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INVARIANT DISTRIBUTIONS AND X-RAY
TRANSFORM FOR ANOSOV FLOWS

CoLIN GUILLARMOU

Abstract

For Anosov flows preserving a smooth measure on a closed man-
ifold M, we define a natural self-adjoint operator II which maps
into the space of flow invariant distributions in N,<oH" (M) and
whose kernel is made of coboundaries in Ugs0 H*(M). We describe
relations to the Livsic theorem and recover regularity properties of
cohomological equations using this operator. For Anosov geodesic
flows on the unit tangent bundle M = SM of a compact manifold
M, we apply this theory to study X-ray transform on symmetric
tensors on M. In particular, we prove existence of flow invari-
ant distributions on SM with prescribed push-forward on M and
a similar version for tensors. This allows us to show injectivity
of the X-ray transform on an Anosov surface: any divergence-
free symmetric tensor on M which integrates to 0 along all closed
geodesics is zero.

1. Introduction

In this work, we develop new approaches and tools coming from the
theory of anisotropic Sobolev spaces for studying cohomological equa-
tions, invariant distributions and X-ray transform for Anosov flows pre-
serving a Lebesgue type measure.

Ergodicity of the geodesic flow on a closed manifold M can be de-
scribed by saying that the only invariant L?(SM) functions are the con-
stants. By contrast, if the flow is Anosov, there exist infinitely many
invariant distributions, as one can take Dirac measures supported on
closed geodesic. These distributions are not very regular in terms of
Sobolev regularity, and it is natural to ask if there exist invariant dis-
tributions which are in Sobolev spaces H"(SM) for small » < 0. In
connection to tensor tomography, it was recently shown by Paternain—
Salo-Uhlmann [PSU1, PSU2| that there exist infinitely many invariant
distributions which are in H~!(SM) for Anosov geodesic flows. More
precisely, if one fixes f € L?(M) with [ u Jfdvg = 0, then they show that
there is an invariant distribution w € H~1(SM) such that 7o, w = f if
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mo : SM — M is the projection on the base. Their work is based on
Fourier decomposition in the fibers of SM as initiated by Guillemin—
Kazhdan [GK1, GK2|. For hyperbolic surfaces, certain invariant dis-
tributions in H~'/27¢(SM) for all € > 0 are studied by Anantharaman -
Zelditch [AnZe| in connection with quantum ergodicity.

In the present work, we address several related questions. Recall that
a flow generated by a vector field X on a compact manifold M is Anosov
if there is a continuous splitting TM = RX @ F, ® E; where F; and
E,, are stable and unstable spaces (see (2.1)). The dual bundles E} and
E? are defined by E(E, ® RX) =0 and E}(E; ® RX) = 0. Our first
result is

Theorem 1.1. Let M be a compact manifold and X be a smooth
vector field generating an Anosov flow preserving a smooth invariant
probability measure du, and assume the flow is mizing for this measure.
Then there exists a bounded operator

II: H*(M) - H" (M), Vs>0, Vr <0,

with infinite dimensional range, dense in the space Z := {w € C~°(M),
Xw = 0} of invariant distributions, that is self-adjoint as a map
H3(M) — H=*(M) for any s > 0 and satisfies*

XIf =0, Vfe H (M), and IXf =0, YVf e H M),
feC®M)= WF(IIf) C E;, UE].

If f € H(M) with (f,1);2 = 0, then f € kerIl if and only if there
exists 0 < s' < s and a solution u € H (M) to Xu = f, in which case
u is actually in H*(M) and is the only solution in L? modulo constants.

The result also holds with a weaker assumption than mixing, see
Theorem 2.6. This result shows that the ergodicity statement in terms
of unique L?-invariant distribution cannot be extended to less regu-
lar Sobolev spaces, and that the space of invariant distributions in
Nr<oH"(M) is infinite dimensional. To define the operator II, we use
the recent work of Faure-Sjostrand [FaSj] on the Ruelle spectrum of
Anosov flows, which involves anisotropic Sobolev spaces associated to
the hyperbolic dynamic; such spaces appeared first in [BKL, Li, GoLi,
BaTs, BulLi| to study speed of mixing of Anosov diffeomorphisms and
flows. In fact, the operator can also be defined as a weak limit of damped
correlations

(1.1) (A1f, ) = lim [ e M(fop,w)dt, f, e C®(M),

A—=0t Jr

'WF denotes wave front set of distributions, cf. [H62, Chapter 8.1].
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if [ m fdi = 0. The microlocal structure (wave front set) of II follows
directly from the recent work of Dyatlov—Zworski [DyZw1], see Propo-
sition 2.3 below. As a corollary, we also recover smoothness result for
the Livsic cohomological equation in our setting:

Corollary 1.2. With the same assumptions as in Theorem 1.1, for
all s > dim(M)/2 and f € H*(M) satisfying fyf = 0 for all closed
orbit v of X, there exist u € H*(M) such that Xu = f. In particular,
if f € C®(M) then u e C®°(M).

De la Llave-Marco—Moriyon [DMM], Journé [Jo] or Hurder—Katok
[HuKa]| proved a version of Corollary 1.2 with a regularity statement in
Holder spaces C*© (the case of geodesic flows with negative curvature
was done previously in [GK1, GK2]), but Theorem 1.1 gives a Sobolev
regularity version of Livsic theorem, which did not seem to be known.
In particular, here we even get a characterization of coboundaries in H*
for any s > 0, including cases of unbounded functions (if 0 < s < n/2),
which is not possible by the usual Livsic theorem.

Next, we focus on the setting of Anosov geodesic flows, where there
is an additional structure. In this case, M = SM is the unit tangent
bundle of a compact manifold, which is a sphere bundle with natural
projection my : SM — M. In the case of manifolds with boundary,
we can define the X-ray transform Iy on functions when the metric is
simple (i.e., the boundary is strictly convex boundary and the expo-
nential map is a diffeomorphism at any point): this is defined as a map
Iy : C®(M) — C*°(0-SM) where 0_SM is the inward pointing bound-
ary of SM, and Iyf(z,v) = foé(x’v) f(mo(pe(x,v)))dt is the integral of f
along the geodesic in M with starting point x and tangent vector v and
¢(x,v) is the length of that geodesic. The question of injectivity of Iy
and surjectivity of Ij are important in the study of inverse problems
and tomography, and the description of the operator IjIy as an elliptic
pseudo-differential operator has been fundamental to solve these ques-
tions, see, for instance, [PeUh, UhVa]. In the Anosov setting (the
manifold does not have boundary), we define

Iy = mo,Ilmy : C°(M) — C~°(M).

This operator will play the role of Iy when there is no boundary. We
show

Theorem 1.3. Let (M,g) be a compact manifold with Anosov geo-
desic flow. Then
1) The operator 11y is an elliptic pseudo-differential operator of order
—1, with principal symbol o(Ily)(x,§) = C’n|§|;1 for some C,, # 0 de-
pending only on n.
2) The operator 11 x5 is well-defined on H*(M) for all s € R and is
mjective.
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3) Let s < 1, then for any f € H*(M), there exists w € C~°(SM) so
that Xw = 0 and mo,w = f and w has the regularity

w e ﬂH’"(SM) ifs=1and w € HY(SM), ifs < 1.
r<0

If we were working in the setting of simple manifolds (case with
boundary), 3) would provide surjectivity for the operator Ij. The re-
sult in 3) improves the recent work [PSUZ2] in terms of regularity and
gives in addition a precise description of the singularities of the invariant
distribution (through the wave front set). Finally we describe tomog-
raphy for m-cotensors: symmetric cotensors f € C°°(M,®¢T*M) can
be mapped to smooth functions on SM via the map (7}, f)(z,v) =
(f(x),®™v), and denote by mp,, : C7°(SM) — C™>°(M,%T*M) its
adjoint acting on distributions. The divergence of m-cotensors is de-
fined by D*f := —T(Vf) where V is the Levi-Civita connection and
T is the trace defined in (3.4). As for m = 0, we show in Theorem
3.5 and Corollary 3.8 a result similar to Theorem 1.3 for the operator
IL,, := 71l 7}, ; for instance, it is a pseudo-differential operator of or-
der —1 which is elliptic on the space of divergence-free cotensors. We
also show the existence of invariant distributions w with regularity as
in 3) with prescribed divergence-free value 7,,,w, assuming injectivity
of IT7} |ker p+- We remark that this injectivity follows from the work
of Croke-Sharafutdinov [CrSh] if the sectional curvatures of (M, g) are
non-positive; in the Anosov setting, the kernel is trivial for m = 0,1 as
a consequence of the work of Dairbekov—Sharafutdinov [DaSh)].

To conclude, we give applications to the injectivity of the X-ray trans-
form on Anosov surfaces. Let (M, g) be a Riemannian surface and let
pr : SM — SM be its geodesic flow on the unit tangent bundle SM of
M. A closed geodesic is a curve v on M such that there exists £ > 0
and v = {mo(p¢(z,v)) € M;t € [0,4], pe(x,v) = (x,v)}; the smallest
such ¢ is denoted ¢, and called the length of 7. A parametrization of v
is given by v(t) = mo(pe(z,v)) if t € [0,4,] and x € v and v € S, M is
tangent to . The set of closed geodesics of M is countable and denoted
by G. We define the X-ray transform on symmetric m-cotensors as the
linear map

I : C°(M,Q%T*M) — (G — R),

Z’Y
Lu(f)() = /0 (1)), ™4 (8t

where dot denotes the time derivative. If D denotes symmetrized covari-
ant derivative, we remark that any f which is written under the form
f = Dh for some h € C®°(M,®% 1 T*M) satisfies I,,,(f)(v) = 0 for all
~v € G and thus the kernel ker I,,, is infinite dimensional for m > 1. It is
then natural to consider I,,, acting on divergence-free cotensors. In neg-
ative curvature, it has been proved in [CrSh] that ker I,,, Nker D* = 0
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(this was first shown by [GK1] for negatively curved surfaces), then the
proof that Iy is injective and that ker Iy N ker D* = 0 for Anosov man-
ifolds appeared in [DaSh]. More recently, Paternain-Salo-Uhlmann
[PSU1| proved that ker Is N ker D* = 0 for Anosov surfaces. Here,
we prove injectivity of X-ray transform on all divergence-free symmet-
ric cotensors for Anosov surfaces, which has been an important open
problem in the field (see, for example, [DaSh, Problem 1.7]).

