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1. Introduction.

Let a and g be relatively prime positive integers and let =n(x, ¢, a) stand
for the number of primes p=x congruent to ¢ modgq. The prime number
theorem of Siegel and Walfisz (see Prachar’s book states that

) _ Lix _ 12
n(x;q, a)= ) +O(x exp(— A(log x)''?))

uniformly for ¢g=(log x)2 where B is any positive constant and A=A(B)>0.
This theorem has the defect that it holds only for relatively small values of q.
The Extended Riemann Hypothesis yields (see Titchmarsh [34])
Lix
x;q, a)=——-+0(x"?log x

m(x;q, a) ) ( g x)
uniformly for ¢=x'*(log x)"%, but even this is not always sufficient. H.L.
Montgomery conjectures that

w(x; q, a):%+0((%>1/2+5>

uniformly for all ¢g<x'¢ (actually Montgomery formulated the conjecture for
U(x;q, a), see [24], the above version follows easily by partial summation).
Here and in what follows ¢ stands for any positive constant to be regarded as
being small and not necessarily the same at each occurrence; the constants
implied in the symbols 0 and < depend at most on e.
In 1930 E.C. Titchmarsh used Brun’s sieve to prove that if g< x!-®
then
x
7T(x y q, a)<< W
This bound represents the true order of magnitude of z(x; ¢, a) in the whole
range ¢<x'"°. Although Titchmarsh’ result is much less precise than the
hypothetical asymptotic formula of Montgomery it has been recognized to be
equally fruitful in various problems. Titchmarsh himself applied his result for
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evaluating the sum

2 d(p—1).
psx

For this particular purpose a numerical value of the constant implied in € is
immaterial while in other circumstances its exact value would be of great
importance.

A careful application of Selberg’s sieve has led van Lint and Richert to

2
n(x;q, a)< ?D_G)TOJ;WQCH/(’]—(l—}—O(—IOng/q))

uniformly for ¢<x. We remark that the same bound can be extracted from
the combinatorial sieve of Rosser through the results of [16].

Other proofs have been given by Bombieri and Davenport in and by
Montgomery and Vaughan in via different large sieve inequalities. Mont-
gomery and Vaughan obtained very neat bound without error term O((log x/q)~%)
at all! A reduction in the value of the factor 2 would have important con-
sequences for the location of Siegel’s zero (see and [29], but this
seems not to be attainable by sieve methods alone.

Most applications require estimates for z(x; ¢, a) on average over ¢. In
1972 C. Hooley started studying such estimates introducing several beauti-
ful ideas to the subject. He was the first who succeeded in treating the
remainder terms in sieve estimates non-trivially. Although the details of Hooley’s
ideas will be given in the proofs of our theorems, it may be helpful to make a
few introductory remarks now.

Given ¢<x we consider the sequence

AP={l=x; [=a(mod ¢)}
and for (d, ¢)=1 we denote

X

HAQ, d)=|{le A9 ; [=0(mod d)} | — qd

A direct application of either Selberg’s A%method or Rosser’s combinatorial
sieve leads to

: _@tex @
n(x;q, a)< o(g) log D +R(A?, D)

where >0, x> x4(e), 2<D<x and

R(A®, D)= 2 par(4?, d)

(d,q)=1

with some coefficients p,=p(d, D) bounded by 3*‘“ in absolute value. The
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remainder term R(A®, D) is required to be «x'~¢/¢(gq). The larger D we can
admit the better our result will be. Traditionally, one uses a trivial estimate
[r(A®, d)| =1 which allows us to take D=x'"%/q and consequently giving

24¢e)x

(11) 72.'(}\7 s 4 d)<mﬂ

This is rather crude method of treating R(A, D) because on summing the
error terms (A9, d) over absolute values one gives up a possibility of cancel-
lations when summing over weights pq instead. At first look it seems to be
unrealistic to get a great cancellation because the weights p, involve Mobius
function p(d) about which we know very little. In Hooley’s methods the can-
cellation of the terms pq.r(A?, d) is due to the extra averaging over ¢ rather
than to a particular shape of the sieve weights ps. To be clear, Hooley con-
sidered (implicitely) bilinear forms of the type

> 2 agpar(A9, d).
(a,Q)=1 (dd.é)l):I
He developed various methods to dealing with such sums. In his first paper
Hooley expressed each remainder term R(AY, D) by exponential sums,
used Cauchy’s inequality to change the coefficients @, into more suitable a,=1,
and a reciprocity relation

= i (mod 1)
q

Wher'e pp=1 (mod q), gg=1 (mod p) for (p, ¢)=1, to arrive finally at a number
of incomplete Kloosterman-Ramanujan sums being estimated through the use
of the celebrated result of Weil. In the second paper on the subject Hooley
improved his first results by means of the large sieve inequality. And in the
third paper he applied a simple variant of the Linnik dispersion method
getting in a surprisingly elementary manner still stronger estimates for almost
all ¢ in vicinity of x. Summerizing the above three papers of Hooley one may
reformutate his results as follows.

THEOREM 1 (Hooley). Let ¢, ¢; and A be arbitrary positive numbers and
x>x, (g, &1, A). We then have

) (4+e)x

(1.2) w(x; q, a)< o(q) log
save for at most Q(log Q)4 exceptional values of qin (Q, 2Q] with x'*< Q= x3*
and

(4+e)x

(13) n(x 5 q, CZ)<W
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save for at most Q(log Q) 4 exceptional values of q in (Q, 2Q] with x**<Q=<xt~*.,
In 1974 Y. Motohashi demonstrated remarkable refinements of Selberg’s
sieve to improve for all single ¢ in (x%, x*/27%). Let me quote here a few

of his estimates (see [27] and [28]).
THEOREM 2 (Motohashi). Let ¢>0 and x> x.(e). Then

(1.4) n(x; q, a)< ¢(q)(li§2?x, ")
where

1.5) D(x, @=xq7"* if g<x'*"
(1.6) D(x, 9=xq7"* i ¢=x*"

(1.7) D(x, 9)=x%¢"* if x*P<lg=x'r.

