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Introduction.

One of the most important and interesting problems in the theory of real
analytic function-germs (or singularities) is to search for “nice and natural”
equivalence relations in the set of germs of analytic functions.

I am sure that the notion of blow-analytic equivalence relation defined by
Professor T.-C. Kuo ([3, 4]), is one of them.

Let F(x; p): (R*XP, 0XP)—> (R, 0) be an analytic function, where P is a
subanalytic subset of some Euclidean space. Then, T.-C. Kuo ([4]) proves the
classification theorem: if for fixed p, fp(x):=F(x; p) has an isolated singularity
at the origin, then there exists a finite filtration {P?} by subanalytic subsets P*
of the parameter space P of an analytic family F(x; p) such that the functions
fo(x) parameterized by elements p of a connected component of P* form a
blow-analytic equivalence class.

The next problem to be considered would be the following: can we con-
struct concretely the filtration {P?} of P for a given analytic family F(x; p)
in the classification theorem or what kind of singularities form a blow-analytic
equivalence class?

Several authors studied this problem, see e.g. [1, 3, 5].

In [5], it is proved that if a real analytic family F(x;t) of real analytic
fynction-germs f,(x):=F(x;t):(R", 0)—> (R, 0) admits a simultaneous resolu-
tion ¢, then it admits a 7-@-MAT (see the definition (1.1)), where = is a finite
succession of blowing-ups with non-singular centers of R™ So, the family
fi«(x) forms a blow-analytic equivalence class.

In (resp. [3]), it is proved that if an analytic family F(x;?) is non-
degenerate in some sense, it admits a #=-MAT along the parameter space via
the blowing-up = of R® at the origin (resp. a so-called toroidal embedding =).
Here, it should be emphasized that the mapping = is concretely constructible
from the Newton boundary of F(x;¢).

In this paper, we also study this problem. The subblowing-ups and the
blowing-ups of R™ with the ideal centers defined by families are made use of
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to prove our results. Main results are formulated in (1.2), (1.3) and (1.4). I
think that these results are ones of direct generalizations of the theorem for-
mulated by making use of blowing-ups in [1]. The families in (1.4) are not
treated in [1, 3].

I would like to thank T.-C. Kuo and S. Koike for valuable communications.
The idea of singular Riemannian metric on Euclidean space used here, is
originally suggested by T.-C. Kuo. I would like to thank the referee also. I
revised the earlier draft of the introduction part of this paper according to the
suggestion made by the referee.

1. Main Theorems.

Let F(x;t):(R*XR™, 0XI)—> (R, 0) be a real analytic function of n-+m
variables (x; t)=(x;, X3, ***, X5} t1, 13, -, L) in a neighbourhood of {0} XI where
I is a compact cube X™,[ay, b;] in R™. Assume that F(0;#)=0 for any t<].
We call the function F(x;t) a real analytic family of functions

fi(x):=F(x;t): (R*, 0) — (R, 0).

Let #: X——= R™ be a proper analytic modification of R™.

(1.1) DEFINITION. A real analytic family F(x; ¢) admits an almost wm-modified
analytic trivialization (abbreviated to an almost z-MAT) along I if there exist a
neighbourhood U of the origin of R™ and ¢-level preserving analytic isomor-
phism B 0. xT — OyxI
where U, U, are two small neighbourhoods of z-%(0) in z~*U) such that
Fo(zXid;)-H is independent of ¢t. Here id; is the identity map of I. Moreover,
if the map H induces a t-level preserving homeomorphism H between =({f,)xI
and #(0,)xI, then we say that the family F(x;?) admits a n-modified analytic
trivialization (abbreviated to a #-MAT) along I. Namely, the following diagram
(1.1.1) is commutative :

(1.1.1) Commutative diagram.

(XXI, zz“(O)xI)———————»(R"xI 0><I)——-£-———>(R" 0)

\/

H H fa

(XXI, z‘l(O)XI) (R™xI, OXI)—————-——F-‘—-—>(R 0).
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Where p;, 1<:<3, are canonical projections and a=(ay, a,, -, @) i an element
of I.

An F(x;t) is called to be a family with a fixed Newton polygon I'y if the
Newton polygons of the all germs f,(x):=F(x;t) are simultaneously equal to
F+=F+(fa.)-

For any real analytic family F(x;t), we can choose finite analytic functions
ci{x; 1) with ¢40;#)#0 and monomials x%:=x{nxi2 ... xim, 0<;7<k, so that

Flx;t)= _Ekgcj(x; Dxti,
Jj=
Let Rrx: RX—>R" (resp. Cr|R:CX|R—> R") be the subblowing-up
(resp. the blowing-up) of R™ with center RW, where
RW:= {xeR"| xto=xl1= ... =x*+=0}

(see §2). We can find also the definitions of notion of non-degeneracy in (3.1),
(3.5), (3.6), the notion of coordinate face in (2.10) and the notion of transversal
direction J, of a face y of a Newton polygon in (2.7).

