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Abstract. We shall consider linear independence measures for the values of
the functions Dq(2) and Eq(z) given below, which can be regarded as g-analogues
of Euler’s divergent series and the usual exponential series. For the g-exponential
function Eg4(z), our main result (Theorem 1) asserts the linear independence (over
any number field) of the values 1 and Eq(aj) (j = 1,...,m) together with its mea-
sure having the exponent p = O(m), which sharpens the known exponent p = O(m?2)
obtained by a certain refined version of Siegel’s lemma (cf. [1]). Let p be a prime num-
ber. Then Theorem 1 further implies the linear independence of the p-adic numbers

o (X +kp™), (k =0,1,...,p — 1), over Q with its measure having the expo-
nent p < 2p. Our proof is based on a modification of Maijer’s method which allows
to construct explicit Padé type approximations (of the second kind) for certain g-
hypergeometric series.

1. Introduction.

In the sequel we will investigate linear independence properties of the following

g-series
o0 o0 1
Dy q(2) = Z(b)n2n7 Eyq(2) = Z Wz",
n=0 n=0 n

where (b)g = 1 and (b),, = (1-b)(1—bq)--- (1=bg" "), n € Z*. By N and ZT we
denote the sets of non-negative and positive integers, respectively. In particular,
we are interested in the functions Dy (z) = Dy 4(2) and E,(z) = E, 4(z) which may
be regarded as g-analogues of Euler’s divergent series D(z) = ZZO:O nlz™ and the
usual exponential series, respectively. Let p € {oo} U P, where P denotes the set
of prime numbers. If |g|, < 1, then |z|, < 1 determines the disk of convergence for
the series Dy(z) = Dy 4(2) and Ep(z) = Ep 4(z) but both series can be continued
to meromorphic functions over the whole C), having the possible poles at ¢=.
Here and in the sequel the notation ¢/ = {¢" | n € J} will be used for any J C Z.
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Let K be a fixed number field of degree k = [K : Q], v a place of K
and | |, the associated absolute value on the completion K, with a local degree
Ky = [K, : Qo). Take any ¢ € K satisfying |q|, < 1. Let K* = K \ {0}, and f(?)
denote each of the functions E,(t) and D;(a), where a € K*\ ¢~V and choose
any m numbers aq, ..., q,, € K* satisfying the assumptions

adq ™, ad aqu for all 7 = j.
Further, let k = %(ko,k1,...,kn) € K™\ {0} be arbitrary. Then we shall
establish lower bound estimates of the form

c

|k0 + klf(al) 4+ kmf(am)‘v > [ hr/rotd(log H)=1/2”

(1)

having a least possible exponent y = p, > 0, where H = max(H (k), Hy) and ¢,d
and Hj are certain positive constants. Here the notation H (k) will be defined at
the beginning of the next section.

In the following we give an overview of the existing linear independence results,
which will be stated under certain simplified settings on ¢ € K for brevity. Let
I denote an imaginary quadratic number field and Zx the ring of integers in K.
Then if K = I, the above mentioned condition reads as 1/q € Zk. First we
recall some pioneering results of qualitative nature. The irrationality of E,(«),
a € K* = Q*, was already proved in 1947 by Lototsky [10]. In the 1980th Stihl

and Wallisser [16] derived a dimension estimate
dimg KEq(a1)+ -+ KEq (o) > 2m/7,

where K = I and a; = o, o € K*. Finally Bézivin’s [5] considerations gave
the linear independence of the numbres 1, Ej(aq),..., Eq(o), K = I, in the
archimedean case, see Andre [2] for a far more general situation. For reviewing
quantitative aspects we first take the case of the g-exponential function f(t) =
E,(t). Bundschuh [6] considered the case m = 1, K = I, v = oo and proved
(1) with g = 4/3. In [13] the case m = 2, kg = 0 was considered while implying
the value p = /7 + 2, and further x = 2.055 in particular if ap = —a;. In the
situation m = 2 with ay = —a; Bundschuh and Vadnénen [7] obtained u = 8, and
in particular took a; = 1 and as = —1 to achieve u = 4.8901. The case m € Z*
(in full generality) of (1) was obtained by Viininen [17] upon giving u = O(m?),
while Vadnénen and Zudilin [18] proved a Baker-Type estimate implying p =
12m2. Note that in some papers the above mentioned results are given in terms of
the function Eq 4(z) with |d|, > 1. But one may in fact travel between the cases
lglv > 1 and |g|, < 1 by the relation
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E1/q1/q(t)Eqq(qt) = 1. (2)

Take now the case of ¢g-divergent analogue f(¢) = D(a), where a few is known.
The situation K = @ and m = 1 is considered in [12] while giving p = log H. For
general K and m = 1, [13] gives u = /2 + 1. Note also that most of the above
mentioned results are in fact valid for a considerable extended class of functions.