Motohashi’s works were very pioneering for the sieve theory because this
was the first instance when a particular property of sieve weights had been
made use of in a such effective manner. The relevant property is displayed in
the following binary form for the remainder term of Selberg’s sieve

AA, D)= 3 X 2Ag,Aa,r (AP, [dy, do]).
d1<~vD do<vD

In estimating the above remainder term Motohashi used the analytic tech-
nique familiar from the theory of L-functions. The bilinear form A(, D) is
utilized in an application of the mean-square theorem for Dirichlet’s polynomials
(see and the fundamental structure of the sequence A? is utilized
in an application of various estimates for L-functions, just to mention the
Burgess 3/16-theorem and the fourth moment theorem for L(s, X) on the half-
line (see Cemma 2). On the Extended Lindel6f Hypothesis, namely

L(—é—+it, X)<<(ltl+1)q5

Motohashi was also able to show that holds with
(1.8) D(x, ¢)=x if g<xtit-e,

Later some of these results were improved slightly by D. Goldfeld and D.
Wolke [36].

Very recently, having received an inspiration from Motohashi’s works, we
found a bilinear form for the remainder term of Rosser’s sieve which in more
than one respect has an advantage over that of Selberg’s sieve. In the situation
considered here Rosser’s sieve gives (see [18])

PROPOSITION. Let ¢>0, A—exp8c7%), x> x(e), M=1, N=1 and D=MN< x.
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We then have

) (2+ec)x ;
(1.9 n(x; q, a)<———-—¢(q) log D +a§ARa(J o M, N)

where ¢ is an absolute constant and

(1.10) Roy(AP, M, N)= X Nambnr(dl@, mn)

m<M n<
(mn,q) =1

with some coefficients an, b, depending at most on e, a, M, N and bounded by 1
in absolute value. In addition, (1.9) holds with remainder terms of the type (1.10)
having the variables of the summation m and n coprime and squarefree.

A direct injection of the analytic arguments into the above version of
Rosser’s sieve yields Motohashi’s bounds for z(x; g, a) but in wider ranges;
namely (1.5) for ¢<®**~¢ and (1.6) for ¢*/2-°. Somewhat stronger estimates will
be obtained by more elaborated analytic technique in Section 2. No analytic
method works in the range ¢>x'/? for much the some reason as the large sieve
is not applicable for Bombieri-Vinogradov’s type theorems. In this respect
Hooley’s arguments reveal to have a great advantage. His ideas related to the
Fourier analysis, incomplete Kloosterman-Ramanujan sums and the dispersion
method all together are adopted to treat the bilinear forms R (A9, M, N) for
single g<x'"® as well as for almost all ¢<x'¢ in Sections 3 and 4 respectively.
In Section 5 we briefly sketch two applications. The first problem deals with
the greatest prime factor of shifted primes and the second problem concerns
of the least almost prime P, in arithmetic progressions.

Some results on the Brun-Titchmarsh theorem for short intervals are stated
without proofs in the last Section 6.

ACKNOWLEDGEMENT. The author expresses his gratitude to Professor
Christopher Hooley for several stimulating discussions and fruitful suggestions.

2. A character sums approach.

In this section we shall appeal to estimates for character sums of various
kinds.

DEFINITION. Let € be a non-negative constant with the property that for
any ¢>0 there exists 0=0d(¢)>0 such that

2.1) SADKLg™?
IsL
for all non-principal characters X (mod ¢) and all L=q%*.

LEMMA 1 (Burgess). For any q we have 0=3/8 and for cube-free q we
even have 6=1/4.
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Actually Burgess proved more precise results, see and [4] For our
purpose any positive d in will be sufficient. However, it follows from the
Extended Lindel6f Hypothesis that the true bound for should be c(e)LY?%q"
for all L=1. In particular this implies the commonly known

HYPOTHESIS. For any q we have 6=0.

Even this seems to be very deep and difficult to prove in general. For
special ¢ having fixed prime factors the hypothesis can be proved by Postnikov-

Gallagher method (see [1], [6], and [5].

LeMMA 2. For T=2 we have

L(% +1t, X> l 4dz‘<<qT(10g qT)*.

Z(mod @) S—T

This lemma is a simple consequence of the fourth moment estimate for
L(—z——l—zt, X) with primitive characters, see [23]. Hence one can easily derive.
) 1 .
LEMMA 3. For partial sums of L(—z— +1t, X) we have

2| DD ([t +1) log® g L(J2]+1).

x#%y IsL

We shall also need results about frequency of large values of general
Dirichlet’s polynomials.
LEMMA 4 (the mean-square theorem). For any complex numbers a, we have

> anx(n)[2<<(N+Q)N<E lan|?.

X(modq) N<ns2N ns2N

This lemma is almost trivial (for a proof see [23]). The next lemma is
much deeper.

LEMMA 5 (the large values theorem of Huxley). For any complex numbers
a, and for a positive V we have

g{l(mod ¢);| 2 aX(n)|>V}LGNV 2 4q'*G*NV ~°
N<ns2N

where G=X|a,|%

Two important arguments are involved in the proof of namely
the Halasz-Montgomery inequality and the Huxley reflexion method. For a
simple and elegant proof see Jutila [197.

On the basis of Lemmas 3,4 and 5 we shall demonstrate the proof of

THEOREM 3. For any >0, x>x,(¢) and ¢=x°*""¢ we have

(2+¢)x

2.2 . < \eTmEIA
2.2) (x;q, )= o(g) log D

U)ll‘h D:D(x’ q):min(xq_o, xzq—IZ/S).
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In virtue to Burgess’ results one gets unconditionally with D=xq~3/8
for any ¢ and with D=x¢ %/* for cube-free q. Moreover, assuming the hypo-
thesis #=0 one may take

x if g=x°1?
(2.3) D:{

xzq—lz/s if q>x5/12.

By the linear sieve results (1.9)-(1.10) the proof of Theorems 3 reduces to
showing that

@ 1-0
2.4) M<£2M qu;wambnr(u‘l , mn)Lxt°/¢p(q)
for M, N<D'*x¢ where ¢ is any positive constant, 0=0d(¢)>0 and the coeffi-
cients a,, b, are bounded by 1 in absolute value. For simplicity of analytic
arguments it is convenient to work with Riesz’ means

Au(x, d)= % by (mg%)k

l=a (mod Q)
1=0 (mod d)

and
rax, d)=Au(x, d)——5.
qd
We have A.(x, d):SfAk_l(y, d)—djy— hence A,(x, d) is nondecreasing function

of x and consequently for any A>0 we can write

1= d 1 etz d
TSe-zxAkﬂ(% d>7y§Ak_l<x, H==\"" 40, d)~—yy—.

