VLV =200 -Vt 4 )
3z 2 (157 4 x2) 18yz

T 2y 3z
(Bvii) 2y 5 (—dwy+72) v —Yaz |, VLV =142V0 - 9yV! — %I’VQ
3
2
x

3y 5z
(Hi) 3y 2z+22% Tzy? + 22ty
5z Txy® + 2xly % (1593 + 4az + 1823y?)
VLV = (4ady + 202)VO + dayV?
T 3y oz
(Hii) | 3y 36z%y + 62 90xy® + 90x%2
52— (122% — 55y)zy  — 3 (62%y* — y* + 62z — 18xyz2)
[V, V?] = (—602%y + 150y + 18022)V’ + (602" — Zy)V! + 542°V?
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x 3y 5z
Hii)) | 3y (e’ +22) Ba?+52%2 |, VLV =42V = SayV! + 227V?
5z 51> Dy(2? + x2)
x 3y 5z
(Hiv) 3y % (—42’y+62) 2 Sy’ — 207z |,
bz - % ay? 3 fy(y® — xz)
VLV = =82V 4 102yV?! — 222 V>
x 3y 5z
(Hv) 3y — g (4a’y — 2z) — %Jc(9y2 + 16z2) |,
5z —15217 —5y(y? + 4x2)
(VL V2] = (—12¢% + 1222)V° 4 102zyV! — 1222V
x 3y 52
(Hvi) 3y  —3(Baty—4z)  —Ba(—y’ +222) |,

52 —3a(—8y + 522) Dy2y? + 22)
= (8y” + 1622)V’ — 10zyV" — 22’V
z 3y 52
(Hvii) 3y —2(22%y+z) —2a(—yP+3w32) |,

5z ? 12 - ?y(y2 — 3x2)
V1, V2 = By + 3a2)V! — PayV' — 22?V?
T 3y 5z

(Hviii) 3y -— g (242%y — 7z) g (=3¢ +2822) |,
52 — % 2(Ty? + 20x2) 5 2y(Ty? — 52x2)
, = (—28y” + 28zz + s0xyV ™ — 5bx .
Vv 28y” + 2822)V? + 30zyV' — 362°V*
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