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ABSTRACT. In this work, we provide a review of recent
results on the mathematical analysis of space-time varia-
tional bilinear forms associated to transient boundary inte-
gral operators for the wave equation. Most of the results will
be proven directly in the time domain and compared to sim-
ilar results (most of them obtained in the Laplace domain)
that can be found in the literature.

1. Introduction. Time domain boundary integral equations for
wave propagation problems (TDBIEs), also called retarded potential
methods in 3D, have been initially used for the numerical approxi-
mation of time domain scattering problems. Rather recently, they
have also been used, in association to volumic methods, for the de-
sign of transparent boundary conditions: this is, in fact, the target
application we had in mind when writing this paper. The recent
progress of rapid algorithms for the inversion of matrices originated
from the discretization of boundary integral equations (see, for instance,
[4, 8,9, 31, 36, 44]), such methods have now become in a number of
cases a credible alternative to more standard methods such as local ab-
sorbing boundary conditions [28, 29, 35] or perfectly matched layers
[14, 50]. Moreover, with respect to the above-mentioned methods, the
boundary integral equations present the clear advantage of authorizing
non convex computational domains. For instance, in [1], a method has
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been proposed based on the coupling between a discontinuous Galerkin
approach to the volumic part of the problem and a space-time varia-
tional approach to boundary integral equations. On the other hand,
in [11], the authors looked at the coupling between a finite element
method for the discretization of the volumic equations and a convolu-
tion quadrature approach to boundary integral equations.

As originally used by engineers [43, 47], their discretization was
based on collocation methods that present some advantages in terms
of the simplicity of their implementation. However, such methods are
known to face some reliability and stability problems [24, 25]. Space-
time variational approaches, as well as associated Galerkin approxima-
tions, were designed in the 1980’s [5, 6, 13, 33, 34] as an alternative
to collocation methods [24, 25, 43, 44, 47]. Although rather difficult
to implement [49] (as far as the effective computation of the matrices
involved in the discrete problem), those methods benefit from uncon-
ditional stability properties which make them quite attractive. More
recently, convolution quadrature methods have gained interest in the
community of applied mathematicians for their application to wave
propagation problems [7, 48]. Such methods also benefit in general
from unconditional stability, and their numerical analysis (convergence
analysis and error estimates) is more or less completely understood
[10, 19, 37]. As a matter of fact, in such methods, the time discretiza-
tion of integral equations can be seen as exact boundary conditions (or
transparent boundary conditions in the case of the coupling with an
interior problem) once the exterior problem has been semi-discretized
in time using an unconditional implicit numerical scheme (a multi-step
or Runge-Kutta method). As a consequence, the analysis of convolu-
tion quadrature methods benefits from well-known properties of these
schemes.

On the other hand, the space-time variational approach benefits from
some nice properties that are not shared by the convolution quadrature
approach. For instance, the method does not introduce any numerical
dissipation (nor dispersion) since the exact Green’s kernel of the wave
equation is used. Moreover, it naturally takes into account finite
propagation velocity or Huygens principle (in 3D). However, compared
to the convolution quadrature approach, numerical analysis of space-
time boundary element methods is less advanced. For instance, one
can hardly find articles reporting on the error analysis of such methods,
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even though some (unpublished) results in this direction can be found
in the habilitation thesis of Ha-Duong [32]. As a consequence, the
theoretical analysis in [1] is less advanced than that in [11].

In 2003, in a review article devoted to time domain integral equations
[23], Costabel wrote that “the theory of error estimates for the BEM
(Boundary Element Method) in the hyperbolic case is still incomplete.”
To our knowledge, this assertion is still valid in 2016. One explanation
is that the analysis of variational methods naturally relies on the
mathematical properties of involved space-time bilinear forms (think
typically to the application, or adaptation, of Cea’s or Strang’s type
lemmas [27]). Since the pioneering results of Bamberger and Ha-Duong
[5, 6], known results on the coercivity /continuity of these bilinear forms
rely on Laplace transform (in time) methods, Plancherel’s theorem
and causality properties (in order to derive finite time coercivity and
continuity estimates). However, the use of such properties for the
analysis of Galerkin methods faces difficulties related to the following
facts:

(1) The coercivity result is obtained for a weighted (with a decreasing
exponential in time) version of the bilinear forms. As a conse-
quence, a too naive adaptation of “classical” methods would pro-
vide a result for a space-time method that does not coincide with
the methods which are implemented in practice, which do not in-
volve any weight. On the other hand, the interest of developing
(theory driven) numerical methods with a weighted bilinear form
are far from obvious:

e the choice of the decay rate of the exponential weight is
somewhat arbitrary. Looking at finite time estimates, it seems
that it should be chosen as a function of the final time T', which
would represent practical drawbacks.

e After time discretization, due to the presence of the weight,
the matrix to be inverted at each time step would depend
upon the time step considered, which would greatly affect the
practical efficiency of the resulting algorithm.

(2) Even if one looks at weighted bilinear forms, in the results obtained
by the Laplace method, there is a gap between the (space-time
Sobolev) coercivity norm (i.e., the norm for which the coercivity
holds) and the continuity norm (the norm of the space in which the
bilinear form is proven to be continuous) which is strictly stronger.
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As a consequence, as far as the error analysis is concerned, this
must be paid (through the use of inverse inequalities [20, 27]) in
terms of the powers of h (the space step) or At (the time step) and
in terms of the required regularity of the solution: this is at least
what appears in the unpublished results of Ha-Duong [32].

The main goal of this paper is to provide a state of the art of recent
results concerning the mathematical analysis of space time variational
bilinear forms associated to space-time integral operators. We shall
put the emphasis on a direct time domain approach to these results
(by opposition to Fourier-Laplace methods) in the spirit of what has
been done in [26]. Such approaches should be, we think, of interest
for the numerical analysis of Galerkin methods. In particular, we shall
address the following questions related to the above points (1) and (2):

e As far as the coercivity results mentioned in point (1) are
concerned, it is not clear at first glance whether or not the
presence of a weight is needed for ensuring coercivity (it could
be a priori due to the technique); we shall see that this is
nevertheless the case. Moreover, we shall see that coercivity
results can be derived in an elementary way for a large class of
weights including the decreasing exponentials.

e As far as the coercivity results and continuity results (men-
tioned in point (2)) are concerned, it is not clear at all that
the results obtained by the Laplace method are sharp. First,
in Section 3, we shall see that direct time domain approaches
bring a small improvement to the above results. Then we shall
study in more detail two particular situations, similar to those
previously considered in [2], which are quite academic but nev-
ertheless very instructive:

— In the case of a flat surface in dimension d > 2, we shall
see that the use of a more “micro-local” (space-time) ap-
proach analysis leads to an improvement of coercivity and
continuity estimates. In particular, it would justify the
use of discontinuous finite elements in time, an important
feature in the method in [1].

— In the case of the 1D wave equation, we shall provide
optimal coercivity and continuity results. In this case,
there is no longer any gap between the coercivity and
continuity norms, which opens the door to an optimal and
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complete numerical analysis of the method in [1]. (This
will be the subject of future work).

2. Motivation: Solving the wave equation on unbounded
domains. Let us consider the transient wave propagation problem

1
pc2(gf+diVV Zf ianX[O,T],
ov .
(2.1) P T VP = in R? x [0, 77,
p(x,0) =po(x) in RY,
v(x,0) =vp(x), inR%

In these equations p(-) and ¢(-) are, respectively, the density of the fluid
and sound velocity that are assumed to satisfy

O < Pmin § P(X) S Pmax < o0
and

0 < ¢min < (%) < Cax < 00.

We suppose that there exists a smooth open, connected (for simplicity)
and bounded set €; C R?, that will be called the interior domain,
outside of which (i.e., in the exterior domain ., = R?\ ;) the fluid is
homogeneous and does not support any source term or initial condition,
i.e., (see Figure 1 on the left) for all (x,t) € Q. x [0, 77,

p(x) =po,  c(x)=co,
vo(x) =0,  po(x)=f(x,t) =0.

Let us denote the interface between both domains that will be assumed
to be smooth (of class C*°) by I' = 9Q; = 9Q.. Our goal is to artificially
bound the computational domain, restricting the computations to the
domain €2; and the boundary I'. To this end, several techniques can be
used, such as, for example, perfectly matched layers [14, 50], absorbing
boundary conditions [28, 29, 35] or infinite elements [3, 15]. In [1], we
proposed to use transparent boundary conditions based on boundary
integral equations that we recall below.

(2.2)
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7

FIGURE 1. Left: geometry of the problem (in gray, the support of the
heterogeneities, initial conditions and sources). Right: definitions of the
sets Qr(T) and O (T), 1 € {i,e}.

First, one formulates an artificial transmission problem between €;
and €, equivalent to equation (2.1). Denoting (p;,v;) (respectively,
(pe, Ve)) the restriction of (p, v) to ©; x [0, T] (respectively, Q. x [0,T7])
it is well known that ((p;, vi), (pe, Ve)) is solution of the transmission
problem:

1 Op;
—23’) +divy, =f in Q; x 0,7,
pg ot
Vi .
(2.3) p o + Vp; =0 in ; x [0,7],
pi(x,0) =po(x) in €,
vi(x,0) =vo(x) in Q,
1 9
— % Ldivy, =0 inQ x[0,7],
pocg Ot
v, .
(2.4) Pog T Vpe =0 in Q. x [0,77,
pi(x,0) =0 in .,
v;(x,0) =0 in .,
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equations that are coupled through the transmission conditions

Vern =v;-n onl,
(2.5)
De =pi on I,

where n is the unit normal vector to I', outgoing with respect to ;.
Reciprocally, if ((p;, v;), (pe, Ve)) is a solution of the above transmission
problem, the field (p,v) obtained by concatenation of (p;,v;) and
(Pe, Ve) is the solution of equation (2.1).