The integrals are equal to
Aplx, d)—Ae *x, d) and Aple*x, d)—Ai(x, d).

Therefore, extracting the main term x/gd we obtain

A__
Faotr, DS(CTE 1) Et 2 Oreis, d—ral, )]

A qd
(2.5)
Fer(x d>>(1_‘3_2 —1) * L D ix, )]
k-1 ) = Z (]d 2 k ) k ’
for k=1, 2, ---. Letting

Ry(x; M, N)= X D Ambari(x; mn)
M<m%7?1‘ﬂ£ qI)V:<1n§2N

we deduce from (2.5) the following implication :
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if Riy(x; M, N)Xx'"%/g(g) then R,y(x;M, N)<x'"2/¢(q).
Therefore the proof of reduces to showing that
Ry(x; M, N)<x7/¢(g)

subject to M, N<D'2x-¢ with any ¢>0 and some 0=0(¢)>0. By the orthogonal-
ity of characters we have for (d, q)=1

1 ] 4
rix, =5 @gq) Z Kad), 3 o log )
11 ] f e

= o B e Hayd), 33 16)(log ) +0( : ).

IxXo

Hence, letting L=x/MN,
B(s, )= 2 X(DI*

=L

M(s; x)=M<m2§2Ma X(m)m™*

N(s; 0)= > b X(n)n™®
N<ns2N
we obtain

Rux: M, N):LS

2mi

x* 1 - e
5T ptg) 2, K@) Bls, HMIs, HNGs, X)ds+0( ; MN).

Now, it is sufficient to show that

x;}( | B(s, XYM(s, X)N(s, X)| L |s|8xt2-d,

We have trivial estimates
| B(s, X)| <2L'2, | M(s, )| =M'?, |N(s, )| =N?

thus the characters XX, for which one of the above three bounds is less than
(p()x%* can be neglected. The set of remaining characters X=X, can be
classified into € (log x)® subsets S(U, V, W) of characters satisfying simultaneous
conditions

U<|B(x, )| =2U, V<|M(s, X)| <2V and W<|N(s, X)| =2W

where U=21"*L1%, V=2""M"", W=2""N"", u, v, w=1,2, -, [Zlogx] It is,
therefore, sufficient to show that for every U, V, W in question

(2.6) UVW|SWU, V, W)| < |s|3xt/2-%
Here |S(U, V, W)| stands for the cardinality of S(IU, V, W). A sufficient infor-
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mation about |S(U, V, W)| can be derived from Lemmas 3, 4 and 5. By the
mean-square theorem we deduce that

|SWU, V, W)| KMV 2+qV™?
|SWU, V, W)| KNW2+4-qW~?
and by Lemma 3 we deduce that
IS(U, V, W) <qU*|s| (log gL|s|)°.
By Huxley’s large values theorem we deduce that
IS, V, W)| KMV -24qg***MV~°
|SWU, V, W)| KNW24g**NW ¢
(S, V, W) KLU *+¢***L*U™*) (log L)°.

In addition to the above we need an upper bound for U. To this end we utilize
(2.1). By partial summation we deduce that, unless S(U, V, W) is emply,

2.7 UL |s|LY2x=%, §=0(¢)>0

subject to L=g%*:. This restriction is satisfied because L=x/MN, M<DY?x"¢,
N=D'"2x-¢ and D is chosen in Theorem 3 just for this statement to hold.
Now we are ready to prove (2.6). We apply Heath-Brown’s arguments
which had been used in [11] to estimate the number of primes in short intervals.
Burgess’ estimates for ZELX(Z) play here the same role as van der Corput esti-

mates for partial sums of the Riemann zeta-function does in [11]. Our result
(2.2) is an analogue of Lemma 2 from [11]. For simplicity we denote

. (M+q N+q¢q ¢ M  ¢M N gN L*  qL*?
Pemin( =5t St < e e e e et )

with the aim of showing that

UVWFL|s|x12-%,

We consider four cases
Case 1. F=Z2V~*M, 2W-tN. In this case, by (2.12) we get

UVWFZ2UVW min(V-2M, WEN)<2U(MN)2L | s | x1/2-3 .
Case 2. F>2V-*M, 2W~2N. In this case we have
F=2min{qV =2, qW=2, qMV ¢ gNW~¢, qU*, LU}
+2min{gV 2, qW~2, MV =%, gNW~-¢, qU~*, qL2U %}
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<2qV ) (gW )MV~ GNW =) min(qU %, LU )"
+2 min {(V =2/ %(qW - (g MV -y 11(gNW =) 1%(qU ~4)14,

(qV ~5)9(qW -2y (g MV~ F (qNW =945 LU %117
=2{UVW) 'g(MN)"**{min(1, ¢""*LY*)-+min(l, LV (MN)~1/24)}
LKUVW) Y (xM18gsr2 4 x 1120 L(UVIW) 1xt 28,

Case 3. F>2V:M, FS2W™:N. In this case we have
F=2min{qV % NW=2, gMV~¢, qU"*, L*U"*}
+2min{gV -2, NW~2, gMV~5, qU*, qL*U %}
S2qVHVANW)YHgMV =)V min(qgU ™4, LU )V
+2 min{(gV H)VINW ) g MV =) 5qU )",

(qV 2 ANW ) % g MV =) (g LU 7)™}
=2(UVW) Y(gN)**M*®{min(1, ¢~*/*L**)4+min(1, L'/°M~1/**)}
LUVW) YxM8GUIEN38 4 x M 2gUENSI LU VW) 1222,

Case 4. F>2W—N, F£2V-*M. We may reduce this case to the previous
one by interchanging M with N and V with W.
The proof of is complete.

3. A Kloosterman sums approach.

In this section we present another treatment of R,(A“, M, N) which
depends on several ideas of Hooley. We first consider
D(x; M, N)= > | 2 bupr(AP, mn)|?

MIms2zM N<ns2N
(m,q =1 (n,9)=1

with the aim of proving the following basic theorem.
THEOREM 4. For any complex numbers b, we have

3.1 D(x; M, N)X9 > |b,|?
N<ns2N
where
V x X x x3/2 x3/2 x? A
g)=< qN + q3/2 +q1/2N+ q3/4M1/72j+ q5/4MN1/2 =+ sz1/2N1/2 + q7/4M3/2N)x' .