Now, we state the main results.

(1.2) THEOREM. Let F(x;t) be an R (resp. C)-non-degenerate real analytic
family. Then the family F(x;t) admits an almost Rzx-MAT (resp. an almost
Cr|R-MAT) along I

(1.3) THEOREM. Let F(x;t) be an R (resp. C)-non-degenerate real analytic
family. Suppose that F(x;t) is independent of t for any non-compact, non-
coordinate face y of I's. Then the family F(x;t) admits an Rz-MAT (resp. a
Cz|R-MAT) along I.

(1.4) THEOREM. Let F(x;t) be a strongly R (resp. C)-non-degenerate real
analytic family. Then the family F(x;t) admits an Ra-MAT (resp. a Cr|R-
MAT) along I.

2. Subblowing-ups and blowing-ups.

We let

K:=Ror C,

xtii= xtixlie ... xlin, 0<7<k, monomials,

KW:= {xeK"|x%=0, 057k},

KS:= {xeK™| x,x, -+ x,=0},

KXg:={(x, De(K"—KW)XKP*| Ly: i1 Lp=xt0: xt1: .o s xir},
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KX§:={(x, De(K"—KS)XKP*| {,:8y: - : Lp=xt0: x'1; e ; xtR},
KX := KXy := the topological closure of KX;} in the Hausdorff space
K" xX KP*¥,

KX := the topological closure of KX¥ in the Hausdorff space K"XKP*
and

CX|R:= CXN(R"XRP*).
(2.1) DEFINITIONS,

(2.1.1) We call the canonical projection

Rz: RX— R"
(or simply, RX) the subblowing-up of R™ with center RW.

(2.1.2) We call the canonical projection

Cr:CX—>C"
(or simply, CX) the blowing-up of C™ with center CW.

(2.1.3) We call the restriction map Cx|R of Cr to the real part CX|R
=CXN\(R"X RP¥)

Cz|R:CX|R—> R™
(or simply, CX|R) the blowing-up of R™ with center RW.,

It is well-known that the subblowing-up RX is a semi-algebraic set and the
blowing-up CX (resp. CX|R) is the Zariski closure of CX;§ (resp. RXy) in
C"XCP* (resp. R"XRP¥).

The subblowing-up Rr: RX—> R™ is a proper surjective modification of
R™ in the sense that the map Rz is a proper surjective analytic map and the
restriction

Rz |RX)5: RXys — R—RW
is an analytic isomorphism of real analytic manifolds.

The blowing-up Cz (resp. Crz|R) is, of course, a proper surjective modi-
fication of C™ (resp. R™).

(2.2) LEMMA. KXy = KX;.

PrOOF. Let (x° £° be a point of KXu. There exists a monomial x% such
that (x°%+0 for x°=(x?, x3, ---, xO)EKW.
Define



Modified analytic trivialization 165

x3 if x3+0,
xpi=
1/m otherwise
and

(™= (x™)o: (x™)1: et (x™)k
Then, (x™, {™<KX% and
(™, &™) — (2% ") if m—oo.
So, (x° < KXs. This implies KXjpCKXs and KXy CKXs.

The converse inclusion KXy DKXs follows the inclusion KXgxDOKXE.
This completes the proof of (2.2).

(2.3) LEMMA. The blowing-up Crn:CX—>C™ (resp. the blowing-up
Cr|R:CX|R—> R", the subblowing-up Rn:RX—> R™) is independent of the
choice of the generators of the ideal

(xioy xil: Ty xik)K[xl, Xy 0y xn]

for K=C (resp. K=C, K=R) up to an analytic isomorphism where K[ xy, Xp, **+, X5 ]
s the ring of polynomials with coefficients K.

PrOOF. It is well-known that the blowing-up Cr and Cz|R are independent
of the choice of the generators up to analytic isomorphism ([2]). The unique-
ness of the subblowing-up Rz follows the uniqueness of the blowing-up Crx|R.

Let I’y be the Newton polygon of the polynomial

xi0+xi1+ ces +xik s

namely I', be the convex hull of the set

{i;+/R."| 0=j<k}

in R*, where R, :={xeR|x=0}.

Adding some monomials x%j, k+1<7</, of the ideal (x®, x%, .-, x%k)
K[x,, %2 -+, x5] to the set of generators x%, 0<;j<k, if necessary, we may
assume that the following properties (2.4) are satisfied.

(2.4) PROPERTIES.

(2.4.1) The Newton polygon of the polynomial x®o+xit+4 .- +x% is [y,

(2.4.2) The rank of {i;—i,|s, 7,7, 0<s, t<!} is equal t® dimy for any face
7 of F-q-.

