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Abstract. We prove an analog to the classical Mikhlin-Hörmander multiplier

theorem for Markov chains.

1. Introduction.

Let mðxÞ be a bounded measurable function in R
n and let Tm be the operator

defined by dTm fTm f ðxÞ ¼ mðxÞ f̂f ðxÞ (where f̂f denotes the Fourier transform of the function

f ). Then, by the Plancherel formula, Tm is an operator bounded on L2. The Mikhlin-

Hörmander multiplier theorem (cf. [Hö]) asserts that if

sup
x ARn

jxjkj‘kmðxÞj < þy; k ¼ 0; 1; . . . ;
n

2

� �
þ 1;

then Tm extends to an operator bounded on Lp, 1 < p < y and from L1 to weak-L1.

This result has had many generalisations to abstract contexts (see for example [A1], [An],

[He], [CS] and the re¤erences therein). In this article we shall prove an analogous result

for Markov chains.

More precisely, let X be a measurable space endowed with a positive s-finite

measure dx and a measurable distance dð: ; :Þ and let us denote by Bðx; rÞ, x A X , r > 0

the ball of center x and radius r. If A is a measurable subset of X , then we shall set

jAj ¼ dx-measure(A).

We shall assume that X has the doubling volume property, i.e. there is c > 0 such

that for all x A X and r > 0

jBðx; 2rÞja cjBðx; rÞj:

This implies that there is Db 0 such that

jBðx; rÞj

jBðx; sÞj
a c

r

s

� �D

; rb s > 0; x A X :ð1:1Þ

Note that X is a space of homogeneous type in the sense of Coifman and Weiss [CW].

Let Pðx; yÞ be a bounded symmetric Markov kernel on X and let us set P0ðx; yÞ ¼

dx, where dx is the Dirac mass at x, P1ðx; yÞ ¼ Pðx; yÞ and Pnðx; yÞ ¼
Ð
Pn�1ðx; zÞ

Pðz; yÞ dz, for nb 2.
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We shall assume that there is c > 0 such that

Pnðx; yÞa
c

jBðx; ffiffiffi

n
p Þj exp � dðx; yÞ2

cn

 !

; x; y A X ; n A N :ð1:2Þ

Note that the above estimate is satisfied by the transition probabilities of random walks

on discrete groups of polynomial volume growth (cf. [HS]). It is also satisfied by a

large class of random walks on graphs (see for example [De]).

We shall denote also by Pn the operator

Pn f ðxÞ ¼
ð

Pnðx; yÞ f ðyÞ dy:

The operator I � P is symmetric. It is also positive, since for all f A L2

hðI � PÞ f ; f i ¼ 1

2

ð ð

ð f ðxÞ � f ðyÞÞ2Pðx; yÞ dxdyb 0:

Furthermore,

kðI � PÞ f k2a k f k2 þ kPf k2a 2k f k2:

So, I � P admits the spectral decomposition I � P ¼
Ð 2

0 l dEl (cf. [Yo]). Let m be a

bounded Borel measurable function. Then, by the spectral theorem we can define the

operator

mðI � PÞ ¼
ð 2

0

mðlÞ dEl:

Note that mðI � PÞ is bounded on L2
: kmðI � PÞk2!2a kmky.

Let us consider a function 0a j A CyðRÞ and let us assume that jðtÞ ¼ 1 for

t A ½1; 2� and that jðtÞ ¼ 0 for t B ½1=2; 4�.
In this article, we shall prove the following analog to the Mikhlin-Hörmander

multiplier theorem.

Theorem 1.1. Let j be as above and let us assume that suppðmÞJ ½0; 1=2� and that,

for some e > 0,

sup
0<ta1

kjð:Þmðt:ÞkCðD=2ÞþeðRÞ < y:ð1:3Þ

Then, mðI � PÞ extends to an operator bounded on Lp, 1 < p < y and from L1 to weak-

L1.

The part of the spectrum of I � P which lies in the interval ½1=2; 2� can be treated

by making use of the following:

Proposition 1.2. Let us assume that suppðmÞ is a compact subset of ð0;yÞ and

that, for some e > 0, one of the following three conditions is satisfied:

(1) m A CðD=2Þþ1þeðRÞ.
(2) 1 B suppðmÞ and m A CðD=2ÞþeðRÞ.
(3) The space X has the discrete topology and m A CðD=2ÞþeðRÞ.

Then the operator mðI � PÞ is bounded on Lp, 1a pay.
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In the case of random walks with finite range on discrete groups of polynomial

volume growth, the above results have been proved in [A3]. The proofs in [A3] though

rely on the assumption that the random walk has finite range. For example the proof

of Proposition 1.2 given in [A3] does not make use of the estimate (1.2).

The operator mðI � PÞ in the above theorem is, in general, a singular integral

operator. It is enough to prove that it is bounded from L1 to weak-L1. Then by

interpolating with the L2 result, it will follow that it is bounded on Lp, for 1 < p < 2

and by duality that it is bounded on Lp, for 2 < p < y. In order to prove that

mðI � PÞ is bounded from L1 to weak-L1 we shall perform a Calderon-Zygmund

decomposition.

Let us denote by Kðx; yÞ the kernel of the operator mðI � PÞ. The standard way

to proceed is to divide the multiplier mðlÞ into pieces of compactly supported ones mjðlÞ
(cf. [Hö]). Thus, we get operators mjðLÞ with kernels Kjðx; yÞ. The goal now is to

obtain good enough estimates for the kernels Kjðx; yÞ which will imply that their sum,

the kernel Kðx; yÞ, satisfies for example the Hörmander integral condition. This

condition translates into some regularity assumption for the kernels Pnðx; yÞ. We avoid

making such assumptions by using an adaptation in the semigroup context (see for

example [CD], [DO], [Ru], [SW]) of an argument originally due to [Fe].

A technical aspect of the proofs is that we must consider the operator
ffiffiffiffiffiffiffiffiffiffiffiffi

I � P
p

. If

we set fjðsÞ ¼ mjðs2Þ then we have mjðI � PÞ ¼ fjð
ffiffiffiffiffiffiffiffiffiffiffiffi

I � P
p

Þ. Since the function fj is

even we have

mjðI � PÞ ¼ ð1=
ffiffiffiffiffiffi

2p
p

Þ
ð

y

�y

f̂fjðtÞ cosðt
ffiffiffiffiffiffiffiffiffiffiffiffi

I � P
p

Þ dt:ð1:4Þ

Now we can observe that the function cos x developped in a power series involves

only even powers of x. So the operator cosðt
ffiffiffiffiffiffiffiffiffiffiffiffi

I � P
p

Þ can be written as a series in-

volving only integral powers of the operator I � P. In this article we shall exploit these

observations.