The next step is to replace equation (2.4) by a set of boundary
integral equations defined on I' whose unknowns are the traces of the
exterior solution, i.e., the functions (¢,¢) = (pep, Ve - n). This
formulation will be obtained in subsection 2.3. The integral operators
and associated bilinear forms needed on this process are introduced in
the following sections. For simplicity, we suppose that time and space
units are chosen in such a way that

(2.6) po=1 and c¢y=1.

2.1. Integral operators and associated bilinear forms: Ab-
stract definitions. Before introducing the boundary integral oper-
ators let us introduce some notation concerning traces, jumps, mean
values and Green’s formula that will be useful for the sequel. For any
function defined in R%, we set

fe:=ha.,  fi:=fia,

Next, for any function ¢ € L%(R%) N H'(Q; U Q.), we introduce the
jumps and the mean values on I' by

lqlr := gejr — qiyr € HYA(ID),
flabr o= 1 (der + i) € HY2(D).

Analogously, for w € [L?(R?)]" N H(div;Q; U €.), we introduce the
normal jumps and mean values

2.7)

[w-n]r :=w. -npr—w,; np e HVT),
{w - n}r = % (Wi -nyp +we-nyp) € H=Y(D).

We now recall the following Green’s formula.
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Lemma 2.1. For any g € H(Q; UQ.) and w € H(div; Q; UQ.), one
has

(29) - / (divw g +w - Vg) dx
RI\T

= /F (lalr fw - n}r + fapr[w - nlr) dy.

Proof. Since n is exterior to {2; we have

—/ diqudx:/ w-quX—/ w; -ng; dy.

In the same way, —n being exterior to €2,

— divw gdx = W-qux—l—/ We - g d.
Q. Qe r

Adding the last two equalities leads to equation (2.9) while observing
that

we nge = w; -ng; = [[gr{w - n}r + {¢Br[w-n]r.
This concludes the proof. O
In what follows, for any D C R? and I C R (for instance D =T', Q;
or Q. and I = R or [0, T]), we shall set (the index ¢ stands for “causal”)
(2.10) CX(DxI)={geC>®DxI)/g(x,t) =0 for t <O0}.

Assuming that (¢, p) belongs to C°(I' x R)?, we introduce (py gy, Vi)
as the unique solution of the transmission problem

pawtw +divvg, =0 imRINTxRY, (a)

% + Vpy,o =0 inR‘ AT R, (b)

(211) [Po.clr =¢ on[xRY (g
[Vee-nle  =¢ onTxRY ()

Py (%, 0) =0 inRI\T, (e)

Vy,o(X,0) =0 R\, (f)
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that has the regularity (with obvious notation, the letters e and 7 are

set here as superscripts for convenience):

.12) (Pl o Vi o) € CZ(Qi x R) x (C2(Q x R))",
’ e e oo (O [ NTaY d
(P50 Vi) € CZ(Qe X R) X (C2(Qe x R))".

This allows us to define a boundary operator that associates to the
jumps of (py.e, Vi), namely, (1, ), the corresponding mean values
of the traces of (py,p, Vip,p):

v () =0 (el ) = (lrechy ).

In order to exhibit a block decomposition of Mr we use linearity of
(1, ©) = (Py,ps Vi) tO write

Vi = Vot Vo, and Py =Ppyo+ Do

so that we can rewrite

_(Wr Zr)\ (¥ _ (¥
(2.13) Mr® = (yr WF) (cp) where & = ((,0)’

where the operators are defined by

Zry = {popfr (a), Wry = {pyofr (b),
Wrp i={vo,-njr (¢), Yr¢ ={vyo -nfr (d).

For the purpose of writing the coupled DG-BEM formulation of the
problem (2.3)—(2.5), it is also useful to introduce the operator Br
defined by

(0 I _(Yr Wt
(2.15) Br = (I O>MF:<WF ZFF)

o et loslr \ _ ({vep-nhr
br ([[V¢,¢~n11r> ( oo hr )

Given a finite interval [0, 7], we introduce the associated bilinear form
(setting ® = (¢, ), ® = (¢, 9))

(2.14)

T
(2.16) by (®, D) ::/0 /F(Bp@,ci)dydt.
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Using the block decomposition for Br, we obtain

(2.17) br((v,9), (¥, ) = bY(, ) +0Y (0, 0)+bY (v, B)+b% (0, §),

where
(2.18)

b, 9) // Ve ddydt, B (¢,%) = // Wigddydt,
DY (1, ) = // Wew Gdydt, b2 (. ) =/O/F ZroFdy .

We also see from equations (2.11) and (2.14) that

(219) br((¥,9), (¢, 8))
/ / Py N lvee nhr + e hrlvg  nlr) dydt.

This last formula clearly emphasizes the link between the bilinear form
br(-,-) and Green’s formula (2.9) and explains the introduction of the
operator Br.

2.2. Integral operators and associated bilinear forms: Explicit
expressions. Since the system in equation (2.11) has constant coef-
ficients, it can be solved using the fundamental solution of the wave
equation. As a consequence, for any (x,t) € R¥\I'x RT, one can obtain
the expressions of py, ,(x,t) and vy ,(x,t) as integrals on I' x [0, 77 in-
volving ¢ and 1. One can then obtain expressions for Zr¢, Wri, Wi
and Yri by computing the interior and exterior traces of py ,,(x,t) and
V.o (X,t) and using equation (2.14). These expressions depend upon
d, the space dimension.

Below we give the analytic expressions of the bilinear forms in (2.18)
on the 3D case, which is the physically relevant one, and for the
1D case, for the purpose of the 1D analysis that will be presented
in subsection 4.1.

2.2.1. The 3D case. Let us state the corresponding formulas in the
following proposition (we refer the reader to [32] for the proof).
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Proposition 2.2. For any T > 0 and smooth enough functions
0, 0,9, : ' x RT — R, one has the formulas

(2. 20)
/ / / 47r|x—y\ (X,t)d'yyd'yxdt
L] G
47TIX—.‘/I X—ylz)
+00‘X Y|) (Xat) dVyd”Yx dt7
RN
47T|X—Y| |X—Y\2)
SD Yy,
| —I—CO‘X y|)¢(x,t)d7yd’yxdt,
b ¥) / // z/J47r|x—y\ 2 Ny - Ny dyx dyy dt
/ // fo rotry(y, o) ds-rotri(x,t) Qe oy I,
47T\X yl

where T =t — |x —y| and 0 = s — |x — y| are retarded times, rotr is
the tangential curl operator (see [33, 45, 46]) and ¢ holds for the time
derivative of .

2.2.2. The 1D case. This case is very degenerate from the geometrical
point of view since we have for some a < b,

Q= (a,b) and Q.=R\[a,b],

the common boundary to both sub-domains being reduced to two
points, I' = {a}U{b}. For any function y defined on I, we introduce the
notation p(c) = e, ¢ € {a,b}. The solution to the auxiliary problem
(2.11) is obtain through the method of characteristics and is given by
(2.21)

Pl t) =~ 2Dy e+ T D

1
5 #b(t — |z — b)),

1
+ 5 ¢alt—lw—al) + 5

2
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(2.22)
1 1
V.o (2,8) = 5 Un(t = |5 = b) = 5 walt — |2 — al)

sign(z — a
. gn( )

sign(x — b
! S )t — o — b,

at_ -
Pa(t — |z —al) + 5

Thus, using equation (2.14), one gets the expressions:

(209),(6) = 3a(t) + 31t — Ib—al),

(200),(1) = 52alt ~ Ib—al) + 5u(0)
(Wey), (6) =~ 5ot — b~ al),
(We), (1) = — 5t — b~ al),

(2.23) )
(Wie) (1) = 5eu(t — b —al),
(Wi), (1) = gialt — Ib— al),
(V1) ,(8) = 59a(t) = 300(t ~ b~ al)
(), (0) = ~3¥alt = b= al) + Ss(0)

The corresponding bilinear forms are given by

(2.24)

bT(‘)O 30 / (‘Pa

Fu(9)0(s)+pu(s—b—a)Fuls) +pals—lb—a)Fo(s)) ds,
B0.9) = =5 [ (0l = = aDBals) + vl = b= aDZi) ds.
oo~ 1 (T ~ ~
B0 0) = 5 [ (ouls = b= al)in(s) + ouls = b= al) (<)) ds
~ 1 T ~ ~
WD) =5 [ (uls)ule) + 0r()T0()
— (s = |b— al)a(s) = ta(s — |b— al)i(s)) ds
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2.3. Applications to BEM/DGFEM couplings. As will be re-
called in subsection 3.2, the equations on ., see equation (2.4), can
be replaced by the system of boundary integral equations:

1

5% = WFwe + ZF‘pe on I,
(2.25) 1

5@6 = Vrpe + Wlf@e on I,

where the unknowns (e, ¢e) = (pejr, (Ve - 1)p) designate the traces
of the exterior solution (pe,Vve). Using this notation, the transmission
conditions (2.5) can be reformulated as:

@e=v;-n, onl,

(2:26) Ye=pi,  onT.

As a consequence, the coupled PDE system (2.3)—(2.5) is equivalent to
the coupled integro-differential system given by (2.3), (2.25) and (2.26).
Notice that the latter is set on a bounded domain.

In what follows, we recall the weak formulation of this problem on
which the BEM-FEM coupling in [1] was based. For simplicity, this
formulation is presented in a nonrigorous way without paying attention
to the correct functional spaces.