In the sequal of this section, we assume that the blowing-up and the sub-
blowing-up of K™ with center KW satisfy the properties (2.4). Namely, let



166 E. YosHINAGA

KX, be the topological closure of
KX# .= {(x, Des(K*—KW)XKP'| Ly : &y Q=xb: xh1; ... s xU}

in the Hausdorff space K®*X KP'! and Kr,: KX,—> K™ be the canonical projec-
tion. By (2.3), Kz is analytically isomorphic to Kz, namely there exists an
analytic isomorphism ¢: KX—> KX, such that Km=Kn-¢. Define

KX§ := {(x, )e(K"—KS)XKP"| {,:y: - : {i=xb: xfrs oo x¥},

(2.5) LEMMA. For any (x°, {®€KX,—KX%,,, there exists a unique face y=
7(x°% &% of the Newton polygon I'. such that {3+0 if and only if i;&y(x°, C°).

PrROOF. By (2.2) and the curve selection lemma ([6]), there exists an
analytic map ¢:[0, e)— KX, such that ¢(0)=(x° {%, #(s)e KX%,, for s=(0, ¢).
Let Knl°¢=(¢1; ¢27 Tt ¢n) and

@,(s) := dps"»+(higher terms), d,+#0

be the Taylor expansion of ¢, for 1<p<n. Here, Z%_,7,>0 for x’=KS.
Define
D(s):=(d,sN, dys™, -, d,s™).
Then, :
(Kmied(s))to: (Kmyod(s))t: et (Ko g(s))'t —> §,

if s—=0. This implies that
(@(s)fo: (D(s)r: - (D(sHM —> &,

if s—0.

Let y(x0, £o) be the face of the Newton polygon I', such that the restriction
to I'y of the linear function L(vy, vy, -+, vu) i=rw;+rews+ -« +rav, takes the
minimum value if and only if (v;, v, -+, va)E7(x° {°. Noting that (ry, 7, -+, 75)
#(0,0, ---, 0) for x°=KS. Then, {3+#0 if and only if /;&y(x° {°. The pro-
perty (2.4.2) guarantees the uniqueness of the face with this property.

(2.6) DEFINITION. We say that the point (x°, )= KX,—KX¥ , is supported
by the face y(x° C° of (2.5).

(2.7) DEFINITION. For a face y of the Newton polygon I'y, a subset J, of
{1, 2, -+, n} is called the transversal direction of the face y if J, is the subset
of all indexes p of x,-axis, each of which is transversal to the face y, namely
there is no parallel translation z of R™ such that the affine space determined
by 7 contains 7(x,-axis).

(2.8) LEMMA. Suppose that a point (x°, {)eKX,—KX% is supported by a
face y=y(x° 0 of I's. Then, x3=0 if and only if p<],.
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PROOF. Let @(s)=(d,s™, d,s™, -+, d,s™») be the analytic map in the proof
of (2.5). Then, the restriction to Iy of the linear function L(yi, v, -, va)=
rwitre+ - +ray, takes its minimum value just on the face y(x° {%. So, r,#0
if and only if p=]J,. Note that @(0)=x°. This completes the proof of (2.8).

(2.9) COROLLARY. A face 7(x°; C% is compact if and only if x°=0.

Proor. Note that a face y is compact if and only if the transversal direc-
tion J, of 7 is equal to {1, 2, -+, n}. So, (2.8) implies (2.9).

(2.10) DEFINITION. We call a non-compact face y of I'. a coordinate face
if y is contained in some coordinate space and contains a non-empty open sub-
set of the coordinate space.

(2.11) LEMMA.

(2.11.1) Suppose that a point (x°, {°) is supported by a coordinate face y=
7(x% §°. Then

Kap'(x%) = {(x°, ).

(2.11.2) If #Kri'(x">1 and x°+0, then a point (x°, ()= KX, is supported
by a non-compact, pon-coordinate face.

PrOOF. (2.11.2) is an immediate corollary of (2.9) and (2.11.1).

So, let us prove (2.11.1). Since y(x° {° is coordinate face, we may assume
that dimy=p and ¢(s)=(d,, =, dp, dp+:15™P+, -++, dps"?)—x°=(d,, -+, dp, 0, +--, 0)
if s—0.

If i,ey(x° £%, then 7;p4,= - =1;,=0 because y(x° {° is a coordinate face.
And x¥eg(s)=dis - diir if ;e y(x°, 0% and ord(x?*j-¢(s))=1 otherwise. There-
fore {° is uniquely determined by. x°=(d,, ---, dp, 0, -+, O).

3. Non-degeneracy.

Let f(x)=Xc;x* be a germ of real analytic function at the origin of R™.
1
Suppose f(0)=0. Define
fr(x) = %Cixi

for any subset y of the Newton polygon I'.(f) of f(x). Let J be a subset of
{1, 2, ---, n} and K=R or C.

(3.1) DEFINITION. A germ f(x) is K-/-non-degenerate if the following equa-
tion
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(B.11) xp0f;/0x,) =0,  pE]

has no solutions in K®*—KS for any compact face y of I'.(f).
In particular, we call a germ f(x) being K-non-degenerate if it is K-J/-non-
degenerate for J={1, 2, ---, n}.

The following (3.2) is clear.

(3.2) LEMMA.