On using the Cauchy-Schwarz inequality one can easily derive from Theo-
rem 4 the following result.
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THEOREM 5. Let £>0, x*5<qg=x¥*%, M=x'"%/q, N=x*"*/¢*", |a,| =1,
|b2|=1. We then have
(3.2) 2 2 Anbar (AP, mn)Kxt ¢ /p(g) .

m=M n=N
(mn,q) =1

This theorem admits us to take in D=x*?%""/q"* thus getting
THEOREM 6. For every ¢>0 and x> xe) we have

B8+e)x

(3.3) m(x; ¢, a)ém

provided (a, ¢)=1 and x*°<g=x*"*.
Proceeding to the proof of we first observe that it suffices to
consider b, real. We then write

x ba \2
34) Dx; M,N)=_ = (5 b, 3 1——- =S
MIms2M\N<ns2N rSX qm N<n=2N TN
. (m,=1 (n,)=1 r=a(Q n,p=1
r=0(mmn)

=W(x; M, =22 V(x; M, N)+(Z) UM, N),
q q

say. Each term will be evaluated separately.
i) Ewvalution of V(x; M, N).
By the definition

. - b, 1
Vo M N=( 3 ") S b, B - 31
N<nis2N My /N<ngseN M<mseM M TSI
(ny, Q=1 (ng, =1 (m,q) =1 r=a Q)
r=0(mng)

We reinterpret the congruences r=a(mod g), r=0(mod mn,) by writing
r=mn,l where [=amn, (modgq) and /[<x/mn, Therefore

= 3 1=[-Z —am_’“}_[a@v]

rizx lsz/mng mny
r=a(q) l=amng(Q) q q q
r=0(mng)

(o) (g T

mnsq mnsq q

)

1 . .
where T(E):[Ej—é—i-?. The main term x/mn,q contributes to V(x; M, N)
exactly

(3.5) Vix; M, N):—;C—U(M, N).
To estimate the contribution of the terms qr( X —a mn2> where X=x or 0
mnsq q

we appeal to the following.
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LEMMA 6. For any non-negative numbers a, and real x, we have

S ¥ <<—1§2a,,+ & i\zanahxn)
n n h=1h n

the constant implied in the symbol & being absolute.
This is an analogue of the Erdés-Turan theorem. The proof is in [207].
By lemma 6 we get

M<ms mn H
S 2q

1
» —I—W( x —a mn2><—‘|‘2 |Sa(X, q, M, n,)]
2 m q

where

1
Su, g M, n)=_ > —e(

M<mseM M
(m, =1

mn.q q

hx hm).

To estimate S,(X, g, M, n,) we need the following Lemma which may be deduced
from of [12].
LEMMA 7 (Hooley). If v,>v, then

2.7

(v, q)

Moreover, for any real number y we have

v<vsyp
v, =1

+ 1/2 1/2+¢ YoV
> e( y+b— ><<(b q) (l—l— . )
By partial summation we obtain

Sat, ¢, M, ns)< M~ (1+ MN){(h D2+ (h, q)—}

and hence
_14_;_ & _1_ 1 1/2 _‘Ai €
St B LIS, g M, m) | <t (1 MN)(q +,)atlog 2H
because
(h, @)
h:/_,"H b Ld(g)log 2H .

On taking H in an optimal manner we deduce from the above result that the

1 prepry .
—a m") to V(x: M, N) is
7nn2q q

total contribution of terms ?lf<

(3.6) Vz(x ; M, N)<<xs(ql/2M—1+q—1_I__x1/2q~1/4M—1N—1/2_{_x1/2q—1M—1/2N—1/2)Z[bn{2.
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il) Preliminary to the evaluation of W(x; M, N).
By the definition

Wi, M, N)=_ 2 bnba, 2 = L.

N<nji, ngs2N | MImseM  r1y,T5%
(ning, =1 (m,=1 ri=rg=a(Q)
r1=0(mmny)

Te=0(mng)

We reinterpret the congruences r,=r.=a(modgq), 7r;=0(modmn,;) and 7,=0
(mod mn,) by writing

ri=mnily, ve.=mnsyl,
rili=n,l, (mod q), (lils @)=1

m=any, (modgq).

. . x x . .
Letting M,=M,({,, lg):mln(ZM, P W) on changing the order of summation
1t1 2¢2
we get
W(x; M, Ny= 2 2 baba, 2 1.
N<nj,ngs2N I, 1o MmsM;y
nily,nolgsz/M m=anjly(qQ
nili=ngla (@)
(nylingls, @ =1
We express

B, 1= MM p(Mimdnll_p(MoeE
m=anil (@

and accordingly we denote by W,(x; M, N) and Wy(x ; M, N) the total contribu-
tions to W(x ; M, N) of terms (M,—M)/q and ¥ (M,—an.l)/q)—¥(M—aniy)/q)
respectively. Unlikely to the situation before there is a difficulty in evaluating
of Wix; M, N).

iii) Evaluation of Wi(x; M, N).

To avoid a heavy partial summation it is convenient to approximate

(M,—M)/q by 1 > 1 with the error term O(¢g™") thus getting
q M<ms=M;

1 x \ x log x
. [y = X NXIOEX g e
Wilx; M, N) q M<m2§2M N<ln1,n22§_<21\7 bnlbn2+0(<l+ qM) qgMN Z il )
M
(nilingla, =1

The ranges of variable [,, [, are too short to carry out the summation simply.
To this end we use characters X(mod ¢) giving

1 2
N SD<Q) Z(mOdQ)l%IfiégnNX(ln)bnl .

bn,b
ni1,ng L1, le "7 e

The contribution of the principal character X=X, is equal to
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mn

Yx? 2 \2 2 2
_ o) (%%%V be) +o(dq<q)(~;‘7 +N)Z b, %)

L olg) x :
¢(q) (z\g;ﬁ%ﬂb "\ g +0( <q)))>

q2m2
and the contribution of the non-principal characters is estimated by
1 x1+$
— 2| 3 XUn)ba|* g+ NG ?) =2 bal®.
S qmiN
The latter easily follows from the fourth moment estimate for L(s, X) (see

Lemma 2) and the mean-square theorem for Dirichlet’s polynomials (see Lemma 4).
Gathering together the above estimates we arrive at

3.7) Wix; M, N):(%)ZU(M, N)