Let us now assume that L is a symmetric di¤erential operator (for example the

Laplace-Beltrami operator on a Riemannian manifold, or a sub-Laplacian on a con-

nected Lie group of polynomial volume growth) and that the associated heat kernel

Ptðx; yÞ (or else the kernel of the semigroup Tt ¼ e�tL) satisfies a Gaussian estimate

similar to (1.2). In the last section, we shall explain how one can adapt the arguments

given in this article in order to prove analogous results for the operator L.

Throughout this article, the di¤erent constants will always be denoted with the same

letter c. When their dependence or independence is significant, it will be clearly stated.

If Kðx; yÞ and Sðx; yÞ are kernels on X then we shall denote by KS their con-

volution product defined by KSðx; yÞ ¼
Ð

Kðx; zÞSðz; yÞ dz.
We shall set

ApðxÞ ¼ Bðx; 2ð pþ1Þ=2ÞnBðx; 2p=2Þ; p A N :

Note that by (1.1)

jApðxÞj
jBðx; 1Þja c2Dp=2; p A N ; x A X :ð1:5Þ
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2. An approximation lemma.

We shall need the following:

Lemma 2.1. Assume that the function f ðxÞ A CðRÞ has compact support and that it

possesses n continuous derivatives f 0ðxÞ; f 00ðxÞ; . . . ; f ðnÞðxÞ and let Ma ¼ supfj f ðnÞðxþ tÞ�
f ðnÞðxÞj=ta; t > 0; x A Rg, 0 < aa 1. Then, for every l > 0, there is an even bounded

integrable function clðxÞ A CðRÞ and a constant c > 0, independent of l and f , such that

kĉclkya cð2:1Þ

suppðĉclÞJ ½�l; l�

j f ðxÞ � f � clðxÞja c
Ma

lnþa ; x A R:

The above lemma can be proved by induction on n, in the same way as in the

periodic case (cf. [Lo, p.57], [Na, p.88]). The only change is that instead of using

Jackson’s kernel UnðxÞ ¼ kn½sinðnx=2Þ=sinðx=2Þ�4, n A N , (kn is a constant making the

integral
Ð 2p

0 UnðxÞ dx ¼ 1) we must use its analog for R, HlðxÞ ¼ Kl½sinðlx=2Þ=ðx=2Þ�4,
l > 0 (again Kl is such that

Ð

y

�y
HlðxÞ dx ¼ 1).

3. Auxiliary estimates.

We shall also need the following:

Lemma 3.1. There is h A ð0; 1Þ and c > 0 such that for all p A N , x A ApðyÞ,
jtja h2p=2 and all 1a ka 2p=2

jeitPPkðx; yÞja
c

jBðy;
ffiffiffi

k
p

Þj
e�dðx;yÞ=cð3:1Þ

jðcosðt
ffiffiffiffiffiffiffiffiffiffiffiffi

I � P
p

ÞÞPkðx; yÞja
c

jBðy;
ffiffiffi

k
p

Þj
e�dðx;yÞ=c:ð3:2Þ

Proof. We shall only prove (3.2). The proof of (3.1) is similar.

We have

cosðt
ffiffiffiffiffiffiffiffiffiffiffiffi

I � P
p

Þ ¼
X

nb0

t2n

ð2nÞ! ð
ffiffiffiffiffiffiffiffiffiffiffiffi

I � P
p

Þ2n ¼
X

nb0

t2n

ð2nÞ! ðI � PÞn:

Since, ðI � PÞnPkðx; yÞa ðI þ PÞnPkðx; yÞ, we have

jðcosðt
ffiffiffiffiffiffiffiffiffiffiffiffi

I � P
p

ÞÞPkðx; yÞja
X

nb0

t2n

ð2nÞ! ðI þ PÞnPkðx; yÞ; x; y A X :

By (1.2) and the binomial formula

ðI þ PÞnPkðx; yÞa 2n c

jBðy;
ffiffiffi

k
p

Þj
exp � dðx; yÞ2

cðnþ kÞ

 !

; x; y A X ; n A N :
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It follows that if x A ApðyÞ and jtja h2p=2, then

X

0ana2 p=2

t2n

ð2nÞ! ðI þ PÞnPkðx; yÞa
X

0ana2 p=2

ðtÞ2n
ð2nÞ! 2

n c

jBðy;
ffiffiffi

k
p

Þj
exp � dðx; yÞ2

c2p=2

 !

ð3:3Þ

a

X

0ana2 p=2

ðh2p=2
ffiffiffi

2
p

Þ2n
ð2nÞ!

c

jBðy;
ffiffiffi

k
p

Þj
e�2 p=2=c

a
c

jBðy;
ffiffiffi

k
p

Þj
e�2 p=2=c

X

nb0

ðh2p=2
ffiffiffi

2
p

Þn
n!

¼ c

jBðy;
ffiffiffi

k
p

Þj
e�2 p=2=ceh

ffiffi

2
p

2 p=2

¼ c

jBðy;
ffiffiffi

k
p

Þj
e�ðð1=cÞ�h

ffiffi

2
p

Þ2 p=2

:

Also by Stirling’s formula Gð1þ nÞ ¼ n!b
ffiffiffi

p
p ffiffiffi

n
p

nne�n, n A N . So, by choosing h

small enough, we have

X

nb2 p=2

t2n

ð2nÞ! ðI þ PÞnPkðx; yÞa
X

nb2 p=2

ðtÞ2n
ð2nÞ! 2

n c

jBðy;
ffiffiffi

k
p

Þj
ð3:4Þ

a
c

jBðy;
ffiffiffi

k
p

Þj
X

nb2p=2

ðh2p=2
ffiffiffi

2
p

Þ2n
ð2nÞ!