2.3.1. Space variational formulation in ;. This weak formula-
tion is obtained in the spirit of that used for the derivation of discon-
tinuous Galerkin methods for first order PDE systems using central
fluxes. To do so, we multiply the first two equations in (2.3) by the
corresponding test functions (p;, v;) (assumed to be sufficiently smooth
functions of the space variables) and integrate in €2; to obtain

L api | _ N
/Q'i (ch ot +d1vvi>pidxz/ﬂi(fpid><),

8vi ~
/Q (p o +Vpi) -v;dx = 0.

Splitting the terms involving differential operators in space into two
identical parts and integration by parts on one of them, we obtain the
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following formulation for the interior problem:

1 8pz 1_
/Q( 2 ot pi + leVszQVPi'Vi> dx

1 ~ _
+5 vi~npidv=/ fpidx,
(2.27) r 2

/ ( aa‘; ‘72“!‘ sz Vz le:JZPz) dx

+- [ vi-np;dy=0.
2 T

2.3.2. Space-time variational formulation on I'. In order to ob-
tain a space-time variational formulation of (2.25), these equations are

multiplied by test functions (&, {/:e) and integrated in space and time

as
1 T T
5/ /m@edydt:/ /(szpeJrzwe) o dy dt,
0 T 0 T

1 /T _ T ~
5 / / Pe 1/J€ dW dt = / / (yFwe + WF%)% d’y dt.
0 r 0 r

Adding both equations, one gets
1 /T ~ ~
(228) 5 / /F (we Pe dy + 906'(/)6) dydt = bT(('(/)ea @e)7 (/l/)ea 906))-
0

2.3.3. Coupled formulation. It remains to couple equations (2.27)
and (2.28) using the transmission conditions in (2.26). In [1], we first
proposed replacing v, (respectively o.) by p; (respectively v; - n) on
the left hand side in equation (2.28). Next, in the boundary terms of
(2.27), we proposed replacing p; (respectively v;-n) by ¢, (respectively
©e). This led to:

(2.29)
1 Op; - 1_ . 1 ~
/Qi <pC2 ot pi + leVsz §Vpi 'Vi> dx = _iﬁwepidv
+/ fﬁl dX,
Q;

i~ .~ 1 ~
/ (Paa\; Vi + sz Vi — leUipi) dx:—§/vi~nwed%
Qi T

br (e, e), ({/;e,sze)) = 5/0 /F (pi Gedy + v; - n{/;e) dydt.
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2.3.4. Space-time discretization. In [1], we proposed a space-time
discretization method based on

e space discontinuous Galerkin approximation in space and a
explicit centered finite difference method in time for the interior
unknowns,

e space-time finite elements (discontinuous in time) for the
boundary unknowns ¢, and @e.

One of the key points of the method lay in the way the coupling integral
terms in I" were taken into account at the discrete level. This was done
in order to ensure the conservation of some discrete energy (refer to
[1] for the details). The well posedness of the discrete problem as well
as the stability were established using some of the properties of the
bilinear for br(-,-) that will be presented in subsection 3.3. However,
the complete convergence and error analysis remains an open question.

3. General properties of the integral operators. We recall or
establish in this section the main mathematical results that play a role
in the justification and the analysis of the coupled problem, as well
as in the numerical analysis of the method of subsection 2.3. The
results of subsections 3.1 and 3.2 are not really original but are recalled
here, with elementary proofs, for completeness. They are time domain
counterparts of well-known results in the time harmonic case or can be
found in the literature (most often for the second order wave equation
rather than for the first order system version).

The results of subsections 3.3, 3.4 and 3.5 are new for most of them,
either by their own content or by the method used for obtaining them,
directly in the time domain, which make them easier to extend to
discretized problems.

3.1. Calderon projector properties.

Proposition 3.1. The operator My satisfies ME = (1/4)1, which is
equivalent to

1
WE+ Zr)r = ZI’ WrZr + ZrWi =0,
(3.1)
1
YrWr +Wrdr =0, VrZr+ Wi = L
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As a consequence, the operators (1/2)I + Mr are projectors.

Proof. Let (v, ) € C2°(T' x R)?, by definition of M, we have

(¥1,1) = Mr($,9) = ({pw.e Yo Ve - nlr),

(W2, p2) == ME(¢, ) = Mr(y1, 1) = ({Py,0 s {vir 0 - 0lir).
We have to prove that (¢, p2) = (¢/4,p/4). Let us define (pg, , vy )
in R\ I’ x R+ by

(P05 Vip o). = Py, Vo)l s
(P05 Vb = —(Py,0r Vi)l

By linearity, (py, o Ve, so) obviously solves the wave equation (2.11) (a),
(b) with zero initial conditions. Moreover, by definition of the mean
and jump operators (2.7), we have:

[[pz,go]]r =2 {{pw,cp}}r = lev
[V nlr =2{vye nfr=2¢1.

By well-posedness of the transmission problem (2.11), we thus deduce
that (pi,w V;lb’@) = 2(Pyy,015 Vir 1 )- Therefore, again using the mean
and jump operators, we get

b2 = Py = {{pw phr = [[pw ollr =
P

¢2 = {vvnies 1l = 505 -0 = 7lovs nle = £.

pp\g

)

This shows the first part of the theorem. Finally, we remark that
2
1 1 9 1
iliMF :ZI"_MFZEMF:iIZtMF,
as claimed. (]

3.2. Transparent conditions. We wish to characterize the subset of
C2°(T' x R)? of functions (¢, @) which are traces on I' of a solution
(pe, Ve) of the wave equation in the exterior domain Q. with zero initial
conditions, that is, solution of (2.4).

Let us denote (p,v) as the extension of (pe,ve) by 0 inside ;. By
construction, [[pllr = e, [v - n]r = e, while {phr = /2, {v - nfr =
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©e/2. Since (p,v) obviously satisfies equation (2.11) (a), (b), (e) and

(f), we have
Ve cK 1, M,

32 M @Z) _ % (zﬁz) —

which means that (1., ¢.) are related by the linear equations

1 1

(33) (a> 5 '(/Je = WFwe + ZFSDea (b> 5 Pe = yI‘we + Wf‘k(pe-

Since each of conditions (3.3) (a) and (3.3) (b) are satisfied by any
couple of traces of the solution of a homogeneous wave equation, we
call them transparent conditions. In fact, only one of them is sufficient
to characterize the kernel of I/2 — Mr. This is a consequence of
Proposition 3.1 and the injectivity of the operators Zr and Yr (that
will be demonstrated in subsection 3.4, see Remark 3.12).

Proposition 3.2. The two transparent conditions (3.3) (a) and (3.3) (b)
are equivalent. Moreover, each is equivalent to saying that (e, e) are
traces on T' of a solution (pe,v.) of the wave equation in the exterior
domain Q. with zero initial conditions, that is, equation (2.4).

Proof. We show that equation (3.3) (a) implies equation (3.3) (b),
the reverse statement being proved in the same way.

Let us remark that the first two identities of (3.1) can be rewritten:

1 1 2
51 —Wr = (21 — Wr) + Zrdr,

(3.4) : 1
Zr = <2I — WF) Zr + 2Zr (21 — W;)

Then, we observe that

(3.3) (a) = (;1 - Wp> Yo — 200 =0
1 2 1
= (21 - Wr> Ve + ZrYVr e — <21 — WF) Zr e

- Zr (;1 - Wlf)soe =0 (by (34))
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1 1
< (21 — W[‘) (<2I — WF) ’lpe — Z[‘ @e)
1 *
+ Zr (yr Ve — (2] - WF) <Pe> =0
1 *
= Zr (yr Ve — (21 - WI‘> @e) =0
(by (3.3) (a)) = (3.3) (b) (by injectivity of Zr).
Next, assume that (¢, @) satisfies (3.3) (a) and introduce (pe, v.) as
the solution of the wave equation in the exterior domain 2. with zero
initial conditions (that is, (2.4)) and Dirichlet condition pe|r = .
Letting ¢, := v, - n|p, we know (see first part of this section) that
Ye/2 = Wripe + Zryl.. Taking the difference of this last equation with

(3.3) (a), we get Zr(p. — o) = 0. Therefore, by injectivity of Zr,
(PEZQOIe:Ve'an- O

3.3. Basic properties of b(-,-). Our first result concerns the positiv-
ity of the bilinear form br(-,-), which appears to be a straightforward
consequence of the energy identity for the wave equation.

Proposition 3.3. For any T > 0, the bilinear form br(-,-) is non-
negative: for any (v, @) : T x RT —» R x R,

85) br(@ 0@ =5 [ (st DI+ Iveuse TP

where (P, Vy,p) is the solution of (2.11).

Proof. Take the inner product in R? of (2.11) (b) with v, ,,, multiply
(2.11) (a) by py,,, add the two equalities and integrate the result over
Q; U Q.. One obtains

1d 2 2
. —— d
36 g [, (posl - vesl) e

+ / (div vy Py + Voo - VDy,p) dx =0.
RA\T
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Then, using Green’s formula (2.9) yields

1d 2 2
B7) g [ (posl vl

:/F<[[Pw,w]]F (Voo 0pr + v o Brlve e - nlr) dy.

Substituting (2.11) (¢), (d) and (2.15) into (3.7) then gives

1d 9 2
(3.8) 2dt/Rd\p (Ippol” + vyl ) dx
:/(zrw+wrw+wlfsow+yrww)dw.
T

Finally, integrating (3.8) in time between 0 and T leads to (3.5), taking
into account (2.17), (2.19) and the initial conditions (2.11) (e), (f). O

A natural subsequent question to Proposition 3.3 is to know whether
br((v, @), (p,1)) is positive definite, in other words, whether it defines
the square of a norm.

