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ABSTRACT. We present a spline collocation method for
the numerical solution of a system of integral equations on
a polygon in R2. This integral equation arises if one solves
the first boundary value problem for the Lamé equation with
a double layer potential. The derivation and the analysis of
the integral equation is given in detail. The optimal order of
the spline collocation method is proved for sufficiently graded
meshes.

1. Introduction. In this paper we consider a collocation method
for the approximate solution of a boundary integral equation for the
first boundary value problem for the Lamé equation in  C R?2, see
[15]. We assume that the domain € has a polygonal boundary T.

To derive the integral equation of the second kind we use a double
layer potential and the pseudostress tensor, see [14, 12]. The resulting
integral equation takes the form, see Section 2,

(1.1) Bii := (I + K)ii = f,

where the elastic double layer potential operator K is given by
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142 J. ELSCHNER AND O. HANSEN

Here n, denotes the exterior normal to I' at the point y, Iox2 is the
2 X 2 unit matrix, and

(1.3) w=(A+p)/(A+3p),

A, it being the Lamé constants. Note that the kernel of K has only fixed
singularities at the corners. Local to each corner, the operator (1.2)
may be interpreted as a 4 x 4 system of Mellin convolution operators,
see Section 3. The integral operator (1.2) is not compact in the case of
a polygonal boundary so the standard theory for collocation methods
does not apply here. To the authors’ knowledge this special boundary
integral equation is used here for the first time to approximate the
solution of the Lamé equation in polygonal domains. In order to prove
that the boundary integral equation always has a solution we first have
to show some properties of the double layer potential, and here we
imitate the proofs of Costabel [4].

To analyze the integral equation we first localize the integral operator
(1.2) around each corner and show the Fredholm property and the
existence of the inverse for these localized operators. Related results
were obtained in the papers [19, 20] and [16]. With this result we can
prove the unique solvability of the integral equation on the polygon. We
also prove a regularity result for the solutions of the integral equations,
and this shows that the use of higher order splines makes sense.

We use continuous splines of any order and graded meshes to get
the optimal order of convergence. In order to show the stability of
our method we have to modify the spline space in the vicinity of
each corner. This technique is well known. In [5, 17] it is used for
the solution of integral equations of the second kind with noncompact
integral operators, and in [3, 7] this technique is applied to the solution
of the Laplace equation in polygonal domains. The proof of stability
relies on the stability of the finite section method for systems of Wiener—
Hopf operators [10]. However, in contrast to the corresponding scalar
integral equation for the Laplacian, the analysis is complicated by the
fact that the second kind operator (1.1) need not be strongly elliptic in
L2,

The outline of the paper is as follows: In Section 2 we derive the
integral equation and prove some results for the double layer potential
and some uniqueness results for weak solutions of the Lamé equation.
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In Section 3 we first localize the integral operator around each corner
and then we study the localized operators. We put these results
together to prove that the integral equation on the boundary of
has a solution for every righthand side in L?(9€2). If the righthand side
has a higher regularity, then the solution becomes more regular, i.e.,
belongs to certain weighted Sobolev spaces.

In Section 4 we define the meshes and the spline spaces which we
use. Then we prove the stability of our method if the meshes fulfill
some simple condition and if the spline space is suitably modified. A
further approximation result then shows the order of convergence of
our method.

2. The boundary value problem and the corresponding
boundary integral equation. In this section we define the boundary
value problem, which we will study, and we introduce the generalized
stress operator, see [12]. We extend the trace operator and the gen-
eralized stress operator to a sufficiently large function space and for-
mulate the first and second Green formula for our differential operator
in Lemma 2.6. The mapping properties of the single and double layer
operator are studied in Lemma 2.10 and the jump of the double layer
potential across the boundary is derived in Lemma 2.12. At the end of
this section we prove uniqueness for the exterior boundary value prob-
lem, where the generalized stress is prescribed at the boundary, and
the boundary values of the double layer potential are given.

We follow closely the article [4] of Costabel.

Let Q C R? be an open bounded domain with polygonal boundary I'.
We denote by Q¢ the complement of 2, Q¢ := R?\ Q, and we assume
that € is contained in some sufficiently large ball Bg,(0), Ry > 0.

For functions @ = (u1,u2)? € (H?(2))? the Lamé operator P is
defined by
(2.1) Pi = —pAid — (A + p)grad (divd), p>0,A>0.

It is the aim of Sections 2 and 3 to study the existence and the
properties of the solution of the equation

(Pi)(xz) =0, z€Q

2.2 S oo
22) ilr = f, f € (HY*(I))?
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with the help of a corresponding boundary integral equation.

The operator P can be written in another way with the help of the
following definitions, see [15] for the physical meaning of the terms,

. di=1,2.

The ith component of P# can be written as
2
(2.4) (Pid); = =Y 9;(04,(i0)).
j=1
We further introduce the following notations

(2.5) Vii=(H(N)? i=0,1,2, and Vy := (H3(Q))>.

Formula (2.4) and a partial integration give us the following relation
(first Green formula) for functions @ € V2 and ¥ € V'

(2.6) /Pﬁ~17dy:<1>gﬁ17 /’T Ny )U - Udsy.
Q
The symmetric bilinear form ®q(-,-) on V! is given by

(2.7) Bo(d, T :_/ (/\Zaj] )iajj(a)
+2u25” w)e; (U )dy

i,j=1

The generalized stress operator 7, see [12], is defined in the following
way

n102u1 — n201U1

(2.8) To(n)@ = To(n)d + & <”231Uz - n182u2) |

(2.9) To(n)d := p <Z gz;) + (A + p)div (@)n,
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with kK € R, n = (ny,n2)T € R?, @€ V1.

Because of the symmetry of ®q(-,-) we get the second Green formula
for @, 7 € V2

/(Pa. ¥ Po-il) dy /(%(ny)ﬁ- i = T,(ny)i - ¥) ds,
Q N

= [ T = Tyl ds,

The second equality follows by Gauss’s formula. So we finally get the
second Green formula in the following form

(2.10) /(PU-ﬁ—Pﬁ-zZ)dy:/(ﬂ(ny)ﬁ'-d—ﬂ(ny)"-ﬁ’)dsy
Q T

for @, 7€ V2, k € R.
Let f € VY be given. The function @ € V; is the weak solution of

—

(2.11) Pi=1
u|p =0

if and only if

(2.12) B (i, ¢) = / f-édy, YéeVy
Q

Korn’s inequality, see [9], says that there are constants ¢;, co > 0, which
depend only on 2, for which

(2.13) all@|f, < (@ @) < clldl,, VeV

Equation (2.13) together with the Lax—Milgram lemma gives us the
following result.

Corollary 2.1. The equation (2.11) always has a uniquely deter-
mined weak solution.
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In the following we denote by -y the trace operator
(2.14) Yoil == 1lr.
Gagliardo’s trace lemma, see [4], implies
(215) 7o : HY (R?) — H*"Y2(T), s € ((1/2),1], is continuous
and has a continuous right inverse -y,

(2.16) Yo+ HTWA) — Hi (R?).

Using the map ~y, , the Lax-Milgram lemma and equation (2.13), one
can prove the following lemma.

Lemma 2.2. For every ¥ € (H'Y?(T'))? there exists a unique solution
T of the equation

P
Yo

Sl
I
e O

(2.17)

i
Il

The mapping v — TV is linear and continuous, i.e., there exists a
constant cp > 0, such that

(2.18) 1T < erlll] .

We denote by G(z,y) the fundamental solution for the operator P:

(2.19) P,G(z,y) = d(z — y) (é (1)) — 3(z — y) s,

where the index y denotes the differentiation with respect to y. The
function G is given by, see [1],

1

(220) Gloy) = 10 o0

( — ()\ =+ 3,&) 1n(r)]2><2

+(A+u)<x—y>7f+yﬁ>,
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z,y € R?, r:= |z —y||,  # y. G is the kernel for the Green operator
for P. We will also denote the Green operator by G. If we substitute
G(z,y) for i(y) in the Green formula (2.10) then we get

ﬁ@>:l}%mePm@wm
(2.21) +/r <G($’y)T77”~»y(”y)U(y) - (Tm,y(ny)G(wyy))Tﬁ(y)) ds,,
re, veVi

By V) we denote the set of all functions @ € V!, for which the
distribution P belongs to V°. The norm on V3 is given by

(2.22) 15 = Nl + 1Pl o-

Now we extend the generalized stress operator to functions in V2. First
we recall the following lemma from [11, p. 113].

Lemma 2.3. V? is dense in V3.
The next lemma is an easy consequence of our definitions.

Lemma 2.4. Let i € VA. The mapping

5 — <'7]§'u)u7

)
(2.23) .

= (i 7y &) Lwﬁw@@

is a continuous linear functional ’y§“)ﬁ on (HY?(T))2, which coincides
for @ € V2 with

2.24) i— | Tawa-dds,.

The mapping

(2.25) AL YVL s (HVA(T))?
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15 continuous.

Remark. That ’y§“ ) coincides with 7,.(ny) for functions in V2 and

the density result in Lemma 2.3 show that the definition of 75“ ) is
independent of the chosen operator -, . The operator v, is not unique.

As a next step we define 7y and then 7., k € [0, u], for functions in
V3. The starting point is formula (2.1) for P. For @ € V2 and ¢ € V!
we get by partial integration, cf. (2.6),

2
/ Pi-vdy = / (,u Z Oiuj0ivj + (A + p)div (@)div (17)) dy
Q Q

ij=1
(2.26) - / To(ny) @ - ds,
r

:5“&@—/%@@ﬁﬁﬁy
T

For ®¢ we have the following properties

g (i, 7) = Og(0,d), @,7eV?

