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UNIFORM ASYMPTOTIC STABILITY OF A CLASS
OF INTEGRODIFFERENTIAL SYSTEMS

T. KRISZTIN

1. Introduction. Consider the linear Volterra integrodifferential
system

(1.1) T'(t) = Ax(t) + /0 B(t — s)x(s) ds

where z(t) is a vector function with n components and

(1) A = [a;;] is a real constant n X n matrix,
! B(t) = [b;;()] is a real n x n matrix, B(t) € L'[0, c0).
It is known [9, 13] that under assumption (H;) the solution z = 0 of

(1.1) is uniformly asymptotically stable in the sense of [13] if and only
if

(1.2) det[zI— A —B*(2)] #0 (Rez >0),

where

B*(z) = /OOC e *'B(t)dt

is the Laplace transform of B(t).

If particular A and B(t) are given then, in most of the cases, the
necessary and sufficient condition (1.2) can be directly verified by using
a polar plot (see e.g., [7, 12]). In many circumstances the problem of
uniform asymptotic stability arises in a different manner. For example,
we may be interested in the stability properties of the equilibrium states
not only for specific values of the parameters but also for certain region
of the parameters, or we would like to maximize a parameter under
the condition that the equilibrium state remain asymptotically stable.
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This generally requires a real hard analysis even for relatively simple
equations (see e.g., [1]). Easily verifiable explicit conditions for uniform
asymptotic stability in terms of the entries of A and B(¢) have great
importance.

In [3] F. Brauer used (1.2) to get the following result for the scalar
case of (1.1).

THEOREM A. Let n = 1 and assume (Hy) holds. In addition, assume
B(t) is continuous and of one sign on [0,00) and that

o
(1.3) T= / t|B(t)| dt < oc.
Jo
If A+ [["B(t)dt >0, then the zero solution of (1.1) is not uniformly
asymptotl(ally stable. If fo t)dt > 0 and A + fo t)ydt < 0,

then the zero solution of (1.1) is unlformly asymptotlcally Stable. It
fooo B(t)dt < 0 and A + [;° B(t)dt < 0, then the zero solution of (1.1)
is uniformly asymptotically stable provided

(1.4) T<1.

Note that in the last statement of Theorem A, F. Brauer [3] stated
that “T is sufficiently small” instead of (1.4). But (1.4) can be obtained
easily from his proof.

Jordan [11] studied the n-dimensional case of (1.1). His result, when
specialized to the scalar case, is the following:

THEOREM B. Let n = 1 and assume (Hy) holds. If A+ [, B(t)dt >
0, then the zero solution of (1.1) is not umformly asymptotzcally stable
IfA +f0 |B(t)|dt <0 and A—l—f0 t)dt < 0, then the zero solution
of (1. 1) is uniformly asymptotically stable If fo t)dt < A <
- fo t)dt, then the zero solution of (1.1) is uniformly asymptotically
stable promded that the moment T defined in (1.3) satisfies

(1.5) T < |A+/O%B(t)dt‘/(|A|+/0oo B(t)|dt).
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Burton and Mahfoud [6] obtained criteria for the uniform asymptotic
stability of the zero solution of (1.1) by decomposing the kernel B(¢).
Although their method is quite effective in many special cases, it is
hard to apply because they do not give a procedure to choose the
decomposition.

Many examples [3, 6] suggest that conditions (1.4) and (1.5) in
Theorems A and B cannot be changed by T < oo (that is, large T
may imply instability) and that the moment conditions (1.4) and (1.5)
(and the conditions which correspond to (1.5) in the n-dimensional case
in [11]) are too strong.

The purpose of this paper is to weaken the moment conditions in
Theorems A and B and in the result of Jordan [11] for systems.
We present explicit conditions which give a larger region of uniform
asymptotic stability than those of [3, 11]. The scalar version of our
main result will be given now in order to illustrate that the improvement
over the estimates obtained in [3, 11] is significant.