—l—O(xE(fN*—qu%;—}— Ajiv + qZIJ\C/IQZN >Z}b"\2>"

iv) Estimation of Wy(x; M, N).
By and the definition of Wy(x; M, N) we get

1
Walx; M, N)X — >
H N<nj,ngs2N
nily, nglgsx/M
nili=nglg (@)
(nylingle, =1

H ] )
+ 2= [bnybny | (| Tw(My, 1y, 1) | +H1T (M, 01, n,)]
rz1 h N

N<7l1, ngs2
(ning, @ =1

where for g=g(ly, [,)=M, or M we denoted

i gﬂy lz)ﬂam)

lLigz/(niM) losx/(ngM) < q
nili=ngle(Q)
(il =1

Tw(g, ny, ny)=

To avoid a heavy partial summation in the case of g=M,(l,, [,) we first write

e(—}ql— Ml):e(% M>+2m’%§Ml e(gf)df

M
getting
. Ch(2M h x x
TaMs, my, m)=T(M, my, ma)+2mi ) "o ZE)UM( 5 s ma me)de

with
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n111
ULy, Ly, ny n)= % % e—ah ).
l1sLy lgsLg q
nily= Tbglz(q)
(Lile, )=

By we deduce

Un(Ly, Ly, ny, nz)—~1— 2 > e( _unllr‘ahnlll) = e( un212>
q u(mod q 1551,

l1sLy =
(3, 9=1 q

<<_1_ S (h, gt 1/2+e(1+,,lf )mm(Lg T nlz/qH)

g u(mod ©

1/2 1/2+¢ _
<(h, @)™ (H MN)
This yields
ﬁ A 1/2,1/24¢
| TW(g, Ny, 1) <<(1+ . M)(H— qMN) (h, @)*'*q

and hence

: RN xlogx :
Wilx; M, N)< H(1+ qM) b, ]

+(1+ rﬂ)(w MN) 22+ N(log 2H)S | by |? .

On taking H in an optimal manner we conclude that

(38) Wilx; M, N)<<x[(1

X\ XN F jf’i] 2
) SN ) () e [0
v) Completion of the proof.

If we introduce the results (3.6), (3.7) and (3.8) into we find out

that the main terms disappear throughout and we are left with the error terms
only giving [3.1) with

x3/2 x3/2

X X x x MN

39  9<(n T B s T T R e A

x1/? x x? .
+ g'" + g M + q""‘MS/ZN)x

We also have trivial bounds 9«<MN and for MN>x we even have

£Z)<<( )(MN) 1. Combining these three estimates we see that some of terms

in (3.9) are redundant as stated in

The limitation for modulus ¢ in comes out from various places,
the most responsible being the estimates in for the incomplete
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Kloosterman-Ramanujan sums. These estimates become worse than trivial one
if the summation is over an interval (v, v,) shorter than ¢*/%. Such situation
just occurs in our applications when ¢g=x%° In 1972 Hooley in connection
with the Brun-Titchmarsh theorem stated a hypothesis that the true bound for
the incomplete Kloosterman-Ramanujan sum

Ky vi;q, b= 3 o b—”—)

v1<vsyy
=1 q

should be c(e)(b, ¢)/*(v,—y1)*/%¢° provided ¢'/*<y,—v;<q. Later he extended
the hypothesis into
HypoTHESIS R* (Hooley). The estimate

K(vy, vs; q, b)K(b, @) *(ve—v1)2¢°

holds if 1=5v,—v,=q.
A simple examination of our arguments shows
THEOREM 7. On Hypothesis R* we have

1-¢

(3.10) S anbar (A9, mu) &
ey Ty )

subjects to x*°<g=x¥%%, M=x""%/q, N=x¥**/q and |an,l|, |b.|=1. Hence,

by we deduce

THEOREM 8. On Hypothesis R* we have

(6+¢e)x
3.11 xX;q, A)S——

R w5 g o) ¢(g) log(x°q~°)

for all (a, ¢)=1, x*°<qg<x*? provided x> x,(e).

It turns out that having the Hooley Hypothesis R* the dispersion method
is not always the best tool for the problem under the consideration. We state,
without proof, what can be obtained by the Fourier series method.

THEOREM 9. On Hypothesis R* we have

(5/3+¢)x
3.12 1 g, A)S—— T
(312 SR o(g) log x/q
for all (a, 9)=1, x*°<g=x'"¢ provided x> x(e).
Notice that is sharper than for ¢>x"/12,

4. Statistical results.

We shall be concerned with bounds for z(x; g, a) for almost all ¢ in inter-
vals of the type (Q, 2Q]. The extra variable ¢ offers us another arrangement
of the dispersion which turns out to yield sharper results in certain ranges of
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Q. Our aim is to prove :

THEOREM 10. Let a be a fixed non-zero integer and let e, €, and A be any
positive constants. Then, provided x> x(e, €1, A), we have, for (a, ¢)=1 and
Q<qg=2Q, that

@.1) 2(x; g, 0)< w(qglli;i)j; i x<Qswn
and
4.2) n(x;q, a)é%— if xPP<@Q<xtt

save for at most Q(log Q) 4 exceptional values of q.
THEOREM 11. Let the notation and the assumptions of Theorem 10 be adopted.
Then on Hypothesis R* we have

(5+e)x

4.3) (x;q, a)é'sgm

if x\P<Q=xta

save for at most Q(log Q)* exceptional values of q in (Q, 2Q].
The proofs will be reduced to estimating the dispersion

T(x;Q, M, N)=_ > 2 | 2 bar(AP, mn)|?
Q<gs2Q M<ms2M N<ns2N
(a, =1 (m,p=1 (n,m@=1

where |b,| =1 and b,=0 for non-squarefree n. Suppose we have
4.4) T(x; Q, M, NyXx**/QM
for any M<M, N=N, This yields

Ro(AP, My, No)<x'7¥"%/q

save for at most Q(log Q)™* exceptional values of ¢, (a, ¢)=1, in (Q, 2Q].
Hence by we conclude that

24+¢e)x
©(q) log M,N,

n(x;q, A)=

for the same ¢’s, provided x>x.(e, €5, A). We shall show that holds for
any M and N subject to either

(45) M<x1—-eQ—1, N<Q1/2x—-1/6 lf x1/3<Q§x1—2e
or
(4.6) M<xQ, N<Qx'? if xMP<Q= %,

By the above discussion the first result will complete the proof of and
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the latter that of [4.2). Assuming Hypothesis R* we shall briefly prove that
holds for any M and N subject to

