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ABSTRACT. We will prove the well-posedness of certain
second order ordinary and partial mtegro-dlfferential equa-

tions with an integral term of the form f (e(t—13))p(s)ds,

where m is given and ¢ is the solution. The new aspect is
the dependence of the kernel on the solution. In addition,
for the ordinary integro-differential equation, the asymptotic
behavior of the solution is described for some kernels.

1. Introduction. In this paper we first will investigate the system
of ordinary integro-differential equations (OIDE)

AB(H) + (1) /m (t — 5)p(s) ds = F(1).

= Yo,
90(0) = ¥1,

(1)

where ¢(t) € R4, A > 0 and the kernel m is a matrix-valued mapping
defined on R?. The function f and the initial values @g, ¢1 are given.
Here we wish to emphasize that we have a convolution of a function
depending upon ¢ with ¢.

Equations of this kind appear in the theory of glass-forming systems;
they are obtained due to the use of the mode-coupling theory (a
derivation can be found in [4]) and the components of the solution
@ are correlation functions. The kernel is mostly assumed as at least
a quadratic polynomial function ([1, 8, 13]), but in some special cases
a linear one is also used ([12]). Approaches other than the standard
mode-coupling theory lead to an additional explicit time-dependence
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of the kernel ([2, 7]) or to complex valued equations ([3]). For these
physical applications, pg = 1 and ¢; = 0 are given.

For A = 0 and absolute monotone kernels the global existence is
shown in [5], but the proof cannot be adopted for our system, because
it leads to a completely monotone solution and taking the kernel as a
sufficiently large constant would cause a contradiction.

In general, the studies of nonlinear OIDEs are concentrated on cases
where the integral term contains the solution ¢ or its derivatives
only in dependence upon the parameter s. The results of those
theories may not be applied directly, but we can carry over one of
the main ideas: that the convolution is a compact perturbation of
a diffeomorphism. Under the assumption that the kernel m and the
function f are continuous this is easy to show. If now, in addition,
the operator describing the OIDE is a weakly coercive mapping with a
pointwise injective derivative, the Fredholm-theory tells us that also the
perturbed equation is a diffeomorphism and thus there exists a global
solution for any given ¢g, 1 and f. The injectivity will be given for
C'-kernels and an a priori estimate for the solution provides the weakly
coerciveness, if the kernel is at most of linear growth. From here on we
can show that, for any C'-kernel, there is at least a local solution.

For kernels which behave like O(|z|*) for @« > 1 as z tends to
zero we will define a sequence of solutions to a linearized equation
and deduce the convergence, if some additional smallness condition
holds. In contrast to the first method, the exponential stability of the
zero solution is also obtained. The long-term asymptotic behavior is
important in the theory of glass-transition. If it is zero, the correlation
functions belong to a fluid; in the other case, we have a glassy state
(values less than zero for the components of ¢ are not expected in the
physical application).

The OIDEs appear in the mode-coupling theory after applying a
Fourier-transformation to a complicated partial differential equation
and carrying out some approximations. This means that there is a
partial integro-differential equation (PIDE) linked to the problem and
it is of interest to know how to solve such a PIDE, where the kernel
also depends upon the solution. To get an idea we consider, without
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an actual physical background, the equation
(2) Aug(t,x) + ue(t, x) + u(t,x) — Au(t, )

-|—/0 m(u(t — s,2))us(s, ) ds = f(t,z),

u(0,2) = uo(x),

ut(0,2) = uq (),

for t € (0,7), + € R Again the kernel’s dependence upon the
solution denies a direct application of the existence result already given
for PIDEs as in [6, 9]. A Faedo-Galerkin method will work, where
we make use of the theory of OIDEs. Therefore, we will need that
the multiplication of the equation with a function lying in H* (the
standard Sobolev space for k € N), where 2k > d holds for using
Sobolev’s embedding theorem, gives an OIDE of which we know the
solvability. This implies that f has to be a continuous mapping in time
onto H*(R?) and, to get enough regularity, we assume that the kernel
is in C**1(R,R) and that the initial data uo and u; are accordingly
in H**1 and H*. Under these preliminaries we can show the local in
time existence of a solution.

Replacing the ug in the integral by Aw still allows us to use the Faedo-
Galerkin method, but there are some technical problems. We will only
point out how to solve them without showing all the details.

Trying to carry out this approach for the same equation, but now
in a bounded domain with Dirichlet boundary conditions, is not im-
mediately possible because of non-vanishing boundary integrals. In-
stead we solve a corresponding linear problem and give conditions for
a better regularity of the solution. Within the proof we need elliptic
regularity, and so we can only handle the convolution with us. In the
one-dimensional case we now can define a sequence, which converges in
an initial time interval to a solution of the nonlinear problem.

The paper is organized as follows. In Section 2 we deal with the
system of OIDEs and prove the well-posedness and asymptotics under
the conditions mentioned above. In Section 3 we will use some of the
results for OIDEs to show the local well-posedness of the PIDE. In an
appendix we list inequalities needed in Section 3.
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2. Ordinary integro-differential equations. In this chapter we
discuss the system

MB(E) + $(t) + () + / mp(t — 5))p(s) ds = f(2),
) 2(0)

= %o,
90(0) = ¥1,

of OIDEs for t € [0,T] (T > 0). The function f € C°([0,00), R%)
and the initial values ¢, 1 € R? are given. Our first theorem on the
existence of a solution is

Theorem 1. Let m € CY(RY, R¥¥9). Then, for any given g, 1 €
R? and f € C°([0,00),R%), there exists some T > 0 and a unique
solution ¢ € C%([0,T],RY) of (I). T is arbitrary if

(V1) There ezists ¢ > 0 for all z,y € R™ : |m(z)y| < c(1 + |z|)|y|

holds.

To prove the well-posedness under condition (V1), the Fredholm-
theory as presented in [15] is used, for which we need to introduce
the operator A : C2([0,T],R%) — C°([0,T],R%) x R? x R% =: X for
T > 0 arbitrary as

A+ @+ +m(p) *¢
(4) A(yp) = ©(0)
©(0)

Here m(y) denotes the composition m o ¢ and * the convolution of a
matrix-valued function with a vector-valued function. We will show
that the operator is invertible and that A~! is continuous.

A can be divided into a linear part £ and a nonlinear part N:

Ap+@+¢ m(p) * ¢
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It is known that £ is a C°°-diffeomorphism from C2([0, 7], R?) onto X
(so L is a Fredholm-operator of index 0), so a perturbation result for
Fredholm-operators yields that A is a C*-diffeomorphism (1 < k < 00),
if A is weakly coercive, the derivative A’ (i) is for any ¢ € C?([0, T], R%)
injective and if A is a compact C*-mapping.