(3.2.1) The C-J-non-degeneracy of f(x) implies the R-J-non-degeneracy of
f(x).

(3.2.2) Suppose J,CJ.C {1, 2, -+, n}. If a germ f(x) is K-J-non-degenerate,
then f(x) is K-J,-non-degenerate.

(3.3) ExAMPLE. Let f(x,, x;, x3):=x*+x.2x. +x,°+x,°x,>. The following
figure (3.3.1) represents the Newton polygon I'.(f) of f(x).

(3.3.1) Figure.

Xs 71

0, 6, 2)

X2

The Newton polygon I'.(f) has five faces of dimension two. They are
71, **+, 75 in the figure (3.3.1). Define

ra=riNy;  and  yie =100 .
The all compact faces of I'.(f) are

Y5> T15s T35 Tass T34s Y1355 Y145 Yaas and 7agq.

The all coordinate faces are

T T2 Tss T1s aNd 7.

The faces 74, 714, 724 are non-compact and non-coordinate faces.
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(3.3.2) The germ f(x) is R-{1, 2}-non-degenerate and C-non-degenerate.
(3.3.3) The germ f(x) is K-{1, 3}-degenerate and K-{2, 3}-degenerate.
(3.3.4) The germ f(x) is C-{1, 2}-degenerate.

PrROOF. We have the following calculating table.

(3.3.5) Table.

compact face y xlgj; 71 ngi 72 x3g£ Z
s 2x.2x,° 3x:2x,5+8x,8+6x,°x4® 2x,%%42
715 0 8x,8+6x,%x," 2x,5 x5
75 2x.2x5° 3x.2x,°+8x,° 0
715 2x.%x,° 3x,2x,°+6x,°x,” 2x,°x,°
7s4 4x,+2x,2x,° 3x,%x,° 0
T1ss 0 8x,° 0 ;
N 7145 e 0 - 6x,°x,° 2%,8%,°
Tses 2x,°x,° 3x.%x,° 0
7284 4x,* 0 0

The table (3.3.5) shows that the equation for J={1, 2, 3} has no
solutions in K®*—KS for any compact face 7. So, the germ f(x) is K-non-
degenerate. The equation

afT —_ af?’ —
xl’gz = Xq axz =0
has no solutions in R®—RS. So, the germ f(x) is R-{1, 2}-non-degenerate.
This implies (3.3.2).

For the compact face y=riss, both the polynomials x,df,/dx;, and x,0f,/0x,
are identically zeros. So, the germ f(x) is K-{1, 3}-degenerate.

For the compact face y=7,4, both of the polynomials x,0f,/dx, and x,0f,/0xs
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are identically zeros. So, the germ f(x) is K-{2, 3}-degenerate. This implies
(3.3.3).

For y=rs, x10f;/0x,=0 and x,0f,/0x,=2x,%(4x,*+3x,*). Then the equation
x:0f,/0x,=x,0f,/0x,=0 has solutions in C*—~CS. This implies (3.3.4).

Let f(x) be a germ of analytic function at the origin of R”. Then, there
exist finite analytic functions c;(x) with ¢;(0)+0 such that

flx)= é_,:) ci(x)xti.

Let KW:={xeK*|xto=xl1= ... =x%* =0} and Kr: KX— K" be the sub-
blowing-up (resp. the blowing-up) of K™ with center KW for K=R (resp. K=C).

(3.4) THEOREM. A germ f(x) is K-J-non-degenerate if and only if the linear
equation

(3.4.1) Z'Opco(O)Co+i1pC1(O)§1+ +ikpck(0)Ck =0, j)Ej

has no solutions in Kr-(0).

PROOF. Suppose that a germ f(x) is K-J/-degenerate. There exist a com-
pact face y of I'.(f) and a solution x°=K"—KS of the equation for 7.
Choose n positive integers r»,, ry, -+, 7, S0 that the restriction to I'.(f) of the
linear function L(v)=rw;+#s+ -+ +rov, takes its minimum value just on the
face . Let

o { d(x%%, d+0 if 1,7,
a 0 otherwise.

Then,

((s™1x}, s™ex3, -+, s2x3), He KX — (0, {%)

if s tends to zero.

Now,
] . .
=d 2 1;5¢,0)5;
ijEr
k
= d 3355000}
=0 for pe].

So, (0, = Kn~%0) is a solution of the equation (3.4.1).
Conversely, suppose that the equation (3.4.1) has a solution (0, {*)= K=z-(0).
Let y=7(0, L") be the face supporting the point (0, £%. Then the face 7 is com-
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pact by (2.9). Let @(s)=(d,s™, d,s™, ---, d,s™) be the analytic map in the
proof of (2.5). Then, the polynomial (x,df,/0x,) (@(s)) is the initial term of
(x0f/0x,)(D(s)). Let a:=deg,(x,0f,/0x,)D(s)). Then,

( af of,

r
x
P ox, 0xp

) @)/se

)(d1) dZ; ) dﬂ-) = (xp
= iériijj(O)(@(S)ij/Sa) .