Theorem 1.4. On a Riemannian surface with Anosov geodesic flow,
then for allm > 0 we have ker I,,Nker D* = 0 and ker I 7}, Nker D* = 0.

This is the exact analogue in the Anosov case of the recent result of
Paternain—-Salo-Uhlmann [PSU3| for simple domains in dimension 2,
but both the proof and the geometric setting are very different; it is clear
that the method of [PSU3| uses strongly that the manifold is open and
non-trapping. To prove Theorem 1.4, we use the existence of invariant
distributions with prescribed push-forward for m = 1, we apply a Szego
projector in the fibers of SM to these distributions, which allows us
to multiply them using their wave front set property. The obtained
set of distributions produce a large enough vector space of invariant
distributions orthogonal to ker I, N ker D* to force this space being
trivial. The properties of our operator 1I allows to solve the problem
encountered in Remark 9.4 of [PSU1]|, which was why they had to
assume m < 2.

To motivate even more this new way of analyzing X-ray transform, we
mention that using tools of similar nature, we are able to prove in [Gul]
the injectivity of X-ray transform for all negatively curved manifold
with strictly convex boundary, and that the scattering map for the flow
on negatively curved surfaces determines the Riemannian metric up to
conformal diffeomorphism.

Acknowledgment. We thank N. Anantharaman, V. Baladi, S. Dy-
atlov, F. Naud, G. Paternain, M. Salo, G. Uhlmann, M. Zworski for
useful discussions. The research is partially supported by grants ANR-
13-BS01-0007-01 and ANR-13-JS01-0006.

2. The resolvent of the flow and the operator II

In what follows, the manifold M will be connected. Before we start,
we point out that we shall use pseudo-differential operators (?DO) and
the notion of wave front set of distributions and of YDOs. We refer
to Hormander [H62, Chap. VIII| for wave front sets, and to Grigis—
Sjostrand [GrSj| for standard pseudo-differential calculus and Zworski
[Zw] for the semiclassical version. We shall say that a pseudo-differential
operator A on M is microsupported in a conic set U C T* M if its wave
front set is contained in U, i.e., its full symbol a(y, £) in local coordinates
and all its derivatives vanish to all order as |£] — oo outside the conic
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set U. We will write U™ (M) for the class of classical pseudo-differential
operators of order m € R. We say that A € U™ (M) is elliptic at (z, &)
if there is a conical neighborhood U of (xg,&p) and C' > 0 such that its
principal symbol o (A) satisfies |o(A)(z, &)|/|£]™ > 1/C in UN{|{| > C}.

2.1. The resolvent of the flow. First, we recall that a smooth vector
field X on a compact manifold M without boundary is Anosov if its flow
¢ has the following property: there exists a continuous flow-invariant
splitting

TM=RX & E,® E,,

where Ej, E, are the stable/unstable bundles, which are defined as fol-
lows: there exists C' > 0, > 0 such that

§€E(y),y e M = |da(y)(©)| < Ce™|l¢|l fort >0,
€ Eu(y)y €M = |dpi)(©)] < Cem Mg fort <0,

where || - || is the norm induced by any fixed metric on M. The flow will
be said to be a contact Anosov flow if the Anosov form «, defined by

a(X)=1, kera=FE,® E;

is a smooth contact form (i.e., da is symplectic on ker «). This is, for
instance, the case for Anosov geodesic flows on M = SM with (M, g)
a Riemannian compact manifold, as « is simply the Liouville 1-form.
Notice that for contact Anosov flow, there is a natural invariant measure
given by du = a A (da)? where d is the dimension of E, (and E). We
shall also define the dual stable and unstable bundles E} C T*M and
Er CT*M by

(2.2) EX(E,®RX)=0, E*(E,®RX)=0.

When the flow ¢; has a smooth invariant measure dp on M, the
generating vector field can be viewed as a (formally) anti-self-adjoint
operator on C*°(M), that is (Xu,v) = —(u, Xv) for all u,v € C*°(M)
where the pairing is the L?(M) pairing using the invariant measure dpu.
By Stone’s theorem, the generator —iX of the unitary operator

et LAM) = LAM), (¢ f)(y) = Fleely)

is self-adjoint on L?(M) = L?*(M,dp). In this case, the spectral the-
orem for self-adjoint operators tells us that Specy2(—iX) C R. The
resolvents R_(A) = (=X — A1 and Ry (\) = (=X + \)7! are well-
defined on L?(M) for Re(\) > 0 by

(2.3) .

R.(Nf(y) = /me—Mfwt(y))dt, R\ f(y) = — / M (o)) .

0 —00
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Moreover, Stone’s formula gives the spectral measure of —i.X in terms
of the resolvents Ry (i\) by the strong limit

(24) 3Ly (—iX) + Lap) (X))
b
= ©2m) 7 lim [ (Ry(iA+¢€) — R_(—i\ +¢€))d),
e—0T Jq
for a,b € R. Then we recall the result of Faure-Sjostrand [FaSj,
Th. 1.4]:

Theorem 2.1 (Faure-Sjostrand). Assume that X is a smooth vector
field generating an Anosov flow and let du be a smooth invariant mea-
sure. There exists ¢ > 0 such that for all s > 0 and r < 0, there is a
Hilbert space H™* such that H*(M) C H"* C H"(M) and —X — X is
Fredholm with index O as an operator

—X — X :Dom(X)NH"® = H"*,  if Re(A) > —cmin(|r], s)

depending analytically on X\. Moreover, —X — X is invertible for Re(\)
large enough on these spaces, the inverse coincides with R_(\) when act-
ing on H%(M) and it extends meromorphically to the half-plane Re(\) >
—cmin(|r|, s), with poles of finite multiplicity as a bounded operator
on H™5.

The assumption about the invariant smooth measure dy is not nec-
essary in [FaSj], but without it, the Fredholm property is true only
in Re(\) > —cmin(|r],s) + Ag for some A\g so that —X — X be invert-
ible on L?(M) (defined with respect to some fixed smooth measure)
for Re(\) > Ag. If the flow is contact, there is an invariant smooth
measure making X anti-self adjoint and thus one can take Ao = 0, with
inverse given by (2.3). For what follows, we shall assume, without loss
of generality, that the invariant measure is a probability measure.

The fact that the inverse (—X — A\)~! for Re(\) large coincides with
R_(\) when acting on H*(M) is not explicitly stated in [FaSj] but it is
straightforward to check, since by formula (2.3), R_(\) maps H*(M) to
itself for Re(\) > Cls| for some C' > 0 depending only on the Lyapunov
exponents of ¢; (see [DyZwl, Prop. 3.2] for details). As operator
mapping C>*°(M) — C~°(M), the resolvent R_(\) does not depend
on r,s; the Schwartz kernel of R_(\) admits a meromorphic extension
to C as an element in C~°°(M x M). Since, moreover, (—X — \)* =
(X =) = —(=X + ) on C®(M), we have that for Re(\) > 0
(2.5) R_(\)* = —R(\) on L*(M).

The anisotropic Sobolev spaces. In [FaSj, Sec. 1.1.2], the spaces
H"™* are defined by H"* := fl;; (L?(M)) where A, , = Op(A4,.,) is an in-
vertible pseudo-differential operator in an anisotropic class which quan-
tizes a symbol function A4, ; € C*°(T*M). We recall the construction of
A, s following [FaSj]. The symbol is defined by A, s = exp(G,,) where
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G, is a smooth function on 7" M constructed in Lemma 1.2 of [FaSj]:
Gm(y,&) :=m(y, &) log(v/1+ f(y,£)?) with m and f smooth, homoge-
neous in [¢| > 1 with respective degree 0 and 1, f is positive and does
not depend on 7, s. Fix € > 0 small, the function m is given in {|¢| > 1}
by? m = s5(1 —mg — e(my — mg)) 4+ rmg where m; € C*(S*M; [0, 1])
is such that m;!(0) is a small conic neighborhood of E¥ and my*(1) is
a small conic neighborhood of E} & Ef, and my € C*°(S*M;[0,1]) is
such that m; (1) is a small conic neighborhood of E and m;!(0) is a
small conic neighborhood of E @ E{. The conic neighborhoods can be
taken as small as we like in the construction. From the construction,
we have

(2.6) H (M) CH® CcH™ cH* c H' (M),

ifr <r <0< s <s. We also see that m = s in a small conic
neighborhood of E} and m = r in a small conic neighborhood of E,
which implies that the space H™* is microlocally equivalent to H*(M)
in a small conic open neighborhood Vs of E? in the following sense: if
B € ¥%(M) has wave front set contained in Vj, then there is C' > 0
such that for all f € C®°(M)

B fllas(my < Cllfllagrss [1Bfllrs < Cll Sl s my-
If we choose € > 0 small, we get that in the region W¢ := {mg < 1—2¢},
m > se +r. Thus for any B € W°(M) with wave front set contained in
Wy,
(2.7) fEH™ = Bf € H*T"(M).