THEOREM 1. Let n =1 and assume (Hy) holds. If A + fo ()| dt
< 0 and A + f() t)ydt < 0, then the zero solution of (1.1) is
uniformly asymptot7cally stable. If A <0, A+ [[“B(t)dt <0, A+
[ 1B(t)|dt > 0 and

1
2

BUMQZ“{AWBWM%z—Aﬂ>,

o0

TS(H(A+O

then the zero s’oluti(m of (1.1) is uniformly asymptotically stable. If
A >0, A—I—j0 t)dt <0 and

1

|B<t>|dt)2>

o<

re (1 (s [Tm0m)/ (4 |

then the zero solution of (1.1) is uniformly asymptotically stable.
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FIGURE

The shaded regions in the Figure above show the region of uniform
asymptotic stability obtained from Theorems A, B and 1, respectively,
for the special case n = 1, B(t) <0, fooc B(t)dt <0, A+foooB(t) dt <
0. These conditions are natural in the context of population models [3,
7].

The main result of this paper enlarges the region of uniform asymp-
totic stability given by [3, 11] not only in the scalar case but also in
the n-dimensional case.

82 contains the notation and the statement of the main result. The
proof is given in §3.

In §4, in order to illustrate the usefulness of our result, a predator-
prey model from mathematical ecology is considered such that the
predator population is harvested at a constant time rate. First, suffi-
cient conditions are given for the asymptotic stability of an equilibrium
state at zero harvest rate. Then we try to choose the harvest rate as
large as possible such that the equilibrium state, which varies as a
function of the harvest rate, remains asymptotically stable.
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2. Notation and statement of the result. We follow the notation
of [11]. Let | - | denote a norm in R™. |A| denotes the norm of A
deduced from |- |. |B| is defined by |B| = [ |B(t)| dt, where |B(t)] is
the norm of B(t). Let

Qi; = /0 b,‘j(t) dt (4,j=1,...,n),

Bij =/ 163 (t)] dt (1, =1,...,n),
0

R, = (laij|+ﬁij) (izl,...,n),
j 1

Q (|a7z|+ﬁu) (i:l,...,n),
T, /t]b“ Nt (i=1,...,n)

(2.1)

We need the inequalities
(Hz)

laii + aiil lakk + g

n n
>Zlaij+aij|2|akj+akj| (l#k, i,k:l,...,n).
i ik
If n =1 then (Hy) is interpreted as |aj; + ;| > 0.
The following result was proved by Jordan [11].

THEOREM C. Let (H;) and (Hz2) hold. The zero solution of (1.1) is
uniformly asymptotically stable if for each i = 1,...,n either of the
conditions

(Hs) a;i <0, laii| > Qi + Bii,

(Hy) aii + 0 <0, T; < oo, T; < (laii + aii] — Qi)/R
holds.

We refer to [11] for a discussion of conditions (Hz), (Hs) and (Hy).
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Our main result can be obtained by weakening (Hy).

THEOREM 2. Let (Hy) and (Hy) hold. The zero solution of (1.1)
is uniformly asymptotically stable provided that for each i = 1,...,n
either (H3) or one of the following conditions holds:

(Hs) @i +a; <0, T? <1-QF/(ai; + ais)?,

a;i; <0, a;+a;; <0, lai| < Qi + Biiy, Qi < laii + il

QT,; < (((lii +a;i)? - Qf)/((Qz + Bi)* - alzz) %7

(Ho) T, < (((aii + ;i) 4+ (Qi + Bi)* — (L,Z,)% - Qi)/
((Qi + i) - afi:)
aii >0, a;+ai; <0, Qi <lai+ i,
T? > 1 - Q?/(aii + @is)?,
(Hy) (QiTr‘, + (Q,Q +(T? = 1)(aii + au‘)z) %)

1
2

< ((Qu+ Ti(AT+ [B)) (i + )
< (a; + Om:)2 - Q,2

REMARK 1. (i) It is easy to see from the assumptions that in (Hg)
and (H7) the quantities under the square roots are nonnegative.