Lemma 2. Let m € C*(R4, R (1 < k < 00). Then N is a
compact C*-operator with the derivative

N'(¢): C*([0, T, RY) — X,
(5) (m' (p)h) * ¢ +m(p) * h
N'(p)h = 0
0

Proof. The product- and chainrule for the Fréchet-derivative pro-
vide directly that AN is a C*-operator. The compactness follows
from the Arzela-Ascoli theorem. If a sequence (@), is bounded in
C%([0,T],RY), there exists a C*([0,7],RY) converging subsequence
(¢n')ns. Since N is continuous from C([0,7],R?) onto X, the se-
quence (N (pn/))ns converges. o

Lemma 3. Let m € CFRI,R™Y) (1 < k < o0) and ¢ €
C?([0,T],RY). Then A'(y) is injective.

Proof. We have to show that A'(p)h = 0 for h € C2([0,T],RY)
implies h = 0.

A’ (p)h = 0 gives, on the one hand h(0) = 0 = (0) and, on the other
hand,

0= Mo+ h+h+ (m'(p)h) * o +m(p) * h.

Multiplication with i and integration leads, for some constant ¢ > 0,
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to

;h() + = /\h /h2 )ds

Ny —
[ oo

—/0 h?(s)ds
+cT(/Oth(s)2+/Oth(s)2ds).

Applying Gronwall’s inequality gives h = h = 0. O

Lemma 4. Let m € C¥(R4,R¥9) (1 < k < o0), and assume that
(V1) holds. Then A is weakly coercive.

Proof. Let ¢ € C%([0,T],R?) and

f A+ @+ p+m(p)* ¢
wo | = Alp) = ©(0)
o1 ©(0)

A is weakly coercive if and only if the image of an unbounded set
is unbounded. For this it is sufficient to show that ¢ is bounded by
A(p). Let € > 0 be arbitrary. The continuity of ¢ and m guarantees
the existence of some T with |m(p(t))] < |m(p(0))] + ¢ =: ky for
t € [0,7]. With Ty := min{T”,1/2k;1}, we have for ¢ € [0, Ty,

o0 + X607 < gt + [ Sy as
/ ds+2// [m(p(s —7))p(r)p(s)| drds
<@gt + /f ds—/osb(sfds

¢
+2k1T0/ $(s)? ds
0
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To
<@pHA A+ | () ds = 6.
0

Thus, ¢(t) and ¢(t) are bounded by a constant ¢; for ¢ € [0,Tp]. For
t € [Tp, 21p), it follows that

/ / Im(p(s — 1)) (s)| dr ds
= [ [ imets = nptrrolar as
f [ et = petrrets)ar ds

< %k‘lc% /TO /S drds
/TO/TO (5 — )@ (r)p(s)] dr ds

+ /TO - |m( (S — T))(p(r)sa(s” dr ds

[

< T e / / "1+ (s — 1)) (s)] dr ds

wgh [ [0
- 2drds
2 To JTo

1 t
<~k TR —|—k1/ o(s)% ds
To

[\

[\

1 ¢ t pTo
+§ccl(t—T0)/ o (s)? ds—i—clc/ / 1+p(s—7)%drds
0

To To

—_

<~k AATE + e cTE

1 t t
+ (k:1 + 5061T0> / gb(s)Q ds + ClCTQ/ <p(s)2 ds
0 0

= (1) + Ap(t)*

t
< 30(2) + \p? + / f(s)2 ds + klc%TOQ + 201cT02
0

[\

¢ ¢
+ (2k1 + ca1 1) / o(s)*ds + 2clcT0/ ©(s)* ds.
0 0
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By Gronwall’s inequality, we get a bound ¢z for ¢(t), ¢(t) in [0,27)
and a bound ko for m((t)). This leads analogously to an estimate for
t € [0,4Tp] and so successively to a bound for ¢ and ¢ in [0, T].

The integro-differential equation provides the boundedness of ¢, so
A is weakly coercive. O

Up to now we have proved for m € C*¥(R4, R%*?) (1 < k < 00) with
(V1) that A is for any T > 0 a C*-diffeomorphism from C2([0,T], R%)
onto X; hence, there is a unique solution of (1).

The existence of a local solution for kernels without (V1) can be
derived from this global existence result by cutting off the kernel
appropriately and solving the equation with a bounded one. This leads
to a solution which fulfills the original equation in some initial time
interval. Therefore, let k1 > |¢o| and ko > ki be arbitrary but fixed.
Define m € C1(R%, R4*?) by

() = {0 || > ke

m(z) |z| <k
and continuously differentiable extended on {x € R%|k; < |z| < k2}.

Then m is bounded, m € C*(R%, R%*4), and thus there is a global
solution ¢ to

AB(H) + (1) /m (t — 5)p(s) ds = F(1).

= ©0,
</’(0) =1
It is |p(0)] < k1 and ¢ is continuous, so there exists some T > 0
with |p(t)] < ky for all ¢ € [0,T]. This implies m(p(t)) = m(p(t)) for
t € [0,T]; hence, ¢ is a local solution to the problem.

To show the uniqueness of such a solution, we only need a locally
Lipschitz continuous kernel.

Lemma 5. Let T > 0 be arbitrary, and let m € CO°(RY, R¥*?) be
locally Lipschitz continuous. Then, for any given @g,p1 € R"™ and
f € CO0,T),R%), there exists at most one solution ¢ € C2([0,T],R%)

of (1).
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Proof. For two solutions u,v, let w = w — v. Then we have
w(0) =0 = w(0) and

0= Ab(t) +w(t) +w(t) + /0 m(u(t — s))iu(s) —m(v(t — s))v(s) ds.

This leads to
1.d
2 dt

. , 1d 9
(w(t)) +§a(w )

(t
¢
w(t) / m(u(t — s))u(s) — m(v(t — s))o(s) ds.
0
By the continuity of « and v, we can find some ¢ > 0 with ||u|e < ¢

as well as ||v]|oo < ¢. The constant can be chosen in such a way that,
additionally, ||m ()|l < ¢ holds.

= —(t)?

Because of the local Lipschitz continuity of m and the boundedness of
u and v there is some L > 0 with [m(u(t)) — m(v(t))| < L|u(t) — v(t)].
Now the integral can be estimated by

| e = s)yis) = mute = o)) ds
< c/o |u'1(s)|ds+cL/0 lo(s)| ds.

Using this, we obtain

1 : 2 1 2
SA@0)? + 5 (w()

1 ¢ 1 !
< (§CLT + T — 1> / w(s)? ds + §CLT/ w(s)? ds.
0 0

Gronwall’s inequality now gives w = w = 0, and thus we get w =0. O

Analogously, the continuous dependence on the data follows.

To extend the class of kernels giving a global solution, we will use a
different approach. Let x € C9(]0,00),R!) (I € N) be a solution to

x(t) =U(t)ze + V() [ T(-s) SM(S —r)x(r)drds
ey
+\I/(t)/0 U(—s)f(s)ds,
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with given functions ¥ € CO(R,R™!), M € C°([0,0), R™*!). By
carrying out the method above for this equation, we obtain that, for a
local Lipschitz continuous M, there is a unique global solution, which
is in C1([0, 00), R}) for ¥ € CY(R, R¥Y).