2.27 2 i
220 ny / 0jus|*dy < Po(id, @), weV?
Q

4,j=1

Now we extend the operator 7y to functions in V3. By convex
combination we then define 7, x € [0, u, for functions in V3.

Lemma 2.5. (i) Let @ € V. The mapping
@) F— (09 = a5 d) - [ Payddy

is a continuous functional 7§O)U on (HY?(T"))?, which coincides for
@ € V2 with the mapping

$—> /F’]Z)(ny)ﬂ'~ adsy.
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The mapping
WO Vh — (H (D)2
s continuous.

(i) For k € [0,p], k= A, A € [0,1], we define

(2.29) W =2+ (1= A,

The mapping viﬂ) is continuous from V3 into (H=Y/2(T"))2. On V?,
7£H) coincides with T (ny). We further get

(2.30) V\a,§) = 8% (@, §) — / Pi-ng dds,
Q

where

(2.31) B (-,) 1= ADa () + (1= Ao (-, ).

Because of (2.27) the inequality of Korn (2.13) also holds for @gf),
k€ [0, .

For a function @ € (L*(R?))? with i|q € V! and |- € (H}(929))2,
the traces vo(@]q) and o (@|q-) are well defined. Let

(2.32) @] == 0(dla) — y0(ilo:) € (H'2(T)).

For a function @ € (H[(Q9))? and Pu € (L7 .(R?))? the operator
'yi'})zu, k € [0,u], is given by (2.29) and (2.23), where Q has to be
replaced by £2¢. Here we will assume that supp (v, ¢) C Bag,(0), for all
o€ (HY?(T))2. We will denote the set of all functions @ € (H}_(Q°))?
with Pi e (L2,_(R?))? by VA(Q°).

If @ € (L*(R?))? with @|q € V3 and ii]ge € VA(Q°), then we define

(2.33) ) = A (@) — 1D (i)

The next lemma follows easily by Lemma 2.3 and the above defini-
tions.
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Lemma 2.6. Let k € [0, u).
(i) For i € VA and ¥ € V! the first Green formula holds:

(2.34) | Pi-ady =)@ - (0 .50
Q

(ii) The second Green formula holds for all @,7 € V3.

(2.35) / (@ P6— 5 Pii) dy = (1", 70) — (17, y01).
Q

(iii) Let i@ € (L?(R?))? be given with
dlo € VE and illge € VA(Q°).
Then
u(@) = (GPE)(x) + (71, G(z, )
(2:30) - [ (TGl ol s, e AT

With the help of Lemma 2.6, Lemma 2.2 and Corollary 2.1, the next
lemma is proved analogously to Lemma 3.5 of [4].

Lemma 2.7. The trace mapping

(10, 1) 1 § — (106,17 P)

maps (C°(R?))? onto a dense subset of (HY/?(T'))? x (H~Y/%(T))?.
Lemma 2.8. The trace operator
Y0 i u— ulr : Hipo(R?) — H*7V/3(T)

is continuous for s € ((1/2),(3/2)).
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Proof. See [4, Lemma 3.6].

Lemma 2.9. The Green operator G fulfills

G (HS(RQ))Q N (HS+2(R2))2.

loc

Proof. Calculate the symbol matrix of P with the Fourier transform.
]

Now we define the single layer operator Ky and the double layer
operator Ki:

(2.37) (Ko?)(z) :/FG(x,y)ﬁ(y) ds,, x€R?\T
(2.38) (K{9) () = / (Tr(ny)G(x,y)"0(y)ds,, = €R?\T.

The following lemma repeats the results of Theorem 1.(i), (ii) of [4]
for the Lamé operator.

Lemma 2.10. (i) The mapping Ko : (H~'/?+9(I"))? — (HLT7(R?))?,
o€ (—(1/2),(1/2)), is continuous.

(ii) The mapping K{® : (HY*(I))* — (H'(Q))?, € [0,4], is
continuous.

Proof. (i) Let ¥ € (H~'/2t2(I"))2. Then ~,# (where 7}, is the adjoint
of p) is a distribution in R? with compact support (vyv, ¢) := (¥, Yo),
for all ¢ € (C§°(R?))2. Now we have

Ko=Gony

and Lemma 2.8 shows

Yo o (HYD7I)? — (Hegnp(R))?, s € ((1/2),(3/2)).
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Lemma 2.9 finally implies

Gory: (H?*(I))” — (Hp*(R?))%.

loc

Define 0 =1 —s € (—(1/2),(1/2)). Then the above equation gives

Ko : (H™U/2H7()? — (Hy b7 (R?))%.

loc

(ii) Let 7 € (HY*(T"))? and @ := T € VA, where T is the solution
of (2.17), see Lemma 2.2. Formula (2.36), where we define | = 0,
now gives us

T = / G(x,y) PTi(y) dy + (1\T%, G(-,2)) — K%
Q
= Ko"T7 - K{"7.
Therefore
K{K,) _ KOO,A’Y) oT —T
= (KOO’}éK/) —IoT

and we have

T:(HY*I)? —V}E  (Lemma 2.2)
'y?{) (Vh — HY2(I))?  (Lemma 2.5)
Ko: (H Y2M)? — V' (part (i)). o

In the next lemma we collect some smoothness properties for the
double layer potential, and for a special parameter & we estimate the

norm of K fk)ﬂ’(x) and its derivatives.

Lemma 2.11. For ¢ € (H'/*(T"))? and

At
*#/\4_3#

(2.39)

the following results hold:
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(i) K5 e (C=(R2\T))?, k € R.
(i)

|~

Mkﬁm@nzom”m(

| II)’

D@ = O 172 )

Y

(iii) K5 e VA(Q©), k € [0, ).

Proof. (i) The function G(z,y) is in C*° outside the diagonal in
R"™ x R™. This proves (i).

(ii) By a calculation we get

(2.40)
Tu0)6(0,9) = = (1~ &) Taxa + 28

3

(y—2)(y - x)T> (y—)-ny
Iz —yl]? I —yl?
where @ is defined in (1.3).
Property (ii) follows by (2.40) and the compactness of T.

(iii) Here the arguments of Lemma 2.5 and Lemma 2.10 for a domain
Q := (R?\ Q) N Br(0), R > Ry arbitrary, have to be repeated. This
shows that K\"% € (H'())? and P(K\"%) € (L2(Q))2. Together
with property (i) this proves part (iii).o

Remark. Formula (2.40) holds, only for the special choice k = &,
where 7% is called the pseudostress operator. For k # & a further term
appears in formula (2.40). This term has a stronger singularity for
x =y, see [14] and is not covered by the analysis in Sections 3 and 4.

Lemma 2.12. For i € (H'/*(T"))?, k € [0, u], we get

oK™ 5] = -3, [WK™F] =o.

Proof Let ¢ € (HY2(I))?, ¢ € (CX(R?))?, @ = K7 By
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Lemma 2.11 we can apply Lemma 2.6 and get

/Q 7-Pody = (17 @la, 108) — (1 Bl 0dla)

-

/ .U' Pody = <—W£K)ﬁ\9c7’70¢> + <7£N)€E‘Q%'YOU|QC>-

The different signs in the second formula are caused by the choice of
the outer normal for  in the definition of 7§K)~ This implies

-

@an [ Pidy = (7 20) — (617 o).
On the other hand we have
i=K{"7=G((W")7),

where the distribution (ﬁ’”)' ¢ with compact support is defined by

—.

(W)5,8) = (#77), e (CR)%

Now the left side of equation (2.41) can be rewritten

—.

/R @ Pidy=(Go (V)7 Pd)

(242) = ((1")5.Go B9)
=1
= (0.1"79).
Formulas (2.41) and (2.42) give us

- -,

(KM 8,708) = (oK P9 + 5,778), Ve (C5°(R?))2.

Lemma 2.7 proves the lemma. ]

Now we can prove the uniqueness of the solution of the exterior Neu-
mann problem, where instead of the normal derivative the pseudostress
operator is used.
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Lemma 2.13. Let r € [0,u) and @ € (HL(Q°))? with
(i) Pii = 0.

(i) ¥ = 0.

(ii) gayg € (C*(R?*\ Q2))? and

|i(z)| = 0<ﬁ> |Vii(z)| = 0<|xl||2>~

Then we have @ = 0.

Proof. The first Green formula for w|genp,(0), R > Ro, and property
(ii) give

0= / u - Pudy
QeNBR(0)

= (I)gc)mBR(O) (4, @) + <7§'<)f[, ) — /BBR(O) T - Udsy.
=0

Because 7,u contains only first derivatives of u, we get by the
Cauchy—Schwarz inequality

Teii(e) - ()| < -5

2l
Now we have

(I)(”)

Lo 1
QcmB,R(O)(u,u) < C47TR§

R—oc

On the other hand, we have that

(b(”)

Q°cNBRr(0) (,L_[’ ,L_[) 2 0

is a monotonically increasing function of R, and this finally implies

0=l

S B (@), YR > Ro.
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Now inequality (2.27) implies that @ is constant and property (iii)
proves the lemma. ]

In the next section we will prove the injectivity of our boundary
integral equation with the help of the last lemma. For the solution of
the equation (2.2) we use the double layer potential (2.38) with x = &
defined in (2.39) and finally we need the boundary values of the double
layer potential. For @ € (C(I'))? we get by direct calculation from
(2.38)—(2.40)

1

(243) _lim (K®i)e) = — i) + 5 (Ki)(wo),

where ¢ is not a corner point of I" and K is defined by (1.2).