(ii) Condition (H4) implies (Hs) since |a;; + ;] < |ai| + |aii] <
laii] + Bii < Ri and (lai; + aii] — Qi)?/R? < (lai; + aii] — Qi)(laii +
aii|+Q;)/(aii+ai;)?. (Hy) and (Hs) are equivalent if and only if Q; = 0
and b;;(t) < 0 a.e.on [0,00). If (Hz) and (Hy) are not satisfied, then one
of (Hs), (Hg) or (H7) may hold. Thus, Theorem 2 is a generalization
of Theorem C.

(iii) In the case Q; = 0 conditions (Hs), (Hg), and (H7) have the
following simple forms:

(Hj) a;i +a; <0, T; <1,
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(Hy) ai <0, aita;; <0, |ag] < By TP < 14 (ai+ai)* /(85 —ab),

(H/7) a;; >0, a;+a; <0, 1< T? <1+ (aii + a,7)2/(|A| + lB|)2'

Consequently, Theorem 1 is a corollary of Theorem 2, because Q; =0
when n = 1. Q; = 0 means that A and B(t) are diagonal matrices.

(iv) If n = 1, B(t) < 0 a.e. on [0,00) and fox B(t)dt < 0, then
Theorem 1 reminds us of a result for the equation

(2.2) 2’ (t) = ax(t) + bx(t — 1)

with a single delay. The exact region of uniform asymptotic stability of
(2.2) can be calculated by using a method of Pontryagin (see e.g. [10,
p. 337]). The region given by Theorem 1 for (1.1) is close to the exact
region obtained in [10] for (2.2)

(v) Theorem 2 remains true if R, is defined by R; = Y°7_, (|aji| +
B;:) instead of (2.1) and the order of subscripts is reversed in (Hy). The
proof of this alternate theorem is similar to that of Theorem 2.

(vi) Conditions (H;), (He) and (H7) give upper bounds for T;, which
measure the delay kernels |b;;(t)| in a certain sense. The upper bounds
are functions of the entries of the matrices A, («;;) and (3;;)-

3. Proof of Theorem 2. It will be shown that condition (1.2)
holds. Assume the contrary, i.e. there is a zy with Rezy > 0 and
det[z20I — A — B*(2)] = 0. Then zo is a characteristic root of the
matrix A + B*(2), and a result of A. Brauer [2, Theorem 11] tells us
that zp must satisfy at least one of the inequalities

|20 — aii — b7;(20)] [20 — arr — bjy(20)]

(3.1) < i+ 63 (20)1 Y laj + b (20)]
o s

(i#k; 4,k=1,...,n).
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If n = 1 then (3.1) is interpreted as |29 — a1y — b}, (20)| < 0. Thus,

there exists at least one i € {1,...,n} such that

(32) |20 — aii = bl;(20)] < D lasj + b7;(20)] < Q-
Jj=1
JFi

Condition (Hz) means that (3.1) fails for zp = 0. Consequently
20 7 0. Therefore, it suffices to prove that (3.2) for zp 7# 0 leads
to a contradiction for any ¢ € {1,...,n}.

Suppose that (Hz) holds for some i. Then we have

|20 — aii — b};(20)] > |20 — aii| — [b};(20)]

n
> laiil = Bi 2 Qi =Y |aij + bl (=0)],
=1

7
where the strict inequality occurs because Rezg > 0, z¢ # 0, a; < 0.
Thus, (3.2) fails when (Hs) holds.

Now we need two estimates for |1 — exp(—tzp)|. The first one can be
obtained from Rezg > 0, zg 7% 0, as follows:

|1 — exp(—tzg)| = l /_Ot(d/du) exp(uzg) du'
(3.3) = l /_Ot 29 exp(uzo) dul

< 2o

0
/ exp(uzp) du‘ <lzlt (t>0),

—t

where the strict inequality is obvious for Rezy > 0, and it can be
calculated easily for Rezy = 0.

Since zq is an eigenvalue of A +B*(zp), there is a vector vy such that
|vo] = 1 and [A + B*(z0)]vo = 20v9. Therefore, (3.3) implies that

|1 = exp(—tz0)| < |20t = |z0v0lt = |(A + B (20) ) volt
< (Al+ Bt (t>0).