In this paper we study the cases f(t) = E,(¢) and f(t) = D¢(a) in the most
general situation of arbitrary m € Z™. In both the cases we can show pu < 2m + 2
thus improving the earlier results on the g-exponential case, if m > 2 (except the
situation m = 2, where kg = 0 or a1 = —ay = 1), while in the ¢-divergent case
f(t) = Dy(a) our result seems to be new, if m > 2. Let p be a prime number and
define the following sets of p-adic numbers

2

(14 kp™), k=0,1,....,p—1,

3
Il
—

[[a+Ep)p", E=01,....p—1,
li:=1

M2

n

and real numbers

3

(1+kp7n)7 ]C:O,l,...,pfl,
1

3
Il

f[ (L4+kp Hp™, k=0,1,....,p—1.

1i=1

HM8

Then, in each of the four sets of p numbers above we can prove the linear inde-
pendence of the p numbers over @ with a measure having an exponent u < 2p.
We next review the relevant methodology. The results in [17] and [18] are
based on approximations constructed by Thue-Siegel lemma and an optimization
process upon using the iterations of a corresponding g-difference equation. The
exponent y = O(m?) seems to be an optimal bound as far as applying the known
variants of Siegel-Shidlovskii’s theory, due to Amou et al. [1]. On the other hand,
the linear independence question about the g-exponential case has resisted the
attacks from the methods of explicit (rational) Padé approximations. Namely,
there are numerous works (which we mention, however, only a few) applying, say,
Mabhler’s, Maier’s and Skolem’s methods [8], [9], [14], [15], [16] for studying arith-
metic properties of other instances in a class of ¢g-hypergeometric series. Stihl [15]
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applied Maier’s [11] method in constructing explicit simultaneous Padé approxi-
mations (of the second kind) to a general g-hypergeometric series at m distinct
points aq,...,q, € C. In [15] also an optimization process on a free (non di-
agonal) parameter A (see the appendix) is crucial. Maier-Stihl method has been
refined by Katsurada [9] to include higher derivatives and has subsequently been
applied (in several works) to the cases of non-archimedean and arbitrary algebraic
number fields, see e.g. [14]. Thus we tress, that even the explicit Padé approxi-
mations are well-known (see, [14], [15]) for the g-exponential series, they have not
so far yielded linear independence results.

Our strategy is to attack a slightly different case, namely, we shall modify
Maier-Stihl method so as to construct simultaneous Padé type approximations (of
the second kind) for the functions D, (t) with m distinct «;’s. For that purpose
we need to prove a new summation formula (in Lemma 1), which is crucial in
the construction, and then we combine this with the known results from g-series.
Our approximations are diagonal Padé type containing a free parameter v, and
an optimization process consequently becomes available similarly to the case of
Stihl’s method.

2. Linear independence results.

If the finite place v of K lies over the prime p, we write v|p, for an infinite
place v of K we write v|oo. We normalize the absolute value | |, of K so that

‘plv:p_lv if U|pa

jaly = Jol, i vloo,
where | | denotes the ordinary absolute value in Q. Further, the notation
el = |a|ﬁv/ﬁa Ky = [Ky 1 Qul,

will be used in the sequel. The height H(«) of « is defined by the formula
H(a) =] lali, lal; = max{1,|lall,}
and the height H (@) of the vector @ = *(ay,...,a,,) € K™ is given by

H(@) =[lal;, @l = max {1,]lal,}.
" i=1,...,m
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Further, for any place v of K, and g € K*, ||g|l, # 1, we define the characteristic
A by

log H
Ao, = o (a)
log [|qfl»
To state our results we denote
(7
Hn= :U’q U + )\qSOa

where

so =m? +m+my/m2+m,
ug =m? +m+ (m+1)v/m?2 +m.