Curiously, addressing this question is far from obvious and one has
two different results depending on the fact whether the time 7" is small
or large. Let us begin with a positive result when T is small enough.
For this, we need to introduce some notation. For each T > 0, we
introduce the set of points in R? whose distance to I is less than T, as
well as its complement in R? (see Figure 1 on the right):

Qr(D) = {x e R*\T/d(x,I') < T},

(39) Or(I) = R\ r(D),

which obviously satisfy
(3.10) _
Qr(L) =) UQrT), 9p([0) =r@)NQ, L€ {ie},

Op(D) = OLM)UOLT),  OLT)=0p)NQ, (e {ie}

By construction, the sets O&(T") and O4(T") decrease when T increases.
Since Q. is unbounded, OF(T) itself remains unbounded for all T' > 0,
(') this is only true for 7 small enough,

)
Al

and thus non-empty. For O}
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which is why we introduce:

(3.11) T*(€) = sup {T > 0/O7(T) # 0},

that satisfies 0 < T*(€;) < diam (£2;), (note that T*(€;) = diam (£2;)
when €, is a ball).

Proposition 3.4. For any 0 <T < 2T*(8;), the bilinear form br(-,-)

is positive definite:

(3.12) br (1, @), (1, ¢)) = 0 = p(x,t) = ¥(x,t) =0,
xel', te]l0,T].

Proof. The idea of the following proof has been suggested to us by
Lebeau [38]. According to equation (3.5), we have to show that
Py, (x,T) =0, vy o(x,T) =0, forallxeRI\T,
— ol t) = b, 1) =0, xeT, te[0,T].

We first note that, due to the finite propagation velocity of the wave
equation

SUPP Py, (-, ) Usupp vy oo (-, 1) C Qe (I"), for all ¢ > 0.

Similarly, by time reversibility, changing ¢ in T'—¢ and using py ., (x,T)
=0, vy,o(x,T) = 0, for all x € R\ I, we have

SUPP Dy o (+, 1) USUPP Vi o (-, ) C Qp_4(T"), for all t €]0,T7.
Therefore, for all ¢ € ]0,T7,
SUpP Py, (-, 1) Usupp vy o (-5 1) C 2(I) N Q7 (T),
and in particular, for all ¢ € |0, T7,
(3.13) SUPP Py (-, 1) Usupp vy o (-, 1) C Qpya(I).

Let us consider py ,(x,t) : R3\T'xR — R and vy ,(x,t) : R3\I'xR —
R3 defined for all times by extension by 0:

Do (X, t) = py o(x,t) if t €]0,T7,
Py,p(x,1) =0 if t € —00,0[U]T, +o0],
Vi o(X, 1) = vy o(x,t) ift €]0,T],
Vo (X,8) =0 if t € ]—00,0[U]T, +o0].
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Since ¢ and ¢ are traces of Py, and Vy o, the proof will be achieved
if we show that py , and vy, vanish identically.

Because of the zero initial (¢ = 0) and final (¢t = T) conditions
satisfied by (Py,p, Vo) (Py.os Vis,p) satisty equations (2.11) (a), (b)
in R?\ T x R. Thus, the Fourier transforms in time of Py, and Vy o,
namely,

+oo )
B, 7) = / B o, e dl,

+oo
Vw,ga(va):/ Vi,p(x,t)e” " dt,
satisty, for each 7 € R,
(3.14)
{div@WP +imPpp =0 inR3\T,

- -~ = APy, +7Dy,e =0, in RP\T.
Vi +im9ps =0 inR3\T. Do T Pue \

On the other hand, we deduce from equation (3.13) that for all 7 € R,
SUpP Py, (45 7) C Q2 ().

In particular, py , vanishes in O;/2(F) and O%/Q(F), which are both
nonempty open sets since T' < 27*(€);). As Q; and 2, are connected, we
can use a unique continuation argument (Holmgren’s theorem [21, 22])
to assert that:

Py =0, inR¥*\T, which implies (cf., (3.14)) Vi, =0, in R*\T.
This concludes the proof. O

Remark 3.5. Proposition 3.4 plays an important role in the numerical
analysis of the method developed in [1] and that we briefly recalled in
subsection 2.3.4. Indeed, the well posedness of the discrete problem
relies on the positive definiteness of ba(-, -), where At is the time step.
Thus, Proposition 3.4 gives an upper bound for the time step (whatever
the space discretization) to be satisfied in order to ensure the well
posedness of the method (also see [34] for analogous discussions).

Remark 3.6. Once we know that, for T < 2T7%(Q;), (¥,¢) —
br((¢, ), (¥, ¢)) defines the square of a norm, it is natural to wonder
whether this norm is equivalent to a more standard norm, of Sobolev
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type for instance. Except in the case of the dimension 1, as we shall
see in subsection 4.1, the answer is negative. It can be shown, at least
in the case of a flat boundary I', that this is a very weak norm in the
sense that it cannot be bounded from below by any (even arbitrarily
negative) Sobolev norm (see [2] for instance).

As stated earlier, the fact that 7" must be small enough to ensure
that by is positive definite is not only a technical convenience. This is
also a necessary condition. Let us set:

(3.15) P ={T > 0/br(:,-) is positive definite}.
By definition of P,

T e R* \ P <= N(bT) = {(1% <)0)|[0,T]/bT((wa @)7 (W QO)) = O}

(kernel of by) is different from {0}.

According to the proof of Proposition 3.4, we know that the kernel
N (br) is also defined by
(3.16)
N (br) = { (¥, 0)|j0,11/Pw.e (%, T) = 0, vy »(x,T) = 0 for all x € R*\T'}.

It is clear that, for 7o > Ty, N(br,) D N(br,) (note that, if (¢, ) €
N (br,), then (1., ¢.), the extension of (¢, ) by 0 in |T1,Ts], belongs
to N'(br,)). Thus, there exists Tinax(€2;) > 0 such that

(317) ,P - ]07 Tmax(Qi)[ .
From Proposition 3.4, we know that
(3.18) Tinax () > 2T ().

The question of obtaining a good upper bound for T,ax(2;) > 0 is
clearly related to the boundary controllability theory for the wave
equation inside €2;. Let us recall that the wave equation in §2; is
controllable from the boundary with Dirichlet data in time T if and
only if, for any initial data (pg, vp), there exists a boundary data 1
defined on I" x [0,T] such that (py,Vy), the solution of the following
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problem
0
% +divvy, =0 in Q x [0,7],
%7’”+pr:0 in Q; x [0, 7],
Dy = — on I' x [0,T],
py(x,0) = po in €,
vy (x,0) = vy in Q;,

satisfies (py (1), vy (T))) = (0,0). We can then introduce
(3.19)
T.(Q;) = inf {T > 0/the wave equation in ; is controllable in

time T from Dirichlet data on F}.

It is well known that T.(€;) is linked to the geometry of §2; and that,
in particular, T.(€;) > diam (Q;), cf., [39, 12].

Proposition 3.7. For any T > T.(Q;), the kernel N'(br) of the bilinear
form by (-, ) is non trivial, namely, Tyax(;) < Te(£2;).

Proof. Indeed, let Ty > 0 and ¢ : I x [0,Tp] — R with ¢y # 0.
Let (Dyy, Viyo) & i % [0,75] — R x RY be the solution of the wave
equation (2.11) (a), (b) inside £; x [0,Tp] with zero initial data and
non homogeneous Dirichlet condition py, = =g on I" x [0, Ty]. Let us
denote the solution at the final time t = T} as

Po(X) = Py, (%, To), vo(x) := vy, (x,Tp), forall x € Q,.

By definition of T,.(€;), one can find a Dirichlet boundary control
’lpg :I'x [To, T()—‘rTC(Q,L)] — R such that (p(c), V(C)) : Qi X [Tb7 T()—i-Tc(Ql)] —
R x R?, defined as the solution of wave equation (2.11) (a), (b) in
Q; x [To, To + T.(£2;)] with initial data (pg, vo) at ¢ = Ty and Dirichlet
condition p§ = —¢§ on I' x [Ty, Ty + T¢(€2;)], vanishes at the final time
To + Tc(Ql)

(3.20)

])S(X7 To + Tc(Qz)) =0, VS(X7 To + Tc(Qz)) =0, forall xeQ,.

Let (¢, @) : T'x [0, To+T(£2;)] be defined (note that 19 # 0 = (¢, p) #
0) by

G
2

(0,75] = %o, Vliry, 10412020 = Vo5

p— I C
[0,To] = — Vo -n|r, 90|[T0,T0+TC(Qi)] = —Vgy- n|r,
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and let (p,v) : R? x [0, Ty + T.(Q;)] be defined by

p
p
Placx0,10+7.(2)] =0, Vg, x[0,10+T.(2,)] = 0-

Q; x[0,To] = Do s v Q; x[0,To] = Vo s

QX [To,To+To(2:)] = P05 VI x [Ty, To+T.(2:)] = VG5

By construction, (p,v) satisfies the wave equation (2.11) (a), (b) in
R\ T x [0, Ty + T.(£%;)] with jump conditions

[pllr =4, [v-nle =, t€[0,To+T(2)],

which means that p = py , and v = vy, ,. Then equation (3.20) reads
Do (X, To + Te(:)) = 0, v o(x,To + Tc(;)) = 0, ie., according to
equation (3.16), shows that (¢,¢) € N(br) with T' = Ty + T,(£;).
Thus, Ty + T.(€;) belongs to [Timax (i), +0o[. As this is true for any
Ty > 0, the proof is complete. O

3.4. The weighted bilinear form and its properties. Let us
introduce a positive weight function

(3.21)  w(t) € CH0,T), w(t) >0, for all t € [0,T], w(0) =1,
and let us set

(3.22) wu(t) == —w'(t).