3. Solvability and regularity results for the integral equa-
tion. In this section we study the operator B := I — K which was
defined in (1.1), (1.2). At the beginning the localization of the oper-
ator B around each corner is given and in Lemma 3.5 and Theorem
3.8 the Fredholm property and the existence of the inverse of these
localized operators are proved. Lemma 3.10 and Lemma 3.11 contain
some local regularity results for the solutions of our integral equation.
In Theorem 3.15 the continuity of the solution of our integral equation
is shown if the righthand side is continuous. This enables us to prove
that B is an isomorphism in L? (but see also the remark after Theo-
rem 3.17). We finally collect our regularity results in Theorem 3.18,
which is important for the approximation results in Section 4.

We will assume that the polygon I' is parametrized by « : [0,T] — R?
in the following way: Introduce n 4+ 1 points in [0, 7] by

O=sp<s1<---<8,=1T,
where &; := 7(s;), ¢ = 0(1)n, are the corners of I, §, = ¢,, and
(3.1) Misisien) () = & + (s = 80)Giy G = (cos(ew), sin(a;)) T
The outer normal to I' on 7(s;, s;41) is given by 1; := (sin(q;),— cos(a;))T.

In the following we will identify the functions on I" and on [0, T]. So
the study of (1.1) leads us to the study of the integral equation

(3.2) B@i(s) == ii(s) + K“i(s) = f(s), se][0,T],
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where the integral operator K is defined by
T
(3.3) K®(s) = / k) (s, )id(r) dr,
0

and

e 1(() =) -n(r)
R ORI

N () = (1) ((s) =7 (7)"
(“ Hoxz +2 ) — A )

see (2.40), (2.43)). Finally we are only interested in K = K@), see
(2.43), (1.3), but we will study K“), w € [0,1]. For w = 0 we get a
decoupled system and the kernel is the well-known kernel of the double
layer potential for the Laplace equation.

(3.4)

In the following we will split the operator K() into a compact
operator K(“2) and an operator K1) which acts locally around the
corners.

For simplicity we will assume that
n—1
(3.5) 2< migl{siﬂ —si},
i

and introduce a subdivision of [0, 7] into the intervals
[si,8; + 1] j=0,

(36) J37;+j = [Si + 1,841 — 1] j=1 = O(l)n —1.
[sit1 —1,sipa], =2

The kernel of X1 is given by

n—1

(3.7) KD (s,7) =Y Xils)E“) (s, 7)Xa (1),
=0

where X;, i = 1(1)n — 1, is the characteristic function of (s; — 1,s; + 1)
and Xo of [0,1) U (T —1,T].

The kernel of X2 is defined by

(3.8) @ = @) _ plel)
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and by construction we have
(3.9) BW — [ 4 W) 4 gw2),
and

(3.10) (I + K@ Di(s) = d(s),

s€[si+ 1,841 —1,i=1(1)n—1,

because k(s 1) = 0, s € [s; + 1,801 — 1], i = 0(1)n — 1.
Furthermore,

(3.11) (I+K@D)i(s) =0, sé€lsi—1,s+1],

holds, if supp (@) N [s; — 1,8, + 1] = @

Now we localize I 4+ K1) around each corner and get the following
equivalent operator for the it corner

(3.12) B =14 K
where K is defined by
(3.13)
w v
n ki) (1) (0 ary)
(K| 2 is) = o , sel0,1].
3 w 1
v i ks (1) @)t

The kernels are defined by

w 1 zsin(ay 2w
kl(vl)(z) T 2+2z CO(S(CJé)i)+1 <(1_W)12X2 pEE cos(ay)+1
(3.14)
2% + 2z cos(a;) + cos?(a;)  sin(a;)(cos(a;) + 2)
( sin(a;)(cos(a;) + z) sin’(«;) ) )7
w 1 zsin(oy 2w
kl(’z)(z) T 2+2e co(S(;)i)-H <(1_W)12X2 " 7% +2z cos(;) +1
(3.15)

(z2 cos?(a;) + 2z cos(a;) + 1 zsin(a;)(z cos(a;) + 1) > )
zsin(a;)(z cos(a;) + 1) 22 sin’(a;) ’
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and we have identified
(3.16)

v1(8) . ul(si—s)) (v;;(s)) . (ul(sl—i—s))
with , with ,
(vg(s)) (uz(si—s) v4(8) uz(s;+3)
s €10,1].
We also assumed a;_1 = 0, so that m — «; is the interior angle at &;,
and omitted some computations.

In the next lemma we will collect some rather obvious mapping
properties of K£(“2) and K“); note that, for example, the kernel k(“+2)
see (3.7), (3.8), is C*° on each set J; X Ji. Then we will study the

properties of I 4+ K1) with the help of BE“’), i=1(1)n.

Lemma 3.1. For w € [0,1] we have

(i) K2 (L2(0,7))% — (L?(0,T))? is compact.

(ii) @ € (L*(0,T))? implies K2 il|;, € (C®(J;))?, i = 0(1)3n — 1.
(iil) If @ € (L?(0,T))? then K“ i is continuous at each point s;.
(iv) @ € (L2(0,7))? implies K5, 5, 1) € (C®(si,841))%, i =
0(1)n — 1.

We now define four functions, which build up the functions k'z(“i) and

k%):
z
lia(z) =
1(2) 1+ 2cos(a;)z + 22
z
l; =
2(2) (14 2cos(a;)z + 22)?
(3.17) 52 , o € (—m,m)
li =
3(2) (14 2cos(ay)z + 22)2
3
li74(Z) =

(14 2cos(ay)z + 22)?

The following properties are clear: [; ; € C*([0,00)), l;;(0) = 0,
l; () >0if z > 0 and

(3.18) / 2, j(x)de < oo, ¢e€(-2,0), Vi,j.
0
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From now on we will omit the index ¢ for I; ; and kz(“;) We get

Wy kW,
k§w)(z) = (l — w)k:D(Z)ngz +w (Z%DE ; Z%l)g ;)
2 \2 3 \2
) @) D) kD (2)
ks (z) = (1 —w)kp(2)lax2 + w (k;é)( ) k%z)( ))
2 \2 3 \Z
with
= 1 zsin(ay)
(3.20) kp(z) = 7r.z2 —|}—2cos(aﬁz +1
_ sm7(ra2)ll(z)
k:gl)(z) _ 2 zsin(a;)?

7 (22 + 2cos(a;)z + 1)2
2
. sin(a;)°l2(2)

2% + 2 cos(a;)z + cos(a;)?
(22 + 2cos(a;)z + 1)?

2
kgl) (2) = e sin(ay;)
2 sin(a;)32 2 zsin(a;)

3.21 S d
(3:21) 7 (22 + 2cos(a;)z + 1)? * w22 4+ 2cos(a;)z + 1

= 2kp(2) — K (2)

(1), 2zsin(@)?(z + cos())
kgl (2) = 7 (22 + 2cos(ay)z + 1)2

= % sin(a;)?l3(2) + % cos(ay) sin(a;)?l2(2)

2 23 sin(a;)?
7 (22 4+ 2cos(a;)z + 1)2

k) (2) =

= % sin(a;)14(2)
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cos(a;)?22 + 2 cos(ay)z + 1

kf)(z) = gz sin(ay;)

T (22 + 2cos(a;)z + 1)2
2 sin(q;)323 2 zsin(oy;
(3.22) =——7>5 ( ) 5T -3 ( )
(22 +2cos(a;)z+1)2 w22+ 2cos(a;)z+ 1
= 2kp(2) — K" (2)
2 G ()2 A
k:éQ)(z) _ 2z sin(a;)?(z cos(a;) + 1)

7w (224 2cos(a)z + 1)2

= % sin(a;)?l3(2) + % cos(ay) sin(a;)?14(2)

Remark. The mapping properties of Mellin convolutions with kernel
1;(2) also hold for Mellin convolutions with kernel &) or k{*). The
kernel kp(z) is the kernel of the double layer potential.

Now we recall some definitions from [5].

Let p > 0,1 €N, p € [1,00], be given. Then we define
(3.23) XP'0,1) :={u € D'(0,1) | 27 *D/u € LP(0,1),: j = 0(1)l }
with the norm

(3.24) [lu

o) = Y 277Dl 1o (0,1)-
0<j<l

In [5] the following two conditions also appear for functions g on [0, 00):
(H1p)/ 2P g(z)| do < oo
0
(Hl%l)/o x(l/p)*1*p|ijjg(x)| dxr < oo, j=0(1)l.

Formula (3.18) shows that all {;, j € {1,...,4} fulfill the conditions
(H17),1 < p < oo, (H1P"), 1 < p < 00, and (H121'), p € 10,3/2). For-
mulas (3.19)—(3.22) now show that ng), see (3.12), maps (LP(0,1))*
continuously into (L?(0,1))* for 1 < p < oo and (X?°(0,1))* continu-
ously into (Xf’O(O7 1))4 for 1 < p < oo, see [5, p. 275 and the proof of
Theorem 1.10]. We have shown the following lemma.
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Lemma 3.2. Forw € R, i € {1,...,n}, the following mappings are
continuous:

B (2P0, 1)) — (L7(0,1))*

B (X700, 1)) — (X7°(0,1)", 1<p< oo,

, 1<p< oo,
)
B (X20(0,1)) — (X2°(0,1))", 0<p<3/2

To calculate the Mellin symbol of the operator BE“)) we first collect
the Mellin transformations /;(s) of the I;(z), see [8]:

(3.25)

(s cos(ay) sin(ay;) cos(ays)

+ ssin(a;)? sin(ays) — sin(;s))

I3(s) = — ; Smﬁai)g sin(lws) (—ssin(ay) cos(a;s) + cos(a;) sin(a;s))
ly(s) = T ! (s cos(a;) sin(a;) cos(a; )

— ssin(a;)? sin(ays) — sin(ys))

In the next lemma we calculate the Mellin symbol matrix of the
operator ng).