Now we fix a place v of K throughout the following.

THEOREM 1. Letm € Z% be arbitrary, a,q, a1, ...,am € K*, and |q|, < 1.
Denote by f(t) each of the functions Di(a), E4(t) and [[)— (1 —tq™), and assume

a ¢ qu’ Qg ¢ qu’ Qg ¢ a]qz fOT’ all 1 7& j7 (3)
1

|1+ ———] <A < -1 4

(1+ ) << (@

Then the numbers 1, f(aq),..., f(aum) belonging to K, are linearly independent
over K. Further, there exist positive constants c,d, Hy depending on a and oy
such that

C
= [—[wﬁ/ﬁu-&-d(logH)—l/2 (5)

[k + ki f () + -+ + b f(am),

for all k = *(ko, k1, ..., ky) € K™\ {0} with H = max(H (k), Hy).

COROLLARY 1. Let b,d,a1,...,0m, € K*, |d|, > 1. Put f(t) = Epq(t) and
assume

bgd N, ba;¢dN, a;¢a;d? forall i+ j, (6)

1
1+ —mM | < A\ < —1. 7
( — Tm) » ()
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Then the assertions of Theorem 1 are also valid for the function f(t).

Define now
0o nt1
1 (—1)”q( 2 )a”b_"
a,b)=114+ -
o= (1+5) D B

Here we note that the function p(a,b) satisfies an important reciprocity theorem

pa,b) — p(b,a) = (1 B 1) b L0 a,b¢ —¢%

b a (—aq)oo(—=bq) 0o
developed by Ramanujan, see [4].

COROLLARY 2. Let a,q,a1,...,am € K*, |ql, < 1 and suppose that q
satisfies (4). Put f(t) = p(a,t) and assume

a ¢ —q N, a; ¢ —qN, a; ¢ aig?  forall i#j. (8)

Then the assertions of Theorem 1 are also valid for the function f(t).

Here we note that A, < —1 always holds for |¢|, < 1, and the following cases
in particular assert A, = —1:

1. K =1, v is the infinite place of K, and 1/q € Zk;

2. K=Q,v=pcP,andq=p', 1€ Z%;

3. q is a negative power of a PV-number, for example in K = Q(v/5), ¢1 =
(1++/5)/2,q=4¢',1 € Z~, where Z~ denotes the set of negative integers.

Now, if we take the value A = —1, then we have

p=m+1+vm2+m<2m—+2 (9)

and in general we have y = O(m), too. Hence, our Theorem 1 improves the results
of [1], [17] and [18] for the g-exponential function, where the exponent p in (5)
takes respectively the forms O(m?), O(m?) and 12m?.

3. Padé type approximations of the second kind.

To prove Theorem 1 we start by constructing explicit simultaneous Padé type
approximations (of the second kind) for the series
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oo
k .
D*ﬁg(z):Z(_ﬁj)kz 9 J:]-a"'vm'
k=0
In our construction some properties of the g-factorial polynomials
n—1
h
h=0

will be needed. First we write

= Zs(n,k)xk, neN,

k=0

and set s(n, k) =0, when & < 0 or n < k.

LeEmMMA 1. For any n € N we have

3 s(n, k) (~2)np = (B

k=0

PROOF. From the definition (10) we see that

(x)n = (1 - an_l)(x)n—l

for all n € Z*, and thus the coefficients s(n, k) satisfy the recurrence

s(n,k) =s(n—1,k) —¢"'s(n—1,k—1)

forallm € Z*, 0 < k < n. Then, using (13), we get

n+1

S s(n+ LR (=21

k=0

:_qz (n,k)(—x)p—i + 1+x23nk —XQ)n—k

k=0

= _qnq(g)fﬂn +(1+ m)q(g)(xq)" — q("f) nt1

Thus, by induction, (12) is valid for all n € N.

297

(12)
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In the sequel we shall use g-binomial coefficients defined by

and also the following g-factorials
(b,a;9)n = [ (b—ag"™")

generalizing the earlier notation (a), = (1, a;q),. The next well-known expansion
of g-factorials (b, a; q),, is called the (finite) g-binomial theorem.