We then define the corresponding weighted bilinear form associated to
the operator Br (denoting ® = (v, ¢)) by

T
(3.23) b7 (@, ®) ::/0 /F(Bpé,i)w(t)dydt,

or equivalently, (see subsection 2.1)
(3.24)

bw7T ((1% @)7 ({Ea ()5))
T - ~
:/0 /F(ypw+W;<pw+wrw+zr<p¢)w(t)dvdt

- /O /F([b’ s ollrlvee e +{py o Brlvy ;- nllr)w(t) dydt.

Of course, when w(t) = 1, one obtains b, 7 = by. We now state an
extension of Proposition 3.3:
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Proposition 3.8. For any (v,¢) : I x RT — R x R,
(3.25)

b (0 0),(09)) = 500) [ (Ipoox D+ v ()

RI\T
e 2 2
+5 (IPuo (& O+ [V (2 1)) u(E) dx it
0o JrRAT
where (Dy o, Vi) 15 the solution of equation (2.11).

Proof. Take the inner product in R?® of equation (2.11) (b) with
Vi, w(t), multiply equation (2.11) (a) by py,,w(t), add the two equal-
ities and integrate the result over €2; U Q.. One obtains

1 9
(3.26) 7/ &upw\? + [Vl )w(t) dx
RI\T

2
* /d\ (diVVw,san,@ t Vyp- vaysa)w(t) dx =0,
RI\T

which gives, using Green’s formula (2.9),

1d 2 2
—— t)d
i o (ol 4 vt

(3.27)
1
5 [y psl” vl )
= [ Wosekvo - nhe + Qoo hrlve., - nl)eo b
that is to say, using equations (2.11) (c), (d) and (2.15),
1d
(328) 4 /ﬂw (ol + v ol Jolt) dx
1
3 fos (ol 4 )
= /F (Zrow + Wr o + Wi + Ve ) w(t) dy.

Integrating equation (3.28) in time between 0 and T leads to equa-
tion (3.25), thanks to equation (3.24). O
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Examples. Let us consider two particular examples of weight
functions:

(1) Linearly decaying function: w(t) = 1 — ¢/T. In that case
w(t) =1/T, w(T) = 0 and equation (3.25) gives
(3.29)

bo,r (¥, 9), (W QT/ / (|py,p(x )PV o (x, ) ) dx dt.

The reader may easily verify that equation (3.29) is easily recovered
from equation (3.5) after having noticed that

T
bw,T('a ) = %/O bt(, ) dt

(2) Exponentially decaying weight: w(t) = e=27 5 > 0. In that
case u(t) = 2ne~2" and equation (3.25) give

b T ((¢7 Sa)a (dja QD))
1

— — —2nT T 2 T 2 d
(3.30) 2° /Rd\rﬂpw,sa(x, N+ V(% 1)) dx

T
+77// (|p¢7¢(x,t)|2+|vw,¢(x7t)|2)e_2”tdxdt.
0 JRAT

This choice for w(t) is the one used to recover the results obtained from
the analysis based on the use of the Laplace transform in time. The
parameter 7 is somewhat arbitrary. Its determination will be discussed
later, cf., equation (3.48).

An immediate consequence of the previous result is the next corol-
lary.

Corollary 3.9. Assume that the function w(t) is decreasing, namely,
that p(t) > 0, for allt € [0,T). Then the quadratic form associated to
b, (-, ) is positive for all (v, ¢):

(3.31) ICxRY = RxR,  bur((®,9), (%,¢) >0

If w(t) is strictly decreasing, namely, u(t) > 0, for all t € [0,T], this
quadratic form is positive definite:

(3.32) b, (0, 0), (¥, 0)) =0 = (¥, ) = 0.
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We end this section with a coercivity result. What follows really
makes sense when d > 2. The special case d = 1 will be discussed in
more detail in subsection 4.1.

Notation and functional spaces. X denoting any Banach space,
H?(0,T;X),r € R is the subspace of distributions ¢ € H"(0,T;X)
whose extension by 0 for ¢ < 0, denoted @, belongs to H"(—o00,T; X)
(the subscript ¢ refers to causal functions). It is equipped with a Hilbert
space norm given by

(3~33) ||50||Hg(o,T;X) = ||<5||H*(—oo,T;X)~

It is well known [40] that H?(0,T; X) differs from H"(0,T’; X) only for
r > 1/2. Moreover, introducing the space

C?(O7TaX> = {(,0 = (p*|[0,T]?SD* € CSO(R,X)},

where C°(R; X)) is the set of causal and indefinitely differentiable
functions of the time variable with values in the Banach space X, it is
dense in H7(0,T; X).

Let us introduce the sets
(3.34) Qpr:=Qx]0,T[ and Xp:=T x]0,T7],
where Q) = Rd\F. We now introduce some adequate anisotropic Sobolev
spaces [41] of causal functions of the form H*(Xr),r,s € R, where
the first index r refers to time regularity and the second index s to
space regularity. More precisely, let us set

HP*(Xr) = HI(0,T; LA(1)) N L (0,75 H*(1)),

naturally equipped with a Hilbert space structure with the norm

(3.35) lell? o5y = ||90||%15(0,T;L2(r)) + ez 0,085 (1)) -

We shall use the (obvious) fact that Hy/*Y*(Sp) ¢ HY2(Sr) (the
usual isotropic Sobolev space) and, therefore, that

(3.36) HY2(np) = HY27Y2(2p) ¢ HY2V2(5p).
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Note also that, due to Poincaré inequality, the trace map u — ul|s,
satisfies the following continuity property for all

(3.37) uj € L*(0,T; H'(Q)) N HX(0,T; L* (%)),
uj € HY*12(Sr) and  |ujlly2.1 2,50 < Crlulm on,
j = i7 e?

where, by definition
T
|ulFr1 () 3:/ / (|0wul® + [Vul?) dz dt.
0 Jo,uQ,

We shall also use the following trace inequality that does not seem
to be so standard and whose proof is postponed to the Appendix (see
Section A).

Lemma 3.10. Assume that d > 2. Thgre exists a constant Cr > 0
such that, for j =i,e and any w; € C°(€Q; x [0,T]) which has compact
support,

(3-38) ||W] : n||§11/2(07T;H—1/2(1“)) < CT|Wj idiv,ﬂj,Ta

where we have defined
(3.39)

‘Wjﬁ,div,Qj,T = (HathHQLZ(&T;LQ(Qj)) + | div WjH%2(o,T;L2(Qj))>~

A coercivity result. Let us adopt, for any ¢ € L{ _(RT; X), the
notation

t
(3.40) oy Lp(t) ::/ p(s)ds.
0
Proposition 3.11. Assume that the function w(t) is strictly decreasing
and that u(t) = —w'(t) satisfies

3.41 = inf t 0.
(3.41) pr = dnt () >
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Then the quadratic form associated to b, r(-,-) satisfies the following
coercivity inequality, for some ar > 0: for all (,¢) € C°(T x [0,T7]),
(3.42)

bw,T((¢7‘P)v (¢7@)) > O‘T(H8t_1¢||%/2,1/2,ET+|‘8t_1@||§11/2(07T;H—1/2(r)))~

Proof. The proof relies on Proposition 3.8 (identity (3.25)) combined
with trace inequalities (3.37) and (3.38).

Indeed, let us introduce Py o (,t) = 9; 'py, (2, s) and Vy o(z,t) =
5‘;1v¢’¢, which satisfy

atplz;’@ + diVVl/},(p =0,

O Vy,e+VPy,=0 in R4 \I'x [0, 7] (i),
B4 [P ol (1) = 05 "),
Vo nlr(+8) = 97 0(,8) onTx[0.7] (i),

From inequality (3.37) applied to u; = P}, , and u, = Py, ,, we have,
since Oy Py = py,p and VP, = =0/ Vy o = —Vy o,

Hat_lwuf/Q,l/Q,ET < CT(”atP?/MPHQLQ(QT) + HVP?/MP”%?(QT))

(3.44)
= CT(”Pw,so

|%2(QT) + ||Vw,@|\%2(QT))-

Applying equation (3.38) to w; = mep and we = V7, . we deduce,
since O; V.o = Vo and divVy, , = =0, Py o = — Py,

(3.45)

||81:_1‘P||§11/2(07T;H—1/2(r)) < QCT(HatVQ/)#P”%?(QT) + ||diVV¢7LP||2L2(QT))

< QCT(HM,vHQL?(QT) + ||Vw,w||2L2(QT))~

Since, according to equations (3.25) and (3.41),
(3.46)

T
bw,T((wv @)7 (1/% L)0)) Z M7T / / ( |pw,s0(xa t)|2+‘vw,s&(xa t)|2 ) dx dt7
0 JRAT

it suffices to combine equations (3.44) and (3.45) with (3.46) to conclude
with ar = (ur/8) min(CL', CL1). O

The reader will observe that the coercivity result (3.42) fits quite well
with the one that can be obtained with the Laplace transform method,
see for instance, [11, Lemma 4.1], with, however, a slight improvement
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that can be interpreted as a gain of 1/2 order of regularity in time.
Indeed, equation (3.42) may be rewritten as

bw,T ((¢, QD), (¢a QO))
Z aT(Hat_lw”iz(o’T;Hl/Z(F)) + ||8t_lw”ili/2(07T;L2(F))
+ |‘6;190”511/2(071";1{71/2(1“)))

while, in the particular case w(t) = exp(—2nt), [11, Lemma 4.1] reads
as

bo, (¥, 0), (¥, 9)) zaT(||a;1w||2L2(O,T;H1/2(I‘))"_‘|8;1(p|‘2L2(0,T;H*1/2(I‘)))'

However, we shall see in the two particular examples in Section 4 that,
even the coercivity result (3.42) is not optimal.