a
c

jBðy;
ffiffiffi

k
p

Þj
X

nb2p=2

ðh2p=2
ffiffiffi

2
p

Þ2n
ffiffiffi

p
p ffiffiffiffiffi

2n
p

ð2nÞ2ne�2n

a
c

jBðy;
ffiffiffi

k
p

Þj
X

n>2 p=2

h2p=2e
ffiffiffi

2
p

n

� �n

a
c

jBðy;
ffiffiffi

k
p

Þj
X

n>2 p=2

h2p=2e
ffiffiffi

2
p

2p=2

� �n

a
c

jBðy;
ffiffiffi

k
p

Þj
X

n>2 p=2

he
ffiffiffi

2
p
� �n

a
c

jBðy;
ffiffiffi

k
p

Þj
e�2 p=2=c:

(3.2) follows from (3.3) and (3.4). r

4. Proof of proposition 1.2.

Let us assume that the condition (1) is satisfied by the multiplier mðlÞ.
Let Kðx; yÞ denote the kernel of the operator mðI � PÞ �mð1ÞI . Then to prove

the proposition it is enough to prove that there is c > 0 such that for all y A X

kKð: ; yÞk1a c < y:ð4:1Þ

Spectral multipliers for Markov chains 837



Let hðlÞ ¼ ðmðlÞ �mð1ÞÞð1� lÞ�1. Then h A CððD=2ÞþeÞðRÞ and K ¼ hðI � PÞP.
Hence

kKð: ; yÞk1 ¼ khðI � PÞPð: ; yÞk1ð4:2Þ

¼ khðI � PÞPð: ; yÞkL1ðBðy;1ÞÞ þ
X

pb0

khðI � PÞPð: ; yÞkL1ðApðyÞÞ

a jBðy; 1Þj1=2khðI � PÞPð: ; yÞkL2ðBðy;1ÞÞ

þ
X

pb0

khðI � PÞPð: ; yÞkL1ðApðyÞÞ:

We have

jBðy; 1Þj1=2khðI � PÞPð: ; yÞkL2ðBðy;1ÞÞa jBðy; 1Þj1=2khk
y
kPð: ; yÞk2ð4:3Þ

a jBðy; 1Þj1=2khk
y
jBðy;

ffiffiffi

2
p

Þj�1=2 < y:

To estimate the remaining terms in (4.2), we observe that

hðI � PÞ ¼ 1
ffiffiffiffiffiffi

2p
p

ð

m̂mðtÞe itðI�PÞ dt

and hence

Kðx; yÞ ¼ 1
ffiffiffiffiffiffi

2p
p

ð

m̂mðtÞe itðI�PÞPdt:

Making use of (2.1) let us consider, for all pb 0, a function cp such that

supp ĉcpJ ½�h2p=2; h2p=2�

km�m � cpkya c2�ððD=2ÞþeÞp=2:

Then

khðI � PÞPð: ; yÞkL1ðApðyÞÞa jApðyÞj1=2kððm�m � cpÞðI � PÞÞPð: ; yÞkL2ðApðyÞÞð4:4Þ

þ km � cpðI � PÞPð: ; yÞkL1ðApðyÞÞ

a jApðyÞj1=2kPð: ; yÞk2km�m � cpky
þ jApðyÞj km � cpðI � PÞPð: ; yÞkLyðApðyÞÞ:

If x A ApðyÞ then by (3.1)

jðm � cpðI � PÞPð: ; yÞÞðxÞj ¼ 1
ffiffiffiffiffiffi

2p
p

ð

m̂mðtÞĉcpðtÞe itðI�PÞPðx; yÞ dt
�

�

�

�

�

�

�

�

ð4:5Þ

a c

ð

jtjah2 p=2

je�itPPðx; yÞj dt

a ch2p=2 1

jBðy; 1Þj e
�2 p=2=c

a
c

jBðy; 1Þj e
�2 p=2=c:
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By (4.4) and (4.5) we have

khðI � PÞPð: ; yÞkL1ðApðyÞÞ
a c2Dp=42�ððD=2ÞþeÞp=2 þ c2Dp=2e�2 p=2=cð4:6Þ

a c2�ep=2:

It follows from (4.2), (4.3) and (4.6) that

kKð: ; yÞk1a cþ c
X

pb0

2�ep=2 < y

which proves (4.1).

If the condition (2) is satisfied by mðlÞ, then we set hðlÞ ¼ mðlÞð1� lÞ�1. Then

h A CðD=2ÞþeðRÞ and the kernel Kðx; yÞ of the operator mðI � PÞ can be written as K ¼

hðI � PÞP. So, arguing again in the same way, we can prove that Kðx; yÞ satisfies (4.1).

Finally, if the condition (3) is satisfied and if jfygj ¼ 0 then mðI � PÞ1fyg ¼ 0. If

jfygj0 0 then the kernel Kðx; yÞ of the operator mðI � PÞ can be written as

Kðx; yÞ ¼ mðI � PÞ1fyg
1

jfygj

� �

ðxÞ

and arguing in the same way, we can prove again that Kðx; yÞ satisfies (4.1).

5. Proof of theorem 1.1.

It is enough to prove that mðI � PÞ is bounded from L1 to week-L1. Then by

interpolation and symmetry, we can conclude that mðI � PÞ is also bounded on Lp,

1 < p < y.

5.1. Preliminary considerations.

Let us observe that

ð 1=n

0

dElð f Þ

�

�

�

�

�

�

�

�

�

�

2

¼

ð1=n

0

ð1� lÞ�n
dElðPn f Þ

�

�

�

�

�

�

�

�

�

�

2

a kPn f k2 supfjð1� lÞ�nj; ½0; 1=n�g:

Since, by (1.2), limn!ykPn f k2 ¼ 0, we conclude that

lim
n!y

ð 1=n

0

dElð f Þ

�

�

�

�

�

�

�

�

�

�

2

¼ 0:

This shows that the point l ¼ 0, in the spectral resolution of I � P, may be neglected.