4.7 ML x14QY, N<Q¥ox~15, x13L Q< xt 4,

This will complete the proof of

To make the exposition clear we shall deal with a=-1 only, the general
ease being similar but a minor complication occurs when a is not prime to the
variable n in T(x; Q, M, N).

i) An elementary treatment of T(x; Q, M, N)

We start with proving that the restrictions [(4.5) are sufficient for to
hold. Our arguments will be entirely elementary. We write

48)  T(x:Q, M, N)= b, B 1--F w» 3"-)2

rsze gm N<n=2N 7
E0( ) (n,mq)=1
=0 (mn)

=C(x; Q, M, N)—-2xB(x; Q, M, N)+x*A(Q, M, N)

Q<qszQ M<m§2M(N<n52N
(a, =1 (m,p=1 (n,mq)=1

where
1 1 bn\?
AQ, M, N)=_% 5 (.3,
?a<52Q q M<'m.)SZM m? 1\;l<7nn§1)2:N1 n

and B(x; Q, M, N), C(x; Q, M, N) are defined analogously. We shall refer to
A(Q, M, N) as a main term. Since A(Q, M, N) will occur in formulas for
B(x; Q, M, N) and C(x; Q, M, N) we do not need to evaluate A(Q, M, N) at all.
By the definition we have
1 1 ba,
Bx; Q. M, )=2=3-(Z-22)(Stw, 3 1).
g g m M \Nng Ny ny TSI

r=al(qQ
r=0(mny)

We reinterpret the congruence r=a(mod ¢g) by writing r=a-+/q. We then have

1<%, (1, mn)=1, Q<g=min(2Q, “) and g=—al (mod mn,). On chang-

Q l
ing the order of summation we get
bn 1
(4.9) B(x; Q, M, N)—EM 2 b3 2 —.
m Nl ny, ng Ny 1 Q<g=min(2Q,(x—a)/l) q

g=—al(mny)
(@, mg/(ny,ng))=1

We shall relax the congruence conditions in the inner sum over ¢ by means of
the following elementary lemma.
LEMMA 8. For (a, b)=1 we have

_ole)b, o)
2 =70, e

l=a (mod b)
,0=1

§+0(d(c)).

On applying twice by partial summation we deduce that
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1 1 1 .
4.10) Q<qsmin(§,(z—a)/l) q o gp(mnl) Q<q5mm(§ @-aib g +O(d(n2)q ).
g=-—al(mny) »MNINY) =1
(g,mg/(ny,np))=1

Now insert this into and change the order of summation again getting

bay 1
B(x, @, M, \)=% z_ P I M —
womome e glmm) (pger

1+0(xQ2Nlog N).

By lemma 8 one gets

(= Pl % = +0(d(mn)
Eraps M
thus
(4.11) B(x; Q, M, N)=xA(Q, M, N)+0(log?MN-+xQ*Nlog N).

We deal with C(x; Q, M, N) in a similar way. By the definition we have
Clx; Q, M, N)= Z 2 2 bnlbnz > 1.

m mni,n T1,T2ST
ri1=rg=a(Q)
r1=0(mny)
reE0(mng)

We reinterpret the congruences r;=r,=a(mod ¢) by writing
rni=a+tliqg, r,=a+lyq.
We then have

x—a

Q

Iy I,= , L=l mod(m(ny, ne), (I, mn)=1, (l;, mny)=1.

Let Qi=Qu(h, L)=min(2Q, %, X
1 2

a )
) and a be the common solution of

a=—al;, (mod mn,), a=—al, (mod mn,).
On changing the order of summation we get

(4.12) Clx;Q, M, N)=3% Z b,,lbn2 2 > 1.

m my,n Q<qsQy
qu(m[nl,nzl)
By we deduce that
ny, N
4.13) 1= s o).
0<gzQ, p(mnin,)  @<se,
g=a(miny, nal) (g, mning)=1

Now insert this into and change the order of summation again getting

(ny, ny)
Cx; Q, M, N)——EE 2 babn,— 2 1
m ny, Ny (mnmz) ll lgS(x a)/q
l1= z(m(nl n3))
(l1,mny)=
(lg,mng)=

+O0((xQ*MN?*+ sz‘ZNZ) log? MN).
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By one gets

p(mnin,) x+0(-£d(n1nz))

1, lgs(Z—a)/q (n1, RN nmig? Q
li=lg(m(ng, ny))

(I, mnp)=1

(lg, mng)=1

thus
4.14) Clx; Q, M, N)=x2A(Q, M, N)+O0{(x+xQ *MN?*+x2Q*N?*) log®MN) .

If we introduce and (4.14) into (4.8) we find out that the main terms
disappear throughout and we are left with the error terms only giving

T(x;Q, M, N)X(x+xQ *MN*+x2Q2N?) log®MN .

Hence we deduce that holds for any M and N subject to

i) Kloosterman’s sums approach .

The only essential distinction in proving that is sufficient for
pertains to sums (4.10) and [4.13) which will be evaluated in greater precision
by means of Lemmas 6 and 7. We deal with C(x; Q, M, N) only, the case of
B(x; Q, M, N) being analogous and simpler.

We start with (4.12). For the inner sum over ¢ we first write

Q.—Q Q: Q—
Q<é@1 lz*m[nl, N +§lf( mn., ns| )—W( m[nl,crhj)'

g=a(ming, ngl

The main term (Q,—Q)/m[n,, n,] can be written as before

Q:—Q - (ny, ny) » 1+O( (4, No)

mlny, nsl @(mnﬁh) (q.?nfﬁén%lﬂ (p(mnlnz)

d(mn1n2)>

by Lemma 8. Therefore we gained the factor (n,, n.)/¢(mn,n,) in the error
term compared with that of (4.13). As a result we arrive at (4.14) with error
term

(4.15) Ollx+xQ*+x2Q M) log* MN)+ ¥ (x; Q, M, N)

where ¥(x; Q, M, N) stands for the total contribution of terms ¥((Q,—a)/
m[nins]) and T(Q—a)/mlnin,]). The first part of (4.15) is admissible.

It remains to estimate ¥(x; Q, M, N). In the former treatment we esti-
mated each term ¥ (Q,—a/m[nin,]) and ¥(Q—a)/m[n,n,]) trivially by 1 in
absolute value.