LEMMA 2 ([3, p.490, Corollary 10.2.2(c)]). For anyn € N we have
(b, a:q)n ZH Dpnk(—q)F, (15)

Note that by Lemma 2 we get an explicit expression for the coefficients s(n, k),
namely

s(n, k) = (=1)* [ 7] 4. (16)

The following application of the g-binomial theorem (15) is a cornerstone of Maier-
Stihl method.

LEMMA 3 ([15]). Let B="'(B1,...,Bm) be given and define o;; = 0;,1(B) by

m ml )
H(ﬁuwé = Zai,lwz- (17)
t=1 i=0
Then
ml )
> ow' =0 (18)
i=0

if and only if w = B;q% with j € {1,...,m}; k € {0,...,1 — 1}. Moreover the
equality
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i = (—1)ig ™) 8, ., (19)

)

holds with

SHESHY DI H...[il}q<i;>+---+<i;>g;1...g;ﬁn, (20)

i1+ +im=h

Proor. All we need to note is that from Lemma 2 we get the expansion
1
(B,wiq™ ") = (=1)'q ) (w, B5q);

l .
OF [ty e

=0

In order to construct our approximations we now define the following (poly-
nomial) coefficients

ml+v ml+v—h
bivn(z) = (—1)™" hq( )-("" )(Z)mlqtufhzhv (21)
bl,y,H _ qm(;) Z q(ml;'")*(i'g”)s(i + v, f)0i7 (22)
ml—it+f=H
0< f<itv<ml+v
apin=— 3 biua(=B)n, (23)
H4+n=N
Slv,j,k = ﬁ]q k H ﬁtvﬁjqk—i_l . (24>
t=1
THEOREM 2. Foranyl,v e N,j=1,...,m set
By ( Z biyn(2)2", (25)
mil+r—1
Al t/,] Z aj,v,j, NZ
Stwi(2) = Y stwgaz"
k=0

Ll,u,j(z) — Z(m+1)l+uq(m12+u)+m(é)—‘rl/l(_ﬂj)lﬂ;’sl,u,j(Z)- (26)
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Then we have the relations

ml+v
Bi,(2) = Z bzt (27)

H=0

and
Biu(2)D5,(2) + v (2) = Lua(2): (28)
Furthermore the properties

deg, Bi,(2) =ml+v, deg, A, j(z) <ml+v—1, (29)
0£% Liyi(z)=(m+1)l+v (30)

show that (28) gives a diagonal type Padé approximation (of the second kind) with
the free parameter v.

PrOOF. First, by using (19) and (11), we rewrite the polynomial in (25) as
follows

ml )
Bi,(2) = qm(é) Z Zml_iq(mlzw)_(i,/)(z)i+uoz‘
i=0

ml+v )
YLD SECEED DR R R PR
H=0 ml—i+f=H
0< f<itv<mi+tv
ml+v

H
= § bl,u,HZ 5
H=0

which proves (27).
We next study the expansion of the product

Biy(2)D-g,(z) = Y _ rwzV, (31)
N=0

where

TN = Z bt (—0Bj)n-

H4+n=N
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Set N = ml + v + a, where a € IN. First we consider the case 0 < a <[ —1. It
follows for the summation indices in (22) and (23) that n = i+ v — f 4+ a and thus

ml i+v

rN = qm(;) Z Z q(mz2+y)7(i-*2—u)s(i + v, f)o—i(_/gj)iJruff%»a
=0 f=0
. ml - . i+
— qm(z)Za‘l(—ﬂ])aq( 2 )7(/2 ) ZS(iﬁ*V,f)(*ﬂjqa)i_‘_y_f. (32)
i=0 =0

Here the inner f-sum is evaluated by Lemma 1, and then the resulting expression
can be computed by Lemma 3, which gives

ml
1 ml+tv .
Tmitv+a = qm(2)+( 2 )(—5j)a ZUz‘(ﬁjqa)HV
i=0
m
1 ml4v

= g ) e (g, By 113 8ia% a7 =0 (33)

t=1

forany 0 <a <I[—1.
Next we consider the case a =1+ k, k € N. Then

N = T(m+1)l4+v+k

m
l ml+v v ”
= )R gy st T B B )i (34)
t=1
Consequently (33) and (34) imply the assertions (26) and (28). O