Lemma 3.3. The Mellin symbol matriz B\Ew)(s) of ng), w € R, is

given by
(3.26)
) Ioy i(8)Iox2 + whi(s)Si1(s)
Bg )(S) a (gi(S)IQXQ +2wf2u(5)5i,2(5) ’ - Iax2 1 >
(3.27) gi(s) = Ssllfrll((iz;)), hi(s) = Sin(ai)sinfﬂ's)
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o) — cos(a;(s —1))  —sin(ay(
Sii(s) (—sin(ai(s —1)) —cos(a;(s—1 ))
(

1
(3.28) .
Sia(s) = (Cos(ai(s + 1))) sin(a;(s + 1)) )

sin(a;(s+1)) —cos(a;(s+1))

Proof. We substitute the formulas (3.25) into the formula (3.19) and
use (3.20)—(3.22). u]

Remark (on reflection matrices). The matrices S; 1 and S; 2, which
appear in Lemma 3.2 can be viewed as reflection matrices. A reflection
matrix Sz in R?, which describes the reflection at the straight line
orthogonal to (cos(f3),sin(3))7, has the following form

_ [ —cos(2B) —sin(20)
5o = (—sin(QB) cos(23) ) ’

which shows Sz = S§ = 55, Define

g (5;1)051», 52(8):z+(8+1)

Bi(s) = 5 5

(678

Then one obtains

Si(8) = Sp,(s),  Si2(s) = Sz, (s)-

This means that S, 1(s) and S; 2(s) are reflection matrices for real s.
There is a further reflection matrix .S; independent of s by which the
matrices S;1(s) and S; 2(s) are conjugated:

& cos(ay;)  sin(ay)
(3:29)  Si = S(gy()4+82(5))/2 = Sintai)/2 = (Sm(az) - cos(;i)) '

We obtain ~ ~ ~
SZSZJ(S)SZ = Si72(8).

Now (3.26) can be written in the following way:

3.30
;W(l) - ( : Tax2 B} 9i(5)f2x2+¢0hi(5)3¢,l(8)>
¢ Si(9i(s)Iax2+whi(s)S;1(5))S; Ioxo
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As a next step we will prove the Fredholm property of ng). We will
closely follow Lewis [13] and we first recall Lemma 6.2 from that paper.

Lemma 3.4. We consider the equation

(*) sin(y2) - wsm(w =0, ~ve€(0,2m).

vz gl

(i) Let w = 1. For 0 < v < 7uit, equation (x) has no solution in
To1, Top := {2 € C |0 < Re(z) < 1}, for Yeriv < v < 27 there is
exactly one solution zo(1,7) € Tg1. This solution is real and decreases
monotonically from 1 to 1/2 if v varies between Yeriy and 27.

(ii) Let =1 <w < 1. For 0 < v < 7, equation (x) has no solution
in Lo, for m <y < 27w there is exactly one solution zo(w,v) € To1,
which decreases monotonically from 1 to 1/2 if v runs from m to 2x.

Remark. We define
Z(w) == Z(w, a1, ... ,ap)

(3.31) = min{zo(w, 7 + |ai]), 20(—w, ™ + |as])}

because zp(w, ) is monotonically decreasing as a function of w. The
lemma of Lewis shows

(3.32) % <3(1) < Zw) < 1,
and
(3.33) sinl(r £ ai)z) | sinlrdas) Lo o oy

(r+a;)z T+

2e{z€C\{0}|0<Re(z) < Z(w)}.

The following technical lemma is proved in Section 5.
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Lemma 3.5. Let w € [0,1]. Then the following operators are
Fredholm:

(i) B : (LP(0,1))* — (LP(0,1))*, p € (1/2(w), oq], i € {1,... ,n},
(i) B - (XPO0.1))* — (XP°(0,1)% p € [L,1/(1 — 2(w))),
ie{l,...,n},

{(iii) Bz(“; D(XEN0,1)) — (X20(0,1))%, p € [0,1/2 + 2(w)), i €
1,... ,n}.

Now we can determine the index of these Fredholm operators.

Lemma 3.6. Letw € [0,1] and i € {1,... ,n}. We have that
(i) B+ (LP(0,1)* — (LP(0,1)*, p € (1/3(w), 0],

(i) B+ (X700, 1)* — (XPO(0,1))%, p € [1,1/(1 = Z(w))),

(i) B : (X20(0,1))" = (X20(0,1)*, p € [0,1/2 4 2(w)),

K2

are Fredholm operators with index 0.

Proof. ng), w € [0,1], is a homotopy between BEO) and BED in case
(i) and (ii) and for p fixed and in case (iii) for fixed p. It remains in
the set of Fredholm operators by Lemma 3.5 if p and p are restricted
to the range which is given in Lemma 3.5 So it is sufficient to prove

that the index of BEO) is 0.
‘We define

—1
5 Ioxo  —Iaxo 5(0) <12x2 —12x2>
Bi = B
() <12x2 IQ><2> 1 () Inxa  Ioxo
_ ((1+gi(s))12><2 0 )
0 (1 —=gi(s))lax2 )"

So we see that Bgo) can be diagonalized by a transformation not
dependent on s. This means that we can apply the theory for scalar
equations. By the proof of Lemma 3.5 we already know that 1+g;(s) #
0, for all s, |Re(s)] < z(0).
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But in this special case we can prove even more:
oo
o)l =| [ ko
0

oo
g/ |kp (t)[tRe () =1 gt
0

_sin(|ag|Re (s))

~ sin(7Re(s))

<1
for all s with Re (s) € (—=2(0), 2(0)), because sin(|a;|2(0)) < sin(7z(0))
and z(0) = min]_,{7/(7 + |a;])}. If x € R, |z| < Z(0), we get for the
index of the functions 1 + ¢;(z + iy), vy € R,

Indexy2 (1 £ gi(w +iy)) = 0.

Now we obtain with the correspondence between BEO) and Wiener-Hopf
operators on RT, see the proof of Lemma 3.5, and by [10, Theorem

1.8.1]: (a) B'” is invertible on (LP(0,1))4, p € (1/2(0), 0],
(b) B{” is invertible on (XP*°(0,1))%, p € [1,1/(1 — 2(0))),
(¢) B{” is invertible on (X2°(0,1))%, p € [0,1/2 + 2(0)).
This shows (a), (b) and (¢) for w = 0. Thus the remarks at the

beginning of the proof and the inequality zZ(w) < Zz(0) show the
statement of the lemma. i

The transformation which we used in the proof of the last lemma is
now applied again. With the help of the matrices S; defined in (3.29)

and CA'Z-(“’)(S), cf. (5.3), we construct a matrix f?l-(w)(s) which is similar

to gz(w)(s) but has a simpler structure:

-1
5 (w) ([ Iax2 —Iax2 Irxo Q 5(w)
Bi™(s) = (I2x2 Lo ) ( 0 S B )
Irxa 0 o —Ioxe
(3.34) ( 0 &-) (Im Ly >
_ (IM +C(s) 0 )
0 IQXQ - Cz(w)(s)
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So f?i(w)(s) and ng)(s) are similar with a transformation independent

of s. In the next lemma we study the eigenvalues of ng) (s); the lemma
is proved in Section 5.

Lemma 3.7. There is a ¢ > 0 such that all eigenvalues of
Re(f?i(w)(s)), Re(s) = 0, are greater than q for w € [0,1], ¢ €
{1,...,n}.

Remark. The statement of Lemma 3.7 is wrong for Re(s) = 1/2.

A numerical calculation shows that Re (C’i(l)(l /2)) has an eigenvalue
greater than 1.05 if o; = 0.6 * 7.

Theorem 3.8. Letw € [0,1], i € {1,... ,n}. Then

(i) B& + (LP(0,1))* — (LP(0, 1)), p € (1/2(w), 0],

(i) B - (XPO(0,1)* — (X7°(0,1))%, p € [1,1/(1 - Z(w))),
(i) B+ (X20(0,1))* — (X2°(0,1))%, p € [1,1/2+ 2(w)),

are invertible, see Lemma 3.4 and (3.31) for the definition of Z(w).

Proof. Lemma 3.7 and the transformation used in (3.34) show that
ng)(s) is strongly elliptic for Re (s) = 0. By the correspondence to
Wiener-Hopf operators, cf. Section 5, we get that

(i) B : (L>°(0,1))* — (L°°(0,1))* is invertible and

(i) B (X1°(0,1))* — (X1°(0,1))* is invertible.

BY) . (LP(0,1))* — (LP(0,1))%, p € (1/2(0),00], is a Fredholm
operator of index 0 by Lemma 3.6 and L*>°(0,1) C L?(0,1) is dense.
Then it follows by a standard argument for Fredholm operators, see
[18], that

NBE |(zr.1)) € NBE| (1 (0,1)0) = {0},
where N(L) denotes the kernel of the linear mapping L. This implies
ng) is invertible and this proves (i).

Lemma 3.6 also shows that B\ : (XP°(0,1))* — (XP°(0,1))%,
p € [1,1/(1 — 2(0))), is a Fredholm operator with index 0. But we
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have (XP°(0,1))* ¢ (X}°(0,1))* and so we get
N(B§w)|(xf»°(o,1))4) c N(BE‘”)|(X11,0(0’1))4) ={0}.
This proves (ii), and the inclusion

N(Bz(w)|(x§’°(o,1))4) c N(Bz(w)|(xf’°(o,1))4) ={0}, pe[l,1/2+2(0)).

shows (iii) in a similar way. u]

Corollary 3.9. The operator I + K1 : (L?(0,T))? — (L?*(0,T))?,
see (3.7), has an inverse and B“) : (L?(0,T))®> — (L*(0,T))?, see
(3.2), is a Fredholm operator with index 0.