Now, by means of Lemmas 6 and 7, we shall get a great cancellation by
summing these terms over /; and /, in question. By the definition we have

U(x;Q, M, N)=31 3 bn by, Z{ ( i ) <m[n1, nz])}

m nyng m["l; n2:|
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and hence by an application of we get

4.16) ¥(x;Q, M, NYXH'N¥x/Q)*log x

Ee(h Qi—a >‘+

1y, lg mlni, nyJ

lbzlze(h mé)?:c;z] >1} ’

To avoid a messy partial summation in respect to two variables /;, /, in the
sum involving Q,=@Q,(l;, {,) we arrange each term as follows

2322

m Ty, ny

Ql_ - 271 1 5‘—
O )Ze@‘nﬁl, W) s };23 Jq el b ] )%

Hence, on changing the order of integration over & with the summation over
1, I, we obtain

e( _Qima
I, lgs(x—~a)/Q nl[nl, nz]

— VQ—a

(@1 )= el ni)

2nih 7529 e(  §—a
mnq, Nsl @ 11, 15G—-are m[ N, Ns ]

)de.
In this way we arrived at the problem of estimating sums

—ha
Lh(y’ m, Ny, n2>_ 2 e('77 )
l1,lesy m[?’ll, n2]
li=lg(m(ng, ng))
(I, mny)=1
(lg, mng)=1

where 12_—51 < yéig—q and a—al(l;, I,) is the simultaneous solution of the
congruences

a=—al, (mod mn,), a=—al, (mod mn,).
Letting n¥=mn,/(n,, n,) we see that

_ 7 %
a _ghn b a1

mlny, nel ~ mm ni
which by using additive characters mod m(n,, n,) yields

1
Ly, m, ny, na)=—

m(ni, Ne) uGnodming,na))

( zlzs)y e(7n(;ll’1;2>+ah;7i )X Ey e<m(;%l;2>' +ah127:;1>,

(ly,mny) =1 (g, nH)=1

A straightforward application of lemma 7 leads to
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l1sy

(4.18) > e( uh g hi‘—’iz--)<<(1+ QMN)(h, mn )Y MN )2+ |

mlny, ns]
g, mnyp =1

One may do much the same with > but since the length of summation is

iz

rather long relatively to the modulus n¥ the bound so obtained could be very
weak. We shall gain a lot by receiving a cancellation not only from
e(ah lymny/n¥) but also from the exponentials e(—ul,/m(n,, ny). To cross both

aspects of the summation we write

la=yv+n¥s with (v, n¥H=1, 0<v=n}, 0§s<[ y]

ng

we then obtain

3, Gttt T 3

m(ni, ng) ng 0ss<y/n¥l m(ni, ns)

(lg, nP =1

—uy ymn —ul
» e( +ah *1>+ > e 2 —tah
ocvsny MMy, M) n: n3ly/n3I<izsy “m(n, n)
w,n}=1 (lg, np=1
<(h, n3)2(nty {1+ min(-2 }
n¥ IIunz/m(nlnz)H

by On summing over u(mod m(n,, n,)) we get

(4.19) La(y, m, ns, n2><<(1+ (h, mnyng) 2 M2 N e |

QMN )
Hence, by (4.17) we infer from (4.16) that
U(x;Q, M, N)

<<H_1N2<~g’> xi+ E d(h)

MN?

<<(H‘1N2x2Q‘2+(1+~ ks ﬁ)(1+

MN2 > M3/2N3>x35

QMN

for any positive H. On taking H=MNZ2*Q'x** we finally obtain

(4.20) U(x; Q, M, NYK(QM) 'x* s+(1+ >M3’2N3x75.

QMN
This together with vields (4.14) with the error term

(4.21) 0(xl+s+x2+sQ—2M—-1+x2—sQ—1M—I+x7sM3/2N3+x2+7sQ—2M—1/2N) .

MN2(1+4~ A+ 57w OV ) MeNx

We can evaluate xB(x; Q, M, N) with the same precision in much similar
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manner. The arguments are slightly simpler because the summation over /, is
absent. Since the main terms x2A(Q, M, N), xA(Q, M, N) in the formulas for
C(x; Q, M, N) and B(x; Q, M, N) respectively will disappear after introducing
them into (4.8) the quantity (4.21) represents an upper bound for the dispersion
T(x; Q, M, N). From this we immediately deduce that holds for any M
and N subject to The proof of is complete.

iii) Proof of [Theorem 11l.

There is nothing essentially new in the proof of in comparison to that
of Assuming Hypothesis R* one gets bound

ul, m X 1/2 1/8+€
=, e(rnh 5 tah mn1)<< oM (o M MN)

(I,mnp=1

x 1/2
10f N €
A (h, mny) (Q) (MN)
in place of (4.18). This leads to

X 3/2
Li(y, m, ny, nz)<<(1+ W) (h, mning)'*(xN/Q)?x*

in place of and finally we have
T(x; Q’ M’ N)<<x1+€+x2+EQ—2M—1+xZ—EQ—lM—l
+(MN5/2XI/2Q1/2+x2Q—2M—1/2N>x7E

in place of (4.21). From this we deduce that holds for any M and N
subject to The proof of is complete.

5. Two applications.

i) The greatest prime factor of p-+a.

There are several applications of statistical estimates for n(x; ¢, a) to the
theory of numbers. As an example we consider the problem of the greatest
prime factor of p+a which had been previously investigated by Goldfeld
Motohashi and Hooley [12], [13] We shall prove the following result.

THEOREM 12. If

0<0,= -g— —(27437°57317%)/ e~ 1/8= 6381089 ---

then infinity often the greatest prime factor of p+a exceeds p°.
The value of 4, given above should be compared with the value

0(,:1‘—‘%‘8—1/4:. 611059 ---
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that was obtained by Motohashi and with the values
3
60:2—§—e nr—= 6197 ---

and 6,=5/8=.625 that were obtained by Hooley in and respectively.
Proor. By Bombieri-Vinogradov’s theorem one easily deduces that

1
21/2<q2§P(.2‘) TL'(.X ’ q, —a) log qN'2—x

as x—oo where ¢ indicates a prime number and P(x) is the greatest prime

factor of y (p+a) (see [T].
-a<lpsx
We consider for 1/2<§=<2/3 the sum

T(x, 6):301/2;%20 (x; q, —a)loggq
and use Theorems 6 and 9 to find an upper bound for it. For all ¢ in (x'/%, x?/1%)
we apply (3.3) and for almost all ¢ in (x¥*°, x% we apply (4.1). For the ex-
ceptional values of ¢ in the latter interval we use trivial bounds

X
7[(]6', s “a)é‘.-
7 q

These exceptional modulus ¢ contribute to 7(x, 6) very little because in each
interval of the type [Q, 2Q] there are O(((log @)"?) of them. We therefore
obtain

8x log g 12x log ¢

< e S it = 2 SN
Tx 0= 2 0 o(q) 10g(xq™T)  asrisBz0 o(q) log(xig®) O

=7(@)x+o(x),

8/15 8 0 12
T(a)_gl/z 76;7i'tidu+gsn5 5—3u du

as x—oo with

by prime number theorem. A computation shows that z(68)<1/2 for <8,
which completes the proof.

ii) The least P, in arithmetic progressions.