(3.4)
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In the sequel we assume that (3.2), T; < oo and a;; + o;; < 0 hold
for some 7. Then it follows from (3.3) that

|20 = aii — bj;(20)]
o0
= |20 — @i — i — / bii(t)<exl)(_t30) - 1) dt
(3.5) -
Z |Z() — Q;; — Oci,'| — / |b”(t)| ll — CXp(—tZ())| dt
0

> |ZQ — Qi — a7,| - Ti|20|~,

where the last inequality is strict whenever T; 3£ 0.

On the other hand, from Rezy >0, a;; + a;; <0, we have
(3.6) |20 — aii — aii|* > |20 + (@i + aii)®

Consequently, from (3.2), (3.5) and (3.6) we obtain for T; 7 0 that
(3.7) (1 —T?)|20]* — 2T:Qil20| + (asi + @is)? — Q? < 0.

Suppose (Hs) holds. Notice that T; = 1, (Hs) and (3.7) are
incompatible.

If (H;) and T; # 0,1 are satisfied, then the discriminant D; =
Q? — (1 = T?)(ai; + @i;)? of the quadratic equation

(3.8) (1= TN — 2T QA + (a5 + i) — QF =0

is nonpositive and (3.7) leads to a contradiction. If T; = 0, then a;; =0
and equality may occur in (3.7). In this case (3.7) and (Hj;) give the
contradiction |z¢| < 0.

Suppose that T? > 1 — Q?/(a;; + a;;)?. Then D; > 0. Consequently,
from (3.7) one obtains that |z9| > A1, where \; is the smaller (larger)
zero of (3.8) whenever T; < 1. (T; > 1) and )\ is the unique solution
of (3.8) when T; = 1. That is

(3.9) |20l > ((a,:i+aii)2—Q?)/(Q?%—(Tf—l)(aiﬁai_i)?)%+ QT).
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If a;; <0, then from (3.2) and Re zy > 0 one concludes that

1
(J20]? +a2)2 — Bii < |20 — aii| — Biz < |20 — aii — bl;(20)] < Qi

and therefore

=

(3.10) |20 < ((Qi + Bi)? - alzy)

whenever Q; + 3;; > |a;i|.
From (3.4) and a;; + aj; < 0 one obtains

20 — @i — b5(20)] = |20 — @ir — cvi — / bii(t)(exp(—tzo) — 1) dt|
0

> 120—%—@“[—/‘ 1bsi ()] | exp(—tz0) — 1] dt
0
1

> (I20f? + (@i + aii)?)” ~ (1Al + B)).
From (3.2) we get that
2 :
(3.11) 20 < ((Qi + (1Al + [B) = (i + aii)?)

whenever Q; + T;(|A| + |B|) > |a;; + auil-

If (Hg) holds for i and T? < 1 — Q?/(ai; + «;i)?, then (Hs) is also
satisfied and we obtain a contradiction as above. If T? > 1—Q?/(a;i +
@;i)?, then one easily concludes from (3.9) and (3.10) that

((a“ + i)’ — Q,Z)/((Q, + Bi)? - a?i)% - QiT;

1

< (Qf +(T? - 1)(as +a“)2)§.

The left hand side of this inequality is nonnegative by (Hg). By squaring
we get

- <(an} + a;;)? - Q,Q) (T? + QQiTi/<(Q1 + Bii)? — a%i)%
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~((@iitan)?-Q?) /((Qit+5i)?—a3)-1) <0.

Since the left hand side of the last inequality is positive at T; =0, T;
must be greater than the larger zero of the quadratic equation

2Q;\ (ai +a;)* — QF

2
A (Qi + Bi)? —a2)'?  (Qi + Bii)* —a2) — 1

= 0.