The ratio (@(s)to: @(s)'1:..-: D(s)**) tends to {° if s tends to zero.

On the other hand, X ,e7;,¢;(0)C3=0 because 25-oi;,c;(0){3=0 for pe] by
the assumption and {}=0, i;&7 by (2.5).

So, (x,0f;/0x,)d;, ds, -+, ds)=0 for pe] and the equation has a
solution (d,, d, -+, d,) in K®*—KS for the compact face 7.

Let F(x;t)=33c¢i(t)x* be a real analytic family with a fixed Newton
polygon [I',.

(3.5) DEFINITION. For K=R or C, we call F(x;t) a K-J-non-degenerate
family if each function f,(x):=F(x;t), tel, is K-J-non-degenerate.

Let 7p, 1=p<M, be the all faces of I'. (which contain the face of dimen-
sion n) and construct a new family F(x ; T), T=(t,, )€1, changing the param-
eter t=(ty, ty, -+, tw) Of F(x;1t) as follows. Substitute a new parameter ¢, , for
the parameter ¢, (if there exists) in the coefficient c¢;(¢) of term x%, i€Int(y,).
Then F(x ; T) is a real analytic family with the fixed Newton polygon I', and
dim/<mM. We call £(x;T) the corresponding family to F(x;t). We denote
the boundary of y by ar.

(3.6) DEFINITION. We call a K-non-degenerate family F(x;t) a strongly
K-non-degenerate family if the corresponding family Fix:T) is K-J,-non-
degenerate and F,(x;t) is independent of ¢ for any non-compact, non-coordinate
face y of I',.

We denote the function substituting ¢, , for t, of ¢,(t) as above by ¢,(T).

4. Kuo vector fields and singular Riemannian metrics.

Let F(x;t)=3koci(x; )x%, ¢;0;t)#0 be a real analytic function in a
neighbourhood of {0} I, where I is a compact interval in R and F(0; ¢)=0.
Namely, F(x;t) is a real analytic family with one parameter.

Assume that F(x;t) is a family with a fixed Newton polygon I'.=1I".(f:).

Let Kr: KX—> K™ be the subblowing-up (resp. the blowing-up) of K® with
center KW where KW={xc K"|xlo=xl1= ... =x%% =0} if K=R (resp. K=C).

In this section, we shall prove that there exists an analytic vector field 14
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defined in a neighbourhood of Rz-*(0)Xx[I (resp. (Cn|R)"*(0)xI)in R*XRP*XR
if the all f,(x) are R-non-degenerate (resp. C-non-degenerate) with the follow-
ing properties:

(V) 7 is tangent to the analytic manifold RX;} X R and is tangent to the
level set of Fo(RrxXid;) (resp. Fo-(Cr|RXxid;)) at its regular point,

(772) the ¢t component of V is 8/0t.

Now, let us introduce a singular Riemannian metric on R™. Let g,(x),
1< p<n, be analytic functions on R®. Define the inner product by

0 a \._ 5
<gp axp' » &q ax, >-— pq
where 9,4, 1<p, ¢g<n, are the Kronecker’s symbols. This inner product induces
a Riemannian metric on R"—{x=R"|g.g, - g,=0}, which we call a singular

Riemannian metric on R™,
Using this singular metric, we have the following

(4.1) LEMMA.
n oF 0
J— 2
(4.1.1) Grad,F = Elgp ox, 9,
. &( OF\:
4.1.2) |Grad,F|* = 3} (25 ax,,)'

PrROOF. Put Grad,F:=X%_,a,0/0x, Then, by the definition of Grad,F,
we have:

aafp = (Grad.F 5??;> =(as aip’ aaac,,> =i

So, a,=g,"0F/0x, This completes the proof of

We have:
n oF 0 L oF d
2 2___ 2
|Grad1‘F! - <P§1gp axp axp, pglg axP axp>
n OF \2
pg (gp axp)

Recall so called a Kuo vector field V(x;t) ([3]):

.n._ |Grad,, ,F|*¢d /@ Grad, ,F\ Grad,, F
Viz;0:i= |Grad,F|? (at <8t’ lGradx_LFl/lGradz,tF|>
_ —O0F/ot a
= [Grad,F? oradFF 5 -
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The vector field V(x;t) is tangent to the level set of F(x;?) at its any
regular point, by definition. By (4.1), we have the following representation of
Vix; .

(4.2) LEMMA.
o _OFa L,OF & ja, OF\ @
Vix; = at pglgpz 0x, 0xp pz=}1<gp axp) tar
Define
{ XXy Xn/Xp  if PE],
E,:=
1 otherwise.
k
—(g@cj/at)c,-) 2 imes s 0+ x5 2 0ei/0x,)0)
Ap(x, L5 ) i=—12 .