The complement of WY is a small conic neighborhood of Ej, if € is small,
which means that if we choose s and r so that se + r > 0, functions
in H"™® are microlocally in a positive Sobolev space outside a small
conic neighborhood of E}, which can be made as small as we want in
the construction. The dual space (H"*)* to H™* (with respect to L>-
pairing) is identified with A, ,(L*(M)) and the symbol of fl; ! being
exp(—G, ), this space is microlocally equivalent to H ™" (M) in a small
conic neighborhood of E} and is microlocally equivalent to H~*(M) in
a small conic neighborhood of E7.

Considering the flow in backward time, which amounts to consider the
generator — X instead of X, the roles of F; and E, are exchanged and
we can define the space H*" for r < 0 < s just as H"™® but exchanging
E} and E}: H*" is microlocally equivalent to H*(M) in a small conic
neighborhood of E?, and is microlocally equivalent to H" (M) in a small
conic neighborhood of E¥. Like (2.6), we have for 7/ <r <0< s <s

(2.8) H(M) C H> Cc H" c #*™ c HT' (M),

*We choose ng := (1 — €)s in the notation of [FaSj, Lemma 1.2].
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We then deduce from Theorem 2.1 applied with —X that X — A is
Fredholm with index 0 as an operator

X —X:Dom(X)NHS — H>, if Re(\) > —cmin(|r], s)

depending analytically on A. Moreover, X — X is invertible for Re(\)
large enough on these spaces, the inverse coincides with —R4 () when
acting on H*(M) and it extends meromorphically to the half-plane
Re(A\) > —cmin(|r|,s), with poles of finite multiplicity as a bounded
operator

Ry(N) : H>" — H".
Notice that the formula (2.5) relating R4 (\) with R_(\) then extends

meromorphically to the half-plane Re(\) > —cmin(|r|, s) as an operator
H*(M) — H ¥(M), and shows that

(29) R\ (M) = (HO7)', Re(h): (H) = (W)

are bounded for A in the same half-plane. As above in (2.7), there is a
small conic neighborhood (that can be made as small as we like) with
complement W¢ such that for any B € W'(M) with wave front set
contained in W,

(2.10) f EH = Bf € HT"(M).

By choosing € > 0 small enough so that WSUWS contains {|{| > 1}, we
deduce from (2.7) and (2.10), the following regularity statement:

Lemma 2.2. For s > 0 and r < 0, we have H"* "H>" C H*T" (M)
for some € > 0 independent of s,r.

Wave front set of the resolvent. The wave front set of the
Schwartz kernel of the resolvent is analyzed by Dyatlov—Zworski
[DyZw1, Prop. 3.3].

Proposition 2.3 (Dyatlov—Zworski). Let Ao € C, and assume that
the meromorphically extended resolvent R_(\) has a pole of order k at
Ao with Laurent expansion

k
)\ hol
R.(N) =R+ L o /\0
]:1
where RMY(\) is holomorphic near \o, then the wave front set of the
Schwartz kernel of RMY(\) satisfies
WE(R™(\) € N*AM x M)UQ, U (E! x E}),

with N*A(M x M) the conormal bundle to the diagonal A(M x M) of
M x M and

Q= {(Be(y, €),y, —€) € T*(M x M); t >0 &(X(y)) = 0},
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where ®, is the symplectic lift of py on T* M, or equivalently the Hamil-
ton flow of the Hamiltonian p(y,&) = £(X(y)). A similar result holds
for Ry (\), where the wave front set of the reqular part R}jr"l()\) satisfies
WEF(REY(N) € N*AM x M)UQ_U (E: x E),

where Q_ is defined like Q24 but with ®_; instead of ¥,.

We recall that the symplectic lift ®; acts by @4(y,&) = (¢e(y),
(dey () T€).

Poles on the critical line. To end this section, we describe the

poles of R1 () on the imaginary line.

Lemma 2.4. The resolvent Ry (\) have poles of order at most 1 on
the line iR, and we have for all \g € R

3 (Resy, Ry (V) + (Resy, R (V)*) = Hiig(r,);
where gig(ny) is the orthogonal projector on the eigenspace Eig(Ao) =
kerzo(—iX — Ag).

Proof. First we notice that from the spectral theorem, if i\y € iR is
a pole of Ry (A), it is a first order pole since there is C' > 0 such that
for all u,v € C*°(M)
{(Re(Nu,v)| < CIX —ixo| H|ul|p2]|v]||2  if Re(A) > 0.

We write the Laurent expansion of Ry (\) at i\ using (2.5): for A\, \g €
R and € >0

Ag
j - 90 1
R+(ZA+E) Z)\—FE—’L)\(] +O( )7
. , . Ap
—R_(—iA+¢€)=Ri(ix+¢) = I +O(1),

for some operator Ay as A\ — A\g (the O(1) is in the weak sense when
applying the identity to f € C°°(M) and pairing with ¢ € C*°(M)).
Thus we get from (2.4)

S (Lpno—s.20+0] (—1X) + Ling—s.0048) (—iX)) =

Ay + A L |
) / A+ O() = LAy + 45) + 0(),
e—

21 _stA+e€
where the O(9) was independent of € (and as above is in weak sense).
Then letting § — 0 we get the result. q.e.d.

2.2. Mixing. We say that a flow ¢; is mixing with respect to an in-
variant probability measure dy if for all u,v € L%(M)

Ci(u,v) = /M u(pe(y))v(y)du(y) — /M u(y)du(y) / v(y)du(y)

M
tends to 0 as t — oo.
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Lemma 2.5. Let X be a smooth Anosov vector field on a compact
manifold M and let du be an invariant measure with respect to the flow
of X. Then the flow is mizing if and only if the only pole of Ry (\) on
the line iR is A\ = 0 and it is a simple pole with residue £(1 ® 1).

Proof. Assume that the flow is mixing. Let u,v € C°°(M), then for
all € > 0 small, there is T, such that for || > T, |Ci(u,v)| < e. Using
(2.3) we have for A >0

Te
MRy (Vu,v) = /0 /M A= u(pu ()0 (y)dt dp(y)

o0 o0
+ / e M (u, 1) (v, 1)dt + / e MCy(u, v)dt.
The first term has norm bounded by (1 —e=7¢)||u||z2||v| 12, the second
term is equal to e *<(u, 1)(v,1) and the last term has norm bounded
by ee~*e. Therefore, letting A\ — 0 we obtain

AE%I+(A<R+(A)U7 v)) = <u7 1><U7 1) + O(e),

and since € is arbitrarily small we deduce that the residue of Ry (\) at
A =0 is the rank-1 operator 1 ® 1. The same argument shows that the
residue of R_(A\) at A=01is —(1® 1) and for all \y € iR\ {0}

lim ((A = Ao)(R+(Nu,v)) =0,

)\—>)\o
where the limit is understood as a limit from the right half-plane
Re(A) > 0.

Conversely, we can use the formula (2.4) and the meromorphy of
R+(\) to deduce that the L2-spectrum of iX is made of absolutely
continuous spectrum and pure point spectrum. Moreover, if 0 is the
only pole on the imaginary line and if it is simple with residue 1 ® 1,
then it means that the spectrum on {1} is absolutely continuous and
it is a classical fact that this implies that the flow is mixing (see [ReSi,
Theorem VII.15]). q.e.d.

For Anosov geodesic flows, mixing was proved by Anosov [An], and
this was extended to contact Anosov flows by Burns—Katok [BuKal]; in
that last case, the rate of mixing is Cy(u,v) = O(e~M) for some ¢ > 0
if u,v € C*°(M) by Liverani [Li].

2.3. The operator II. When the Anosov flow is mixing then by Lemma
2.5, we know that the resolvents R4 (\) have a simple pole at A = 0 and
using Laurent expansion at A = 0 of Ry () together with (2.5), we see
that there exists an operator Ry : H*" — H®" such that

1®1 1®1

(2.11) Ry (N\) = — Ro+O(\), R_(\)= 5 Ry + O(N),
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and, therefore, as operators C*°(M) — C~>°(M)
(212) —XRo=Id-1®1=-RoX, XR.=Id-1®1=R:X.

This identity extends to those Sobolev spaces on which the operators
are bounded (as given by Theorem 2.1). In particular, by the Fredholm
property of X on H*" and H™®, we deduce that the kernel of X on
H*" and H™® is simply made of constants. The operator Ry is simply
obtained as the limit

(2.13) Ro = lim (R () — A1),

When the flow is not mixing, the same exact properties hold as long as
Resp R4 (M) = 1 ® 1, which is equivalent to say that RespR, () is self-
adjoint and the flow is ergodic (so the projector Ilgig(g) on the L?-kernel
is1®1).

We can now show

Theorem 2.6. Let M compact and X be a smooth vector field gener-
ating an Anosov flow preserving a smooth invariant probability measure
dp. Assume that ResoRy(X) = 1 ® 1 (this is, in particular, true if the
flow is mizing). For all s > 0 and r < 0, the operator II := Ry + R} :
H*(M) — H" (M) is bounded and satisfies

XIf =0, Vfe H* (M), and IXf =0, Vf e HT' (M),
feC®M)= WF(If) C E, UE?.

Let f € H*(M) with (f,1) = 0 and set uy := —Rof € H®", u_ =
Rif € H™® so that

Xuy = Xu_ = f,
by (2.12). Then f € ker IINH*(M) if and only if there exists s' > 0 and
a solution u € H* (M) to Xu = f; in this case the solution u is actually
in H(M) and is unique modulo constants, given by u = uy = u_.