Let us consider a Cy function f satisfying

supp fJ ð1=8; 3=2Þ;
X

jb1

fð2 jtÞ ¼ 1; t A ð0; 1=2�

and set mjðlÞ ¼ mðlÞfð2 jlÞ, jb 1. Then

mðlÞ ¼
X

jb1

mjðlÞ:
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Let us denote by Kðx; yÞ and Kjðx; yÞ, jb 1 the kernel of the operators mðI � PÞ
and mjðI � PÞ, jb 1 respectively. Then

Kðx; yÞ ¼
X

jb1

Kjðx; yÞ:

We have

mjðlÞ ¼ mjðlÞð1� lÞ�2 j ð1� lÞ2 j

:

Let

hjðsÞ ¼ mjðs2Þð1� s2Þ�2 j

hj; tðsÞ ¼ mjðs2Þð1� s2Þ�2 j ð1� s2Þ2 t

zjðsÞ ¼ s2mjðs2Þð1� s2Þ�2 j

:

Let us recall that suppðmjÞH ð2�j=8; 2�j3=2Þ and hence the above defined functions are

supported in ð2�j=2=
ffiffiffi

8
p

; 2�j=2
ffiffiffi

3
p

=
ffiffiffi

2
p

Þ. Also, if s A ð2�j=2=
ffiffiffi

8
p

; 2�j=2
ffiffiffi

3
p

=
ffiffiffi

2
p

Þ, then

ð1� s2Þ2 t ¼ e2
t logð1�s2Þ; 2t logð1� s2Þ@ 2tð�s2Þ@�2t�j:

Thus the functions hj ; hj; t and zj satisfy

khjkCðD=2ÞþeðRÞa c2ððD=2ÞþeÞ j=2ð5:1:1Þ

khj; tkCðD=2ÞþeðRÞa c2ððD=2ÞþeÞt=2e�2 t� j=c; tb j

kzjkCðD=2ÞþeðRÞa c2�j2ððD=2ÞþeÞ j=2:

Finally, since the functions hj; hj; t and zj are even, we have

mjðI � PÞ ¼ hjð
ffiffiffiffiffiffiffiffiffiffiffiffi

I � P
p

ÞP2 j ¼ ð2pÞ�1=2

ðþy

�y

ĥhjðtÞ cosðt
ffiffiffiffiffiffiffiffiffiffiffiffi

I � P
p

Þ dtP2 j

mjðI � PÞP2t ¼ hj; tð
ffiffiffiffiffiffiffiffiffiffiffiffi

I � P
p

ÞP2 j ¼ ð2pÞ�1=2

ðþy

�y

ĥhj; tðtÞ cosðt
ffiffiffiffiffiffiffiffiffiffiffiffi

I � P
p

Þ dtP2 j

ðI � PÞmjðI � PÞ ¼ zjð
ffiffiffiffiffiffiffiffiffiffiffiffi

I � P
p

ÞP2 j ¼ ð2pÞ�1=2

ðþy

�y

ẑzjðtÞ cosðt
ffiffiffiffiffiffiffiffiffiffiffiffi

I � P
p

Þ dtP2 j :

5.2. Calderon-Zygmund decomposition.

Let us consider a function 0a f A L1 VL2 with bounded support and let a > 0.

Then, following [CW, pp. 73–75], there are constants C ¼ CðXÞ > 0 and k ¼ kðXÞ > 0

and a sequence of balls Bðxi; riÞ, such that

(1) f ðxÞaCa, for almost all x A Xn6
i
Bðxi; riÞ,

(2) ð1=jBðxi; riÞjÞ
Ð

Bðxi ; riÞ f ðxÞ dxaCa,

(3)
P

i jBðxi; riÞja ðC=aÞ
Ð

X
f ðxÞ dx and

(4) each point x A X belongs to at most k balls Bðxi; riÞ.
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Let

hiðxÞ ¼
1Bðxi ; ri ÞðxÞ

P

j
1Bðxj ; rj ÞðxÞ

; x A Bðxi; riÞ

0; x B Bðxi; riÞ

8

<

:

and set wi ¼ hi f .

Now, arguing as in [Fe] (see [CD], [Ru], [SW] for an adaptation of this argument in

the semigroup context) we set

bi ¼
P½r2

i
�wi; rib 1

Pwi; 0 < ri < 1

�

where ½t� ¼ n, for na t < nþ 1, n A Z.

We observe that for all x A X

X

0<ri<1

biðxÞ ¼
X

0<ri<1

PwiðxÞa
c

jBðx; 1Þj
X

0<ri<1

e�dðx;xiÞ2=ckwik1

a ca
1

jBðx; 1Þj
X

0<ri<1

e�dðx;xiÞ2=cjBðxi; riÞj

a ca
1

jBðx; 1Þj e
�dðx; :Þ2=c

�

�

�

�

�

�

�

�

1

a ca:

Let

yi ¼ wi � bi

g ¼ 1Xn6
i
Bðxi ; riÞ f þ

X

0<ri<1

bi:

Then

f ¼ gþ
X

rib1

bi þ
X

i

yið5:2:1Þ

jgðxÞja ca; x A X :

5.3. Kernel estimates.

Lemma 5.3.1. There is c > 0 such that for all p; j A N , 1a ja p and y A X

kKjð: ; yÞkL1ðApðyÞÞa c2�eðp�jÞ=2:ð5:3:1Þ

Proof. We have

Kj ¼ hjð
ffiffiffiffiffiffiffiffiffiffiffiffi

I � P
p

ÞP2 j :

By (2.1) and (5.1.1), there is a function cj;p such that

supp ĉcj;pJ ½�h2p=2; h2p=2�ð5:3:2Þ

khj � hj � cj;pkya c2ððD=2ÞþeÞ j=22�ððD=2ÞþeÞp=2:
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By (3.2), if x A ApðyÞ, then

jhj � cj;pð
ffiffiffiffiffiffiffiffiffiffiffiffi

I � P
p

ÞP2 j ðx; yÞjð5:3:3Þ

¼ 1
ffiffiffiffiffiffi

2p
p

ðþy

�y

jĉcj;pðtÞĥhjðtÞ cosðt
ffiffiffiffiffiffiffiffiffiffiffiffi

I � P
p

ÞP2 j ðx; yÞj dt

a c

ð

jtjah2 p=2

jcosðt
ffiffiffiffiffiffiffiffiffiffiffiffi

I � P
p

ÞP2 j ðx; yÞj dt

a ch2p=2 1

jBðy; 2 j=2Þj e
�2 p=2=c

a
c

jBðy; 2 j=2Þj e
�2 p=2=c:

By (5.3.2) and (5.3.3)

kKjð: ; yÞkL1ðApðyÞÞ ¼ khjð
ffiffiffiffiffiffiffiffiffiffiffiffi

I � P
p

ÞP2 j ð: ; yÞkL1ðApðyÞÞ

a kðhj � hj � cj;pÞð
ffiffiffiffiffiffiffiffiffiffiffiffi

I � P
p

ÞP2 j ð: ; yÞkL1ðApðyÞÞ

þ khj � cj;pð
ffiffiffiffiffiffiffiffiffiffiffiffi

I � P
p

ÞP2 j ð: ; yÞkL1ðyApÞ

a jApðyÞj1=2kðhj � hj � cj;pÞð
ffiffiffiffiffiffiffiffiffiffiffiffi

I � P
p

ÞP2 j ð: ; yÞk2

þ jApðyÞj khj � cj;pð
ffiffiffiffiffiffiffiffiffiffiffiffi

I � P
p

ÞP2 j ð: ; yÞkLyðApðyÞÞ

a jApðyÞj1=2khj � hj � cj;pkykP2 j ð: ; yÞk2

þ jApðyÞj
c

jBðy; 2 j=2Þj e
�2 p=2=c

a jApðyÞj1=22ððD=2ÞþeÞ j=22�ððD=2ÞþeÞp=2kP22 j ð: ; yÞk1=2
y

þ c2Dp=22�Dj=2e�2 p=2=c

a c2�eðp�jÞ=2 þ c2�Dj=22Dp=2e�2 p=2=c

a c2�eðp�jÞ=2

which proves the lemma. r

Lemma 5.3.2. There is c > 0 such that for all t A N , 0a ja t and y A X

kKjP2 tð: ; yÞk1a ce�2 t� j=c:ð5:3:4Þ

Proof. We have

KjP2 t ¼ hj; tð
ffiffiffiffiffiffiffiffiffiffiffiffi

I � P
p

ÞP2 j :

Let

Ið j; pÞ ¼ khj; tð
ffiffiffiffiffiffiffiffiffiffiffiffi

I � P
p

ÞP2 j ð: ; yÞkL1ðApðyÞÞ:

Then

kKjP2 tð: ; yÞk1a khj; tð
ffiffiffiffiffiffiffiffiffiffiffiffi

I � P
p

ÞP2 j ð: ; yÞkL1ðBðy;42ð jþ1Þ=2ÞÞ þ
X

pbjþ4

Ið j; pÞ:ð5:3:5Þ
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We have

khj; tð
ffiffiffiffiffiffiffiffiffiffiffiffi

I � P
p

ÞP2 j ð: ; yÞkL1ðBðy;42ð jþ1Þ=2ÞÞð5:3:6Þ

a jBðy; 42ð jþ1Þ=2Þj1=2khj; tð
ffiffiffiffiffiffiffiffiffiffiffiffi

I � P
p

ÞP2 j ð: ; yÞk2

a jBðy; 42ð jþ1Þ=2Þj1=2khj; tkykP2 j ð: ; yÞk2

a ce�2 t� j=c:

On the other hand, by (2.1) and (5.1.1), there is a function cj; t;p such that

supp ĉcj; t;pJ ½�h2p=2; h2p=2�ð5:3:7Þ

khj; t � hj; t � cj; t;pkya c2ððD=2ÞþeÞt=22�ððD=2ÞþeÞp=2e�2 t� j=c:

By (3.2), if x A ApðyÞ, then

jhj; t � cj; t;pð
ffiffiffiffiffiffiffiffiffiffiffiffi

I � P
p

ÞP2 j ðx; yÞjð5:3:8Þ

¼ 1
ffiffiffiffiffiffi

2p
p

ðþy

�y

jĉcj; t;pðtÞĥhj; tðtÞ cosðt
ffiffiffiffiffiffiffiffiffiffiffiffi

I � P
p

ÞP2 j ðx; yÞj dt

a ce�2 t� j=c

ð

jtjah2 p=2

jcosðt
ffiffiffiffiffiffiffiffiffiffiffiffi

I � P
p

ÞP2 j ðx; yÞj dt

a
c

jBðy; 2 j=2Þj e
�2 p=2=ce�2 t� j=c:

If pb j þ 4, then by (5.3.7) and (5.3.8)

Ið j; pÞa kðhj; t � hj; t � cj; t;pÞð
ffiffiffiffiffiffiffiffiffiffiffiffi

I � P
p

ÞP2 j ð: ; yÞkL1ðApðyÞÞð5:3:9Þ

þ khj; t � cj; t;pð
ffiffiffiffiffiffiffiffiffiffiffiffi

I � P
p

ÞP2 j ð: ; yÞkL1ðyApÞ

a jApðyÞj1=2kðhj; t � hj; t � cj; t;pÞð
ffiffiffiffiffiffiffiffiffiffiffiffi

I � P
p

ÞP2 j ð: ; yÞk2

þ jApðyÞj khj; t � cj; t;pð
ffiffiffiffiffiffiffiffiffiffiffiffi

I � P
p

ÞP2 j ð: ; yÞkLyðApðyÞÞ

a jApðyÞj1=2khj; t � hj; t � cj; t;pkykP2 j ð: ; yÞk2

þ jApðyÞj
c

jBðy; 2 j=2Þj e
�2 p=2=ce�2 t� j=c

a jApðyÞj1=22ððD=2ÞþeÞt=22�ððD=2ÞþeÞp=2e�2 t� j=ckP22 j ð: ; yÞk1=2
y

þ c2Dp=22�Dj=2e�2 p=2=ce�2 t� j=c

a c2�eðp�jÞ=22eðt�jÞ=22�Dðt�jÞ=4e�2 t� j=c þ c2Dðp�jÞ=2e�2p=2=ce�2 t� j=c

a c2�eðp�jÞ=2e�2 t� j=c:

The lemma follows from (5.3.5), (5.3.6) and (5.3.9). r

An immediate consequence of (5.3.1) and (5.3.4) is the following:
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Corollary 5.3.3. There is c > 0 such that for all t A N , 1a ja t and y A X

kKjðI � P2 tÞð: ; yÞkL1ðfdðx;yÞb2 t=2gÞa c2�eðt�jÞ=2:ð5:3:10Þ

Lemma 5.3.4. There is c > 0 such that for all jb 1 and y A X

kKjðI � PÞð: ; yÞk1 < c2�j:ð5:3:11Þ

Proof. The proof of (5.3.11) is similar to the proof of (5.3.4). We have

KjðI � PÞ ¼ zjð
ffiffiffiffiffiffiffiffiffiffiffiffi

I � P
p

ÞP2 j :