é Epz{ 2 1ipCix 5 D+ %, 2 (acj/axp)Cj}
=1 Jj=0 J=0

(4.3) THEOREM. Suppose that F(x;t) be a real analytic family of germs of
R-[-non-degenerate (resp. C-J-non-degenerate) functions f.x):=F(x;t) with a
fixed Newton polygon I'y. Then, the vector field defined in R* XU, XR={(x, {;1)|
&#0}

0 3 n . . ; 0
= B An, it B B At 8 0isyming 00, g+ 5
is analytic in a neighbourhood of Ra=*(0)X1I (resp. (Cx|R)-*(0)XI)in R"X RP*XR
and satisfies the conditions (V1) and (V2).

PrROOF. Substituting x=0 in the denominator of the coefficient of d/dx,,
we have 3 ,er{2465,¢;00; 1E;1%

By (3.4), it does not vanish on Rrx~*(0)XI (resp. (Cxm|R) *(0)XI) because
the germs f,(x) are R-/-non-degenerate (resp. C-J-non-degenerate). So, the
vector field V(x, £;t) is analytic in a neighbourhood of Rz-%(0)xI (resp.
(Cx|R)0)xI) in R*"XRP*XR, where V|R*XU,xR:=V".

Now, let (x, {) be a point of RX¥. Then,

d(Raxid )V (x, T; 1) = d(Cx| R)Xid, )V (x, {; 1)
——( 213 ac;/otxti é E,,Z{ zk} iipcix; t)xif—}-xp é acj/axpxii}xpa/axp P
3 E? f} LipCi(x; t)x? J—i—xp Z dc;/0x, x’:} o

=1 ]=0
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—9F/ot ) E ) xp(0F/0x5)x,0/0x, 4
— p=nl ._I_ —_—
2 (Byx,0F /05, ot

=V(x;t).

The last equality is proved by the application of (4.2) in which put
8p:=FEpx, 1=p=n.

This shows that the vector field V(x, £;¢) is tangent to the analytic mani-
fold RX¥X R and is tangent to the level set of Fe(Rx Xid;) (resp. Fe(Cx|RXxid;))
at its regular point since the Kuo vector field V(x ; t) satisfies similar properties.
Thus, the vector field V(x, {; 1) satisfies the condition (¥1).

The condition (V2) is clearly satisfied by the definition of V(x, ;1. This
completes the proof of (4.3).

5. Proof of main Theorems.

PROOF OF (1.2). The proof of (1.2) in the case of C-non-degeneracy
is completely parallel to the proof of (1.2) in the case of R-non-
degeneracy, using the blowing-up Cz|R: CX|R—> R™ of R™ with center RW
instead of the subblowing-up Rr: RX—— R™ of R"™ with center RW.

Now, let us prove (1.2) in the case of R-non-degeneracy.

Let F(x;t): R"XI—> R be a real analytic family of germs of R-non-
degenerate real analytic functions with a fixed Newton polygon I'.=I",(f,)
where I=X2,[a,, b,] be a compact cube in R™.

Let ¥, be an analytic vector field in a neighbourhood of Rz-(0)xI in
R"XRP*XR™ with the properties:

(17,,1) 17'q is tangent to the analytic manifold RX}¥XR and is tangent to
the level set of F-(RzxXid;) at its regular point,

(V'2) the t component of ¥, is 8/0t, for 1<g<m.

By (4.3) in which put J:={l, 2, -, n}, 8/0t:=d/dt,, the existence of ¥, is
guaranteed. Let ¢,(t,; x, {, ¢) be the trajectory of V'q with ¢,0; x, £, ¢)=(x, {, ¢).
Then,

Hx, 8 1):= ¢ultm—0m; m-s(-+; $u(ti—as; 1, &, @) )

is an analytic isomorphism between two neighbourhoods of Rz-'(0)xI] in R*X
RP*XR.

Since the vector field ¥, has the properties (V,1) and (V,2), the restriction
of ﬁ(x, ;1) to RXXR induces an analytic isomorphism between two neigh-
bourhoods of Rz-(0)XI in RXXR and the function Fo(Rzrxid,)oﬁ(x, ;1) is
independent of f. This completes the proof of (1.2) in the case of
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R-non-degeneracy.

PrOOF OF (1.3). It is sufficient to prove (1.3) in the case of R-
non-degeneracy by the same reason in the proof of (1.2).

In this proof, we make use of some results in Section 2, and so we assume
that the subblowing-up of R™ with center RW is the RX, defined by the mono-
mials x%j, 0<7<! satisfying the conditions (2.4.1) and (2.4.2).

Since F(x;t) is an R-non-degenerate real analytic family, the hypothesis of
(1.2) is satisfied. So, there exists an analytic isomorphism H(x, Z; )
proving (1.2). For the proof of (1.3), it is sufficient to show that the analytic
vector field V' (x, {;¢) in the proof of (1.2) is tangent to Rz-'(x°)X R for any
x°c RW whose inverse image of Rz is not a one point set. In fact, if the all
vector fields Vq, 1=<¢<m, have these properties, then the analytic isomorphism
H induces the homeomorphism H between two neighbourhoods of {0} X[ in
R™"xXR™ proving (1.3).