4. Determinant.

We define
—Bi,(2) —Biys1(2) -+ —Biuim(2)
Avy(z) = Al,uil(z) Al,u-‘r.l,l(z) Al,u+7.n,1(z) (35)
() Arirm() A2

and denote
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2

1
Eizm(m—l-l)l—kmz/—i—l—(m_'_ ), 1=0,...

l m+1 " fml+h
_ . 2 s
H=mv—i+m <2)+( 9 >+ E ( 9 ), 1 =0,...

h=v,h#1

Our determinant argument proceeds in a slightly different way from Stihl’s [1

5],

and it is significant that the explicit evaluation of A, (z) above is in fact possible.
In contrast with our case, Stihl showed the nonvanishing of the corresponding

determinant by extracting its dominant order as [ — +oc.

LEmMmA 4. If
B¢ —a N, Bi¢Big? foral i+#j,
then for any l,v € N we have

Ary(z) = (=)™ ()2 g

ﬁ zﬁﬁﬁt,ﬁjqq I 6 -5

j=1 j=1t=1 1<i<j<m
Further,
AZW(CL) 75 0,

for all a € C}, \¢ N

Proor. First we get
Bi,(0) = b1,,,0(0) = (0) i+ X0 = 1,

which gives

og% B ,(2)=0

for all I,v € N. Next we have

m

S1,5(0) = s1uj0 = [ [(Be. Bigs @) # 0

t=1

(37)

(38)
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by the assumption (36) and thus

03((1) Sip,i(2) =0 (40)

forall l,v € N, j =1,...,m. Now we apply (28) to modify the determinant in
(35), getting

7Bl,u(z) 7Bl,l/+1(z) e *Blvl,_i_m(z)
L, L, oo Liyim

Aupfe) = et Brea@) e B3] (41)
Ll71/,m(z) Ll,u+17m(z) o Ll,y+m7m(2)

Then the right side of (41) is expanded with respect to the first row

Apy(2) = = Bio(2)2%g™ T (=8)iFo(2) + -+
j=1
— ()" Biysm(z H —B)1Fm (42)
where F;(z), i = 0,1,...,m are defined by eliminating the common factors from
the corresponding minors. Noting that
Ey>--->FE, (43)

we will consider the order at z = 0 of the last minor

Siwa(z)  BiSius11(2) oo BT Siuamo11(2)
Fn(2)=| : z
Sl,l/,m(z) ﬁmsl,lﬂrl,m(z) e ﬁ;’yy:_lsl,ujtmfl,m(z)
We have
. 1 6 - In—l
= H 5t7ﬁ]q q .
Jj=1t=1 1 By - m—1
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m

=TI1]sa00 T] (8 —8:)#0

j=1t=

=

1§i<j§m
by the assumptions in (36). Thus

0{% Fo(z)=0
for all [, € Z™T, and consequently
m
OEColAl’l,(Z) =E,=m(m+1)l+mv+ (2>
Further, we note that

deg A1, (z) <m(m+ 1)+ (m+ 1)+ (?)

Next, from (21) we see that the polynomials B,4;,;(z), j = 0,1,...,

(46)

(47)

m, have a

common factor (z),, which implies by the order (46) and by the degree estimate

(47) that
A (2) = 1257 (2),

for some constant c¢q, which may be evaluated by considering

Alw(z)

z Em

at z = 0. Using the expansion (42) we get

A[,V(Z) i

C1 =
zEm

z=0 Jj=1

= (0 g [T TG Bgan TT (85— 8-

j=lt=1 1<i<j<m

= (_1)m+1Bl,V+m(O)qu H<_ﬁj)lFm(0)

(48)

(49)



On g-analoques of divergent and exponential series 305

5. Estimates.

LeEMMA 5. Foralll,ve N and 5 =1,...,m we have
BZ,V(Z)7 AL,,’j(z) S K[Z, q], (51)
2 2
deg, B1,(2) < met UL %, (52)
m? +m 2 v?
deg, A1 .j(2) < 5 I+ mlv + CR (53)

PROOF. It is well-known that [}] € Z[q] and this shows (51). Further, the
g-binomial coefficients have the property that (cf. [3, p.490, Corollary 10.2.2(d)])

deg, m =k(n—k), 0<k<n. (54)
Thus
degysti+ v f) =degy |1 [oO = piev- e o9
and

g, 51 — degq{ 5 L-ll] [an} q(izl)+-~+(i’z")}

i1 Fim=h

< max  {i(l—d1) 4+ in(l—im) +i1/24 - +i2,/2}
i14Fim=h

< hl—h?/(2m). (56)