Let again

Ið j; pÞ ¼ kzjð
ffiffiffiffiffiffiffiffiffiffiffiffi

I � P
p

ÞP2 j ð: ; yÞkL1ðApðyÞÞ:

Then

kKjðI � PÞð:yÞk1a kzjð
ffiffiffiffiffiffiffiffiffiffiffiffi

I � P
p

ÞP2 j ð: ; yÞkL1ðBðy;42ð jþ1Þ=2ÞÞ þ
X

pbjþ4

Ið j; pÞ:ð5:3:12Þ

We have

kzjð
ffiffiffiffiffiffiffiffiffiffiffiffi

I � P
p

ÞP2 j ð: ; yÞkL1ðBðy;42ð jþ1Þ=2ÞÞð5:3:13Þ

a jBðy; 42ð jþ1Þ=2Þj1=2kzjð
ffiffiffiffiffiffiffiffiffiffiffiffi

I � P
p

ÞP2 j ð: ; yÞk2

a jBðy; 42ð jþ1Þ=2Þj1=2kzjkykP2 j ð: ; yÞk2a c2�j:

By (2.1) and (5.1.1), there is a function cj;p such that

supp ĉcj;pJ ½�h2p=2; h2p=2�ð5:3:14Þ

kzj � zj � cj;pkya c2�j2ððD=2ÞþeÞ j=22�ððD=2ÞþeÞp=2:

By (3.2), if x A ApðyÞ, then

jzj � cj;pð
ffiffiffiffiffiffiffiffiffiffiffiffi

I � P
p

ÞP2 j ðx; yÞjð5:3:15Þ

¼ 1
ffiffiffiffiffiffi

2p
p

ðþy

�y

jĉcj;pðtÞẑzjðtÞ cosðt
ffiffiffiffiffiffiffiffiffiffiffiffi

I � P
p

ÞP2 j ðx; yÞj dt

a c2�j

ð

jtjah2p=2

jcosðt
ffiffiffiffiffiffiffiffiffiffiffiffi

I � P
p

ÞP2 j ðx; yÞj dt

a c2�j 1

jBðy; 2 j=2Þj e
�2 p=2=c:

If pb j þ 4, then by (5.3.14) and (5.3.15)

Ið j; pÞa kðzj � zj � cj;pÞð
ffiffiffiffiffiffiffiffiffiffiffiffi

I � P
p

ÞP2 j ð: ; yÞkL1ðApðyÞÞð5:3:16Þ

þ kzj � cj;pð
ffiffiffiffiffiffiffiffiffiffiffiffi

I � P
p

ÞP2 j ð: ; yÞkL1ðApðyÞÞ
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a jApðyÞj1=2kzj � zj � cj;pkykP2 j ð: ; yÞk2

þ jApðyÞj kzj � cj;pð
ffiffiffiffiffiffiffiffiffiffiffiffi

I � P
p

ÞP2 j ð: ; yÞkLyðApðyÞÞ

a c2�j2ej=22�ep=2 þ c2�j2Dðp�jÞ=2e�2 p=2=c:

The lemma follows from (5.3.12), (5.3.13) and (5.3.16). r

An immediate consequence of the previous lemma is the following:

Corollary 5.3.5. There is c > 0 such that for all y A X

kðI � PÞKð: ; yÞk1 < c:ð5:3:17Þ

Another consequence of lemma 5.3.4 is the following:

Corollary 5.3.6. There is c > 0 such that for all jb tb 0 and all y A X

kKjðI � P2 tÞð: ; yÞk1 < c2t2�j:ð5:3:18Þ

Proof. We have

KjðI � P2 tÞ ¼
X

0ai<2 t

KjðI � PÞPi:

So (5.3.18) follows from (5.3.11). r

Combining the (5.3.18) and (5.3.10) we have the following:

Corollary 5.3.7. There is c > 0 such that for all t A N , jb 0 and y A X

kKðI � P2 tÞð: ; yÞkL1ðfdðx;yÞb2 t=2gÞ < c:ð5:3:19Þ

Lemma 5.3.8. Let b A L1 and let us assume that suppðbÞJBðz; rÞ for some z A X

and r > 0. Then there is c > 0, independent of b such that for all u A L2 and all nb r2

hu;Pnbia c
kbk1

jBðz; rÞj hMu; 1Bðz; rÞið5:3:20Þ

where MuðyÞ ¼ supr>0ð1=jBðy; rÞjÞ
Ð

Bðy; rÞ juðxÞj dx is the Hardy-Littlewood maximal

function.

The above lemma is implicit in [CD, pp. 1158–1160]. For reasons of completeness,

we reproduce below its proof.

Proof. It follows from (1.1) and (1.2) that for all x A X

PnbðxÞa
ð

Pnðx; yÞjbðyÞj dyð5:3:21Þ

a
c

jBðz; ffiffiffi

n
p Þj

ð

Bðz; rÞ
e�dðx;yÞ2=cnjbðyÞj dy

a
c

jBðz; ffiffiffi

n
p Þj e

�dðx; zÞ2=cnkbk1
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a
c

jBðz; ffiffiffi

n
p Þj e

�dðx; zÞ2=cn kbk1
jBðz; rÞj

ð

1Bðz; rÞðyÞ dy

a c
kbk1

jBðz; rÞj

ð

1

jBðy; ffiffiffi

n
p Þj e

�dðx;yÞ2=cn
1Bðz; rÞðyÞ dy:

On the other hand

ð

1

jBðy; ffiffiffi

n
p Þj e

�dðx;yÞ2=cnjuðxÞj dxð5:3:22Þ

¼ 1

jBðy; ffiffiffi

n
p Þj

 

ð

Bðy; ffiffinp Þ
e�dðx;yÞ2=cnjuðxÞj dx

þ
X

pb0

ð

ffiffi

n
p

2 padðx;yÞa ffiffi

n
p

2 pþ1

e�dðx;yÞ2=cnjuðxÞj dx
!

a
c

jBðy; ffiffiffi

n
p Þj

 

ð

Bðy; ffiffinp Þ
juðxÞj dx

þ
X

pb0

e�22p=c

ð

Bðy; ffiffinp
2 pþ1Þ

juðxÞj dx
!

a c 1þ
X

pb0

jBðy; ffiffiffi

n
p

2pþ1Þj
jBðy; ffiffiffi

n
p Þj e�22p=c

 !