Theorem 6. Let |V (t)xo| < e t|xg| for t€[0,00), |M(s—r)z(r)|<
ke~ |z (r)| for s,r € [0,00), s > T, |f0t U(—s)f(s)ds| < ki for
some k1 > 0 independent of t and c1 > co. Then

()] < (|zo| + ky)e~ (o= (k/er—ca)t

holds for the solution x of (6). FEspecially we have in the case ¢y —
(k/c1 — co) > 0 an exponentially decaying solution.

Proof. We have
t s
ez (t)| < |zo| + k1 + k?/ / e~ (rmeo)(s=r) o (1) | dr ds
o Jo

t ot
= |zo| + k1 + k‘/ / e~ (e1=co)(s=r) 0”1 (1) | ds drr
0 Jr

t
/ e |x(r)| dr.
0

< |wo| + k1 +
C1—Co

Gronwall’s inequality gives

e®t|z(t)] < (|lzo| + kp)et ™/ 1m0, n

Now we turn back to nonlinear equation (1). After a transformation
to a first order system with

(0 1 gy (0 0
A.—(_% _%>7 M (x(t ) : (0 m(ml(t—s)))
and F(t) = (0, f(t)) the equation for z = (z1,22) = (p, ) reads as

() = Ax(t) - %/O M(x(t — s))a(s) ds + F(2),

x(0) = (o, p1) =: Zo.
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Variation of constants along with W(¢) := e’ leads to the integral
equation

x(t) = ¥(t)zp — %\Il(t)/o U(—s) /08 M(z(s —r))z(r)drds
_ \I/(t)/o W(—s)f(s) ds.
We define a sequence (), of functions by

(7)
Zn(t) = U(t)zo — i\ll(t)/o \Il(—s)/o M(zp—1(s —71))zn(r)drds

— () /O U (—s)F(s) ds

with zo(t) := zoe ™", where ¢; > 0 will be chosen later. For alln € N,

there is a solution x, € C'([0,00),R?%) and thus the sequence is well-
defined.

By calculating the eigenvalues of A we get |¥(t)xo| < e~ |zp| with

co = Re (1 — /1 —4)\)/2)\.
Theorem 7. Assume that
(V2) There exista > 1, v7 >0, k1 >0
with for all z,z € R, |2| < |zo| + k1 @ |m(2)z| < vi|z|¥x| and for
allt € R : |f0t\Il(—s)F(s) ds| < ki holds. Then there is a constant

k = k(a,co) > 0 such that, if vi(|zo| + k1)* < k is fulfilled, we can
choose a c1 > 0 such that

(8) |z ()] < (|z0] + kr)e™ !

holds for all n € N.

Proof. Set k := AMa —1)?/4ac? and ¢1 := (a + 1/2a)cp. For n = 0,
the statement is trivial.
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So let |z,,—1(t)] < (|zo| + k1)e ', We obtain

|M(zp—1(s —7))xn(r)] < vi|@n—1(s —7)|%|2n(r)]
< v (o] + k)%™ [, (r)]
< kem@1 g, (r)].

It is ae; = (a4 1/2)co > ¢¢ and, applying Theorem 6, yields

[2a(8)] < (ks + fao e (e0 (/1 /oer—cot

with
Eo1 k 2 2(a —1)2¢3
cg—-~———=¢—~"——————— =g — ———
Aaci — ¢ A(a+1)eo — 2¢ da(a—1)ey
-1 1
e (a—1)eg _ (a+ 1)eg e 0
2c 2

The theorem ensures that (x,), is, for any 7' > 0, uniformly
bounded in C°([0, T], R?%) and, by differentiating (7), we obtain this in
C*([0,T], R??). So there is a convergent subsequence in C°([0, T], R?9)
and the derivative of (7) gives the convergence in C*([0, 7], R??).

Corollary 8. Let m € CYR",R"™"). Then, for any given
©o0, 1 € R™ and f € C°([0,00), R™) with (V2), there is a unique global
solution ¢ € C%([0,00), R™) of (1). Additionally,

2] + le(®)] < (Jzol + ke
holds.
When dealing with the PIDE, we will need that a local solution of (1),

which is uniformly bounded in its interval of existence, is extendable
to larger intervals.

Lemma 9. Letm € C*(R™,R"*") and ¢ € C?([0,T],R") be a local
solution of (1) for vo,p1 € R™, f € C°([0,00),R™). If there eists



SOME NONLINEAR INTEGRO-DIFFERENTIAL EQUATIONS 115

some ¢ > 0 with |o(t)] < c fort € [0,T], then ¢ can be extended to a
solution of (1) in [0,T + €] for some € > 0.

Proof. Let 03 > 61 > 0 be arbitrary. Let m € CY(R",R"*") be
defined as
_ m(z) |z] <c+ 01
m(z) =
0 |z| > ¢+ 62

and in {x € R"|c+ 01 < |z] < ¢+ 2} continuously differentiable. It is
m € CY(R™,R"*") and m is bounded; thus, there is a unique global
solution % to

M(t) + /m (t— ))is) ds = £(0),

= $0,
1/.}(0) = ¥1-

(9)

In [0, 7], we have m(p(t)) = m(p(t)), so ¢ is also a local solution to
(9) and the uniqueness of a solution gives ¢ = in [0, 7.

By the continuity of 1) it follows that, for some ¢ > 0 and ¢ € [0, T+¢],
[4)(t)] < ¢+ 61 holds and this yields m(i(t)) = m(y)(t)), so 9 is the
continuation of ¢ onto the interval [0,7" + €. O

Remark 10. For kernels also depending continuously upon ¢ and s
and for complex kernels we can proceed in the same way as above.

3. Well-posedness of certain PIDEs. We now turn to the PIDE

(10)  Aup(t,x) + ue(t, ) + u(t, x) — Au(t, z)
/m (t —s,x))us(s,x)ds = f(t, x)
u(0,x) = ugp(z)
ut(0, ) = up(x)

with ¢ € (0,T], z € R? (d € N), and we will show the
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Theorem 11. Let 2k > d and m € C¥TY(R,R). Then, for any
given ug € H* wuy € H¥ and f € C°([0,00), HF), there exists some
T > 0 and a unique solution

u e C%([0,T], H*=Yy nC*([0,T), H*) n C°([0, T], H**1)

o (10).

Proof (Uniqueness). For T > 0 arbitrary, let u and v be solutions with
the above regularity, w := u —v. Then we have w € C2([0,T], H*~1) N
C*([0,T], H*) nC°([0, T], H**1), w(0) = 0 = w;(0) and

Awe (t) + we(t) + w(t) — Aw(t)

+ /0 m(u(t — s))us(s) — m(v(t — s))vs(s)ds = 0.

Multiplication by wy(t) in L? and integration leads for 0 < T" < T
arbitrary to

Mlwe(T[72 + lw(T)Z2 + [IVw(T)IZ

TI
< —2/ e (8)][22 dt
0

N / ; / Im(u(t — 8))ua(s) — m(v(t — 5))vs(s)|22 ds
+ e (t)] 22 dt.