Proof. Note that X;(I + K©@1D)x; can be identified with BE“’), see

(3.6), (3.7), (3.12) and (3.16). Now by Theorem 3.8 each operator BE“})
has an inverse so that I + K@ = 4+ Z?Zl X, K@Dy, is invertible.
Lemma 3.1 and (3.9) prove the second statement of the corollary. |

Lemma 3.10. Let i € (L2(0,1))", w € [0,1], p € [1,1/242(w)) and
l € N. Then
(i) B)@ e (X24(0,1))* implies @ € (X24(0, 1)),
l

(i) B e (X

N A1RA jrnline o2 2, 11 R4
5'(0,1))*+R* implies v € (X;*(0,1))*+R".

Proof. We follow closely [5, Theorem 1.10] and define

w 0 k‘gw) z
Tz‘( )(Z) — ) ,1( ) ’
kiy'(2) 0

)

see (3.19). Equations (3.20)—(3.22) and (3.17)—(3.18) show that all
entries of Ti(w) are in X 12 ™ for all m € N. A simple calculation shows

[:DB*i)(2) = B, (:Da))(2) = T (2)a(1),
for @ € (X3'(0,1))%. By an induction we get

(2D + 2)" B (2) = [B (2D + 2)™ )] (2) + (T{)(2)i0) (),

,m
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@ e (X2™(0,1))% m e N. Here TZ(;‘),B is a finite dimensional operator,
which consists of linear combinations of Ti(w)(z) and its derivatives. In
[6] it is shown that

Sm = (2D +2)™ : (XP™(0,1))" — (XP°(0,1))%, 1<p< oo,

is an isomorphism for all m € N.

This implies

B =6, 0B o g+ 6y, 0 T

i,m?

where ng) is invertible on (X2"™(0,1))* by Theorem 3.8 and ¢! OTZ-(’:;)
is a finite dimensional operator and hence compact. Because of this we

have that BE“)) is a Fredholm operator and its index is 0. But we also
have

(w) (w) _
NB | (xzm0,171) € N (B [ (x20(0,1)1) = {0}-
This shows that BE“)) is an isomorphism on (X2 (0,1))* and proves
().
We recall the formula

[2DBi)(2) = [BY (:D0)](2) — T (2)a(1)
from above. By [6] it follows that

2D+ (XP™(0,1)) + R* — (X2 71(0,1))*
is surjective with kernel R*. This implies

B&¥(RY) C (X2™(0,1)) R,

and BE“’) is a Fredholm operator with index 0 on (X2 (0, 1))4RA

But the kernel of B*) in (L*(0, 1))4 is trivial by Theorem 3.8 and so
(ii) follows. O

Lemma 3.11. Let i € (L?(0,T))? be a solution of the equation (3.2),
with w € [0,1] and fls, s, € (C'[siysi41])?, i = 0(1)n —1, 1 € N.

Then we have
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(1) ﬂ|(Si7Si+1) € (Cl(siﬂ si+1))2a 1= 0(1)7’L - L

Uy () == i(s; +t) € (X21(0,1))* + R, i€ {0,... ,n—1},
T 2Ho,1)*+ R, ie{l,...,n},

with p € [1,1/2 4+ Z(w)) and Z(w) defined in (3.31).
Proof. (i) For @ we have, see (3.2),
i=f-K“a

Lemma 3.1 and the assumption on f prove statement (i).
(ii) By (3.12) and (3.13) we see that the function ¥ := (v_,v)T €
(L2(0, 1))4 fulfills the equation

B(w)ﬁz ('q:) = _‘7
i Gr g

Gi(z) = flsi £2) — (K@Da)(s; ).

where

The assumptions on f and Lemma 3.1 imply
ge(c'o,1])*.
For !> 1and p € [1,1/2 + Z(w)) we have
g(z) = (g(x) = §(0)) + §(0) € (X3'(0,1))* + R™.
By Lemma 3.10 we get
v e (X20,1)" + R,
and this proves (ii). O

Corollary 3.12. Let @ € (L?*(0,7))? be the solution of (3.2),
w € [0,1], flisi,si0a] € (CH0,1])2, for all i. Then we have

—|

Ul[s;,8i41] € (H1[8i7 3i+1])2'
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Proof. Because of X2''(0,1) + R ¢ H'[0,1] and by Lemma 3.11, it
follows that @|;, € (H'(J;))?, for all j € {1,...,3n}. The continuity
of @ on J3; U J3i41 U Jsi40, 1 € {1,...,n}, follows from 3.11 (i). o

Lemma 3.13. Let @ € (C[0,1])*. Then we have

lim (B{)i0)(z) = Ei(0),

z\,0
where
w 0 C(W)
(3.35) B =Tna+ | 0 7,
Ch, 0
and

(W) _ @ w . (cos(a;) sin(ay)
Cp = ™ Loz T sin(e) (Sin(ai) —cos(a;) )

Proof. Tt is proved in [2] that

: (w) = _ pw) -
lim (B @) (x) = B (0)(0),

for continuous @ (only in the scalar case, but this is sufficient). We get:

. Q4
by 9i(s) = =
w

lim wh;(s) = — sin(«;)
s—0 T
3 [ cos(a;)  sin(ay)
21—% Sials) = (sin(ai) —cos(ai)>
lim 5 (s) = cos(ey;)  sin(ay)
52072 = sin(ay) = cos(ay) )

see (3.27) and (3.28) for the definitions. But then (3.26) gives the
result. O

By a calculation we get:
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Lemma 3.14. Letw € [0,1], o; € (—m, ). The matriz Ei(w) has the
factorization

(w) T T
(“’)—L Ui —Ui Di,1 0 L Ul- Ui
(3.56) ‘\/i(Ui U)( 0o p¥)va\-ur ur)

where U; is a unitary matric

cos(a;/2) —sin(a;/2
(3.37) Ui = (Sm((ai;zi COS(éi/é))>

and DEj‘l’) and DE";) are diagonal matrices

) _ [ 1+ (i +wsin(ay))/m 0
9 D;y = ( 0 14 (o — wsin(ai))/ﬂ)
’ D _ 1— (o +wsin(ey)) /7 0
2 = < 0 1— (o — wsin(ai))/ﬂ)

which are nonsingular.
The last two lemmas make it easy to prove.
Theorem 3.15. Let w € [0,1] and @ € (L?(0,T))? be solutions of

the equation (3.2), fe (Cl0,T))?, f[si,siﬂ] € (Csi,si11])%. Then we
have

e (C[o,17)2.

Proof. Because of Lemma 3.11 we only have to show the continuity
of @ in s;, i € {1,...,n}. For fixed i we define

v}(:r) 1= U(s; £ @),
(z) :f:i — (K@) (s; £2), xe]0,1],
ee(2)
7= ()
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We have by (3.9), (3.12) and (3.13)
B®i = .
Our assumptions on f and Lemma 3.1 imply @ € (C'[0,1))* and

w_(0) = @, (0). By Corollary 3.12 we get 7 € (H[0,1])* C (C[0,1])*.
Lemma 3.13 gives

Lemma 3.14 shows

This shows ¥_(0) = 4.(0) = Ui(DEf‘{))_lUTQDL (0), and we have proved
the continuity in s;. o

Corollary 3.16. Let w € [0,1], @ € (L?(0,T))? be solutions of the
equation (3.2) and f € (C[0,T))2, fllsi,sit1] € (C*ss, si41])%. Then
we have

i€ (H'0,T])%

Proof. The proof follows from Corollary 3.12 and Theorem 3.15
because @ is a piecewise H'function, which is continuous on the whole
interval. a

Let B be the operator defined in (1.1), or equivalently, the operator
defined in (3.2) with w = @, cf. (1.3).

Theorem 3.17. B: (L?(0,7))? — (L*(0,T))? is an isomorphism.

Proof. By Corollary 3.9, B is a Fredholm operator with index 0. If
@ € (L*(0,7))? is a solution of

Bu =0,
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then we know by Corollary 3.16 that @ € (H'[0,7])%. We define the
double layer potential U(z) := (K®u)(z), see (2.39). By Lemma 2.10
we get

PU|lo =0, UeVp,

and the relation (2.43) implies 'yomg = 0. By Lemma 2.2 we know
U’|Q = 0 and this implies ’}/iﬁ)(_jkz = 0. By Lemma 2.11 U is also a
weak solution of

PU =0 in Q°.

Lemma 2.12 gives V§R)ﬁ|9c = 0 and Lemma 2.13 implies Ulge = 0.
This shows 70ﬁ|gc = 0. But by Lemma 2.12 we obtain
0= [70(7} = [’Yngw)ﬁ] = —u.

So B is injective and this proves the theorem. o

Remark. Theorem 3.8 shows in an analogous way that
B: (LP(0,7))" — (LP(0,T))"

is a Fredholm operator with index 0 for p € [1/Z(¢), oo], see Lemma 3.4
and (3.31) for the definition of z(¢). The inclusion LP(0,T) C L?(0,T)
proves that B : (L?(0,T))°> — (L*(0,T))? is an isomorphism for
p € [2,].