MuðyÞ

a c 1þ
X

pb0

2Dpe�22p=c

 !

MuðyÞa cMuðyÞ:

Making use of (5.3.21) and (5.3.22), we have

hu;Pnbi ¼
ð

uðxÞPnbðxÞ dx

a c
kbk1

jBðz; rÞj

ð

juðxÞj
ð

1

jBðy; ffiffiffi

n
p Þj e

�dðx;yÞ2=cn
1Bðz; rÞðyÞ dy

� �

dx

¼ c
kbk1

jBðz; rÞj

ð ð

juðxÞj 1

jBðy; ffiffiffi

n
p Þj e

�dðx;yÞ2=cn dx

� �

1Bðz; rÞðyÞ dy

a c
kbk1

jBðz; rÞj

ð

MuðyÞ1Bðz; rÞðyÞ dy ¼ c
kbk1

jBðz; rÞj hMu; 1Bðz; rÞi

which proves the lemma. r

Corollary 5.3.9. Let the functions bi be as in section 5.2. Then there is c > 0,

independent of f such that

X

rib1

bi

�

�

�

�

�

�

�

�

�

�

2

2

a cak f k1:ð5:3:23Þ
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Proof. Let u A L2. Then, by (5.3.20)

u;
X

rib1

bi

* +

a c
X

rib1

kwik1
jBðxi; riÞj

hMu; 1Bðxi ; riÞið5:3:24Þ

a ca Mu;
X

rib1

1Bðxi ; riÞ

* +

a cakMuk2
X

rib1

1Bðxi ; riÞ

�

�

�

�

�

�

�

�

�

�

2

a cakuk2
X

rib1

1Bðxi ; riÞ

�

�

�

�

�

�

�

�

�

�

2

:

On the other hand, it follows from the properties (3) and (4) of the Calderon-Zygmund

decomposition that

X

rib1

1Bðxi ; riÞ

�

�

�

�

�

�

�

�

�

�

2

2

a c
X

rib1

1Bðxi ; riÞ

�

�

�

�

�

�

�

�

�

�

1

a c
X

rib1

jBðxi; riÞja ðc=aÞk f k1:ð5:3:25Þ

(5.3.23) follows from (5.3.24) and (5.3.25). r

5.4. End of the proof of theorem 1.1.

We want to prove that there is c > 0 such that for all f A L1

jfjmðI � PÞ f j > agja c
k f k1
a

:ð5:4:1Þ

With the notation of section 5.2 we have

jfjmðI � PÞ f j > agja jfjmðI � PÞgj > a=4gj þ mðI � PÞ
X

rib1

bi

�

�

�

�

�

�

�

�

�

�

> a=4

( )�

�

�

�

�

�

�

�

�

�

ð5:4:2Þ

þ mðI � PÞ
X

ria1

yi

�

�

�

�

�

�

�

�

�

�

> a=4

( )�

�

�

�

�

�

�

�

�

�

þ
X

ri>1

mðI � PÞyi

�

�

�

�

�

�

�

�

�

�

> a=4

( )�

�

�

�

�

�

�

�

�

�

:

We have

jfjmðI � PÞgj > a=4gja
16

a2
kmðI � PÞgk22a

c

a2
kgk22ð5:4:3Þ

a
c

a2
a

g

a
g

�

�

�

�

�

�

�

�

1

a
c

a
kgk1a

c

a
k f k1:
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By (5.3.23)

mðI � PÞ
X

rib1

bi

�

�

�

�

�

�

�

�

�

�

> a=4

( )�

�

�

�

�

�

�

�

�

�

a
16

a2
mðI � PÞ

X

rib1

bi

�

�

�

�

�

�

�

�

�

�

2

2

ð5:4:4Þ

a
c

a2

X

rib1

bi

�

�

�

�

�

�

�

�

�

�

2

2

a
c

a
k f k1:

By (5.3.17)

X

0<ria1

mðI � PÞyi

�

�

�

�

�

�

�

�

�

�

1

¼
X

ria1

ðI � PÞmðI � PÞwi

�

�

�

�

�

�

�

�

�

�

1

a c
X

ria1

wi

�

�

�

�

�

�

�

�

�

�

1

a ck f k1:ð5:4:5Þ

Finally, if ri > 1, then it follows from (5.3.19) that

kmðI � PÞyiðxÞkL1ðXnBðxi ; criÞÞa ckwik1:

Hence

x B 6
i

Bðxi; criÞ :
X

ri>1

mðI � PÞyiðxÞ
�

�

�

�

�

�

�

�

�

�

>
a

4

( )�

�

�

�

�

�

�

�

�

�

a
c

a

X

ri>1

kwik1a
c

a
k f k1:ð5:4:6Þ

Since by construction

6
i

Bðxi; criÞ
�

�

�

�

�

�

�

�

a
c

a
k f k1;

we can conclude that

X

ri>1

mðI � PÞyi

�

�

�

�

�

�

�

�

�

�

>
a

4

( )�

�

�

�

�

�

�

�

�

�

a
c

a
k f k1:ð5:4:7Þ

(5.4.2), (5.4.3), (5.4.4), (5.4.5) and (5.4.7) prove (5.4.1) and the theorem follows.

6. Di¤erential operators.

Let X be a di¤erentiable manifold endowed with a distance dð: ; :Þ and a s-finite

measure dx satisfying (1.1) and let L be a formally symmetric and non-negative second

order di¤erentiable operator on X . Let Ptðx; yÞ be the associated heat kernel, i.e. the

kernel of the heat semigroup e�tL and let us assume that there is c > 0 such that

Ptðx; yÞa
c

jBðx;
ffiffi

t
p

Þj
exp � dðx; yÞ2

ct

 !

; x; y A X ; t > 0:ð6:1Þ

Examples of such operators are the left invariant sub-Laplacians on connected Lie

groups of polynomial volume growth and the Laplace-Beltrami operator on Riemannian

manifolds with non-negative Ricci curvature.
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As before, the operator L admits a spectral resolution L ¼
Ð

y

0 l dEl and given a

bounded Borel measurable function m we can define the operator

mðLÞ ¼
ð

y

0

mðlÞ dEl:

We have the following analog to the Mikhlin-Hörmander multiplier theorem:

Theorem 6.1. Let j be as in Theorem 1.1 and let us assume that for some e > 0

sup
t>0

kjð:Þmðt:ÞkCðD=2ÞþeðRÞ < y:ð6:2Þ

Then, mðLÞ extends to an operator bounded on Lp, 1 < p < y and from L1 to weak-L1.