Because of 2k > d, we have u(t),v:(t) € C)(R% R) for t € [0,T], and
thus

[[m(u(t = s))us(s) = m(v(t = s))vs(s)l| L2
< c([lus(s) = vs(8)ll2 + [lm(u(t = s)) —m(v(t = 5))]|z2),

where ¢ > 0 is independent of t. m(u(s)) —m(v(s)) can be rewritten as
[m(u(s)) —m(v(s))| L2
(1 =r)o(s))(uls) —v(s)) dr

< clfw(s)| z-
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This gives

Nlwr (T)[72 + lw(T)[|72 + Vo (T")|72
T T’
< —/O [[we (£)]172 dt+cT2/0 [w()[[72 + [lwe(t)]|72 dt

and Gronwall’s inequality yields w = 0. ]

To show the existence of a solution we need a certain kind of regularity
of the mapping u +— m(u) * u;.

Lemma 12. Let 2k > d, T > 0 arbitrary and m € C*T}(R,R).
Let (u™),, c C°([0,T], H* 'Y n C'([0,T], H*), u € C°([0, T), H**1)
CY([0,T], H*), and let u™ — u in C°([0,T), H**) nC ([0, T), H).

=. m(u™) x uﬁ”’ — m(u) xuy in L2((0,T), H*).

Proof. We have

[l (ut™) s« uf™ — m(u) * wel|2e 0.1y 1)

! t m(u™ (¢t — 5)) — mu(t — s))ul™ ()2, ds
sa/o t/0||< (Wt — 5)) — mu(t — 5)))ul (5)][2 ds dt
T t
+2/0 t/o [m(u(t — ) (™ (s) = us(s))|| % ds dt.

In the following, ¢ denotes constants being independent of .

Because of Sobolev’s embedding theorem we can use Moser-type
inequalities (see Appendix) to estimate the L2-norm of V&(m(u(t —

$))(us" (s) = us(s))) by
[V (m(u(t = )@ () = ws(5))) | 2
< ¢ (lIm(u(t = ) oo 91 (™ () = s (5))]] 2
() = s (3) oo IVt = )12 )
< (191 @ (5) = ws(5)ll 2

H|ul (5) = s (8) oo | V1 m (u(t - 8))IIL2> :
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We get the L2norm of VI*m(u(t — s)) for |a| > 1 by
IVl m(u(t = 5))llze < ellV1*Nu(s = r)lzz]luls — )l

Sobolev’s embedding theorem yields ||us" ( ) —us(8)]|oo < c||usn)(s) -
us(s)|| gx and u € C°([0, T], H**1) then implies ||u(t) < c.

— [Im(u(t — 5)) (™ (s) = us(s) | ax < cful™ (s) = ws(s)| -
It is m € C**1(R, R); thus, we get
m(u™ (t — s5)) — m(u(t — s))
= W™ (t—s)—ult— s))/o m/ (ru(™ (t — s) + (1 — r)u(t — s)) dr,

and similarly to the estimate for ||V*(m(u(t — s))(ugn)(s) —us(8)))|l L2,
we obtain

[(m(ut™ (t=s)) =m(u(t =) ul™ (s)l| e < e u™ (E=s)—ult—5)]lo
+c Z V1 (™ (t = s) — u(t — s))

1<]al<k
X /01 m! (rul™ (t — s) + (1 — r)u(t — s)) dr)]|| 2.
Moreover, the estimate
HV‘“' u™ (t—s) t—s / m/ (ru™ (t—s)+ (1 —7)u(t—s)) dr)HL2
< Cllu(" (t =) —u(t =)o

vlal /01 m/ (ru™ (t — s) + (1 —r)u(t — s)) dr

L2

+c

1
/0 m (ru™ (t — s) + (1 — r)u(t — s)) dr

< IV @ (¢ = s) = u(t - )12
< clfu™(t = 8) = u(t = 8) |

vlal /01 m (ru™ (t — s) + (1 — r)u(t — s)) dr

+ el VI (t = 5) —ult = 5))] 2

o0

L2
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holds. The sequence is convergent; hence, the term || VIl (u(™ (t — s) —
u(t — s))||p2 is uniformly bounded. This yields

HV‘“' /01 m! (ru™ (t — s) + (1 — r)u(t — s)) drHL2

= /0 o[ VI rut™ (= 5) + (1 = r)ult — 5))| 2

x |lrut™ (t — s) + (1 — r)u(t — s) |||~ dr
< e = [[(m(u™(t = 5)) — m(u(t - 5)))ul™ (s)||
< cllu™(t = ) = ult - 5)| -

Altogether, we have

(™) % uf™ = m(u) * wll L2 (0.1, 14

T
= / [u™ () — w2 + ™ (1) = wet)]| 2 dt

— 0 (n — o0). O

Proof of Theorem 13 (Existence). We first additionally assume that
m and its derivatives up to order k+1 are bounded. Let (), C H**!
be a basis of H* and (p;|¢;) gx = 6;j.

Let V,, := span{y; : 1<j <n} with the norm |-||gr+1. Let
P, : H**' -V, and II,, : H* — V,, be the orthogonal projections.

We now construct a sequence (u™),, of solutions u(™)(t) :Z?ﬂgnj (t);
with g,; € C?([0,T],R) to the equation after projecting it on the finite
dimensional subspaces V,,. For this, we define

D, := ((pir j) ar )1<i,j<n,
U, = ((Vi, Voj) ar)1<ij<n,
Fo(t) == ((f(t), pi) ) 1<i<n

and
9n(t) = (gnj())1<j<n, Mn(gn(t —s))
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The standard Faedo-Galerkin approach gives for n € N, an OIDE for
In:
AD Gin () + Prgn (t) + (Pr + Un)gn(t)

(11) /M gt = $))in(t) = Fu(t)

+Zgn] Soja 501 <Pnu0a 50i> (1 <i< n)

Zg’ﬂ] soja SO'L <Hnu17 901> (]- é . S TL)

The mapping M, : R" — R™*™ is well defined, since we can estimate

(%)),

for any z = (z1,... ,2,) € R™ as before. M, is continuously differen-
tiable, m € C**1(R, R) allows estimation of terms of the form

HVQ (%m' ( Z Zl@l) @j)
=1 L2

and f € C°([0,00), H¥) provides F,, € C°([0,00), R™).

By using the theory of OIDEs we can conclude that, for any n € N,
the existence of some T, > 0 such that there is a unique solution g,, €
C2([0,T,],R"), so we have u(™ € C2([0,T,], H**'). If the sequence
(u(™),, is uniformly bounded in H'((0,T), H*) N L?((0,T), H*+1) for
some T > 0, we can deduce the weak convergence of a subsequence in
that space.

Multiplication of (11) by g,, leads to

(12) A > IVeu @))2s + [Vou™ (02 + YV u™(1)]2,
| <k

< D0 AIVRulge + 11V uolE
jal<k

+ [ IV @+ = 1) [ v ) as
+/t/3 ||va(m(u(n)(5_T))U£n)(7’))||2L2 drds.
0 Jo
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C denotes different constants independent of ¢ and n.