By (19) and (22) we have

degy biy,n < deg, Z ") s+ v, ) S

ml—itf=H
0< f<itv<ml+v

< max {(ml+v)?/2—(i+v)*/2+ fli+v—f)
og?gzjrtfgjnuu

+ f2/24 (ml — i)l — (ml —i)?/(2m) }
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{(ml+v)*/2— (ml+ f+v—H)*/2
+ fv+ml—H)+ f*/2+ (H - f)l - (H = [)*/(2m)}
{(ml+v)*/2— (ml+v—H)?/2
+(H = f)l—(H —f)*/(2m)}
<{(ml+y)2/2—(ml—l—u—H)2/2+H(l—H/(2m)), if 0<H <mi;
(ml+v)?/2— (ml+v—H)?/2+mi?/2, if ml<H<ml+v;

max
max{0,H—ml}<f<H

max
max{0,H—ml}<f<H

(57)
and hence the above maximum is bounded as
gml2/2—i-(ml—l—u)H—HQ/Z7 for 0< H <ml+v. (58)
Thus
deg, bivg < (ml+v)?/2+mi?/2, for 0<H <ml+v, (59)
which gives (52). Consider then
N
deg, a;y j,n = deg, { Z bl,u,H(—ﬁj)N—H}
H=0
< oJax {(ml+v)H — H*/24+mi*/2+ (N — H)2/2}
< e {N?/2+ (ml+v— N)H +mi*/2}
< —N?/2 4 (ml+v)N +mi?/2
§m2+ml2+mlu+%2, for 0< N <ml-+v. (60)
which proves (53). O

Put

©;=D_g,(a), Biy=DBi(a), Aiu;=A;ia), Liv;=Liy;a)

for brevity, and define §(w) to be 1 and 0 according to w|oo or w { co. Then by
using Lemma 5, (24), (26) and (28) we get the following approximation forms for
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©; (j =1,...,m) with the asymptotic bounds.

LEMMA 6. Let a,q,0B1,-..,0m € K*, |qlv <1, |a], < 1 and set v = |7l],
T > 0, where || denotes the greatest integer not exceeding x. Then for alll,v € N

and j =1,...,m we have approximation forms
B ,O;+A,;="L.; (61)
satisfying
max (| Buo s [ At ll) < 27000 g, (2 Hmm 25 (g)

for any place w of K, and

2 2 2
1Ll < 200|g|| St m 2 ma DT /208, (63)

The implied O-constant here (and in the next section) depend on a and (;.

6. Proof of Theorem 1.

We now quote a general result from [1] which we shall apply to establish the
linear independence results in Theorem 1. Assume that we have a sequence of
(binary) approximation forms

Ln T = Bn,T@ + Zn,T (64)

s

for © = 1(04,...,0,,) € K", where B, 1 € K, Ayr = (An11,--.s An1im) €
K™ and Lyt = 2S(Ln,T,la cee 7Ln,T,m)- Let

max{||Bn,7 |l [[An,rl5} < Pu(n,T) (65)
for any place w of K,
IZnrllo < Ru(n,T), (66)

and let p1, po with p; < ps and co be positive constants independent of n such
that
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—Bnr —Bpry1 -+ —Bprim
Anra Anrrii 0 Aprimi

An,T = . . . 7é 0 (67)
An,T,m An,TJrl,m e An,T+m,m

with some integer T' € [p1n, pan — m] for all n > ¢o. (Here and in the sequel ¢;’s
denote positive constants independent of n.)
Now we suppose that the assumptions (65)—(66) are valid with

HPw(n, ™) < ch(q)s(T)nz, c3 > 1, (68)

and
Ry(n,mn) < gl es > 1, (69)

for all p; <7 < po. In (68) and (69) we further suppose that s(r) and u(7) are
bounded positive valued functions on the interval p; < 7 < po satisfying

u(T) + As(1) > ¢5 (70)

with some c5 > 0. Moreover we put

wr) = =, K= SUpplgrgpzﬂ(7)~

THEOREM A ([1]). If the above assumptions (65)—(70) are valid, then there
exist positive constants c,d and Hy depending on the numbers ©1,...,0,, and
P1, P2, C2,C3,Cq and c5 such that

c
Hur/ry [fd(log H)=1/2

|k0+k1®1 ++km9m|v > (71)

for all k = t(ko, k1, ..., k) € K™T1\ {0} with H = max{H (k), Hy}.