(5.1) LEMMA. The coefficient of 0/0x, in Vq(O, {; t) vanishes for any p, q.
PROOF. This is clear by the definition of ¥,

(5.2) LEMMA. If #Rar'(x)>1and x°#0, then V (x°, {°; t)=08/0t,, 1<q=<m,
for (x°, e RX,.

PrROOF. By (2.11.1), the point (x° {°) is supported by a non-compact, non-
coordinate face y=y(x°, %) of the Newton polygon I,.

Then,
aCj 0. 0 3(:,
atq (x ’ t)C] - 2

ije)’ 3tq

k
> (x°; )83
j=0

by (2.5). Note that

F(x%; )= 3 cj(x%; t)(x%).
ZjET

Because we may assume that the exponent of any monomial of ¢;(x ; t)x%, i;€7,
lies on the face 7y after changing (if necessary) the formulation F(x;it)=
2h-ocfx; t)x* without change of Rz up to isomorphism. Fy(x ;) is independent
of t, the hypothesis of (1.3).

Hence,

aCj
Since 235-40c;/0t(x ; 1)§; is a factor of the coefficient of 0/dx, and 8/9(C;/C,) (see

the definition of the vector field ¥, in (4.3)), the coefficient of 8/dx, and
8/0(¢;/L,) in the vector field ¥ (x°, {°;1) is zero. So,

(x°; 8 =0.
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Vo, ;1) = 0/dt,.

So, the vector field ¥ (x°, £°;¢) is equal to 8/6t,. This completes the proof
of (5.2).

By (5.1) and (5.2), the vector field ¥ (x°, ;) is tangent to Rri(x°)XR.

Therefore, the real analytic family F(x;¢) admits an Rx,-MAT along I and
so admits an Rz-MAT along I because the subblowing-up Rz, of R™ is analyti-
cally isomorphic to the subblowing-up Rz of R® This completes the proof of
(1.3).

ProOF OF (1.4). It is sufficient to prove (1.4) in the case of R-non-degeneracy
by the same reason in the proof of (1.2).

Since F(x;t) is a subfamily of the corresponding family Fx:T), it is
sufficient to prove that F(x; T) admits an Rz-MAT along I.

Let J, . be the subset of {1, 2, ---, n} defined as follows:

) { Jrs if 7, is a non-compact, non-coordinate face,
o= )
{1, 2, ---, n} otherwise.

Let Vq,,(x, L:;T) be an analytic vector field defined by (4.3) in which put
J:=J.., 0/0t:=8/0t,, and F(x;t):=F(x; T).

The residual part of the proof is completely parallel to the proof of (1.3)
except making use of the following (5.3) instead of (5.2).

(5.3) LEMMA. If #Rr7*(x°)>1 and x°+0, then the coefficient of 08/0x, in
Vq,,(x", ¢°; T) vanishes for any p.

ProOOF. By (2.11.1), the point (x° {° is supported by a non-compact, non-
coordinate face y of the Newton polygon I,.

At first, suppose 7,=7. Then, x3=0 for any p</, by (2.8). So the co-
efficient of 8/dx, in the vector field ¥, ,(x° £°; T) vanishes if p=],..

If p&J,,, then the function E,x,=x,x,- x, is a factor of the coefficient
of 9/0x, in the vector field I7q, ~x,C;T) and so the coefficient of 9/dx, in
Vq,r(x°, {°; T) vanishes because #Rz"'(x°)>1 and x°=RS.

Nextly, suppose 7,#7. Then,

ac. .
S TR = 2 5 TG

by (2.5).

Here, if i;€Int(y), then ¢i(x; T) is independent of ¢, , for y.#7. We may
assume that the exponent of each monomial of ci(x;t), i;=dr, lies on dr after
changing (if necessary) the formulation F(x;?)=2)%..c;(x;f)x* without change
Rr up to isomorphism. So, if 7,0y, then ¢,(x; T) is independent of ¢, . because
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F(x;t) is strongly R-non-degenerate, the hypothesis of (1.4).
Hence,

94 (o My =0.

Since X%_,0c;/0t, (x; T)E; is a factor of the coefficient of 9/dx, (see the
definition of the vector field ¥, , in (4.3)), the coefficient of 3/dx, in the vector
field ¥, .(x°, {°; T) is zero.

This completes the proof of (5.3).
This completes the proof of (1.4).

Note that the corresponding family F (x; T) admits an Rz-MAT along [ by
the proof of (1.4).

6. Corollaries.

(6.1) COROLLARY. Let F(x;1t) be an R (resp. C)-non-degenerate real analytic
family. Assume that
RW = {xeR™| xto=x"1= ... =x%=0} = {0}.
Then the family F(x;t) admits an Rr-MAT (resp. Cr|R-MAT) along I.
PROOF. (6.1) follows the proof of (1.2). In fact, the additional hypothesis

of (1.3) compared with the hypothesis of (1.2) is needed to prove (5.2). But we
are not in need of (5.2) to prove (6.1) by the assumption RW={0} of (6.1).