Returning to the examples.

(1) Linearly decaying function: w(t) = 1 —¢/T. Inequality (3.46)
becomes (ur = 1/T)
(3.47)

1 T 2 2
bw,T((’Ir/)7<p)7 ('(/J,(,O)) Z ﬁ/@ /]Rd\F (‘pw7ip(x?t)‘ +‘Vw»</7(x’ t)| )dth

(2) Exponentially decaying weight: w(t) = e~27, n > 0. In this

case ur = 2ne~ 2", This quantity can be maximized by choosing
n =1/(2T), leading to
(3.48)

1 T 2 2
bo ((¥9), (¥, 0)) 2 55 /O /]R o P O v (e D) dx

Remark 3.12. If one denotes the operator (¢, ¢) — w(t)(¢), ¢) by Tw,
one has b, 7((¢, ¢), (¥, ) = br(Tw (¥, ¥), (¥, ¢)). As a consequence,
the result of Proposition 3.11, for instance, can be reformulated as the
T,-coercivity of b(-,-) in the sense defined as in [16, 17], which also
corresponds to an inf-sup condition. A particular consequence is the
injectivity of operator Br and thus the injectivity of the two operators
ZF and yr‘.
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3.5. Continuity properties of the operator Br. We now state
continuity results for the four operators Zr, W{, Yr and Wr in
anisotropic space time Sobolev spaces. We shall restrict ourselves to
establish continuity estimates for smooth (¥, ¢), but the reader should
understand that, even if it is not explicitly mentioned, the statements
of the theorem also mean that these operators can be extended by
continuity and density to the adequate functional spaces. Throughout
this section, Cr will represent a non negative constant which depends
only upon 7" but whose value may vary from one line to the other.

Proposition 3.13. We have the continuity estimates:
(3.49)

) 12Zrellijz1/28, < CT(||atCPH—1/27_1/27ZT + H@fcp|\_1/27_1/272T),
() [Vrell g2 o o -172 ()

< CT(Hat‘P”*l/Zfl/ZET + ||3152<P||71/2,71/2,2T>,
() |1 X0l 272, pr-172(ry

< CT(Haﬂ[]HH*1/2(0,T;H1/2(I‘)) + Hath”H*l/?(O,T;Hl/?(I‘)))7
(iv) ||WFT/J||1/2,1/2,2T

< CT(Hatl/JHH—1/2(07T;H1/2(F)) + ||5'1521/)||H—1/2(0,T;H1/2(1“))>-

Proof of (i). Let p = po,,; we have, with Q = R4\ T,
p—Ap=0 i QxR [9p]r = -dip, [pIr=0,
and Zr¢ = {p}r. Thus, we have the standard energy identity

(3.50)

1 t
5/ (\@p\Q—HVp\Q) dxz/ /8t<p3tpdads
d o Jr

RI\T
t
:7/ /afcppdader/ (Owpp) do.
o Jr r

Integrating equality (3.50) between 0 and T' gives
(3.51)

1 T T
§|P\%1(Qx[o,T]) = —/ /(T—t)afsﬁpd0d8+/ /3t<PPd0dt~
0 T 0 T
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Next, we observe that, first using the duality between H~/2~1/2(%)
and H'/?1/2($7), see equation (3.36), then the trace inequality (3.37),
(3.52)

T
‘/ /(T—t)@tappdads
o Jr

In the same way,

<070l —1/2,-1/2.5: (T = )pll1 /2,1 /2,57

< CT||8752<PH—1/2,—1/2,2T |p|H1(Q><[0,T])-

(3.53) ‘/OT/FaMdedt’ < Crl|0wpll—12,-1/2,5¢ [Pl (2 [0,77)-
Substituting equations (3.52) and (3.53) into equation (3.51), we obtain
(3.54) [plr1(ax(o,m) < CT(Hat‘P||—1/2,—1/2,ZT + ||3380||—1/2,—1/2,2T)~
Again using inequality (3.37):
|Zrelliyea2,sr = HpErlliy21 2,50
< Cr (10l /21250 + 107l 172,120 )-
(]

Proof of (ii). Let v = vq, so that Wiy = {v-n}}r. We have
Oyv = —Vp,divv = —0p, so that

T
‘pﬁil(Qx[O,T]) = |V|idiv,Q,T 12/0 /Q (@VP + \diVV|2) dxdt.
By the trace Lemma 3.10,
HW;‘W”?{lﬂ(07T;H—1/2(r)) = ||{{V ’ n}}F”?{l/z(o,T;H—lﬂr) < OT|V|%,div,Q,T
= Crlplaxpo.m)-

We then conclude thanks to (3.54). O

Proof of (iii). Let v = vy . We have, with Q@ = R\ T,
O}v—V(divv) =0 in QxRT,
[divv]r = =0, [[v-n]r =0,
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and Yrv = {v -n}r. Again, we have the energy identity

1
3 /Rd (|3,5V|2 + |divv\2)(-7t) dx

(3.55) - /O t /F By Oh(v - 1) do ds
:—/Ot/rafz/}(v'n)dads—#/F(8t1/1(v~n))(-,t)da.

Integrating equality (3.55) between 0 and T' gives
T
|V|%,div,(2,T = _/o /F(T — )02 (v -n)dods

" /OT/F (@ (v - m)) (-, 1) do.

Using trace Lemma 3.10 and the inclusion H~/2(0,T; H'/*(I'))
HY'?(0,T; H-/%(T'))', we obtain as in the proof of point (i) (we omit
the details)

(3.57)

Viawer < Cr (100 gy rmawy) + 108020 zm ey )-

(3.56)

We conclude by applying Lemma 3.10 again. ]

Proof of (iv). Let p = pyo, so that Wryp = {{pfr. We have
Op = —divv, Vp = —0yv so that |p|gixp,r) = [V]idiv.or. We
conclude with trace inequality (3.37). O

It is interesting to compare the above continuity results to the
“standard” results obtained by the Fourier-Laplace method, as they
are recalled for instance in [11, Section 3], see also [37]. With respect
to the operators V, KT, K, W introduced in [11], it is easy to check
the correspondence

Zr = 0V, WFEKT, Wr =K, oYr =W.

It appears that both results fit quite well with some slight differences,
however. For instance, for Zr, the standard result can be rewritten as

(3.58) 1Zrell 20,0012 ry) < Crll@ll g0, 13m-172(1))s
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while our inequality (3.49) (i) can be rephrased as

(3.59) ||ZF<PHL2(0,T;H1/2(F)) + HZF<P||H1/2(0,T;L2(F))

< Cr(llellmzo7:m-12ry) + @l g2 0.7,02(ry)) -
In inequality (3.59), we get more but we also ask for more. However,
as we shall see in particular examples in Section 4, none of these
results is sharp. In particular, they are quite demanding concerning
the time regularity of the functions (¢, ¢) and thus do not explain why,
in practice, discontinuous finite elements in time can be used for the

numerical approximation as can be demonstrated in a very pedestrian
way, as in [1] (for instance, also see [30, 34]).

Remark 3.14. Concerning the other three operators, the “classical”
results can be reformulated as
IWEel mrrzo,0,m-120y) < Crllell g2 o,0,m-1/2(1))
1Yr ¥l a2 0,051 -1720)) < CTl1¥l 320,051 72(1)) s
IWrll 20,7581 72(r)) < Crll¥ll sz 0,0:m1/2(0))
while those obtained in Proposition 3.13 imply
IWeel grzo.mm-1/2y) < Cr(llell 2o, m-1/2(r)
+lell a3 s200,7502(0)) )

1Yr Yl 120,055 -1720y) < Crl¥l 3720,035172(1)) s
IWed|l 2o, m172(ry) + IVl 20,102y < Ol msrz0, 172 () -

4. Study of two particular cases.

4.1. The 1D case. For any smooth enough function ¢ defined on
Sr=Tx[0,T] ={a,b} x [0,T], we introduce

100172050 = 1Call72 o, + 1906l172 0,7

The next positivity property and L?(Xr)-coercivity results follow for
T small enough.
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Proposition 4.1. Let (1, ¢) be a pair of smooth enough causal func-
tions defined on I' x RY. Then

Moreover, if 0 < T < |b— al|, there exists a constant C > 0 such that

(42) (.9, 0.9) 2 (I3 + 103 )-

Proof. Positivity of the bilinear form is given by the general result in
equation (3.3). Nevertheless, it is interesting to provide another proof
of the result that directly uses the expressions for the bilinear form.
From equations (2.17) and (2.24) with (¢, ®) = (¢, ) one can see that

br (¥, 9), (¥, 9) = 1(¥, ) + J (¥, ¢),

with

@3) 1) =g [ )0 + )+ i) ds

and
(4.4) ]
I.0) =3 [ (ouls = 0= alion(s) + uls — 0= alen(s) ds
1 T
- 5/0 (s — b= al)tha(s) + ta(s — |b— al)¥u(s)) ds
1 T
— 5 [ s = b= aeute) + valo — 0= au(s)) ds
1 T
+ 5/0 (v(s = |b— al)¥a(s) + @als — b — al)ve(s)) ds.