PROOFS OF THEOREM 1 AND COROLLARIES. First we note that the series
Dy(z) defines an analytic function in the unit disk |z, < 1. Then using the
g-difference equation
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bzDp(qz) = (z — 1)Dp(2) + 1 (72)

we get a meromorphic continuation to the whole C), except the poles at ¢ N. Put
now f(t) = Dy(a) and 8 = —a. If |a|, > 1, then by using (72) repeatedly we may
return to apply the estimates in Lemma 6. Thus it follows from Lemmas 4 and 6
that Theorem A can be applied with any constants p > 0 and 1 > w > 0, upon
taking

[p1, p2] = [p,p + ], (73)
if  is sufficiently large, say | > (m + 1)/w. Now
s(1) = (m* +m)/2 +mr +12/2,
u(r) = (m2 +m)/24+ (m+ 1)+ 72/2,

and the function s(7)/u(7), 7 > 0, attains its minimum at

To = V/m2 +m.
Hence the optimal value of

S u(r)uJ(rTA)s(T) = max{p(p), p(p + w)}

will be obtained if
s(po)/u(po) = s(po +w)/u(po +w), po <70 < po+w. (74)

The unique positive solution of (74) is

VAm2 +4dm 4+ w? —w
5 .

po =

Now, we may choose w > 0 arbitrary small and consequently we may put u = p(7p)
which at the same time gives the exact values of so = s(7p) and ug = u(79). Hence
(5) is valid for the function Dy (a).

Next we start from the identity

()mir = U)m = =UU)mq"™, (75)
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which by telescoping gives

(U)oo =1-0U Z (U)mq™. (76)
m=0
On the other hand the series
E,(z)= 2", Eu(z)= —2z"
WD) =2 g Bl =2
satisfy the g-difference equations
Ey(qz) = (1= 2)Eq(2),  Eg(2) = (1+ 2)Eq(q2). (77)

By using (77) one gets the well-known Euler formulae

Ey(2) = B Eqy(2) = (—2)co- (78)
Hence, by (76) and (78) we have
1
Eq(2) = 15y Do) (79)
and thus (5) is valid for the function f(t) = E4(t), too. From (78) we get
Ey(t)Ey(—t) =1 (80)

which implies
E1q1/q(t)Eqq(qt) =1

and proves (2).
Finally we note that both the functions

< (5)an
q\?/«
Z (q2)n

n=0

2", 1+ azD_4(q2)
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are unique analytic solutions of the g-difference equation
azG(qz) = (1 - q2)G(2) — (1 —qz), G(0)=1. (81)

Hence we have the relation

e am
Z q 2" =14 azD_, 4(q2), (82)
n=0
and this implies
i P tp, .0/ (83)
—~ (b, d)n - b bt,1/d

from which Theorem 1 yields Corollary 1. Together (72) and (82) give

n
n

(1 _Z)D—a q( )- (84)

e

Thus we get a connecting relation between D_,, 4(z) and Ramanujan’s reciprocity
function p(a,b) (cf. [4]), namely

p(a,b) = qu/b,q(_a)- (85)

g

14+a)(1+0)
b

7. Appendix.
Let P(x) and Q(x) be polynomials and define a g-hypergeometric series
-3 B2,
k=0 T an
HZ 0 Q( oM
Stihl [15] constructed the following simultaneous Padé approximations (of the
second kind) for the series F(z).

THEOREM B ([15]). Letl,m,A € N, d = max{deg P(z),degQ(x)}, p =
[I/d] + ml+ X —1 and choose m numbers as, ..., 0ay. Put o;; = 0;;(@) and
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ml i+p—ml—1 Q( k
i i q7°)
Al )\(Z) = szl 10” k—_O .
s ’ +A—1
i=0 Z:o P(q")

Then

A (2)F(ouz) — Byya(2) = Rega(2),

where
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