Proof. The first part follows from the boundedness of the operator
Ry and R{ in Theorem 2.1 and the relations (2.12). The wave front
set description of IIf is a consequence of Proposition 2.3 and [H62,
Theorem 8.2.12]. If f € H*(M) is in ker IT then uy = u_ and Xuy = f,
moreover, by Lemma 2.2 and taking r = —es/2 for some € > 0 small
independent of s, one has u, € H%/2(M). If there is another solution
in L2(M) for some e > 0, there is a flow invariant L? function and
so it is constant. In fact, we can prove better regularity of u, using
propagation of singularities, namely that

(2.14) us € H¥(M).

We know that uy € H*5" N H™® and thus, from the definition of the
spaces H*" and H™*, we have that Aqu, € H¥(M) if Ag € UO(M) is
microsupported in a sufficiently small conic neighborhood of E} U E¥
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and elliptic in a conic neighbourhood Wy of E}UE?. By classical elliptic
estimates, we also have that Aju, € H*(M) if A; € ¥O(M) has wave
front set not intersecting the characteristic region Ef @ E = {(y,&) €
T*M;¢(X(y)) = 0}, and we can assume A; elliptic outside a small
conic neighborhood of E} & E}, we call W; the region of ellipticity of
Aj. Moreover, for all (y,£) ¢ Wy U W1, the trajectory ®4(y,&) of the
Hamilton flow of the principal symbol of —iX (i.e., the symplectic lift
of ¢;) reach Wi U Wy in either forward or backward finite time: this
is a consequence of the fact that for all (y,&) ¢ E%, ®4(y,£)/|P(y, &)
tend to Ef @ Ej as t — 400 and for all (y,&) ¢ E, ®4(y,&)/|P:(y, )|
tend to Ef @ E} as t — —oo (see [FaSj, Section 2], for example). We
are going to apply the propagation of singularities for real principal
type differential operators given in [DyZw1, Proposition 2.5] that we
recall now (see [H61, Section 3] for the original argument in the case
of constant coefficients operators): assume that u € H~V (M) for some
N >0, and let A, B, B; € ¥°(M) that are elliptic in respective conic
subsets A, B, By C T*M such that Bu € H*(M), By Xu € H*(M) for
some s > —N; if for all (y,£) in the microsupport (wave front set) of
A there is T' > 0 such that ®_p(y,&) € B and P4(y,&) € By for all

€ [-T,0], then Au € H¥(M). Applied to our case, we thus deduce
that (2.14) holds since —iXu, € H¥(M).

We now prove the converse. If there is u € H¥ (M) so that Xu = f
with 0 < ¢’ < s, then u — u, is constant since u € H*¥", uy € H"
by (2.8) and —X is Fredholm on H*"" with kernel given by constants.
Similarly, u—wu_ is constant, and thus u € H*"NH"*. Then uy —u_ = C
for some C' € Cand IIf = C. Since XRy(1) = X R§(1) = 0 we have that
Ry(1) and R{(1) are constants and thus II(1) is constant. We obtain
(ILf, 1) = (f,II(1)) = 0 and thus C' = 0, showing IIf = 0. We also have
that uy € H*(M) by the arguments leading to (2.14). This completes
the proof. q.e.d.

Taking r = —s for s > 0 fixed, II is self-adjoint as a map H*(M) —
H=3%(M) if we identify H (M) with the dual of H*(M), in the sense
(ILf, f1y = (f,10f") for all f,f" € H5(M). Moreover, it maps any
H?#(M) to the space of invariant distributions defined by

(2.15) I:=(\Z, I ={weH (M); Xw=0}
r<0

We claim that the image of 1I is infinite dimensional for Anosov flows
satisfying the assumptions of Theorem 2.6. Indeed, for each closed orbit
~v of X, there is a smooth function f supported in an arbitrarily small
tubular neighbourhood which equals 1 on v and (f,1) = 0, and f ¢ kerII
since, if we had IIf = 0, by Theorem 2.6 this would imply that there
exists u € C°°(M) such that Xu = f, and thus fy f =0, contradicting
the fact that f = 1 near 7. By [An, Theorem 3|, there are countably
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infinitely many (disjoint) periodic orbits «, and thus for any N € N we
can construct smooth functions (f;)r=1, .~ with disjoint supports, so
that f%_ fr = dji for j,k < N. We deduce that dimspan{Ilf;;k < N} =

N since if TI(Y 4 ax fx) = 0 for some a;, € C, there exists u € C°(M)
such that Xu = Zé\le ay fr, thus 0 = f%_ Xu = a; for each j < N.
Letting N — oo, we see that the range of II has infinite dimension.

The alternative expression (1.1) for (ILf,v) if (f,1) = 0 is a direct
consequence of (2.3) and (2.11). We now give a direct corollary of
Theorem 2.6, which proves the density of the range of II in the space of
invariant distributions for the flow.

Corollary 2.7. Let M and X satisfy the same assumptions as in
Theorem 2.6. For each s > 0, the space T_s of invariant distribu-
tions in H=*(M) is the closure in H (M) of Ran(Il|gs) = {IIf €
H=*(M); f € H*(M)}, which in turn is the orthogonal of ker (1| s a4))-

Proof. f f € H%(M) is orthogonal to Z_g, then using that
Ran(IT|gs) C Z_s, we have 0 = (Ilu, f) = (u,IIf) for all u € H¥(M)
thus IIf = 0. Conversely, if IIf = 0, by Theorem 2.6 we get Xu = f for
some u € H%(M), we want to show that (Xu,w) = 0 for all w € Z_j:
by [DyZw2, Lemma E.41] there is a sequence u; € C*°(M) such that
uj = uwin H*(M) and Xu; — Xu in H *(M) as j — oo, thus
(w, Xu) = im0 (w, Xuj) = —limj_,oo (Xw, uj) = 0. We deduce that
the space I+, = {f € H*(M);Vw € T_, (w,f) = 0} is equal to
ker IT| s (o). On the other hand (Ran(II|gs))* = (Ran(II|gs))* where
the closure is in H~*(M) and ker I|7s = (Ran(IT|gs))* thus ker IT| g =
T+, c (Ran(II|gs))* = ker | s and we deduce that Ran(Il|gs) = Z_s.

q.e.d.

Using the operator II, we also recover the smoothness result of [DIMM,
Jo| for the solution of the cohomological equation and, indeed, we get
a Sobolev version which does not seem to be available in the literature:

Corollary 2.8. With the same assumptions as in Theorem 2.6, if
the flow is topologically transitive (which is the case for mizing flows),
then for all s > dim M /2 and all f € H*(M) satisfying fyf =0 for
all closed orbits v of X, there exists w € H*(M) such that Xu = f. In
particular, if f € C®°(M) then u € C*°(M).

Proof. Let n = dimM. If f € H"?*(M) for v € (0,1), then
f € CY(M) and since the flow is assumed topologically transitive, by
Livsic theorem for Holder function [KaHa, Theorem 19.2.4], we know
that there exist u € C¥(M) so that Xu = f. Then we get u € H” (M)
for all / < v since M is compact and so by Theorem 2.6 we see that
f € kerII, which implies that there is u € H*(M) so that Xu = f and
u is unique modulo constants. q.e.d.
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Remark 2.9. The three results above hold as well if instead of assum-
ing that the residue ResgR4 () is 1®1, we only assume that Resg R ()
is self-adjoint (which is equivalent to assuming that the residue is equal
to the spectral projector on the L? kernel of X, by Lemma 2.4), but
then we need to take f orthogonal to the L?-kernel of X and unique-

ness modulo constants needs to be replaced by uniqueness modulo the
L?-kernel.

3. Anosov geodesic flows

In this section, we consider the special case of M = SM being the
unit tangent bundle of a compact Riemannian manifold (M, ¢g) such that
the geodesic flow ¢, : SM — SM of the metric g is Anosov. We shall
denote mp : SM — M the natural projection my(x,v) = x where x € M
is the base point of the element (z,v) € SM.

3.1. X-ray transform on functions. In this section, we study the
operator II acting on pull-back of functions on M. Recall that the
geodesic flow is mixing [An]. The pull-back operator n§ : C°(M) —
C*°(SM) induces a push-forward map g, : C~*°(SM) — C~°°(M) on
distributions by

(mosu, ) == (u,my1p), Vb € C°(M).
We then define the operator
(3.1) Iy := moIImg : C(M) — C™>(M).

This operator corresponds exactly to the operator Iy which appears in
the setting metric on manifolds with boundary, with Iy being the X-ray
transform on functions (see Section 5.1 in [Gu] for explanations). The
goal of this section is to prove

Theorem 3.1. If (M, g) has Anosov geodesic flow, the operator Il
is an elliptic self-adjoint pseudo-differential operator of order —1, with
principal symbol

U(HO)($7£) = Cn|£|g_zl7
where Cy, is a non-zero constant depending only onn. As a consequence,
the kernel ker Iy := {f € C~°(M); Ilpf = 0} is finite dimensional and
its elements are smooth.