Theorem 3.18. Let f € (C[0,1))?, ﬂ[s'i7si+1] € (C'sy, 8541))%,
i=01)n—1,1€ N, and @ € (L*(0,T))? be the solution of equation
(1.1). Then @ has the following properties:

(i) @ € (C[0, T])?,
() @)(a,.0000) € (C(sir8141))% i € {0,... ,n— 1},
(iii)
i(si+1) € (X20,1))" +R?, i€ {0,...,n—1},
i(si —t) € (X240,1))* +R?, i€ {l,...,n},

with p € [1,1/2 + 2(@)), Z(@) defined in (3.31).
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Proof. Corollary 3.16 shows (i) and Lemma 3.11 implies (ii) and (iii).
]

4. On the numerical approximation of the solution of the
Lamé equation. In this section we use a collocation method to ap-
proximate the solution of equation (1.1). We use piecewise polynomials
on [0, T], which are continuous and periodic on [0, T]. The meshes must
be graded near the corners to get a good convergence rate and a cut
off technique (i*-trick, see [7] and [3]) has to be used to guarantee the
stability of the method. The proof of stability here is not standard,
because the operator is not strongly elliptic in L?, see the remark after
Lemma 3.7.

As a preliminary step, we first discuss the stability of certain finite
section approximations to equation (1.1). We introduce projections P,
on (L?(0,T))? and projections @, on the reference space (LQ(O, 1))4 to
construct these approximations.

Let h € (0,1). The projector Py, : (L%(0,T))? — (L?(0,T))? is defined
by

i(x) |x—si|>h, Vie{0,...,n},
0, else.

an (e -

Recall that s; are the preimages of the corner points under the
parametrization « : [0,7] — I'. The projectors P, have the property:

%lir%) P, = I(LZ(O,T))% strongly.

The finite section approximation for B“), see (3.2), is defined by

(42) B;:u) = PhB(w)Ph.

Our first aim is to prove that B,(f) has a bounded inverse for h < hy,
where hg > 0 is some constant. To prove the stability, we have to study
the corresponding finite section approximation for BEW), cf. (3.12). The

projector Qp, : (L?(0, 1))4 — (L*(0, 1))47 h € (0,1), is given by

i(x) x>h

(1) @@ ={§ =
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and the finite section approximation for BE“)) by

(4.4) B = QuB Q.

Lemma 4.1. Let w € [0,1]. There exists hg > 0 such that BE?‘;L) has

an inverse in Qp (L*(0, 1))4 for all h < hg and i € {1,... ,n}. There
s a constant C for which

1B Mg, z20ay: < Cs h < hoyi€ {L,...,n}.

Proof. The proof is based on the stability results for the finite section
approximation for Wiener-Hopf operators in [10]. The finite section
approximation of a Wiener-Hopf operator W is stable if the symbol
matrix W(s) has determinant different from zero, s € R, and if the
left and right partial indices of the symbol matrix W (s) are all zero,
[10, Theorem VIIIL.6.2]. The left partial indices of W (s) are the right
partial indices of W (—s), [10, p. 222]. The vanishing of the right partial
indices of W(s) is equivalent to the invertibility of the operator W, [10,
Theorem VIIIL.6.1].

Now we denote by W the Wiener-Hopf operator which corresponds
to ng). Then W (s) = ng)(l/Q +1is), s € R, see (3.26). Because BE“))
is invertible all right partial indices of W(s) vanish.

We denote by Ci(w) the operator on (L2 (0, 1))4 which has the symbol
matrix ng)(l — s). Then the Wiener-Hopf operator Wy which corre-
sponds to Ci(w) has the symbol matrix W (—s). If we can show that
Ci(w) is invertible then the right indices of W(—s) are zero and then the
finite section approximation for W and so for ng) is stable.

It remains to show that the operator C\*) : (L2(0, 1))4 — (L*(0, 1))4
is invertible. If Re(s) = 1, then C’fw)(s) = BEW)(l — s) is strongly
elliptic, Lemma 3.7, i.e., all eigenvalues of Re (C’l(w)(s)), Re(s) =1, are
greater than some positive constant. This implies

) (LY(0,1)* — (L1(0,1))*
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is invertible. Now we remark that det(éi(w)(s)) # 0, for all s with
Re(s) € [1/2,1], see (3.4) and the following text. Therefore the
operator C’i(w) is a Fredholm operator on (LP(0,1))* for all p € [1,2]
and w € [0,1]. For w = 0 we get the operator, which corresponds
to the double layer potential, see (3.4). This operator is invertible in

(LP(0,1))* and so Ci(w) is a Fredholm operator with index 0 for all
p€[1,2],w e [0,1]. But

N(C | (1o017)1) € N(CE|(p10,1yy1) = {0},

which proves the invertibility of C’l-(w), especially for p = 2. mi

In the following we restrict ourselves to the case w = @ and omit the
upper index w for B,(f), K@D and K@:2),

Theorem 4.2. There exists an hg > 0 and a constant C' > 0 such
that for h € (0, hg) the operator By, is invertible in Py ((L?(0,T))?) and

1By, o ((z20.07)2) < C-

Proof. By (3.9), we get
By, = Pn(I + ]C(l))Ph + PhIC(Q)Ph

with compact K, see Lemma 3.1. Moreover B is invertible by
Theorem 3.17, and [10, 11.3.1] shows that we only have to prove the
invertibility of Py (I + KM)P,. The operator Py(I + KM)P,, h < 1,

takes the form
n—1

P, + Z XiPhK(l)PhXi
i=0
and the operator X; P, (I + IC(l))PhXi can be identified with B; p, cf.
the proof of Corollary 3.9. Therefore Lemma 4.1 proves the theorem.
O

Now we introduce the graded meshes and the corresponding spline

spaces. Choose a grading exponent ¢ > 0, let ©,, := (x§m));":0, m € N,
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be the partition of the interval [0, 1] given by

(4.5) RO AN
J m
and define
(4.6) h§m) = x§m) - xgrf)l, j=1(1)m.

Here and in the following we will not explicitly indicate the dependence
of :r;m) and h;m) on gq.

Remark. We assume this special partition only for simplicity. All of
the following statements are true for partitions (xgm))m which fulfill

i=1
- q - q
(4.7) C—?<i> <h<m><c—?(i) :
Jj\m / J\m

with constants c1, co independent of j and m.

For a sequence O,,, we define by
(4.8) 105, = 115, (O,)

the space of all continuous functions, which are piecewise polynomials
with respect to the partition ©,, and of degree smaller than or equal
to d. If we choose (&)¢_, C [0,1], 0 =& < ... < & = 1, then the
projector P2 : C[0,1] — I1¢,, P4 = P4 (0,,, (&)¢_,) is defined by

(4.9) (Pau)(af™ + &h{TY) = u(af™ + &h{TH),
j=01)m—1, k=0(1)d. For j > 1 we define
(4.10) ¢, = {uell, | ul g om) = 0}
and PZ . : C[0,1] — C[0,1] by
(4.11)
w(@™ + T 1=+ 11)m -1,
m m k=0(1)d,
(Ph ™ ey =4 k=0
u(ry ™ + &) 1=3, k=1(1)d,

0 else.
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As a next step we introduce partitions of [0, T, which are refinements
of the subdivision (3.6). For ¢ > 1 we define a sequence of partitions

Ay = (sVM)2matl e N, of [0,T] with

(4.12) 0=si" <o <sfp =T,

by the demand that the 3mn + 1 real numbers

N
j . .
i — |, =0(1)m,2=0(1)n -1,
S+(m> j=0(1)m,i=0(1)n
si—l—l—l—%(si_,_l —5i—2), j=01)mi=0(1)n—1,

Si — (i)q, j=0(1)m,i=1(1)n,

m

are elements of {sg-m) | j =0(1)3mn+1}. The stepwidth (5J(-m) is defined
by

(4.13) 3 = s sl = 1(1)3mn + 1.

Remark. Here we also consider this special mesh only for simplicity.
For a sequence of partitions (sg.m))j]\i(om), M(m) ~ m, it is sufficient
that the greatest stepwidth goes to zero like 1/m and that near the
points s; the mesh satisfies condition (4.7). All results in this section

are valid if this is fulfilled.

We define by
(4.14) ¢ =1¢ (A,,), deN,

the space of all continuous functions on C[0,7], which are piecewise
polynomials with respect to A,, and of degree smaller than or equal
tod. Given 0 = § < &§ < -+- < & = 1, we define the projector
P2 C[0,T] — I, by

(Phu)(s™ + &:6m)) = u(s™ + &:887),

(4.15)
Jj=0(1)3mn,k =0(1)d.



180 J. ELSCHNER AND O. HANSEN

For j € N, j < m, we define
(m) j q n—1 ] q j q
= e=10, [ + U — L <
PG eUl-G) e ()]
N\ 4
o= () ]
m

and a further projector R} in (L?(0,7))? by
~ () x€

(4.16) (R70)(x) =
S

Finally we define the modifications of the space ﬁfn,

(4.17) ¢, = {u eI, | ul o =0},
J

. C[0,T] — 1% . by

and its projector P m,j

m,j

(418) (B u)(si™ +&o(T)
- {U(Sl(m) +&a) s o) € 0,7)\ =™
0

J
else

for all [, k. All of the above spaces and projectors can be defined for
functions with values in R!, [ € N.

For f € (C[0,T])? we denote by i, € ﬁﬁw the solution of the
collocation equation

. B
(4.19) Pl (I+K)iy, =P2 ..

Remark. If we look at the proof of Theorem 4.2, then it is clear that
for a fixed 7 > 1 we have

>

(4'20) ”R;n(l + K)ﬁH(L2([07T]\5§m)) = C||6H(L2[07T]\5;""))7

for all @ € (L?([0,T) \E;m)))Q, m sufficiently large.



COLLOCATION METHOD 181

The following lemmas allow us to obtain the stability of the colloca-
tion by small perturbations of the last estimate (4.20).