Theorem 5 can be easily injected into weighted sieve theory to give sub-
stantial improvements for the least almost prime in arithmetic progressions. We
demonstrate the power of (3.2) by proving

THEOREM 13. Let (a, ¢)=1, g=2. Then the least P,=a(modq) is <q'®.

The best estimate known till now was P,<¢**® which is due to R. Heath-
Brown [10] (first result with P,<¢?.
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Proor. Let A={n; n=x, n=a(modq)}, (a, ¢g=1, x'"*<g=x*5 P=
{p;prqg. Put M=x'"9g"', N=x'*"*¢%* and D=MN. We consider the
simplest weighted sum with Richert’s weights of logarithmic type

W, z, M)= 3 {1__1_ Z(l logp)}

ne. g A pn IOg M
(n,P(z))=1 22 p<M

. log x
— Di/4 —o— . —
with z=D*, 2=3 log M For (n, P(z))=1 we have
T _logp N, 1 _ logx
Win):=1== ZS%ZQMO log M >=1 2 (”(") log M )

where y(n) stands for the number of distinct prime factors of n. Hence, if
W(n)>0 then v(n)<2. Therefore

| {(ned; n=P} |ZW(, z, MHO(;@%E; ’

the error term being taken to care non-squarefree numbers. To estimate
W(A, z, M) from below we first write it, in the usual sieve notation,

(1--282 sy, P, 2

1
W(A, z, M)=S(A, P, z2)—— log M

A 2sp<H, piq

and then appeal to for linear sieve results with bilinear forms for the
remainder term. In case of S(4, P, z) it simply gives

S P2z X 2log 3+0(e)}.

(5 log D

The remaining sum over pe[z, M) can be split up into <log x sums of the
type

_ log P <(1_ log P
P§Z§QPI <1 log M >S(Jp’ P, Z):(l log M )Pé}%(qu S(Ap, P, 2).

For each S(A,, P, z) above, by of we have

@g;?:lgéegfﬁ I<exp(8¢~3%) mgzM)/P ngﬁam(l)bn(l)r(J’ pmn)

(mn,q =1

S(qu, P, z)=

where |an()], |6,(0)|=1. Summing over p=[P, Py), p ¢ with an interpreta-
tion pm as one variable of the summation and n as the other, by
the total remainder term arising is < x'"°/¢(¢). Hence we conclude that

{240t x 1 log M/p

log p e AR Ui P
Tog 17 )5 P, % o) log M +<52u p log D/p °

zépp){<qM( log M
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Letting x=¢°% 6=(60—7)/4(—1) by partial summation and by prime number
theorem an easy computation shows

log D 1 logM/p __ 3 30
log M +s2u p log D/p 0851 91845,

+0(e) .

Finally,

2x g—1 3 30
>>___ - — _— [
W(A, z, M)= o) logD{10g3 26—3 (log 51 0 log e l)>+0(s)}.

For #=1.845 the number in the brackets { } is >10"*. This completes the
proof of

REMARKS. There are several possibilities for further improvements. First
of all one may try to use more efficient weights as for example these of M.
Laborde or even better these of G. Greaves [9] Unfortunately the im-
provement for #=1.845 is very small and not proportional to efforts required
in applying them. Another possibility rests on extending the range of the
summation over p in the weighted sum W(4, z, M) beyond M=x"¢/q, that is
to say, to a range where is not applicable directly (notice that M
is nearly as large as the number |A| of elements in ). For example, on
applying two dimensional sieve of Selberg one may show that

{1+ 0(e)} x ( log y/M \2
o(g)logy \ log N

1
(1= 1225y, P, 2=
Msp<ly log y
ptq
for any M<y<D, N=<z<D'* The proof is quite long and an improvement
which it yields for # is again little.

6. Brun-Titchmarsh theorems for short intervals.

Here we shall state, without proofs, several results about z(x-+x%)—m(x)
with 0<@<1, x=3. Most of them had been deduced jointly with R.C. Vaughan
in December 1977 during the meeting at the Institut Mittag Leffler in Djursholm.

When estimating the remainder terms in sieve bounds for z(x+x%)—m(x)
one arrives at exponential sums of the type

X
> el—
N<7LSN1 n

with N<N;<2N, N=x°, 0<a<l1. By van der Corput’s method or using general
theory of exponent pairs (for the definition and the theory the reader is referred
to [30]) one is able to prove non-trivial estimates

6.1) ) e(—;-><<Nx‘5

N<TL§N1
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with some d=0(a)>0 for all 0<a<1. Hence it follows
THEOREM 14. For any 0<0<1 there exists p=x(0)>0 such that

(2+¢e)x?

W(x+x0)—7f<x)< W

, x>x0e, 0).

A precise value for 7(#) depends on the exponent pair being used for (6.1
Letting (x, 2) be an exponent pair we have

b e(i)<<<xN~2)~Nﬂ it N<x2,
n

N<nsNy
This gives
1—2+42
pO=(14+ =) —E
1 1
3-—2—-2-/5 3—2——?/:

On taking (x, )=(1/2, 1/2) we find that

5 2
77(0):—3—0——5
which is >6 (9(6)=40 is trivial) for §>1/3.
To the analogy with Hooley’s Hypothesis R* is the following
CONJECTURE (exponent pairs conjecture). For any &>0, (e, 1/2+¢) s an
exponent pair.

On this conjecture we find that 77(6’):—2—0.

Finally, we remark that for very small @ Vinogradov’s method yields sharper
bounds than van der Corput’s exponent pairs do. For #>1/2 it is better to use
the theory of the Riemann zeta-function giving 7(8)=(1+86)/2.
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