Proof. Let us first show the first statement using Proposition 2.3.
We will first show that the wave front set of the Schwartz kernel of 11,
is conormal to the diagonal, and then reduce the computation of the
symbol to the case dealt with by Pestov—Uhlmann [PeUh|. We write if
Re(A) >0

Ri(\) = / e MeXdt + e e X Ry (N),
0
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where € > 0 is small and this extends meromorphically to C when acting
on smooth functions. At A = 0, we deduce from (2.11) that the finite
part of Ry (\) is

Ry = / e Xdt + YRy —e(1®1).
0

The last term is smoothing, we now describe the wave front set of the
Schwartz kernel of FQ*GEXRQTI'S. By [H62, Theorem 8.2.4], the wave
front set of the Schwartz kernel of X is
WEF () € {(p—c(¥),n, 9, —dp—c(y) n);
yE SM?” S T;ie(y)(SM) \ {O}}7

and Proposition 2.3 gives the wave front set of Ry, thus by [H62, The-
orem 8.2.14], we deduce

WEF (e Ro) C{(¢e(y), (dee(y) ™) m,y,—n); t < —e, n(X(y)) =0}
U (EF x E3) U{(p—c(y),n,y, —do—c(y)"n);
(y,m) € T*(SM) \ {0}}

using that E, E are invariant by the lifted flow ®, : T*(SM) —
T*(SM). Then we notice that the Schwartz kernel of my,eX Roymj is
given by the push forward (mp ® 7). K. if K. is the kernel of e*X Ry.
Since by [FrJo, Proposition 11.3.3]

WF (0 ® mo)w Ke) C {(mo(y). &m0 (). €5 (y, dmo(y) €3/, dmo(y))TE)
€ WF(K.)}

we deduce that WF (mg,e“X Romg) C S1 U Sy U S3 with

S1 = {(mo(y), & moly), €) € Ty(M x M);
(y,dmo(y) "€,y dmo(y')"E) € B} x By},
= {(mo(pe()), &, m0(y),€") € Ty (M x M);
It < —¢,3n,n(X(y)) =0,

dmo(y)"€' = —n, drmo(ee(y))"€ = (dee(y)™") )},
Ss = {(m0(p—c (), §, m0(y), &) € Ty (M x M);

(d(mo 0 p-e) ()€ = —dmo(y) €'Y,
where T (M x M) = T*(M x M) \ {0}. Denote by V = kerdmy C
T(SM) the vertical bundle, and H the horizontal bundle (cf. [Pa,
Chapter 1.3]), these are orthogonal for the Sasaki metric (-,-)s and
X € H. Let V*, H* C T*(SM) defined by H*(V) = 0 and V*(H) = 0;
V* is dual to V and H* is dual to H using this metric. We have
EXNH*={0} =ENH*since RXGE, 6V =RXGE;aV =T(SM)
(see, for instance, [Pa, Theorem 2.50]), therefore, S; = (). Now take a



INVARIANT DISTRIBUTIONS AND X-RAY TRANSFORM 193

point (z,&,2',&") € So, then write 2’ = my(y) and y = (2/,v) with v €
S M, so (', v) = (z,v') for some v/, there exists n = dmo(y)7¢' € H*
so that (dg(y)~1)Tn € H* for some t < —¢, and n(X) = 0. Taking
the dual vector ¢ € T,,(SM) to n € T;;(SM) using the Sasaki metric,
we have ¢ € H and (¢, X)s = 0. Now, let J be the almost complex
structure on T'(T'M) so that (J-,-)g is the Liouville symplectic form on
TM (see [Pa, Chapter 1.3.2]), then J maps ¢ to J¢ € V. Since the
flow preserves the symplectic form, one has (dy;)” Jdyp; = J where the
transpose is with respect to the Sasaki metric, and then we see that
doi(y)J¢ = J(dei(y)™HT¢ € V since (dp(y)~1)T¢ € H. We deduce
that the points x and z’ are conjugate points, which is not possible if
the flow is Anosov, by a result of Klingenberg [K1, Theorem p. 2]. As a
conclusion, Sy = (). Using finally the formula of S3, we have shown that
for € > 0 smaller than the injectivity radius, Tox€X Rymy has smooth
Schwartz kernel except at A¢(M x M) := {(z,2') € M x M;dy(z,2") =
e}, where d, is the Riemannian distance.

We finally have to study the operator L. := fOE ToxetX modt, and we
take € smaller than the injectivity radius. This operator L. can be
written as

(3.2) Lof(z) = /0 ‘ [ Ko,

and it is a straightforward computation to check that its Schwartz kernel
Le(x,2") is smooth outside A(M x M) U A (M x M) with a conormal
singularity of the form dy(z,2")™! at A(M x M) if the dimension of
M is n. Since € > 0 is arbitrary (in a small interval), this implies that
7o« Rom(; has wave front set given by the conormal bundle N*A(M x M).
In fact, the analysis of the singularity at A(M x M) follows directly
from Pestov—Uhlmann [PeUh, Lemma 3.1]: let 2y € M and multi-
ply the kernel of mp,Rom; with a smooth cut-off function ¢ which is 1
near a point (zg,x9) € A(M x M) and supported in a neighborhood
{(z,2") € M x M;dg(z,xz0) + dg(z',z9) < €/2}, it is then equal, up to
a smooth function, to the kernel L.(x, ')y (x,2"). This distribution is
the Schwartz kernel of a pseudo-differential operator of order —1 with
principal symbol Cy,[¢[,!: indeed from the formula (3.2), we see that the
Schwartz kernel of 2L, coincides near (zg,z¢) with the Schwartz kernel
of the operator [§Iy considered in [PeUh] where [j is the X-ray trans-
form on functions on a geodesic ball of center zy and radius € (which
is a simple domain); the detailed computation of the symbol at xz( is
thus exactly the same as in [PeUh, Lemma 3.1]. To conclude the proof
of the structure of Ily, we argue that the same exact argument applies
for mo, R§m (in fact this is just the adjoint mp, Rom and its Schwartz
kernel has the exact same property as mo,Romg;). The statement about
kerIlj is a direct consequence of ellipticity. q.e.d.
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Remark 3.2. In constant negative curvature, we can use represen-
tation theory to give an expression of the operator 1ly in term of the
Laplacian: it turns out to be an explicit function of the Laplacian on
the manifold. We refer to [GuMo, Appendix] for the computation.

We remark that for f € C7°°(M), then by [H62, Theorem 8.2.4]

(33)  WE(xf) € {(y,dmo(y) n); (mo(y),n) € WE(f)} C HY,

and so, using Theorem 8.2.13 in [H62] and the fact that H*NE} =0 =
H* N E} as in the proof of Theorem 3.1, the operator Rymg and Rym
acts on C'~°°(M) continuously, so that

My : C™°(M) - C~>°(SM)
is continuous. In fact, we can say more:

Lemma 3.3. 1) For all s > 0, the following operator is bounded
IMry: H (M) — H *(SM),

and the kernel of Il w§ : C=°(M) — C~>°(SM) is trivial.
2) Assume that there exists u € H*(SM) with Xu = 7 f for some f €
H*=Y(M) satisfying (f,1) = 0 and with s € (0,1), then u is constant.

Proof. For f € H7*(M) with s > 0, we have n§f € H™*(SM) and,
by (3.3), Brjf € C®°(SM) for any pseudo-differential operator B €
WO(M) microsupported in any open conic neighborhood of Ef U E
not intersecting H*. Using (2.10), |((1 — B)n3f, f)| < Clf|lpsser
and thus 7§ f € (Hs/e™)* for any r < 0. Similarly using (2.7), mof €
(H75/€)* for any r < 0 and some € > 0 small independent of s (using the
notation of Theorem 2.1). Therefore, by (2.9), we obtain boundedness
of Ry« H=5(M) — (H"*/€)* and Rinf - H*(M) — (H*/*")*. To
show that in fact they map to H *(SM), we will use propagation of
singularities. First, like in (2.7), we notice that for any r < 0, ARy :
H=5(M) — H~"(SM) is bounded if A € W°(SM) is microsupported in
a small conic neighborhood of E;. Then, by ellipticity and propagation
of singularities [DyZw1, Propositions 2.4 and 2.5] as in the proof of
Theorem 2.6, we obtain that BRow§ : H (M) — H~*(SM) is bounded
for any B € W°(SM) whose microsupport does not intersect E*. To
conclude the argument, we use the propagation estimate with radial
sink?® [DyZw1, Proposition 2.7]: for any s > 0, N > s and any B; €
WO(SM) elliptic near E}, there exist A € WO(SM) elliptic near E¥,
B € ¥9(SM) with WF(B) N E¥ = () and microsupported in the region
where Bj is elliptic and C' > 0 such that for any v € C*°(SM),

[[Aul|g-s(sary < CUIBullg-s(sary + 1BiXull s sary + [ull -~ (sar))-

3Tt can be checked that, since X* = —X, the mo > 0 parameter in Proposition
2.7 of [DyZw1] can be taken as small as we like.
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Applying this with u = Ro7( f for f € H™*(M), we deduce that ARy7 :
H=5(M) — H~*(SM) is bounded for some A € W°(SM) elliptic near
E?¥, and, therefore, Rong : H—*(M) — H~*(SM) is bounded. The same
argument works with Rjm; and we obtain the boundedness statement
in 1). To prove that the kernel is trivial, we remark that, by Theorem
3.1, if [l 75 f = 0 then f is smooth, and by Theorem 2.6 there exists u €
C*°(SM) so that Xu =« f. By the result of Dairbekov-Sharafutdinov
[DaSh] one has f = 0 (this follows directly from the so-called Pestov
identity — see [PSU2, Proposition 2.2.]).

Let u € H*(SM) with Xu = 7, f for some s > 0 and f € HS"}(M).
Recall from Theorem 2.1 that X is Fredholm on (H*")* and (™ )*
for any < 0 and s’ > 0, with kernel the constants and respective
inverse operator Ry and Rj. So using the fact that 7 f € (H(1=5)/7)*n
(H"(1=9)/€)* for some small ¢ > 0 and all < 0, and u € H*(SM) C
(HA=s)erys  (HH(A=8)/e)* if || < s, then we deduce by the Fredholm

property of X that w = —Romjf = Rjm;f. As a consequence, we have
that f € kerIl ), thus Xu = f = 0 and u is constant since u € L.
q.e.d.