Sketch of the proof. The above result can be proved by arguing in a similar way

as in the proof of Theorem 1.1. We shall sketch below the main modifications that one

has to make. The details are given in [A2].

If fj is a compactly supported function, then instead of (1.4), we must use the

expression

fjðP2 j Þ ¼ ð1=
ffiffiffiffiffiffi

2p
p

Þ
ð

y

�y

f̂fjðtÞe itP2 j dt:ð1:4 0Þ

Arguing as in the proof of Lemma 3.1, we can prove that there is c > 0 and

h A ð0; 1Þ such that for all p; j A Z, pb j, x A ApðyÞ and jtja h2ð p�jÞ=2

jeitP2 jP2 j ðx; yÞja c

jBðy; 2 j=2Þj e
�2ð p� jÞ=2=c:ð3:2 0Þ

We break, in the same way, the multiplier mðlÞ into compactly supported mul-

tipliers mjðlÞ and denote by Kjðx; yÞ the kernels of the operators mjðLÞ. The only

di¤erence is that now j A Z.

We observe that mjðlÞ ¼ mjð�2�j log e�2 jlÞe2 jle�2 jl and set

hjðsÞ ¼ mjð�2�j log sÞs�1

zj; tðsÞ ¼ ð1� s2
t� j ÞhjðsÞ; ta j

xj; tðsÞ ¼ hjðsÞs2
t� j

; tb j:

Then, there is c > 0 such that

khjkCðD=2ÞþeðRÞa cð5:1:1 0Þ

kzj; tkCðD=2ÞþeðRÞa c2t�j

kxj; tkCðD=2ÞþeðRÞa ce�2 t� j=c:

Also

mjðLÞ ¼ hjðP2 j ÞP2 j

ðI � P2 tÞmjðLÞ ¼ zj; tðP2 j ÞP2 j

mjðLÞP2 t ¼ xt; jðP2 j ÞP2 j :
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Arguing in a similar way as in the Section 5.3, we can prove that there is c > 0 such

that for all p; j A Z, p; tb j and y A X

kKjð: ; yÞkL1ðApðyÞÞ
a c2�eðp�jÞ=2;ð5:3:1 0Þ

kKjP2 tð: ; yÞk1a ce�2 t� j=c;ð5:3:4 0Þ

which imply that there is c > 0 such that for all t; j A Z, ja t and y A X

kKjðI � P2 tÞð: ; yÞkL1ðfdðx;yÞb2 t=2gÞa c2�eðt�jÞ=2:ð5:3:10 0Þ

Finally, we prove that there is c > 0 such that for all j; t A Z, jb t and y A X

kKjðI � P2 tÞð: ; yÞk1 < c2t�j:ð5:3:18 0Þ

(5.3.10 0) and (5.3.18 0) imply that there is c > 0 such that for all j; t A N and y A X

kKðI � P2 tÞð: ; yÞkL1ðfdðx;yÞb2 t=2gÞ < c:ð5:3:19 0Þ

Once we have proved these estimates, we proceed by performing a Calderon-

Zygmund decomposition as before. We define the functions wi exactly in the same way

and we set

bi ¼ Pr2
i
wi

yi ¼ wi � bi

g ¼ 1Xn6
i
Bðxi ; riÞ f :

We finish the proof by arguing in the same way as in Section 5.4.

6.1. Examples of spectral multipliers.

Particularly interesting examples of spectral multipliers are the Riesz means and the

oscillating multipliers (see for example [DC], [Fe], [FeS]).

The Riesz means of order a > 0, are defined as the family of operators

ma;RðLÞ ¼

ð

y

0

1�
l

R

� �a

þ

dEl; R > 0:

Oscillating multipliers are multipliers of the type

ma;bðlÞ ¼ cðjljÞjlj�b=2
e ijlj

a=2

; a; b > 0;

where cðlÞ is a Cy function, such that cðlÞ ¼ 0, for jlja 1 and cðlÞ ¼ 1, for jljb 2.

These multipliers provide examples of strongly singular operators. They are intimately

related to the Cauchy problem for the wave and Schrödinger operators. They are also

related to the Riesz means for the Schrödinger operator, which are defined by

Ik;aðLÞ ¼ kt�k

ð t

0

ðt� sÞk�1
e isL

a=2

ds; k; a > 0:

In [A4], [AL], we have studied the above operators, using the finite propagation

speed for the wave operator. Our results can also be reproduced by using the previous

arguments.
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6.2. Higher order di¤erential operators.

Let us assume that L is a higher order di¤erential operator, of order 2m and that

the associated heat kernel Ptðx; yÞ satisfies the estimate

jPtðx; yÞja
c

jBðx; t1=2mÞj
exp �

dðx; yÞ2m=ð2m�1Þ

ct1=ð2m�1Þ

 !

; x; y A X ; t > 0:

Such operators have been studied, for example, by [BD], [Da], in the context of Rn and

by [Ro], in the context of Lie groups of polynomial volume growth. Theorem 6.1 is still

valid for such operators and the proof is essentially the same (we just have to make the

obvious modification in the definition of the sets ApðxÞ). An extension of Theorem 6.1

to this family of operators has been obtained in [DO], by means of the Davies-Hel¤er-

Sjöstrand functional calculus. The order of di¤erentiability required is ðD=2Þ þ 2. So

using our arguments we can slightly improve that result.

6.3. Homogeneous dimensions.

Let us assume that there are constants D0;Dyb 0 and c > 0 such that for all x A X

1

c
rD0a jBðx; rÞja crD0 ; 0 < ra 1;

1

c
rDya jBðx; rÞja crDy ; rb 1:

This is the case for example when L is a left invariant sub-Laplacian on a nilpotent Lie

group. D0 and Dyb 0 are called, respectively, the local homogeneous dimension and

the homogeneous dimension at infinity.

The condition (6.2) can be modified to reflect the existence of these two di¤erent

dimensions (cf. [A1]). For example, if D0 > Dy, then (6.2) can be replaced by

sup
0<ta1

kjð:Þmðt:ÞkCðD0=2ÞþeðRÞ < y; sup
t>1

kjð:Þmðt:ÞkCðDy=2ÞþeðRÞ < y:
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