If t < |b—al, then J(¢, ¢) = 0 since all the integrals involve terms with
delay that vanish due to causality. In consequence,

bT((w» 50)3 (1;[}3 QD)) = I(¢7 90)7

and one obtains the L?(X7)-coercivity result with C = 1/2.
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In order to obtain the positivity result for an arbitrary time, J(v, ¢)
is rewritten as

1 T
T0) = 5 [ (aa(s) + Aa(s)) s = 7) = M5 = 7)
F(10(5) + 2(5)) (a5~ 7) ~ Aals — 7)) ds,

where 7 = |b— a|. Using the identity 22y = (z +1vy)? — 2% — y2, the last
expression for J(u, A) can be transformed into

2

T
T0) = [ [(pals) + (s =) + (ulo) — tnls = )]s

1

_1/0 (Pals) + Pa(s))” ds

T—1
- i/o (u(s) — %(5))2 ds

2

+111/0T [(‘pb(S)‘i‘Sﬂa(S—T))“v‘(wb(s)—wa(S—T))} ds

T
- i/o (¢n(s) +¢b(5))2d5
1

T—1 9
- ZA (QOa(S) - %(3)) ds.

Next we use the identity 2(z% + y?) = (z + y)* + (z — y)? to transform
I(1, ¢) into

T T

Ho) =1 | (eul) +vu@)*ds+ [ (aul) = vus))”as
T T

+1 ] e ) as+ 1 [ (o) i) as

Using both results, one gets
br((¥, ), (¥, )

=2 /TTT [(pa(s) = ¥u(s)” + (puls) — wn(s)?] ds

2

T
@5+ [ [+ el =) + (ule) = nls = )] s
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2

+‘11/0T {(‘Pb(s)-F‘Pa(S—T))+(d)b(s)—1/)a(s—7-))} ds,

leading to the positivity. |

For T large enough, Proposition 3.7 shows that the bilinear form
br(-,-) is no longer L?(Xr)-coercive. Let us prove this result for the
one-dimensional case explicitly using the expressions of the bilinear
form. We have the next result (the proof is inspired from [2, Theorem
2.1]):

Proposition 4.2. If T > |b — a|, there exist non vanishing (¢, ) €
(L?(X7))? such that

More precisely, the quadratic form

A7) (W) e (LX0,1])" — br((W. ), (¥, 9)) € RY,

has a infinite-dimensional kernel.

Proof. As a first step, let us assume that 7= N L for some integer
N > 0 (where we have introduced the notation L = |b — a|). From
equation (4.5), one obtains

bT((wv @)7 (’(/}7 90))

N L
- i/( (@a(s) - ¢a(5))2 + ((,Ob(s) — ¢b(5))2 ds

N-1)L
N-1

(k+1)L
. Z/ (0a(3) + 9b(s = 7) + Ya(s) — (s — 7)) ds

4
k=0 7k L
N-1

1 (k+1)L )
+1 kzzo/kL (¢a(s —7) + @u(s) + tu(s) — tha(s — 7)) ds.

Next, we introduce the following scalar functions indexed by the
integer k € {—1,0,...,N — 1}

(4.8) o* (e, 8) == @c(s + kL), ¥ (e, s) == (s + kL),
(¢c,s) € {a,b} x [0, L].
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Notice that, due to causality, ¢ ~!(c, s) = 1 ~!(c, s) = 0. It is also useful
to introduce the vector-valued functions consisting of the concatenation
of ¢* and ¥, k€ {0,...,N — 1},

(e s) = (#(c,8), -, 9™ ey s)),

P(e, s) = l(wo(c, 8)y.n- ,wN_l(c, s))

A change of variable (consisting of a shift) allows us to write all the
integrals in the interval [0, L] as follows:

br (¥, »), (¥, ¥))

= i/L [@N’l(a s) =N (a, s)}2 + [V s - ¢N’1(b,s)rds

(4.9)

LNl

/ 0,8) + ¢ (0,) + 0¥ (@ 9) — 10, 9)] s

g3

Next, we introduce the quadratic form @ : RY xRY xRN xRN — R,
defined by

LNl

)+ 4 (0,8) + (b 5) — N (as)] s

N
D T e T RN PP N I

k=0

Qo7 9) = |

where, by convention, oV = @V = ¢V = @N = 0. We clearly have
that

(), (008 = [ Qa1 60,9, 000,91, 0.9)) s
The next step is to compute the kernel of Q. Introducing the notation
R AL
T Ry L)

the quadratic form can be written as:
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In consequence, Q(p,®,1,v) = 0 if and only if
Pl =P y* "l =2F forall ke {0,...,N —1}.

Setting vV = 0 and ¥V = 0 and considering v* and y*, k €
{0,...,JX — 1} as parameters, the following expressions for ", 7",
Y and 1, are found

(4.10)

N[ D=

k=50 k), B =g b,
Ui =50 —yh), =5y b,

Finally, for any v* € L?([0, L]) and y* € L2([0, L)), k € {0,..., N —1},
using equations (4.10) and (4.8), one gets

puls + RL) = L0 =1(s) 1 y*(s)),
@u(s+ kL) = $(y"1(s) + v¥(s)),
(4.11) bals 4 KL) = L(0h=1(s) — y¥(s)),
Unls + kL) = L1 (s) — oF(s)).

for s € [0,L]. Notice that, if (), ¥s(-), ¥a(-) and ¥p(-) are given,
then the corresponding functions vy (-) and yx(-) can be built from the
last equalities. In consequence, one concludes that the kernel of the
bilinear form by (-, -) is isomorphic to L?([0, L))V -1,

When one has an arbitrary time T > |b — a| = L, we consider
T* = [(b — a)/L]L (where [] represents the integer part operator),
and we split the time interval [0,7] into [0,7*] U [T*,T]. Next one
builds functions ¢} (-), ¥;(-), ¢i(-) and ¢} (-) for s € [0,7*] such that
br« ((¥*, %), (¥*,¢*)) = 0 using the fact that 7 = NL, N € N, and
extends them by 0 to obtain 14 (-), ¥p(-), wa(-) and @p(-) defined for
s € [0,T). Clearly, br((¢,\), (¥, \)) = 0. O

Let us study the situation when an arbitrary weight is considered.
In this case, similar computations to those presented in the proof of
Proposition 4.1 lead to the expression
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(4.12)
bw,T((wv P)s (1/’7 SO))

T
- i-/T— [(@a(s) - @/}a(s))z + (901;(8) — wb(s))ﬂx(s) ds

1 [T )
+ 1/0 [(%(s) + (s = 7)) + (als) —wb(s—T))} w(s)ds
g 2
+ i /O [(ﬁﬁb(s) + @als — 7)) + (Yu(s) — thals — T)):| w(s)ds,
where
_ w(s) SE[t—T,t]7
(4.13) x(s) = {w(s) —w(s+7) sel0,t—1]

This allows us to establish the next proposition.

Proposition 4.3. Let (1, ¢) be a pair of smooth enough causal func-
tions defined on I' x RY, and assume that

o w(s)>w.>0,s€el0,T],
o w(s)—w(s+7)>a>0,s¢el0,T].

Then there exists a constant C > 0 such that

(414) bur(($,9), (#,9)) = Cmin(wn, @) (18132 + I9132pl)-

Proof. First of all, we introduce the continuous operator:

A (L2([0, 7)) — (£2([0, 7))
(Y, @) — AW, @) == (1, N),

where

,ua(s) = @a(s) - '(/)a(s)a

Aa(8) = @a(s) + @p(s — T) + Yals) — ¥u(s — 7),
1) ) 1= e(s) — o)

Ab(8) = pp(8) + pals = 7) + ¥u(s) — Yal(s — 7).
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Clearly, equation (4.12) leads to
b,z (¥, ), (¥, ) > min (0, w.) M@, 9) 12 (0,77

Since
V() = 5 (als) = 1a(s) = pnls = 7)),
2a(s) = 3 (3a(s) + pa(s) = pn(s = 7)),
Vu(s) = %(/\b(S)—Mb( — pia(s — 7)),
auls) = 5 (l5) + () — prals = 7).

the operator A is bijective and with continuous inverse. In consequence,
from equation (4.15), one obtains equation (4.14). O

It is worth mentioning that the weight w(-) can eventually be
piecewise smooth (differentiability is not a priori needed).

Finally, the L?(Xr)-continuity of the bilinear form b, 7 (-, -) trivially
holds for w € L®(R™) (in particular for w(-) = 1). This leads to the
next proposition.

Proposition 4.4. Let (¢,¢) and (7:/;, @) be pairs of smooth enough
causal functions defined on T' x RT, and assume that w(-) € L=(R™).
Then there exists a constant C > 0 such that

(416) bw,T((wv Sp)a ({/;7 SZ))
< Cllwll iy (18l 20y + Il ) (1902200 + 122 ).

4.2. The case of I' in a hyperplane in R?. Again, the results
of this section have been mainly motivated by the work of Aimi et
al. [2], which seems to have received too little attention, and of which
we give a slightly different presentation (concerning continuity results)
and extension (concerning the coercivity result).

In this section, we set R? = {(x/,24), X' € Rl 2z, € R},
d > 2, assume that I' = {(x/,0),x’ € R?"!} and concentrate ourselves
on the operator Zr (which is the one more demanding in terms of
time regularity) and the corresponding bilinear form bZ(-,-) (and its
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weighted version with w(t) = exp(—2nt) denoted b7 1(-,-)) to address
the following questions:

(i) What is the smallest value of s, if any, for which the bilinear
form bZ (-, -) is continuous in L?(0,T; H*((T)))?

(ii) What is the largest value of s, if any, for which the bilinear
form b7 (-, ) is coercive L?(0,T; H*(T)))?

The reader will note that question (i) is equivalent to:

(i)’ What is the smallest value of s for which Zr maps L2(0,7T; H"(T'))
continuously into L2(0,T; H™=25((I"))?