The L%mnorm of V(m(u™(s — r))ugn) (r)) can be estimated for
1 <al <k by

192 (m(u (5 = r))u) (1) 2
<€ (19 ()l + [0 0 foe| 71 m () s = ) ]z2 )

and the boundedness of m in C*(R,R) gives for V!®lm(u(™ (s — 1))
(1<|af <k)

912 m (™ (s = )|z < CIFIa (s = 1) ol s = ) 21

We have [|u(™ (£)]12, < Cllu™ (t)]|2,, and [[uf™ (£)]|2 < Cllui™ (t)[|2, s0
it follows

[lm (™ (s = r))ui™ ()| g < Cllu™ ()] 2

+ 3 (I ) e+ ) ) o IV (™ (s = 1))

1<|a| <k
< C (10 Lz + ) () e ™ s = ) )
Inserting this into (12), we get

Alud™ @12 + [[u™ @)1 20 + |V (@)1

< Ml e + ol + [ Vuoll

t t
+ / ()2 + (2 — 1) / ) (3)]25e ds

t s
+C/O /0 1l () 120 + 16 () 2 1™ (s — 7)1 2%, dr ds

< AlluallF + luoll e + 1ol 3ze + 111z 20,01, %)
. 2k
20 [ (14 IO + @) as
0

This is an inequality of the kind

x(t) <xo+ C/Ot(l + 2(s))* ds
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with 2o = A|u]|2. + [|uoers + ||f||2L2((0,T/),Hk) (T" > 0 arbitrary), so
a nonlinear generalization of Gronwall’s inequality (see Appendix) tells
us that = is bounded by the solution of

i(t) = Ca(t) + 1)*,

We easily get, with K := C(zo + 1)%71(2k — 1),
2(t) = =1+ (zo +1) (1 — Kt)'/'72F

and z exists in the interval [0, (1/K)), so we have for any T' < T with
0<T<1/K and C; := 2(T),

™ (@))% + [[ul™ (@[22 < Ca

for ¢t € [0, T]. Using (i, @;) yx=0ij, we get gn; (1) = (gnj(t)pj, j) e =
(un(t), ;) gr, and thus we have a bound for g,;(¢) in the interval [0, T']:

|95 (O] < lJun (@] x5l m < Cr.

With Theorem 9, we can now extend g, to a solution of (11) in [0, 7.
Therefore, (u(™), is bounded in C([0,T], H*) n C°([0,T], H*+1),
which carries over to a bound in H((0,T), H*) N L%((0,T), H**1),
and we can select a subsequence (without renaming it), which converges
weakly to some u, u, — u in H*((0,T), H*) N L?((0,T), H**1). Fur-
thermore, we will conclude the strong convergence in C°([0, T], H**1)N
C1([0,T], H*). Without loss of generality, we assume n < m. For
w™™) = 4™ — 4™ we have w(™™)(0) = P,ug — Pug, w™™(0) =
II,,u; — IL,,u; and

g™ (), wi™™ () e + (wi™™ (), wf"™™ () g
+ (™ (1), wi"™ (1)) e
tm u™ (t—8))ul™ () —m(u™ (t—))ul™(s) ds, "™
([ ) =) 6) ™ =)l 5) sl 1)
= (A @), 0™ O = (F(1), Y Gim(t)r)

HE
1=n—+1
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(@i, pj) = 0;; allows the rewriting of the right hand side:

<f, zm: g'z'm(t)%'>Hk

i=n+1

(3 utrepea™w)

Jj=n+1

F(fam (), 0™ () g

Using the boundedness of the sequence we can find some C' = C(T) > 0
such that, for ¢ € [0, 77,

o™ ()12 + 0™ ()| 201

T
< C (™™ ()2 + ™™ (O) 301 + / | fom(5) 13 ds)

holds. (©,), is a basis in HF, so for all ¢+ € [0,7], it follows that
|| fam (@) ge — 0, and we can deduce fOT | fram (s)||% ds — 0. Addi-
tionally, the projections give P,ug — ug in H**! and II,u; — wu; in
H* (but not u(0) = ug yet), so we obtain

sup  Alw™™ @))% + [[w™™ ()] 21 — 0.
t€[0,To)

Now we have u € C°([0, T], H**1) n C*([0,T], H*), and we can verify

that u is a solution to the problem.

Let h e C°([0,T], H*Y) with h(t) = S\, hi(t)pi, | € N,

hi € C§°([0,To],R), and let n > I. These functions are dense in
Cso([0,T), H**1), and it follows

t U(n) S S kdS + t U(n) S S kdS
+ u™ (s S)ygrds — Au™ (s 8)) gras

+/Ot </Osm(u(n>(s — )™ () dr,h(s)>des

- / (F(5), h(s)) o ds.
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Integration by parts leads to
A ) st [l 69, (5)
+ /0 (™ (s), h(s)) grds + /0 (Vu™ (s), Vh(s)) grds
[ ) ) 6) s e s = [ (7). R} .

Applying Lemma 12 gives us that uy exists in L2((0,7), (H*+1)")
((H*¥*+1)" denotes the dual-space of H**! with respect to the H*-norm)
and that u fulfills the integro-differential equation in the weak sense.

On the one hand, we have P,ug = u(™(0) — u(0) in H*; on
the other hand, the continuity of P, inherits P,uq — ug in H*H1,
and thus uy = u(0). The same arguments (IL,u; — wu; in HF,
ILyu, = ugn) (0) = u;(0) in H*~1) lead to uy = u(0).

The integro-differential equation yields

Aug (1) = —ug(t) — u(t) + Au(t) — /0 m(u(t — s))us(s)ds + f(t).

The right hand side is an element of C°([0,T], H*~1), and thus we
have u € C2([0,T], H*"1). If m is not bounded, we take constants
d2 > 61 > 0 and define m by

ey = {2, o1 2 ol
T Um@) ol < ol +

and extended into the area {x € R|d; < |z| < &2} as a C*1(R,R)-
function. To this kernel there is a solution u € C?([0, Ty], H*~1) N
C([0, Ty], H*) N C°([0, Tp), H**1) for some Ty > 0 to (10), and the
regularity implies u € C°([0, To], CP(R?, R)). This means that there is
some T, 0 < T < Tp, with |Ju(t)]|eo < |0l g+ + 01 for ¢t € [0, T]. In this
interval we have the identity m(u(t)) = m(u(t)); hence, u is a solution
of the original problem. O

The proofs above can be directly carried over to a convolution with
Oju or u, but if we look at a convolution with Au, some estimates must
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be modified. In the proof of uniqueness we need to deal with the term

L2

</Ot m(u(t — s))Au(s) —m(v(t — s))Av(s) ds, wt(t)> dt,

where u and v are solutions to the same data and w := u—v. Integration
by parts leads to

/OT/ </0t m(u(t — s))Au(s) —m(v(t — 5))Av(s) ds, wt(t)>L2dt

- /O Tl< /O t Vm(u(t—s))Vu(s)—Vm(v(t—s))Vv(s)ds,wt(t)> dt

L2

- /OT/ < /Otmw—s))w(s) —m(v(t—s))vfu(sms,wtm> "

L2
= 11 -12.