(6.2) COROLLARY. Assume that a real analytic function f(x) is R-non-
degenerate. Then, the Rr-MAT type (and so the local topological type) of f(x)
is determined by far,cr(%).

PRrROOF. Let g(x) be a real analytic function at the origin such that I".(g)
=I'y(f) and gor . (x)=far,(x). Then the analytic family F(x;#):=1—8)f(x)+
+tg(x) satisfies the hypothesis of (1.3). So, the family F(x;?) admits an Rz-
MAT along the interval [0, 1] and F(x;0)=f(x), F(x;1)=g(x). This com-
pletes the proof.

7. Examples.
(7.1) EXAMPLE. Let

F(x;t):= x 414125 x 2 x .0+ 2.8+ x5 %7, k=1,
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As we studied in (3.3), F(x;t) is a family of R-{1, 2}-non-degenerate real
analytic functions. Let I be a parameter space, an any compact interval in R.
Let Rr: RX— R® be the subblowing-up of R® with center

RW = {x€ R?| x,'*=x"x,"=x,'=x,°x3*=0}.
(7.1.1) The family F(x;t) admits an Rx-MAT along I.

ProOOF. For any non-compact, non-coordinate face 7, 7:4 Or 7., the trans-
versal direction is {1, 2}. The corresponding family F(x ; T)is equal to F(x ;).
The family F(x;t) (and so F (x; T)) is R-J-non-degenerate. And

Fox ;1) = 2+ 2,223+ 55147

is independent of . Namely, F(x;t) is strongly R-non-degenerate.
Thus, the family F(x ;1) satisfies the hypothesis of (1.4) and admits an
Rrx-MAT along I.

(7.2) EXAMPLE. Let
Flx;t):= xtxl2xt 2.0 %2 a2, 0  Fix 6.3 x s Hix P xp %, .
(7.2.1) The family F(x;t) is strongly R-non-degenerate.

ProoOF. The figure of the Newton polygon I, of F(x;?) is denoted as
follows :

(7.2.2) Figure.

Xs

Te

e @, 4, 0)

4
X1 7s

The corresponding family £ (x;7T) to F(x;t) is defined as follows:
F‘OC; T)= x14+x12x24+x2‘°x32—I—tlx1x27x32+t2x1x28x3+t3k13x2x3 .

Note that ﬁ,zFr for any compact face y. Calculating the polynomials

x,0F,/0x, for the all compact faces y of I',, we have the following table
(7.2.3).
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(7.2.3) Table.

compact face x OF, x 0F; ‘ x 0F;
p r ! ax1 2 aXQ 8 axs
745 2x12x24 4X12x24+10xZ10x;;2 | 2x21°x32
736 Ax 4 42x.2x,t 4x2x,t 0
7145 0 10x,* x4 2x,7°x4"
7845 2x,%x,* 4x2x,* 0
i 7236 4xt 0 0

This calculation implies that the family F(x; T) is R-{1, 2}-non-degenerate
and R-{1, 3}-non-degenerate. For any non-compact, non-coordinate face y=y,,
s> Te» 710 7185 T26r Ta4 Tse» the transversal direction J, is {1, 2} or {1, 3} and it is
clear that Fj, is independent of ¢. Thus, the family F(x;1?) is strongly R-non-
degenerate and so admits an Rz-MAT along any compact interval in R by (1.4).

(1]
(2]
£3]

[4]
(5]

(6]

References

T. Fukui and E. Yoshinaga, The modified analytic trivialization of family of real
analytic functions, Invent. Math., 82 (1985), 467-477.

H. Hironaka, Introduction to real-analytic sets and real-analytic maps, Istituto
Matematico ‘L. Tonelli’, Pisa, 1973.

T.-C. Kuo, The modified analytic trivialization of singularities, J. Math. Soc. Japan,
32 (1980), 605-614.

————, On classification of real singularities, Invent. Math., 82 (1985), 257-262.
T.-C. Kuo and J.N. Ward, A theorem on almost analytic equisingularity, J. Math.
Soc. Japan, 33 (1981), 471-484.

J. Milnor, Singular points of complex hypersurfaces, Ann.of Math. Studies, 61,
Princeton Univ. Press, 1968.

Etsuo YOSHINAGA

Department of Mathematics
Faculty of Education
Yokohama National University
Tokiwadai, Hodogaya-ku
Yokohama 240

Japan



	Introduction.
	1. Main Theorems.
	(1.2) THEOREM. ...
	(1.3) THEOREM. ...
	(1.4) THEOREM. ...

	2. Subblowing-ups and ...
	3. Non-degeneracy.
	(3.4) THEOREM. ...

	4. Kuo vector fields and ...
	(4.3) THEOREM. ...

	5. Proof of main Theorems.
	6. Corollaries.
	7. Examples.
	References