The proof relies on a detailed study of the Fourier-Laplace symbol
(€',5) e R x C s Zp(¢,5)

of Zr along the line Res = n, n > 0 being given. More precisely,
denoting F as the Fourier transform in x’ (with the dual variable ¢£’)
and Laplace transform in time (with dual variable s € C), such that,
for any ¢ € L1(0, +o0; LY(R471)), for all ¢ € R Res > 0:

1 e —i¢’x' —s
(4.17) Fo(€,s):= (27T)d/2/0 /Fgo(x',t)e Exemst dx! dt,
one easily computes that

F(Zro)(€ss) = Zr(€,8)Fp(€ ),
(4.18) Zr(e,s) =S (1€ +57) 7
(where Re 21/2 > 0).

Lemma 4.5. There exist two constants 0 < C_ < CL such that, for
any n >0,

(4.19) Co(UHIEP/n*) '/ < sup | Ze(€sm+iw)] < Co (L[,
we
For any n > 0,

(420) SOHIEP /)™ < inf Re Bl n+iw) < (HEP /)2,
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The proof of these estimates is purely computational and postponed
until the Appendix (see Section B). Then, the answer to question (i),
respectively, question (ii), is obtained by looking at the behavior as |¢’|
goes to oo for the bounds in inequality (4.19), respectively, (4.20).
More precisely, using standard tools such as Plancherel’s theorem and
causality arguments, one easily shows the following.

Corollary 4.6. The smallest real number s for which the bilinear form
bZ(-,+) is continuous in L*(0,T; H*((T))) is s = 1/4. The largest
value of s for which the weighted bilinear form biT(-,-) 1S coercive
L?(0,T; H*(T")) is s = —1/2.

Remark 4.7. The continuity result of bZ(,-) in LQ(O,T;Hi(F)) is
due to [2]. The (quite tricky) proof they gave did not use the Laplace-
transform in time and lemma 4.5, but instead the Fourier transform
in time. The proof that we give here is easier and in our sense more
natural. It also proves the optimality of the continuity result.

It is interesting to remark that Corollary 4.6 explains why it is
possible to use piecewise polynomial functions, in both space and time
variables, for the finite element approximation of the operator Zr since
such functions belong to L?(0,T; H/4(T)).

Corollary 4.6 implies, in particular, that, for n > 0 and some positive
constants ar and My > ar, for all p € L?(0,T; HY/*(T)):

(421) aT||@||i2(07T;H—1/2(F)) < biT(@, 4,0) < MT”(p”ZLQ(O,T;Hl/‘L(F))-

In this situation, we say that we have a coercivity-regularity gap which
is 0 in time and 3/4 in space. Let us close this section by mentioning
some open related questions.

e It would be interesting to address the same questions as in (i) and
(ii) after inverting the role of space and time regularity (i.e., replacing
L?(0,T; H*(T')) by H*(0,T; L*(T")). There is no difficulty a priori; we
simply did not address this question for the moment.

e The weakness of the results of this section is in that they are
restricted to flat surfaces. It is of course very much tempting to
conjecture that such results should be extendable to smooth (C')
surfaces, by adapting, for instance, the technique of [42]. However,
the hyperbolic nature of the wave equation encourages caution.
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APPENDIX

A. Proof of trace Lemma 3.10. We restrict ourselves to giving
the proof the trace estimate in the case where €Q; is the halfspace

R = {x = (x/,2q),x € R"!, 24> 0}

and when T = 4o00. The case of a general domain with a smooth
boundary is then obtained as usual (cf., [18]) using local charts for the
parametrization and a partition of unity for passing from local to global
estimates. Obtaining the results for T' < +oo relies an a standard time
localization process. These last two steps will not be detailed in what
follows.

Let w be a vector field in C*(R% x R) with compact support in
R4 x R*. We have

w-n=-wg onl:= 8le_ = {x= (¥, 1q),x € R 24 =0}.

Let w(&' 24, 7) be the partial Fourier transform of w in the variables
x' € R (with dual variable ¢') and ¢ (with dual variable 7). By
definition of the norm in H'/2(0, +-00; H~'/2(T))

||wd||§{1/2(0,+00;H_1/2(F))
e 1/2 -1/2
= / /R IR+ E) T dale, 0, 7)) e dr
oo -
We have, for any (&,7) € R¥™! x R,
“+o0
D€ 0.0 == [ 00, (8ul€' 5 7))
0

+oo
<9 / 10, @a(€, 20, 7)||Ba€, 24,7)| dea.
0

Setting W' = (W, ..., W4—1), we thus have (we use 0y, Wy = (Op, Wy +
ig! - w/) — g’ w/)

+o0o
|wa(€,0,7))% < 2/ |0, @a + i - W& za, 7)||@a(€, 2a,T)| dzg
0

“+oo
1o / €N (€, 20, 7)||BalEs 7, )|
0
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1/2

As a consequence, multiplying by (1 + |7]?) and using Young’s

inequality, we get
1/2) ~
(1+1712) *[a(€’, 0, )

oo — 2 NP 2
< [ (W )+ (4 )] a(€ ) ) e
0
oo / NNL/2 ) ~rppr e
+2/ 1€ 1(1+ |71?) W (€ xa, T)||@a(€ wa, T)| dwa
0

We then multiply by (1 + |¢/|2)7Y/2 and use [¢/|(1 + |¢/|>)71/2 < 1,
(1+]¢[>)~%/2 <1 and Young’s inequality again to obtain

(1 + 7)1+ 1€12) P @a(e’, 0,7))

oo
< [ (W) + (4 )] (€ 0, e
0
+oo
+/ (|€V’(§’,£L’d,7')‘2 + (1 + |T|2) ”l/l)\d(fl,ird,T)‘Q) CL’L'd.
0

After integration of the above inequality over (¢/,7) € R¥~! x R, we
obtain, due to Plancherel’s theorem

+oo
1/2 —1/2,
/ /]Rdfl (1 + |T|2) / (1 + |£/|2) / ‘wd(€l707T)|2 dé—/ dr
+oo
< / / (|w]* + [Opwa|? + |div w*) dx dt
0 Q

+oo
+/ / (Iw[? + [0ywa|?) dx dt,
0 Q

which leads finally to:

||W . [1||21 1/2(0,+OO;H*1/2(F))
(04005 L2(R2)) L2(0,+c>o;H(le;Q))

Through a localization process, one can thus obtain the result for a
finite time interval [0, T]. Finally, when considering causal vector fields
w € C®(RT x [0,71]), one easily gets equation (3.38) using a Poincaré
inequality.
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B. Proof of Lemma 4.5.

Proof of (4.19). One first computes from equation (4.18) that

~ . 4
2|1Zr(€ n+iw)|* = ||£’|2|Ztnli|iw)2|2 =F(|EP/n?, w?/n?),
F(z,y) = (1+y)° > 0.

(y—x)2+2y+2x+1
Let us study the (strictly positive) function
F*(x) =sup F(z,y), forx>0.
y=0

We first observe that F(x,y) — 1 when y — 400 and that F(x,0) =
(14+2)~2 < 1. Looking at possible local extrema y* of y — F(x,y) leads
to the equation 9, F(x,y*) = 0 which gives, after some computation,

z(z—y" +3)=0 thatis z=0ory*(z) = z+3.
Since F'(0,y) = 1, we find that

F*(z) = max (F(z,y*(z)),1) =1+ E

One deduces that, for x > 0, the function + — F*(z)/(1 + x) never
vanishes and tends to 1/4 at infinity. It is then bounded from above
and below by two positive constants, which achieves the proof of (4.19).

Proof of (4.20). First observe that (note that the meaning of the
variables x and y is not the same as in the first part of the proof)

n+iw :K(|§’| w)
(1€2 + (n + iw)?) " n

2Zr(¢ n+iw) =
with .
14y
(224 (1 +1y)?) 1/2
Proving equation (4.20) amounts to obtaining upper and lower bounds

for inf,cgr Re K (,y). Since K(z,0) = (1 + 22)7Y/2, we immediately
have

(B.1) inf Re K (x,y) < (1 +22)~1/2,
yeR

K(z,y) =
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We now look for a lower bound. Writing (22 + (1 + iy)?)}/? =
a+ip,(a, ) € R, we have

1+ w)(a —p)
(@®+p%)

where a = a(z,y) € R and 8 = B(z,y) € R are entirely determined by:

K(l‘,y) =

(B.2) 2 —p2=1+22—y? aB=y, a>0.
In particular,

2, .2
(B.3) Re K(x,y) = (52_iy§2) = ai)ﬂ—:yﬂ?) (since af = y).

From the first equation of (B.2), we deduce that

2% +y?) =a? + B2+ (1 + 22 +y%) > a® + 2%
Therefore, equation (B.3) yields
(B.4) Re K(x,y) > 1/(2a).

A lower bound for y — Re K (x,y) will thus be obtained from an upper
bound for y — a(z,y).

Let us look at what happens when y — Fo0. Since
o+ 57 = (2% +1-9°)" + 2%,
one gets
202 = ((«?+1-¢°) +42) " + (2 =2 +1).

Using ((z2 — 9% + 1)2 + 4y*)Y/2 = 4% — 22 + 1 + O(y~?) in this last
equality, we deduce that

lim a(z,y) =1

y—too

Looking at the local extrema of y — «(x,y) leads to the investigation
of the following system, obtained from differentiation of equation (B.2),

adya — BO,B = —y
a0yf + poya =1,
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which implies that (a? + 3%)0ya = B — ay. Thus, dya = 0= 8 = ay.
Since, aff = y, we see that

da=0=(1-a?)y=0=a=1 or y=0.

At y = 0, we have a(z,0) = (1 4+ 22)"/2 > 1. Thus, since
lim, 4+ oz, y) = 1, we have proven that sup,cg a(z,y) = (1 +22)1/2,
Finally, equation (B.4) yields

1
B. inf Re K > —(1+ 22
(B.5) inf Re K(z,y) 2 5(1+27)
which achieves the proof. O
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