I1 can be transformed into
11 = / / (Vm(u(t — s))Vu(s) — Vm(v(t — s))Vu(s),wi(t)) = dsdt

/ / u(t — 8))Vu(t — s)Vu(s) —m/(v(t — 5))
x Vo(t — s)Vu(s),w(t)) 2 ds dt

/ T// ul(t — 5))Vu(t — s)Vw(s), we(t)) 2 ds dt
/Tl / u(t — 5))Vo(s)Vw(t — 5),w(t)) L2 ds dt

N / / Vo(t — 5)Vo(s)w(t — s)

X /0 m” (ru(t — s) + (1 — r)v(t — s)) dr, wt(t)>L2 dsdt.

Here we can use the same technique as before to conclude

T/
) <e / V()2 + w(t) e + w2 de.
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A second integration by parts, now with respect to the time-variable,
gives for 12:

12 = </0T m(u(T’ — 8))Vu(s) — m(u(T" — 5))Vo(s) ds, V“’(T/)>L2

-/ T<% [ttt Tt o= o(s) s, Tult))
= ([ et = )Tats) ~ molr vt s, vulr))

-/ : < / i (ult — ))us(t — 5) V)

—m/(v(t — 5))vs(t — 5)Vu(s) ds, Vw(t)> dt

L2

T
— /0 (m(u(0))Vu(t) — m(v(0))Vo(t), Vw(t)) 2 dt
=:12.14+12.2+ 12.3.

12.2 can be processed as I1 to get

TI

220 <c [ fu®lm + o) d

0

and, because of u(0) = v(0), we have
T/
|72.3] < c/ [Vw(t)||2, dt.
0

12.1 is bounded by

-
[12.1] < H/ s))Vu(s)—m(v(T'—s))Vo(s)ds|| ||[Vw(T")||

L2
2

<X |vu(r ||L2+H / )Vu(s)—m(u(T" 5) Vo (s)ds

L2

gcT/O Jut) 3 e+ 3190 (T") 3.
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From here, the previous proof can be carried out. The idea to do two
integration-by-parts to get integrals which only inhabit the function
and its first derivatives can also be used to obtain the energy estimate
needed for the Faedo-Galerkin method, if the kernel m is bounded. As
before, we have

Muf™ @) 15 + [ @) 50 + 17 @)1
= Mull7ps + lluoll 7 + [ Vuol 7

t t
=2 [ 6 s +2 / (F(5), ul™ () g ds

L2

0
— a m(u (" s —r))Au™ r a(" s.
|q/v/ (s — ) () dr, Voul(5)) d

Now we carry out the first integration by parts and get

/ </ ve(m "”s—r)mu‘")(>>dnvaugn><s>>mds

_ /O < / v (Tm(u (")(s—r))Vu(")(r))dr,V“ug”)(s)> s

0 L2

[ vt s = w0 a0 ) s

L2

Another integration by parts yields, for the second integral,

t s Ulu™ (s — r W™ () dr. VT4 (s .
[ ([ 7 = vt ) ar 9oV a
= </ Va(m(u(n)(t_r))vu(n)(r)) dT,VaVu(”)(t)>
0 )
_/0 (V (m(u™ (0)Vu™ (s)), VEVu™ (s)) 2 ds

“f t (] 72w s = s = 9 o)

VaVu(”)(s)> ds

L2

W™t =r)Vul™ () dr|| [VETa™ (8)]| 2

L2




128 MARTIN SAAL

/IIV" ul™(0)Vu () |72 + [VEVu (5)[72 ds

2

/ Ve (m (”) (s—1))u g”)(s — T)Vu(") (r))dr

L2
+ | VoVu™ (s)||22 ds.

We have

[Vevu™ (1) 12
L2

/0 t Ve (m(u™ (t — 7)) Vu™ () dr

t
1
< t/ IV (m(ut™ (¢ = ) Vu™ (r))|[72 dr + 1 IVvut™ ()72
0
These inequalities lead to the desired estimate

n 1 n
Allug™ @)l + 1t @) + 11V (@) 3
t
< Al [ + lJuol e + | Vuol e + / 173 ds

/ (1 g™ (e + a0 ($) 1 + [Vl (5)[[F0)%* ds.
0

Hence, the sequence defined within the Faedo-Galerkin method is
uniformly bounded in an interval [0, 7] and converges weakly to some
u. As before, we can conclude the strong convergence.

To transfer the previous existence proof we need a similar convergence
result for the convolution u — m(u)* Au. It will be weaker than before
but still good enough to be used in the Faedo-Galerkin method.

Lemma 13. Let 2k > d, T > 0 arbitrary and m € C*3(R,R).
Let (u™),, c C°([0,T], H’“H)OCI([O T),H*), uw € C°([0,T], H**1)n
CY([0,T], H*) and u\™) — u in C°([0,T], H**1) n C*([0,T], H*).

=. For all ¢ € L*>((0,T), H**1): (m(u™) x Au(™ — m(u™) *
Au™ o) — 0 (n — o0).
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Proof. We get
[(m (™)« Au™ —m(ul™) x Au™, )|

< / (9T 5) (e 3) Va(s) ds, V()
< / Vn(u (¢ - 5)) V™) (s)

— Vm(u(t — s))Vu(s) ds, ga(t)> dt

Hk

i
HE

)

and thus,
|<m(u(")) * Aul™ — m(u(")) * Au(”), )]

T
= C/o (lua(t) = uf™ @)1 + ut) = a0 Fwen) [ ()] dt,

which shows the weak convergence. ]

The existence of a local solution for unbounded kernels can be carried
over immediately.

If we try to use this Faedo-Galerkin approach for other sets than the
whole R?, we get into trouble because of boundary terms appearing
when carrying out an integration by parts. Instead, we first will solve
an associated linear problem, in the one-dimensional case and, for a
convolution with u;, we then define some sequence which will converge
to a solution of the nonlinear problem. We want to find a weak solution
to

(13)  Aug(t, ) + we(t, ) + u(t, ) — Au(t, x)
—l—/o m(t — s, x)us(s,x)ds = f(t,x),

u(0,x) = uo,
ut(0, ) = uq,
u(t) € Hy,
forx € Q c R%andt € [0,T], T > 0 arbitrary with given data ug € H},

up € L? and f € C°([0,T], L?). To show existence and uniqueness we
follow the Faedo-Galerkin method as presented in [11, page 388].
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Theorem 14. Let T > 0 be arbitrary, @ C R and m € C}([0,T] x
Q,R). Forug € H}, uy € L? and f € C°([0,T),L?) given, there is a
unique weak solution

we H*((0,7), H )NH((0,T), L*)NL*((0,T), Hy)NW">((0,T), L?)
o (13).

Proof. (Uniqueness). For two solutions u,v let w = u — v. We have
w(0) =0 = w(0),

Awe (t) + we(t) + w(t) /mt—sws s)ds =0

in L2((0,T),H™') and w € H}. Let ¢ € [0,7] be arbitrary and

v(t) = {_ftqqg(r)dr ziq. Then it is v € L2((0,T),H'), v = w in
q

[0,q] and v(t) = 0 = v(t) for t > q.
A 1 1
—= 0= 2@l - 30O ~ 5172

- /Oq lw@)lIZ + (m(0)w(t), v(t)) 2

</ (¢ — s)w(s) ds, o(t )>L2dt.