Lemma 4.3. Let ¢ >0 and 0 = § < & < -+ < &g =1 be given.
For every e > 0 there is an i > 1 and m > 1 such that

2,1
I = P2l g ) < ellullza, we X3 (0,1),

j>1,m>m.

Proof. For u € X2'' we have u € H'[a, 1], for all a > 0. Pl uis
well defined for j > 1. If m € N, j > 1, we get

(m)
Ty

T = Pl o o) < e [ @)

(m)
1
(m)
h(m) 2 Y
I+1 2
< C(W) -, (zu'(2))" da,
! e

where ¢ depends only on (&x)g, see [5, Section 2]. For € > 0 there exists
an i*(¢) > 1 and m*(e) such that

h(m) 2 2
<ﬂ> <=, iz,
xl(m) c

and therefore

(m) (m)

/:IH (I = Py j)u)* do < & /ml+1 (2’ (2))? dz.

(m) (m)
1 &

Summation over [ gives

1 1
/ ((I - Pf,lm-)u)2 dx < 62/ (zo/(x))*dx, 7§ >,

(m) (m)
J J
and this implies
d
H(I - Pm,j)u”Lz(m;m)J) < 5||1'u’||L2(r§_m)11)

< 5”“”){311(0,1)7
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for all j > i*, m > m*. This shows the lemma with 1 =1i* and 1 = m*.
O

Lemma 4.4. Letw € R, i € {1,... ,n}. The operator
(w) 2 4 2 4
xDK; : (L*(0,1)) — (L*(0,1))

18 continuous.

Proof. The definition of ICE“)) in (3.13) and the formulas (3.19)—(3.22)
show that we only have to prove that

xDL; : L*(0,1) — L?(0,1), j=1(1)4,

is continuous, where

we) = [ (2 )utr) &

see (3.17) for the definitions of the [;. For u € C§°(0,1), we have

(Lju)(z) := [arlD(LjU)](l‘)
[5()E)or

This shows that L; is a Mellin convolution with kernel l5(s)s. But
l5(s)s fulfills (H1?), p € (=1,1). This shows 5]

L;:L*0,1) — L*(0,1)

is continuous and the lemma is proved. a

Lemma 4.5. Letw € R, ¢ >0, and 0 =§ <& < -+ < &g = 1.
For every € > 0 there are i(¢) > 1 and m(e) > 1 such that

(I - Pfill,j)lc(w)ﬂ”(L2([07T]\E;m)))2 < elldll(z2(0,))2

j>1,m>m.
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Proof. First we write
(I - PLHKWad=(I-PL )KWVi+ (I-PLHK@q,
see (3.7), (3.8). By Lemma 3.1 we know that

3n—1

Kw:2) . (LQ(O,T))2 N H (Cl(Ji))Q
i=0
is continuous. By the definition of A,, we know that there is an
mg(e) > 1, such that

~ N IS N
(421) |[(I = P, Y2 (12 (0my)2 < Slalizzmyz,  m=mg(e).

But (I — ﬁi’j)(lC(“"fl)ﬁ)(a:) is different from zero only for z € [s; —
1,s; + 1]. We apply Lemma 4.3 in the neighborhood of each s; and
define 7 € (£2(0,1))" by

()@= (1) -
()@= (i) o

Lemma 4.3 shows that for all n > 0 there is an i} () > 1 and mf(n) > 1
such that

H(I - P’r(riz7j)lc(w7l)ﬂ||(LQ((Si_1,Si+1)\E§m)))2 < 77||’CZ(W)17H(X3‘1(0,1))4

< el (2(0,1))4

S n&||ﬁH(L2(Si—l,si+1))25
1>, m>mj.

Here we have applied Lemma 4.4. So we can choose i*(¢) > 1 and
m3(e) > 1 with

Bd 1) €=
H(I_ Pm,j)lc(w )uH(L2((Si,17si+1)\55m)))2 < §||u||(L2(Si*1,Si+1))27

(4.22) i > i*(e),m > mi(e).
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Equations (4.21) and (4.22) together prove the theorem for m*(e) :=
max{mj (), mj(e)}. O

_Now we can prove the stability of our modified collocation method
Pgm- (I+ IC)Pffl’j if j is sufficiently large.

Theorem 4.6. Let ¢ > 0 and 0 =& < ... < & = 1. There exist
i, m* € N, such that, for all i > i*,
||ijw»(l + K)ill(z20,1))2 = clldllz20,1))2

RS ﬁ‘fm, m > m*, where the constant ¢ > 0 does not depend on @ or

E

Proof. By Theorem 4.2 there is an hg > 0, such that
(4.23) ||Ph(I + K:)PhﬁH(Lz(O’T))z > CHPhﬁH(L?(O,T))?a h € (0, ho),
where c is independent of @ and h. By Lemma 4.5 there exist ¢* and
m* with
~ . c .
(4'24) H(I - sz,j)’CUH(L2([07T]\E§m)))2 < 5Hu”(L2(O,T))27
m > m*, j > i*. Now we fix j. For m > mj the projector R},

see (4.16), also fulfills the inequality (4.23), see the remark before
Lemma 4.4. We further have

m _ pd _ pd
(4.25) Ry oPL =Pl .
For m > max{m*, mj}, we get for @ € (ﬁﬁlmj)2

- (4.25)
1P (T + Kl 2oz = R+ K)R | 12(0,7))2

- H(ﬁffu = R (I + K) Ry ll(£2(0,1))2
(4.23) .
> c||R}"l| (L2 (0,1))2
— |(P% ;= RIMKRI | (r2(0,1))2
= C\|1_l'||(L2‘(0,T))2

~4 .
- H(Pm,j - I)ICRgnuH(L2([07T]\E§m)))2

(4.24)
>
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Lemma 4.7. Let @ € (L*(0,T))%, p € (1,3/2). Assume that, for
every i,
[si,Sit1] € (Cl(siysiJrl))z,

T () = (s £ 7) € (X24(0,1))° + R,

(2

U

and let ¢ > 2r, r:=min{l,d + 1}. For j* € N we have

D — c 17:7.7*
10 = P )l ooy < S22,
m
Proof. By the triangle inequality we get
(T = Byt )il 22 0.my2 < DI = Poy g )idll 2 (s, 41,800 -1)2
§=0

n—1

+ Y NI = PE )il (12(s, 5,412
=0

+ ) T = P )il 2 (s,-1.5))2-
=1

For the first summand we get

(4.26) (I — P2 )d(z)] <

because here @ is a C'-function, > r.

The terms in the second and third sum can all be estimated by the
approximation error for ¥ (z) on (0,1). We look at one term in the
second summand and because of 2r > r/p we get by [5, Lemma 2.20]
u

= €2 1=
(427) H(I - Pg’L,j*)viJrHL%w;T)’l))z < W”vz (Xi’l(o,l))%

where the constant ¢y depends only on (§k)g=0. Now we notice

. . . 2
ot =i + oy, wt € (X’%’Z(O, 1), v € R%
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We get

H(I_sz,j*) = ||17i+

=+
U N2 0,22 iz 0.0ty

2™

J
<
0
;cj.T) 1/2
([ 1 pa)
0

2™

" < (g [ <x‘p||wf(:c>||>2dx)l/2

+ (@257

1/2
||wf<x>||2dx)

q>2r N 1
ca() —
Now (4.26)—(4.28) prove the lemma. O

Remark. In the proof of Lemma 4.7 we see that the large grading
exponent 2r is only necessary for the proof of (4.28). If it is possible
to prove stability for a modified projector Pf,lm* where the functions
are constant (but not necessarily zero) in a vicinity of zero, then a
grading exponent r/p would be sufficient for the approximation result
in Lemma 4.7.

The next theorem shows that for m large enough the solution ,, of
the collocation equation (4.19) is well defined and we get an estimate
for the error.

Theorem 4.8. Let f € (Cl0,T))?, ﬂ[sw”l] € (CYsi,si11))?,
i=01)n—1,1€ N. We denote by @ the solution of equation (1.1),
see Theorem 3.17. Let 0 =& < & < - <& =1,de N, ¢ > 2r,
r:=min{l,d + 1}. There exists an i* € N, such that for j* > i* and
all sufficiently large m the equation (4.19) has a solution i, and we
get

c

1@ = tm |l (r2(0,7))2 < "
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Proof. By Theorem 4.6 there exists an i* € N, such that for j* > i*
(4.29)  [I1P5 ;- (I + K)Tllz20,myy2 2 elldllzzorye, VT EIL, 5o,

m > m*, ¢ > 0. Because ﬁflmj* is finite-dimensional this shows the
solvability of (4.19), and we get by the triangle inequality
(4.30)

1@ = @l (2202 < 11T = Py jll 220,002 + | Pt o @ = Tl (220,72

For the second summand we get by (4.29),

||ﬁ77dz,j*ﬁ_ UmH(LQ(o,T))? < %Hﬁwdz,j*(‘[ + ’C)ﬁr(f@,j*ﬁ
— B i (T + K)ilm | (220,12
= LB (T + K)o
(431) ) :ﬁg@,j*ﬂkL?(E,T))?
= E||P§lm* (I+K)P i
- 15;;11,]‘* (I + K)ill(z2(0,1)2
= %||157%7j*lc(ﬁgz,j*ﬂ_ a)H(LZ(O,T)V

S Cl||Pg17j*’lz— ﬁH(Lz(O,T))2~

Here the continuity of ﬁgw»JC, see Lemma 4.5, has been used. Equa-
tions (4.30) and (4.31) now give

1@ — tmll(z2(0,r))2 < (14 c1)|d — ﬁrlriz,j*ﬁH(LQ(O,T))z’y

but @ fulfills the assumptions of Lemma 4.7, with p € [1,1/2 + Z(®)),
by Lemma 3.11, and this proves Theorem 4.8. mi

5. Proof of some auxiliary results.
Proof of Lemma 3.5. By the transformation  — e~*/? we have the

correspondence between the operator BZ(W) on (0,1) and a Wiener-Hopf

operator W) on [0, 00).
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The Wiener-Hopf operator is a Fredholm operator if the determinant
of its symbol Wi(w)(s) is different from zero on the real line [10,

Theorem VIII, 6.1]. If we consider BE“)) as an operator on (L?(0,1))*
the corresponding Wiener-Hopf operator has the symbol

(5.1) B(s), Re(s)=1/p.