It is not clear if injectivity holds for Ily, at least we do not see why
IIof = 0 would imply II7§f = 0. Another corollary of Theorem 3.1
is the existence of invariant distributions with prescribed push-forward
on M.

Corollary 3.4. Let s € R and r < 0, then there exists C' > 0 such
that for each f € H%(M), there exists w € C~°(SM) so that Xw = 0
and mo,w = f and

lwll grs—1(sary < Ol sy if s <1,
lwllgrsary < Cllfllmary  if s> 1.
If s > 1, for any A € WO(SM) with wave front set not intersecting

E¥ U EY, there is C > 0 such that for each f € H*(M), the invariant
distribution w satisfies ||Aw||gs—1(sary < Ol f|lms -

Proof. If f is constant the result is obvious, so we can assume that
(f,1) =0. For s # 0, define the sesquilinear product Bs on C*°(M)

B (u,u') := (Urgu, Igu’) r-is gy + (Mo, Tou') s (ar)-

Using the boundedness 1) in Lemma 3.3, and the fact that Il is an el-
liptic pseudo-differential operator of order —1, we have that there exists
C>0and K : H 5(M) — H *(M) a compact operator such that for
all w e H5(M)

By(u,w) > |[MoullFi-sary = CllullF-ear = 1Kl ary:
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Since II 7 is injective by Lemma 3.3, it is easy to see from the com-
pactness of K that there is C’ > 0 such that

By(u,u) > C/HUH%*S(M)a

and thus the completion of C*°(M) for the product Bs is H™*(M).
Using Riesz representation theorem, for all f € H?®(M) there exists
u € H=5(M) such that Bs(u,u') = (f,u)r2 for all «' € H=5(M), with
l[ullB, < Cl|f||fsar) for some C' independent of f. We use the norm
[l s vy == [|AVullp2qvy if N = M or N = SM and Ay € U!(N)
is a fixed positive elliptic operator on IN. This implies that w := Ilu
with @ = (Agf\/‘fslﬂﬂgu + ﬁSA]TfS+2H0’LL) satisfies Xw = 0 and mg,w =
fand w € H"Y(SM) if s — 1 < 0 while w € H"(SM) if s > 1:
indeed A;ﬂs‘ﬂwa‘u € HBI(SM) and mjA, 75 *Igu € H*~Y(SM) thus
the regularity of w follows from Lemma 3.3 and Theorem 2.6.

The fact that ||Aw||gs—1(sary < ClIf|lmsary if A € ¥O(SM) has mi-
crosupport not intersecting £ U E;; follows from an argument as in the
proof of Lemma 3.3: if s > 1, the boundedness of Ry on H*~ 1" for any
r < 0 implies that ||BRol||gs—1(sary < Cllf|lgsary if B € ¥O(SM) is
microsupported in a small enough conic neighborhood of E, then by
ellipticity and propagation of singularities, for any A with microsup-
port not intersecting E7 there is C' > 0 so that [[ARod||gs—1(5ar) <
C||fllms(ary, and then the same argument applies with ARja by ex-
changing E7% with £, this gives the desired result. q.e.d.

This statement gives a more precise result than that of Paternain—
Salo-Uhlmann [PSU2, Theorem 1.2] when f has some regularity (us-
ing Pestov identity and Fourier decomposition a la Guillemin-Kazhdan,
they obtain the same existence result but only for s = 0).

3.2. X-ray transform on symmetric tensors. Consider the space
of symmetric m-cotensors C*°(M,®T*M). Then there is a natural
map

ot CO(M,QFT*M) — C(SM), (7, f)(z,v) = (f(z),™v).

m

The vertical Laplacian A, : C*°(SM) — C*°(SM) can be defined using
the Riemannian metric on each fiber S, M, and its spectral decomposi-
tion induces an isomorphism

L*(SM) = é Hy,,
m=0

where H,, are L? sections of a smooth vector bundle over M corre-
sponding to the decomposition of a function into spherical harmonics of
degree m in the fibers S, M ~ S"~!. Notice that spherical harmonics
of degree m correspond to restrictions of harmonic homogeneous poly-
nomials on R™ and H,, identifies via 7%, to the space of L? sections of
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the bundle
En :={qe®%T*M;T(q) =0},
where T : QET*M — ®7Sn_2T*M is the trace defined by contracting

with the Riemannian metric:
n

(3.4) T(qQ)(v1y...,vme2) = ZQ(% €isUly- vy Um—2),
i=1

if (e1,...,e,) is an orthonormal basis of T'M. Consider the operator
D : C®(M,@%3T*M) — C®(M,2%t'T*M) defined by D = So V
where V is the Levi-Civita covariant derivative and S is the orthogo-
nal projection on symmetric tensors. Each section of ®¢T*M can be
decomposed as a sum of sections of F; for j < m. The adjoint of D
is given by D* = —7 o D and is called the divergence. Then the flow
X acting on smooth sections of E,,, viewed as elements of C°°(SM)
through 7, , satisfies

X : C®(M, Ep) — C®(M, Ep_1 ® Epyr),
where it decomposed as X = X, + X_ with Xy : C*(M, E,) —
C>®(M,Ey+1) and X, = D while X_ = —X¥ = —npom— D" We
refer to [GK2] and [PSU2, Section 3] for further details and discussions
about this decomposition.
The map 7, : C°(M,®@TT*M) — C*>(SM) induces a push-forward
on distributions

Tms 1 CTC(SM) — CT°(M, QT M), (Tmau, ) = (u, 7)),
where the pairing uses the metric g. We now show

Theorem 3.5. The operator 11,,, := w1l 7} is a self-adjoint pseudo-
differential operator of order —1 on the bundle @'ET* M, which is ellip-

tic on ker D* in the sense that there exist pseudo-differential operators
P, S, R with respective order 1,—2,—00 so that

(3.5) PIlL,, = 1d + DSD* + R.

Proof. We follow the proof to Theorem 3.1. Take two points xg, j in
M, then we want to analyze the Schwartz kernel of II,,, near (x¢,x() €
M x M. Take two cutoff functions y, x’ supported in small neighborhood
Vi of 2o and Vo, of z( so that the bundle ®7T*M has a smooth or-
thonormal basis (e1(x), ..., en(m)(2)) on Vi, and () (z),. .. 763\7(m) (x))
on V,; with N(m) = rank @gT*M. A smooth section 1 of @gT*M
can be written near xg

D) = Y (@), ej(@))ge (),

and a similar decomposition for ¢ supported near z(. The Schwartz



198 C. GUILLARMOU

kernel K, of II,,, near (zo, z() € M x M can be analyzed by considering
X1, X', which in turn is given by: for all ¥, 9" € C°(M,QFT*M)

LW 0) = 3 (T m (0, )y e (1)) ).
33"
The Schwartz kernel x(z)x'(2) K (x,2") of xIL,x' can be viewed as a
matrix valued distribution on Vz, x V., using the local bases (ej); and
(€/); and its (j,j") component is given by

J

K7 = (w0 @ mo) (x()X (&) (K (, 2') €y (2'), ¢ (2))),
where K is the Schwartz kernel of II. Since multiplying by a smooth
function does not make the wave front set larger, we are reduced to
the exact same analysis we did in the proof of Theorem 3.1. Then we
deduce that the operator 11, has smooth kernel outside the diagonal
A(M x M), the wave front set is contained in the conormal bundle to
the diagonal and II,, can be written as

€

11, = / T €N T8 dt + e (Ro + RE)7, + smoothing,
—€

for small € with m,,,e“X (Ry + Rg)7, having a smooth Schwartz kernel

outside the set {dy(x,2") = €}. Then, just as in the proof of Theorem

3.1, we are reduced to analyze the integral kernel of

€
/ Tmee Xk dt
0

close to A(M x M). Tt follows from Sharafutdinov—Skokan—Uhlmann
[SSU, Theorem 2.1] that, after multiplying by a smooth cutoff function
equal to 1 near A(M x M) and supported in {dy(z,z") < €/2}, this is a
pseudo-differential operator of order —1 if € > 0 is chosen smaller than
the radius of injectivity. It is also shown in [SSU, Theorem 3.1] that
there exists pseudo-differential operator P, .S, R as announced above. We
notice that, even though [SSU] deal with the case of simple manifolds,
all their computations are local, and near a point (zg, zg) € A(M x M),
the operator foﬁ Ty X 7% dt has the same conormal singularity as the
operator I*] acting on symmetric m-tensors on a small disk centered at
xo (which is the case considered in [SSUJ). q.e.d.

Just as for m = 0, using the wave front set of II, we see that
7, : CTF(M, QT M) — C~>(SM)

is well-defined. The operator D is elliptic on sections of ®¢7T™*M and
thus the range of D : H*(M,@3T*M) — H*~(M, @5 T*M) is closed
for any s € R, and we have ker D* = Ran(D)* where Ran(D) is the
range of D. We set the Hilbert space norm

£l zs vt @mrany = 11+ D*DY"2 fll 2 argmray:
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Then H*(M,®%T*M) Nker D* is a Hilbert space with this norm, and
by Riesz representation theorem, we can describe the dual with respect
to L? (i.e., distributional) pairing as

(H*(M,%T*M)Nker D*)* = H *(M,Q¢T*M)Nker D*(1+D*D)™".
We then get

Lemma 3.6. 1) There exists € > 0 so that for all s > 0, the following
operator is bounded

Ik« H5(M,Q%T*M) — H*(SM),

and the kernel of Il w), - C™°(M,ET*M) Nker D* — C~>°(SM) is
finite dimensional.

2) The kernel of Il 7}, on ker D* consists of those f € C*°(M,&TT*M)N
ker D* such that there ezists u € C*°(SM) with Xu =7}, f.