Let h(t) = v(t) fo r)dr. This gives h(q) = v(q) — v(0) =
0) and, for some ¢ > 0, it follows

(
S @2+ SI@IE: + L IVh@IZ

< [(e= 1) o 2N+ 5T ol des2al @
— M@ + (1 - 49 h(@)]3: + V(@)

< [ 1o + IO + Lo de

This means w(q) = h(q) =0 for ¢ € [0,(1/4)), and we get

t

0 = dwy (t) + we(t) + w(t) — Aw(t) + m(t — s)ws(s) ds.
1/2
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In the same way, we deduce w(q) = h(q) = 0 for ¢ € [0,(1/2)) and,
successively, w(g) = h(q) = 0 for all ¢ € [0,T. O

To show the existence, we need the weak continuity of the convolu-
tion.

Lemma 15. Let T > 0, @ C R? and m € CL([0,T] x Q,R).
Let (u™),, ¢ H'((0,T),L?), v € H((0,T),L?) with u(™ — u in
H((0,7), L?).

=. For all p € L*((0,T), H}) : (m*ugn),@ — (m *ug, p).

Proof. We have

(mx uf™, ) = / </ m(t - $)ul™ (s) ds, (¢ )>L2dt
// u™ (s),m(t — s)p(t)) 2 ds dt.

The weak convergence of (u(™),, provides that u(™)(¢) is almost every-
where weakly convergent, and it is m(t — s)¢(t) € L? (m bounded). So
we get, for ¢t € [0,7T] and for almost every s € [0, T,

(Wl (s),m(t = 8)p(t)) 2 — (us(s), m(t = 5)(t)) 12

— (m*ugn),go} — {m * ug, ). o

Proof of Theorem 13. (Ezistence). Let (pn)n C H} be a basis in L2,
V,, = span{y; : 1 <j < n} with the norm |||g1. Let P, : Hf — V,,
and IT,, : L? — V,, be the orthogonal projections. We again construct a
sequence of solutions (u(™),, with u(™)(t) = Z;L=1 gnj(t)p; for functions
gnj : [0,T] = R. By defining

@, = ((pi, Pj)L2)1<i,j<ns
Uy, = ((Vi, Vi) r2)1<ij<n,
Fo(t) :== ((f(t), pi) 2 )1<i<n
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and
gn(t) = (gnj (t))lgjgna

M (t — s) :== ((m(t — 8)pi, pi)r2)1<ij<n,
we get

Ay (1) + B (1) + (B + T )ga(t) + / Ma(t — $)gn(t) = Fa(t),

Zgnj 90]7901 = (Pouo, i) (1<i<n),

Zg’ﬂ] Sojvgol <Hnu17 901> (]- é 1 S TL)

The mapping M, : ([0, T], R"*™) is well-defined and continuous since
m is bounded and continuous.

For any n € N and T > 0, there is a unique solution g, €
CQI([O,T], R™) to this system, and thus u(") = Z?Zl gnjp; € C([0,T7,
Hy).

It is easy to show that there is some ¢ > 0 with

Mt @132 + [u@ @l < (M lF + luollF + / 1F ()2 e,

so we have a weakly convergent subsequence to some u in H'((0, T), L?)
N L?((0,T),H}). That uy exists in L2((0,7), H~!) and that the
integro-differential equation is fulfilled, follows as in [11].

The estimate for the sequence (u(™),, also holds for u and gives
u € Whee((0,T), L?). o

To use this result when dealing with the nonlinear problem we need
a better regularity of the solution.

Lemma 16. Let T > 0 be arbitrary, @ C RY, k € N and
m € CF(RxQ,R). Forug € H"' uy € HY and f € H*((0,T), H}) C
CO([0,T), HE), the solution u to (13) fulfills

we Hk+2((O,T),H_1) ﬁHk-H((O,T),LQ) ﬂHk((OvT)vHé)'
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Proof. For a solution w € H?((0,T),H-') n H'((0,T),L?) N
L2((0,T), H') to (13) and n € N, let (™) be the solution to
o (1) + 0" (1) + 0 (1) = o™ (1) + m(0)w™ (1)

= [ R sy - 3 S o0

o dv’
3 F ) = ()
0™ (0) = v"(0)
0™ (0) = =" (0) — o™=V (0) + Av(*~1(0)
—Zdjm o (0) + drl L 1(0)

o™ (t) e HO

with v(© = wu; thus, v(®(0) = wuy, vt(o)(O) = uj. We have f" €
L?((0,T), L?) and, following [11, page 389], there is a unique solution

o™ e H2((0,T), HY)Yn H'((0,T), L*) N L*((0,T), H").

By induction, we get v(™ = "~V

w. 0O

and thus the higher regularity of

Using elliptic regularity, we can deduce a better regularity in the
space variable.

Lemma 17. Let T > 0 be arbitrary, Q C R% bounded with C*+2-
boundary, k € N and m € CF([0,T] x Q,R). Forug € H¥**, u, € Hf
and f € H*((0,T), H}) N L*((0,T), H*) the solution u to (13) fulfills

ue H*((0,7), H*") nH'((0,T), H*) N L*((0,T), H**Y).
We especially have, for a C*®-boundary, m € Cp°([0,T] x Q,R),

up € C°(Q), ur € CP(Q) and f € C([0,T] x Q) and therefore
ue C®(0,T] x Q,R).
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We now can solve the nonlinear equation for the special case Q =
a,b) C R being an interval.
) g

Theorem 18. Let Q = (a,b) C R and m € C*(R,R). Then, for
any given ug € HZ(Q), u1 € HE and f € C°([0,0), HY), there exists a
T > 0 and a unique solution

ue C*([0,T), L*) nCH([0,T], H") N C°([0,T], H* N Hy)

to
A () + e (t) + u(t) /m (t — s))us(s)ds = f(t),
*UOa
ut(O)ful,
u(t) € Hy.

Proof. Uniqueness. For two solutions u,v let w = u —wv. It is w €
C2([0,T], L) nC ([0, T], H*) N C°([0, T), H> N H}), w(0) = 0 = w,(0),
w(t) € H} and

Awge (t) + we(t) + w(t) — Aw(t)

+ /0 m(u(t — s))us(s) — m(v(t — s))vs(s)ds = 0.
This yields
Mlwe(T)|[72 + [w(T) |72 + [V (T")|[7: < —2/0 [[we (8)]|7.2 dt
[t [ Imute = 9)un(s) = miote =)o) dt )2 .

As before, we can conclude, for some ¢ > 0,

[ (u(t—s))us(s) =m(v(t=s))vs(s)|| L2< e((lwt=s)l| 2+ [[ws (t=5)] 2),
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and it follows that
T/
Mwe(T)[72 + [lw(T") |7 < —/0 l[we (£)]72 dt
T/
+CT2/ w(t)|22 + e (£)]2s dt.
0

This implies w = 0.