If we consider B\gw) (s) as an operator on (X2(0,1))*, the corresponding
Wiener-Hopf operator has the symbol

(5.2) B”(s), Re(s)=1/p—p,
see [5].
This implies that we have to study the zeros of the function
det(B)(s)), we[0,1].
By formula (3.30) we have
sw) oy [ L2x2 0 3w) Iya 0O
B (s) = ( 0 Si) B, (s) ( 0 K where
. A(w)
(63) g (s) = (A{jf Ci (S)>, with
C;"(s)  Ioxe
Ci(s) = (9:(5)Laxz + whi(5)S:(5)) i

Because of det(S;) = —1 we get
det(B“)(s)) = det(B“(s)).

%

Now we follow the proofs of Lewis in [13].

First we obtain
det(égw)(s)) = det(Izx2 — C’Z(w)(s)) det(loxo + C'i(w)(s)).

Furthermore we have

Ioyo — C'i(w)(S) = Sm(lﬂs) [— sin(ays)S;
( sin(ms) — wssin(a;) cos(ay) —wssin(oy) sin(a; ) > }
ws sin(a;) sin(a;s) sin(ms) — wssin(q; ) cos(a;)

1
" sin(7s) (A2 + A1),
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Here A; has the form

1 1

A — agl) agQ)
1 (1)
Qg A1

(which is called antireflective by Lewis) and A, has the form

(called reflective by Lewis). This implies

det(A1 + AQ) = det(Al) + det(Ag)
= ((a{)? + (@)?) — (@)% + (@i)?);

hence,
det(Izxo — C'Z(w)(s)) = sin(irs)z ((sin(ms) cos(ays) — wssin(ay))?
— (cos(ms) sin(a;s))?)
= smérs)?(“z -5
= @ Ala+ o)
where

a = sin(7s) cos(a;s) — wssin(a;),
B = cos(ms) sin(a;s).
For s = 0, a and 3 have a simple zero. Now we have
a—0 =0

s#0  sin((m —ay)s) " sin(m — o)

(m— a;)s T— oy
By Lemma 3.4 of Lewis we get

a—pF#0, forseC, 0<Re(s)<z(w), s#0.
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On the other hand,

a+ s =0
£ sin((m 4+ «;)s) _’_wsm(w—i—ai) _o
(m 4+ ay)s T4 oy

Again by the lemma of Lewis we know

a+p#0, for0< Re(s)<z(w), s#0.
This implies

(5.4) det(Ipxz — C)(s)) 0, 0<Re(s) < z(w).

Analogous to Ioxo — C’i(w)(s) we now analyze Ioyo + C‘i(w)(s) and get

(5.5) det(Inxs + C“)(s)) £0, 0 < Re(s) < z(w).

det(Iax2 £ C’Z(w)(s)) are even functions, therefore (5.4) and (5.5) show
det(Iowo = C(s)) £ 0, if [Re(s)| < z(w).

This gives
det(B)(s)) #£0, if [Re (s)| < z(w).

Lemma 3.2 now shows (iii) for 1/2 — p > —Z(w), and Lemma 3.2 and
(5.1) imply
B (170, 1)) — (L7(0,1))"

is a Fredholm operator for

0<? _
P Z(w)

Lemma 3.2 and (5.2) show

BX): (XP0(0,1))* — (XP0(0,1))*
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is a Fredholm operator for

1
—Zw) < ——1<0<=1<p<
b

1
1—2z(w)’

Proof of Lemma 3.7. We have

C’i(w)(s) = gi(5)S; + whi(5)Si1(s)S;

For Szl(s) = 11(8)5'1 we get

§ir(s) = ( cos(a;s) sm(ais))_

—sin(a;s) cos(a;s)

Re (C“)(s))
1 ~ -

= 5 (gl(S)Sz + gi(S)S’i + whi(S)Si,l(S) + whi(s)Siyl(s)*)

= Re (gi(5))S;
tw ( Re (h;i(s) cos(;$)) V—1TIm (h;(s) sin(q;s)) >
—+/—1Im (h;(s) sin(c;s)) Re (h;(s) cos(s))

The first term is a reflective matrix and the second term is antirgﬂective.
This will be used in the calculation of the eigenvalues of Re (Ci(w)(s)).

det(Re (C{)(5)) = Alax2)
_ det(( wRe (h;(s) cos(ais.)) - A V—=lwlm (h;(s) sin(ais)))
—V/—=1wIm (h;(s)sin(a;s))  Re (hi(s) cos(a;s)) — A

+ Re (g:(5))5:)

= (wRe (hi(s) cos(a;s)) — \)?
— w?Im ((h;(s) sin(a;s)))? — Re (g:(s))?

= A% — 2wRe (hi(s) cos(a;s)) A
+ w?(Re (hy(s) cos(ays))?
— Im (hy(s) sin(a;5))?) — Re (gi(s))*.
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The two solutions for A are given by

(5:6) A1/2(s) = wRe (hi(s) cos(as))

We recall that

hi(s)sin(a;s) = sin(ai)%(:;)s)’
i(s) cos(a;s) = sin(q; M
hi(s) cos(os) = sin(ar) ")
(g) = sin(ay;s)
9i(5) sin(ms)

We substitute s = v/—1y, y € R, and obtain

, o ysinh(aiy)
hi(s) sin(a;s) = v/—1 sin(;) sinh(ry)
vV/—1ycosh(a;y)
V/—1 sinh(my) ’
y cosh(ay)
sinh(7y)

hi(s) cos(a;s) = sin(a;)

= sin(ay;) ,

sinh(ayy)

9:(s) = sinh(my)

By (5.6) we get
y cosh(a;y)
sinh(7y)

sinh(a;y)?
sinh(7y)?

Aiya(y) = wsin(e)

4 w2 Sin(ai)QSID (Oé y)

= wsin(«;) yeosmaiy) cosh(asy)
B " sinh(mry)
sinh(a;y)

1 2 Gin(a)2u2)1/2.
—sinh(wy) (1 4+ w?sin(;)*y?)

sinh(7y)?

+ (Re (gi(5))? + w? Im (hy(s) sin(ays))?) /2

)1/2
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Let a; > 0. We define

filei,y) = Ai(y)
ycosh(a;y)  sinh(o,y)

(1 + w?sin(a;)%y?)/?

in(a) sinh(7y) sinh(7y)

(v)
(o y cosh(a,y) _ sinh(a;y) W2 sin(a)2y2)1/2
(a:) sinh(7y) sinh(7y) (1+ (o) 7y7) "

wSs
f2(ai7y) = A2
wSs

For a; < 0 we have

y cosh(a,y) sinh(—aiy)(l + w2 sin(a-)2y2)1/2

A (y) = —wsin(—ay) sinh(7y) sinh(my)

= —fz(—az',y

)
Ao(y) = —w sin(—al)yCOSh(o‘iy) _ sinh(—a;y)

=—fi(~ai,y)

(1 4 w?sin(a;)*y?)Y/?

sinh(7y) sinh(my)

We are only interested in the absolute values of A;/5(y), so we only
have to consider fi/2(as,y), a; € [0,7), y € R. But we further have

(i) fi/2(i,y) = fi2(ai, —y), Va; and y € R.
This means we only have to look at the case a; € [0,7), y > 0. But
then we observe that

|f1(w,y)| = [ fo(ai, y)| and fi(u,y) = 0.
So it remains to show that there exists
(5.7) ¢} < 1 such that fi(a;,y) <gqf, Vy>0.
The statement of the lemma then follows with
¢:=1-max{q}.
Define

ycosh(a;y)  sinh(a;y) 1+ sin(a')zyz)l/2

f(ai, y) = Sin(ai) sinh(ﬂ'y) sinh(ﬂ'y)
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(here w is equal to 1). We have the following properties
(i) fi(ei,y) < flei,y), Va; € [0,7),y > 0.
(iii) limjy|—oe (s, y) = 0.
(iv) f(0,y) = 0.
(v) f(my) =1.

From (ii) it follows that we have to prove (5.7) only for f(a;,y). (iii)—(v)
show that it is sufficient to prove that the mapping

(5.8) a; — f(ai,y) is monotonically increasing, y > 0.
Then (5.7) is proved. But we have

g—f(ai, y) = cos(ay) Looh(@Y)

y? sinh(a;y)
o sinh(7y)

+sin(e) sinh(my)

y cosh(a,y) . 2, 2\1/2
aasenSellyyg] )
Slnh(’ﬂ'y) ( +Sln(al) y )

2 .
. y* sinh(a,y) : 2. 2\—1/2
i i) i
+ sin(oy;) cos(ay) Sinh(ry) (14 sin(oy)“y*)

= Sy (veoshlow) (cos(an) + (1 4 sin(ay?)

>0
+ y?sin(ay) sinh(euy) (1 4 cos(az) (1 + sin(oy)?y?)~1/?)

>0 >0

> 0.

This proves (5.8) and the lemma. m
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