This contradicts the last assumption of (Hg).
If (H7) holds for some i, then (3.9) and (3.11) imply

((ais +ai)? = Q2) /((Q2 + (T2 = 1)(a + aii)?) y Q.T;)

< ((Q,; + T;(JA| + |B|)>2 = (aii + aii)2)%

which obviously contradicts (Hz7). 0

4. An example. In order to illustrate the usefulness of Theorem
2 we consider a predator-prey model where the predator population is

harvested at a constant time rate. The model equations are
(4.1)

Ni(t) = TlNl(t)<1 - piNa(t) = pyf /Oookl(s)Nl(t —s)ds — q1N2(t)>
Ny(t) = —T2N2(t)<1 +p2/ ka(s)Na(t — s)ds — q2Ny (¢ )> h

where N (t), Nao(t) represent the prey, predator population densities,
respectively: 71 > 0 and —ry < 0 are the inherent net per unit growth
rates which the populations would have in the absence of density re-
straints, the other population and harvest. pi N, (¢)+p{ fo ky(s)Ny(t—

s)ds and p; [;° kg (s)Na(t — s)ds are the delayed self-inhibition terms
wn;hp1 >0,pf >20,pr =p) +pf >0,p2 >0, k; € C(Ry,Ry),
fo s)ds = 1,1 = 1,2; ¢t > 0 and ¢ > 0 so that predators in-
hlblt prey growth and prey enhance predation growth and A > 0 is the
harvest rate of the predator population. (For example, [4] considers
similar problems.)
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In the sequel we assume that
(4.2) P2 >q2>p1 > qi
It is easy to see that the equilibrium state

er = (1—qie2)/p1,

1
Il s ((g2 — p1)? — 4hpy(p1p2 + q1q2)/72)
2(p1p2 + q192)

is positive, i.e., e; > 0, i = 1,2, whenever 0 < h < hldéf'l'g((h —
p1)?/(4p1(p1p2 +q1q2)). Clearly, e; is increasing and e is decreasing in
h on [0, h;]. The linear variational system of (4.1) in the perturbations
Il(t) = N,(t) — €4, 1= 1,2, 1s

(4.3)

i (t) = r1eq ( —plzi(t) — pY /000 ki(s)zi(t — s)ds — qlxz(t))
Th(t) = raes (qgm(t) + (h/(rgeg))rg(t) — Do /0oo ko(s)xa(t — s) ds).

The equilibrium state (e, ez) of (4.1) is (locally) asymptotically stable
if and only if the zero solution of (4.3) is asymptotically stable [9]. The
asymptotic stability of the zero solution of (4.3) is equivalent to that of
the Volterra equation associated with (4.3) so that the integrals from
0 to oo in (4.3) are changed by integrals from 0 to ¢. The obtained
Volterra equation is a particular case of (1.1) with n = 2,

—-rie1p;  —Ti€1q1 —rie1piki(t) 0
A= . B(t) = .
T2€242 h/ea ] ®) [ 0 —r2e2p2ka(t)
By using the notation of §2, 811 = —ai; = riep], Pz = —a =

T2€2P2, Qyj; = ﬂij = 0 for i 7‘é j, Q,‘ = T;€;q; for i = 1,2, T1 =
rlelp’l’Kl, T2 S T‘Qegszg, where Ki = fooo sk:,-(s) dS, 1= 1,2.

First, we study the case h = 0. It is obvious from the assumptions
on k; and from (4.2) that (H;) and (H;) hold. We can obtain that
the following conditions (C;), (C2), (C3) imply (Hs), (Hs), (Hs),
respectively, for ¢ = 1:

(Cy) Py > pi + a1,
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1

() p<pltas Ko< (1= (@/p)?) /(rnend),

=

)

. 2
(C3) Py <P +@1, Ky <min{m, 7712}(7'161:!77((19,1/ +q1) - Py )

1
2

where my = (pi — qi)/q1, mo2 = (p? + (0] +a1)? - p'f) - q-

Similarly, from the conditions (C4) and (Cs) one can get (Hs) and (Hz),
respectively, for i = 2:

N

(Cy) K, < (1 — ((]2/[)2)2> /(raeaps),

1

K, > (1 - ((12/P2)2> 5/("'262112)7

A 9 9 9o S\Z\ L,
(Cs) (7'262[}2(12K2 + (qﬁ + (riespiK3 — 1)1)5) z)mj <pi—qs,

2 D
where mg = (qg + pKo(|A] + |B|)) — 3.

Therefore, if h = 0, (4.2), one of (Cy), (Cs), (C3) and one of
(Cy4), (Cs) hold, then the equilibrium state (eq, es) of (4.1) is (locally)
asymptotically stable. Equality can be allowed in the inequalities of
(C1)through (C;). From (Hg) and (H7) additional sufficient conditions
can be obtained for the asymptotic stability of (e}, e2), whenever i = 2
and i = 1, p| = 0, respectively.

Notice that (Cg)through (Cs) guarantee the asymptotic stability
of (ey,e2) whenever K;,Ks are smaller than certain numbers which
are functions of the additional parameters. (Cs), (C3) and (Cy) give
explicit upper bounds. There is no restriction on the size of the delay
kernels k;(-) in (Cy).

Assume that the equilibrium state (ey, e2) of (4.1) is asymptotically
stable at zero harvest rate (i.e., h = 0) such that one of the above

sufficient conditions is satisfied. In the following we look for a bound
H > 0 such that the asymptotic stability property of (e;,e2) is not
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destroyed for any harvest rate h € [0,H]. Up until now the only
restriction on h is h € [0,h;]. We need additional restrictions on h
since det[A + B*(0)] = 0 at h = hy, that is (e;(h1),e2(h1)) is not
asymptotically stable.

From both of the inequalities ex(h) > dy, h/e3(h) < do, where
dq < e3(0), da > 0, h can be easily expressed to get explicit upper
bounds for h. In the sequel we will use these elementary facts.

There is already one restriction on h in order to have e; > 0, e5 > 0.
Condition (Hs) requires rie;pi|h/es — roeapa] > rie1qirze2qe. Since
p1 > q1 by (4.2), it is sufficient to assume that p, > g2 + h/(r2€3), from
which we get the bound hy > 0 for h. It is not difficult to check that
p2 > g2 + h/(rae3) fails for h = hy, that is hy < h;. Therefore, (H;)
and (Hy) hold for all h € [0, hy].

If (Cy) is satisfied, then (H3) follows for ¢ = 1 and h € [0, hq].
Assuming p} < p{ + q1, (Hs) requires for ¢ = 1 that

(44) ex(n) = (1= (0} — D)}/ (riplKD)) /.

Condition (Cy) implies (4.4) at h = 0 with strict inequality. From (4.4)
the positive upper bound h3 for h can be given, provided we have (Ca).
Thus, (Hs) for ¢ =1 follows from (Cz) and 0 < h < min{hsy, h3}.

If p| < p{ + ¢1 again, then the inequality

1
(4.5) 61(h) < min{ml, m2}/(7‘1p'{K1 ((plll + (11)2 _ p%g) 2 )déf01

is sufficient for (Hg) with ¢ = 1, where m; and my are defined in (Cs).
Using e; = (1 — q1e2)/p1, we obtain from (4.5) that

(4.6) e2(h) > (1 =pic1)/q

is also sufficient for (Hg) with ¢ = 1. If (C;) is assumed, then the
inequality is strict in (4.6) at h = 0. Therefore, we can get hs > 0 such
that (C3) and 0 < h < min{hg, hq} imply (Hg) for i = 1.

For i = 2 condition (H;) requires

(4.7) B3PS <1 -3 / (2 — b/ (rac(h)
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Since ey (h) is decreasing in h, 0 < h < hy, (4.7) follows from

(15 er < 1= g3/ (ps— h/(racdh))

where ¢y = r3e3(0)piK3. If (C4) is satisfied then (4.8) is valid at h = 0
with strict inequality. So, (4.8) is equivalent to

h/es5(h) < 7“2(172 —q2/(1 - 02)%>,
for 0 < h < ho, which produces the positive bound ks for h. From (Cj)
and 0 < h < min{hg, hs} we have (Hs) for i = 2.