3) Assume that there is uw € H*(SM) with Xu = 7}, f for some f €
Hs=Y(M,@3T*M) Nker D* with s € (0,1), then u € C*°(SM).

Proof. The proof of the first boundedness result is exactly the same
as for the case m = 0. To prove that the kernel is finite dimensional, we
remark that by Theorem 3.5, if Il 7}, f = 0 and D*f =0, then II,,f =0
and so f is smooth by applying (3.5) to f. Then by Theorem 2.6 there
exists u € C°(SM) so that Xu = 7, f. Conversely, elements f so that
Xu = 7} f for some u smooth satisfy 7, f € kerIl by Theorem 2.6
(in particular, note that f integrates to 0 along closed geodesics). The
proof of the last statement is the same as for m = 0 thus we do not
repeat it. q.e.d.

Remark 3.7. This gives an alternative (microlocal) proof of the
result of Dairbekov—Sharafutdinov [DaSh, Theorem 1.5.] on the fi-
nite dimensionality of the kernel of the X-ray transform on m-cotensors
on Anosov manifolds. By results of Croke-Sharafutdinov [CrSh| and
Lemma 3.6, we deduce that the kernel of Il 7}, on ker D* is trivial if
(M, g) is Anosov with non-positive curvature, and is always trivial when
m = 1 for Anosov manifolds by [DaSh, Theorem 1.3].

Finally we get existence of invariant distributions with prescribed
push-forward 7.

Corollary 3.8. Let m > 1, s € R and r < 0, then there exists C > 0
such that for each f € H*(M,&TT*M) Nker D* with (f,k);2 =0 for
all k € ker IIn}, Nker D*, there exists w € C~°°(SM) so that Xw = 0,
MW = f and

lwllzs-1sary < Clfllgsary  if s <1,
(Wl e sary < Clfllroany  if s > 1
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If s > 1, for any A € WO(SM) with wave front set not intersecting
EX U EY, there is C > 0 such that for each f as above, the invariant
distribution w satisfies || Aw||gs—1(sary < Ol f|] s (ar)-

Proof. The proof is essentially the same as Corollary 3.4, thus we just
focus on the differences. Take s # 0 and define the sesquilinear form on

C>(SM)
Bs ('LL, ’LL/) = <H7T:nu, HW:;LU/>H7\S\(SM) + <Hmu7 Hmu/>H1—s(M7®g‘LT*M).

The H*-norm on ®FT*M is defined by ||u||gs = [|[A*ul|p2 where A :=
(1+ D*D)Y2. Then we conjugate (3.5) by A* on the left so that

A% PII,,A"% = 1d + A¥*DSD*A~% + R,

where R is smoothing. The left-hand side can be written as PIL,, + Q
with @ € U~1(SM), thus there exists C >0and T : H (M, Q% T*M) —
H=*(M,®%T*M) compact such that for all w € H™*(M,@%T*M) N
ker D*A~2¢

BS(U,U) > |’Hmu”§{1*S(M,®?T*M)
> C||U\|§{—S(M,®gLT*M) - HTUH%*S(M,@%”T*M)‘

By Lemma 3.6, the kernel K, of IIr}, in C~°(M,®&T*M) Nker D* is
a finite dimensional space included in C*°(M,®FT*M), and we claim
that if u € ker [Ir;, Nker D*A™2% is in H—5(M,@%T*M) and (u, k)2 =
0 for all k € K,,, then u = 0: indeed we can decompose u = ug + Du’
with D*ug = 0 and v’ € H~*+*H(M, @7 'T*M) and we get IIr,ug = 0
since I}, Du' = X 7,,_1u = 0; then uy € K, and 0 = (u, k)2 =
(ug + Du' k)2 = (ug, k)2 for each k € K, and we get ug = 0. Since
D*A~2%y = 0, we have D*A~2*Du/ = 0, which gives Du’ = 0 (by pairing
with ), and thus v = 0. We conclude that there is C' > 0 such that

Bg(u,u) > CH“H%{*S(M,@?T*M)’

for each u € By := H5(M,@%T*M) Nker D*A~2 N (A*K,,)* (the
orthogonal is with respect to H~* product). Then B; is a Hilbert space
with the By scalar product. Using Riesz representation theorem, for all
f e H¥(M,@%T*M) Nker D* satisfying (f, k)2 = 0 for all k € K,,,
there exists u € By such that Bs(u,u') = (f,u) 2 for all v € B, with
||lu||B, < C||f||gs for some C' independent of f. From this, there is
w = MA2BIr* u + rf, A2=2*1L,u such that Xw = 0, T, (w) =
f+k+ A% Dgq for some ¢ € HT(M; ®?_1T*M) and k € K,,. We
apply D* to this identity and since D*m,,, II = 0, we get D*A™2Dq = 0
and thus Dg = 0. Now we use that (f, k)72 = 0 and (7w, k)r2 = 0
to deduce that £ = 0. The regularity of w is just as in the case m = 0.

q.e.d.
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Remark 3.9. An analysis similar to what is done in Theorem 3.1 and
3.5 shows that the operators 7y, Il 7}, are pseudo-differential of order —1
for all m, ¢. In particular, this implies that the components wy := 7y, w
of w in Corollaries 3.4 and 3.8 are H*~1(M, Ey) if f € H*(M, @7 T*M).
In particular, if f € C*°(M,®¥T*M) then the distribution v in Corol-
laries 3.4 and 3.8 has smooth coefficients in the vertical Fourier decom-
position (matching with the work [PSU2]| for m = 0). This also follows
from the wave front set property of w and applying mp,.

3.3. Injectivity of X-ray transform on tensors for Anosov sur-
faces. Consider an oriented compact Riemannian surface (M, g) with
Anosov geodesic flow ¢, : SM — SM. As before, let X be the smooth
vector field generating the flow. The manifold SM is a circle bundle
over M, equipped with a natural action

S x SM — SM, € (z,v) = (x, Rg(v)),

where Ry is the rotation of an angle +6 in the fiber. The action is
generated by a vector field V' defined by V f(z,v) = 0.f(e’.(z,v))]i=o-
We let X | :=[X, V], and it can be checked that (X, X |, V') form a basis
of T(SM), which is orthonormal for the Sasaki metric. The tangent
space T'(SM) splits as T(SM) =V & H where V = RV = kerdmy is the
vertical space and H is the horizontal space defined using Levi—Civita
connection (cf [Pa]). In particular, one has H = span(X, X, ). Let «
be the Liouville 1-form defined by «a(z,v).n = g(dmo(x,v).n,v) which
satisfies a(X) = 1, txda = 0 and is a contact form. One has kera =
FE, & E,. Near a point x¢p of M, one can find isothermal coordinates
& = (21, x2) so that the metric is of the form g = *(*)(da? + da3) for
some smooth function w. Using the action generated by V', this induces
coordinates (1, 9, e) near the fiber 7~!(x), and in these coordinates

V= 897
X = e “(cos(0)0y, + sin(0)0y, + (—0z,wsinf + 0y,w cos 0)dy),
X = —e ¥(—sin(0)0y, + c0s(0)0y, — (0, w cos 0 + Opywsinh)dp).

Fourier decomposition in the fibers. Each smooth function u €
C*°(SM) can be decomposed as

(3.6) U= Zuk, Vuy = ikuy
kEZ

using the Fourier decomposition in the fibers with |lug||z2 = O(|k]~*°)
(see [GK1]). This decomposition extends to L?(SM) and induces
a splitting L2(SM) = @®rczHy where elements in Hj correspond to
ker(V — ik) and can be represented as L2-sections of k-th power of a
complex line bundle over M. The geodesic vector field X acts as a first
order differential operator on C*°(SM) and can be decomposed as

X =ny+n-, ni:%(XiZXJ_)v
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where in the decomposition (3.6), ny : Hp — Hpyq for all k € Z.
Symmetric cotensors of order m are embedded as functions in SM by
the map 7, : C®°(M,QFT*M) — C*°(SM) as before. The map 7}, is
an isomorphism

(3.7)

o, CC(M,Q¢T*M) = (Hp&Hpy—2® - - ©H_ 0B H_, )NC(SM),

with sections of S(dz™ 7/ ® dz’) mapped to Hy,_oj by .. If ¢ € Hy,
we have 7 Tm.q = cmq for some ¢, # 0 depending only on m. The
operator X has a splitting

X=X, +X_,

where, using (3.7), the action on each H,, is given by X, = D and X_ =
—%D*. We define the antipodal map A : SM — SM by A(z,v) :=
(z,—v). In terms of coordinates (x,#), this is simply the translation of
7 in the # component. The action by pull-back on functions becomes,
in the decomposition (3.6),

A*C®(SM) — C(SM),  A'u=> (—Dfup =D up—Y  tigs1.
keZ keZ kEZ

The kernel of %(Id — A*) consists of functions with even Fourier coeffi-
cients in the fibers, the map %(Id — A*) has range the set of functions
with odd Fourier coefficients. These operator extend continuously to
C™>°(SM) by duality since A is a diffeomorphism, and we shall say
that a distribution is odd (resp. even) if it is in the range (resp. kernel)
of %(Id — A*). We can write in general u = uey + uoq for distributions,
where uyq 1= %(Id — A*)u. The operator X maps odd distributions to
even distributions and conversely. Therefore, one has

(3.8) we C ?(SM), Xw=0= Xwyq =0 and Xwe, = 0.