Existence. We first assume that m € Cl? (R,R) and approximate

the data and functions f and m by C°°-functions. Let Ty > 0 be

arbitrary. There are sequences (u(()n))n,(ugn))n C CR (), (M), e

C>([0,Tp], C§°(R2)) with u(()") — ug in HZ, ugn) — oy in HY, £ — f
in C9([0, Ty], HY), such that

a2 < [fuoll 2,

uf™ g < flu |

and

||f(n)||L2((o,TO),H3) < ||fHL2((o,TO),H3)

holds. Let m™ € C°(R,R) with m(™ — m in C'(R,R) and

1 d 1
[m™ —m V|| < = aswellas ||—(m™ —m )| <=
2n dz 2n

oo

for n > 1. We choose u(®)(t,z) := 0 and, for n > 1, let u(™ €
C*>([0,Tp) x 2, R) be the solution to /\ugf)(t, m)—l—ugn) (t, z)+ul™ (t, x)—
Au™ (t, ) + fot m™ (w1 (t — s, m))ugn) (s,x)ds = fM(t,x),

u™(0,2) = uf” (z),
u™(0,2) = u{" (),
u™(t,a) = 0 = u™(t,b).

Our previous results show that this is a well-defined sequence (we get
m(u™V) € Cp2([0, Tp] x Q,R) by induction).
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We write V = 9, and get, for all o € Ny,

1d

a, (n) 2 o, (n) 2
s (Mazu™ @113: + logu™ @3- )

— (922 (1), 80u{™ (1)) 12
= —[[82ul™ (t)]2
t
- (o2 / m) (@D (= )l (s) ds, Oug™ (1))
0 L2
(02 (1), 00u™ () -

For all ¢, we have u(™(t), un (t), utt () fM(t) € H}, and thus
Opu™(t,a) = 0 = 92u™(t,b). Tt follows that
(0 2™ (0™ (1)) 2

—(@ U™ (), 00T g™ (1)) 12

1d «, (1 @, (n [e] n
— o= (MOgu (1) 132 + 95 132 + 95 6t (1))

t

= 10 )~ (05 [ m D (e = )l (5) ds. 2l 1)
0
+ (05 £ (1), 0 ug™ (1)) 2.
From here on, ¢ denotes constants independent of n and ¢t. We have

102 (m™ (@t — )uf(s))]]
< ¢ (100 ()l + 160 () el 0™ Dt = 51122 )

L2

Obviously, [|[m™ (u™=V(t—s))ul™(s)||r2 < cul™(s)||r2 holds. Sobo-
lev’s embedding theorem yields

[l ()l < ellul™ ()l

and

™ (#)loo < ellut™ ()] 2
= A 02ul™ (1|22 + (|0 u™ (1)]|2
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+ ot (@)12:

< Magu{™ 3z + 10gud” |32 + 102 u§ |13
~ [ i s + oz s as
0 t s
2 [ [ 1o @)l + 10l
<[4 (s = 1)1 dr 0 s) 2 .
By setting
6% 1= Mlur 3 + 19103 + luollZ + 1/ lz2q0.10),m)
and
T’ := min{Ty, (c(1 + (1+6)?))"*},

we have [|u(® (t)||%,, < 62. Assuming ||u"~Y(¢)||%:, < 6% and summing
up the two cases @« = 0 and o = 1 gives

t
Aud™ @12 + [u™ ()42 < 6% — / [ul™ ()[4 ds
t s
e / / (L4 62l () 250+ [ul) () |2 dr ds
0 0

¢
<04 (L + (14 0)?) — 1)/ ™ ()2
0
<&
so the sequence (u(™), is bounded in C'([0,7"], H') N C°([0,T"], H?).

Let n € N and w := u(® — (=1,

t
= Mwe®)l3 + lw(®)|F < —2/0 lws (5) I3 ds

t
/
0

[ s =

—m D (WD (s — ) D) dr||  ds.

H1
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There is a ¢ > 0 with |m(™)| . < ¢; thus, we can estimate

/S m™ (™ (s — r))ul (r) — m®-D
0

(u("_Q)(s — r))ugn_l) (r)dr

S S
<e / ()| s i+ ¢ / Ju®D — a2 dr
0 0

S
+c / [ (w2 (s — ) = mP D (W2 (s — ) || g1 dr-
0

H1

Let g™ (2) := m™(z) — m"=Y(z). Then it is [g™| < 1/27,
g™ /dz] s < 1/2" for n > 1. This yields:
lm ™ (@D (s = 1)) =m0 (@ (s =)l
= [l (D (s — )|
(n)
W g b < o
dz . 2n

< el|(uW (s — )| g max{
t
= AMwe (817 + w®)[|F < c/o [ws (s) |71 ds

t
1
o [ 00 =6 ds g

So we get
1
[we ()7 + [w®) |7 < Ct sup [u™D(s) — a2 (s)||3 ds + Con
s€[0,t]
for some C > 0. Let T > 0 such that ¢ := CT < 1 and T < T" holds,
and let k£ < n.

= [ul™ () = u® @)1 + () =« (0) ]2

< Y IO =05

l=k+1

~ 1
< () [u () — @ W)} + Cy
I=k+1

n
1
1
S(Sljkﬂq +C’2l — 0 (n,k— ).
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Thus, we have the convergence in C°([0,T], H?) N C*([0,T], H') to
some limit v and

H /OS m™ (=D (s—r))ul™ (r)—m(u(s—r))u.(r) dr

— 0 (n—00),
L2

which gives us u(™ — u in C2([0,T], L?) and

t
Mgt (t, @)+ (t, 2 Hu(t, ©)—Au(t, a:)—l—/ m(u(t—s,z))us(s,x)ds= f(t, x).
0
u(0) = ug can easily be deduced by

IRT (n) T (n) _
u(0) = nhﬁngou (0) = nhﬁngo Uy | = Uo,

analogous for u;(0) = uy. Hg is closed, and we finally have u(t) € Hg
for all .

For unbounded kernels we can prove the local existence as in the
proof of Theorem 11. ]

APPENDIX

The Moser-type inequalities are proven in [10, Lemma 4.8, 4.9] and
are stated as follows.

Lemma 19. Letr € N, h € C"(R,R). Then, for any T' > 0,
there is some c¢(I') > 0 such that, for all u € H*(R?) N L>=(R%) with
[ull (o) <T,

IV*h()ll 2 ray < eIVl 2 e el

holds. If h is bounded in C™(R,R), the constant ¢ does not depend
onT.

Lemma 20. Let k € N. Then there is some ¢ > 0 such that, for all
f,g € H*RY) N L2(R?) and a € Ng, |a| =k,

IV (Fll 2 ray < € (1FlloolV* gl 22 ra)y + g lloclV* £l 2 (rey)

holds.
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A nonlinear generalization of Gronwall’s inequality is given in [14,
1.110).

Lemma 21. Let f h,g € C°([0,T],R), k € C°([0, T] x [0, T]xR,R),
g, k(t, s, ) nondecreasing with

FO <o)+ [ Heosf@)ds, bl 2 g0)+ [ bt h(s)ds
0 0
fort €10, T). Then, fort e [0,T],

f(t) < h(t)
holds.
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