We were unable to get the above results when (Cs) holds because of
the difficult dependence of (H7) on h. Instead we can do the following.
For ¢ = 2 condition (H7) requires (4.7) with reversed strict inequality
and

o) (reea(hp2aKe + (a3 + (re3(n)p3KE — mi(h)) ")
(ma + 98— mim)" < mi) - &3,

where mg is defined in (Cs) and my(h) = p2 — h/(r2¢3(h)). We specify
a norm in R%. Let l(vl,v2)|d§f max{|vi], |v2|}. Then it is not difficult
to see that

AL+ B] < max {rie1(h2) (0] + 1), rae2(0)p2 }

+ max {rlel(hg)p'{, rgeg(O)pg}défc;;

for h € [0, h]. We assume a stronger inequality than (Cs). Namely,
1
(rgeg(ﬂ)pgqug + (qg + (r3e3(0)piK3 — 1)m§(0)> 2)

‘ 1

(4.10) . )
((‘12 +P2K203) - mi(ha)) C < mi(0) — g

If (4.10) holds, then

(rgeg(O)pgqug + (q% + (r%e%(())pgKg - 1)m3(h)) 5)
(4.11)

2

2 .
X ((qz +p2K203) - mi(’h)) <mji(h) -
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holds at least for small h > 0. Solving (4.11) for m4(h) a lower bound
is obtained for m2(h), and the inequalities h/e3(h) < ¢4, ¢4 > 0
follow, which gives the bound hg > 0 for h. Then (4.9) follow for
0 < h < min{hge,he}. (4.9) implies (H7) for i = 2 whenever (4.7) is
not satisfied. If (4.7) is satisfied then (Hs) holds for i = 2. Therefore,
(4.10) and 0 < h < min{ha, hg} give either (Hs) or (H7) for i = 2.

REMARK 2. (i) The assumption go > p; is necessary to have positive
equilibrium state of (4.1) at zero harvest rate.

(ii) Biologically, the conditions p; > ¢; and py > ¢ mean that
the self-regulating effects are dominant in both populations, i.e., the
intraspecies competition is more significant than the interspecies inter-
action. See e.g., [8] for biological comments in related problems.

(ii1) The obtained results are valid for a large class of delay kernels
ki(t), since the only restriction is that f(;o ski(s)ds be smaller than a
given number, which depends on the additional parameters.

(iv) The local asymptotic stability of equilibrium states of a large
class of nonlinear systems can be studied by applying Theorem 2
similarly to (4.1). Refer to [7] for further examples in population
ecology. The specific form of the nonlinear system is not essential
in the local stability analysis. If the linear variational system has the
form (1.1), then Theorem 2 can be used to obtain sufficient conditions
for asymptotic stability.

(v) On the basis of Theorem 2 it was easy to find upper bounds for
the harvest rate in most of the cases in system (4.1). In fact, we had
to solve first and second order polynomial inequalities.

(vi) The direct application of condition (1.2) requires the location of
the zeros of

D(z) = 2% +dyz + dy

where di = rieip) — hfes + rie1pki(z) + raeapaki(z) and dy =
(rieipy + ki (2)) (roeapoki(z) — hjeg) — rirgereaqige. It is a difficult
task to determine H > 0 such that D(z) 7% 0 for Rez > 0,0 < h < H,
because of the dependence of d; and dy on z and h. Applying
the argument principle from complex function theory, two additional
conditions, which are equivalent to (1.2), for the asymptotic stability
of the equilibrium state (e, e3) of (4.1), are the following (see e.g., [7,
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12]):
(a) the variation of Arg D(if) is equal to 7 as 6 varies from 0 to +oc;

b) [~ [(w(@)v'(8) — v(0)u'(0))/(u(0) +v*(0))] dO = 7 where the real
functlons u and v are given by D(if) = u(d) + iv(6).

For specific values of the parameters both conditions can be checked
without difficulty, e.g., by using a computer. But an estimation for the
region of parameter h by using either (a) or (b) does not seem to be as
simple as the application of Theorem 2.
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