Szeg6 projector. We now define the Szego projection in the fibers
using decomposition (3.6)

S:C™®(SM) — C™(SM), Su=>»
E>1

which is the projector on the positive Fourier coefficients. This extends
as a self-adjoint bounded operator on L?(SM), and as a bounded op-
erator on H*(SM) for all s € R. Moreover, an easy computation using
X =mn4 +n_ gives

(3.9) XSu=SXu—mnyup+ n_uj.

Let py € C°(T*SM) be the principal symbol of —iV, it is given by
pv(y,&) = &(Vy). We first recall a standard result.
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Lemma 3.10. The operator S has Schwartz kernel with wave front
set contained in

{(,&,y, =€) € T"(SM) x T*(SM); py (§) = 0}

Proof. First we notice that the distribution kernel is supported on
{mo(y) = mo(y’)}. Then it suffices to work locally near a point (xq, 69,
zo,0() € SM x SM and we use isothermal coordinates there. The
operator S acting on functions supported in a neighborhood of 7= (z¢)
can be viewed as an operator with a compactly supported distributional
kernel on (R? x S1) x (R? x S1); moreover, this is a convolution operator
and the convolution kernel is given by

. 1 .
S(x,e) = 6y(x) ® o Z ek?

s
k>1

The singular support of S is contained in {0} x S'. Notice that
s €0 = (1 — €)1 is smooth outside e = 1, then for any
smooth function y on S' which vanishes near 1, the wave front set of
x(¢)S is contained in the conormal bundle N*({0} x S'), and since
this was a convolution kernel, when returning to SM x SM this part
has wave front set contained in the subset {(y,&,y, —&);pv(§) = 0} of
the conormal bundle to the diagonal. Now we are left to analyze the
remaining part of the convolution kernel (1 — y(e®?))S. If 1 — x is sup-
ported close enough to 1, we can view this as a distribution on R2 x Ry
with Fourier transform

(&er&o) = > (& — k),

k>1

where ¢ € C§°(R) is a function equal to 1 near 0 and () = 0 for |0] >
/2. Since py(&;, &) = &p, the Fourier transform decays to all order in
all directions £ = (&, &) so that py(£) < 0. Coming back to SM x SM,
this part has wave front set contained in {(y, &, y, —&);py(£) > 0}. q.e.d.

As a corollary of this, we obtain

Corollary 3.11. Let B € W°(SM) such that Id— B is microsupported
outside a conic neighborhood of {py(§) = 0}. Let u,v € C~>°(SM) be
odd so that Bu, Bv € H?(SM). Then the multiplication w := S(u).S(v)
makes sense as a distribution on SM, w = S(w), and w = w' + w”
for some w' € H?(SM) and some w" with wave front set WF(w") C
{pv(§) > 0}. Let uy = S(mim,u) and v = S(nimi,w), then if Xu =
Xv=0 and n-u; =n_v; =0, we have Xw = 0.

Proof. We write u = v/ +u” and v = v/ +v” with v/ := Bu and v’ :=
Bv. Then S(u/), S(v') € H?>(SM) so that the product w’ := S(u').S(v")
make sense as an element in H2?(SM) (recall that H?(SM) C L>®(SM)).
We have WF(u”) C {(y,&);pv(§)| > 0} by the microsupport prop-
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erty of B, thus we can use [H62, Theorem 8.2.13] and Lemma 3.10
to deduce that WF(S(u")) C {(y,£);pv(§) > 0} and WF(S(u')) C
{(y,€);pv (&) > 0}; the same property holds for S(v') and S(v”). Then
by [H62, Theorem 8.2.10], we see that the multiplication S(u").S(v)
and S(u’).S(v") make sense as distributions and have wave front set in
{(y,£); pv (&) > 0}. This shows that S(u).S(v) make sense as a distribu-
tion and we have the desired result with w” := S(u”).S(v)+S(u").S(v").
The fact that S(u).S(v) = S(S(u).S(v)) is straightforward to check by
taking sequences uy,, v, € C°(SM) converging to u,v € C~°(SM) as
n — oo and using that the equality S(S(uy,)S(vy,)) holds for all n. More-
over, if u,v are odd, in ker X and n_u; = n_v; = 0, we deduce from
(3.9) that XS(u) = XS(v) = 0 and thus X (S(u).S(v)) = 0, again by
approximating by smooth functions in the distribution topology. This
completes the proof. q.e.d.

Proof of Injectivity of X-ray on tensors. We can now prove

Theorem 3.12. On a Riemannian surface with Anosov geodesic
flow, then for all m > 0 we have ker I,,, N ker D* = 0.

Proof. First we claim that for f; € Hy N C*(SM) which satisfies
n—f1 =0, then Vs > 0
(3.10)
Jw e CT®°(SM) odd , Xw =0, m,w = m1,f1,

3B € U (SM), WF(Id — B) N {py(£) =0} =0, Bw € H*(SM).

Indeed, the condition D*(m1,f) = 0 becomes nyf 1 +n_f1 =0if f €
C®(M, T*M) and i f = fi+ f-1,s0if f_; = 0, the condition n_ f; =0
and Corollary 3.8 insure that for each s > 0 there is w € NycoH"(SM)
so that Xw = 0 and my,w = 7y, f1, and such that for any B’ € W0(SM)
with microsupport not intersecting E U E*, B'w € H*(SM). We have
that py(€) # 0 on (E} U E*)\ {0} since {py(§) = 0} is the conormal to
the fibers of SM — M (i.e., the annihilator of the vertical space of SM)
and EXUE? intersect it only at £ = 0, therefore, we can choose B’ so that
WF(Id - B")n{py(§) =0} =0 and WF(B' )N (E! UEY) = (. Next we
take the odd part weq of w, then Xwyq = 0 and 71, (woq) = w1 f1. If A
is the antipodal map, we get A*(B'w) € H*(SM) and if v’ := w — B'w
we have WF(w') N {py(§) = 0} = 0 and by [H62, Theorem 8.2.4],
WE(A") € {(4 (d4)7€); (A(1). ) € WE(w)}.

But since dA,.V,, = Vy(,) we have py(y, (dAgg)) = pv(A(y),&) and
thus WF(A*w') C {py (&) # 0} (in fact A = €™ and py () is constant
under the Hamilton flow of py). Now since woq = 3(w’ — A*w') +
3(B'w — A*B'w), we have shown (3.10) by choosing B € ¥°(SM) so
that WF(Id — B) N {py(&§) = 0} = 0, B(Id — B') € ¥~>*°(SM) and
WF(B) N WF(A*w') = (). Next we show
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Proposition 3.13. Assume that M is a non-hyperelliptic surface
with Anosov geodesic flow. Let f € C*(M,&%T*M) for some m, and
assume that there exists w € C*°(SM) with Xu = =« f. Then u =
7 _1q for some q € C*°(M, ®g"_1T*M), or equivalently f = Dq.

Proof. We follow the proof of Theorem 9.3 in [PSU1]. We will do
the proof by induction on m: let m > 2 and assume that we have shown
that for all £ < m, if Xu = f for some f € @gZOHZ_Qj and u € C*°(SM)
then u € @ﬁ;éHg_l_gj. This is true for m = 2 by the result of [PSU1].
Without loss of generality, let f € C°°(M, ®¢T*M) be real valued, that
we decompose into irreducible components

T f = fm 4 fm—2+ - + form + fom With f; € Hj.

Assume that there exists u € C°°(SM) real so that Xu = f. We have
the orthogonal decomposition

fmn = 04 (hm—1) 4+ Gm with hy,—q € Hp 1 NC(SM), ¢, € HpNkern_.

Then we have X (v —hpm—1) = ¢m—1—(hm—1) + fr—2++ -+ focm+ fom.
We use Max Noether’s theorem as in [PSU1, Theorem 9.3|, this im-
plies that g, is a finite sum g, = Y ) cym @k, - - - a,, for some ai, €
HyNC*(SM) and n-ag; = 0. By (3.10), there exists wy, € C~*°(SM)
so that kaj = 0, mwg; = ag, and there is B € \I/O(M) so that
WF(Id — B) C {pv(§) # 0} and Bwy, € H*(SM) for all j. By
Corollary 3.11 applied inductively, one can define the product w :=
> kenm S(wy) ... S(wg,,) which satisfies Xw = 0. By viewing each wy;
as limit of smooth functions, w%j when n — oo we also see that, since

the product of m elements S (wzj) satisfies

T (S(wg,) - S(wy, ) = m(wy,) .. (wy, ),

then we have by taking the limit n — oo that m,,w = 7T«qm, and
similarly my,w = 0 for £ < m. We then have, using 7 Tm.«@m = Cmqm
and mp,w = 0 for £ < m,

cqum”%Q = <7T;kn,(77m*w)7Qm>
= (w, X(u—hm-1)) = —(Xw,u — hyp_1) =0,
and the last equality makes sense since u — hy,—1 is smooth. Since f is
real, f_p, = fin = n—(hm—1), and we get
X(u =Py = him-1)

m—2

=N (hm1) =n—(hm-1) + frn2+--+ fom € @ Hp, o 9j.
§j=0

By the induction assumption, v —h,,—1 —hm—1 € EBT:_O?)Hm_g_gj and we
have proved the induction. This achieves the proof of the Proposition
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by using the description (3.7) of symmetric tensors in terms of elements
in H N C*>®(SM). q.e.d.

To conclude the proof of Theorem 1.4, it suffices to use the argument
of the proof of Theorem 1.1 in [PSU1]: M has a normal cover N which
is non-hyperelliptic and lifting the problem to N, we reduce the proof
to the case of non-hyperelliptic surfaces. Take f € C°°(M,RFT*M)
with I,,,(f) = 0, then Livsic theorem tells us that there is u € C*°(SM)
such that Xu = 7, f. Then Proposition 3.13 ends the proof. q.e.d.
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