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A FRAME ENERGY FOR IMMERSED TORI
AND APPLICATIONS TO REGULAR
HOMOTOPY CLASSES
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Abstract

The paper is devoted to studying the Dirichlet energy of moving
frames on 2-dimensional tori immersed in the euclidean 3 < m-
dimensional space. This functional, called frame energy, is nat-
urally linked to the Willmore energy of the immersion and on
the conformal structure of the abstract underlying surface. As the
first result, a Willmore-conjecture type lower bound is established:
namely for every torus immersed in R™, m > 3, and any moving
frame on it, the frame energy is at least 272 and equality holds if
and only if m > 4, the immersion is the standard Clifford torus
(up to rotations and dilations), and the frame is the flat one.
Smoothness of the critical points of the frame energy is proved af-
ter the discovery of hidden conservation laws and, as application,
the minimization of the frame energy in regular homotopy classes
of immersed tori in R3 is performed.

1. Introduction

The purpose of this paper is to study the Dirichlet energy of moving
frames associated to tori immersed in R™, m > 3. Moving frames have
played a key role in the modern theory of immersed surfaces starting
from the pioneering works of Darboux [10], Cartan [6], Chern [8]-[9],
etc. (Note also that in the book of Willmore [42], the theory of surfaces
is presented from Cartan’s point of view of moving frames, and the
recent book of Hélein [16] is devoted to the role of moving frames in
modern analysis of submanifolds; see also the recent introductory book
of Ivey and Landsberg [18].) Indeed, due to the strong link between
moving frames on an immersed surface and the conformal structure of
the underlying abstract surface (see later in the introduction for more
explanations), the importance of selecting a “best moving frame” in
surface theory is comparable to fixing an optimal gauge in physical
problems (for instance for the study of Einstein’s equations of general
relativity it is natural to work in the gauge of the so called harmonic
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144 A. MONDINO & T. RIVIERE

coordinates, for the analysis of Yang-Mills equation it is convenient to
use the so called Coulomb gauge, etc.).

Before going to the description of the main results of the present
paper, the objects of the investigation of this work must be defined.

Let T? be the abstract 2-torus (seen as 2-dimensional smooth man-
ifold) and let ® : T2 < R™,m > 3, be a smooth immersion (let
us start with smooth immersions, then we will move to weak immer-
sions). One denotes with 7®(T?) the tangent bundle to ®(T2); a pair
g = (61,8) € T(TH(T?) x D(TH(T?)) is said to denote a moving
frame on & if, for every z € T2, the couple (€1 (), E2(x)) is a positive
orthonormal basis for TICI;(Tz) (by positive we mean that we fix a priori
an orientation of ®(T?2) and that the moving frame agrees with it).

Given @ and & as above we define the frame energy as the Dirichlet
energy of the frame, i.e.

- 1
(1.1) F(®,¢€) := / |dé)? dvoly,
4 Jp

where d is the exterior differential along <I;, dvol, is the area form given
by the immersion d (this can be seen equivalently as the restriction to
CIS('IEQ) of the 2-dimensional Hausdorff measure on R™, or as the volume
form associated to the pullback metric g := CI;*(ng) where ggpm is the
euclidean metric on R™), and |dé] is the length of the exterior differential
of the frame which is given in local coordinates by |dé|? = Zi:l |dex|? =
Ziij:l G0, - Oz ;€); in the paper 4 - v/ or (u,v) denotes the scalar
product of vectors in R™.

Let 77 be the unit simple m — 2-multivector giving the normal space
to ® in terms of the Hodge duality operator in R™

0y, B A Oy, ®

1.2 7= *R™M = = .
(1.2) |02, P A Oy, P

In R3, for instance, it can be written in terms of vector product

(1.3) o 00 ® X 00y ®
|0, @ X O, P|

Let 77 : R™ — T®(T?) and m; : R™ — N®(T?2) be the orthonormal
projections on the tangent and on the normal space respectively. Recall
that the second fundamental form I of the immersion @ is defined by

-

(1.4) ]_fij = 77(05,,, D)

TiT;

and the mean curvature H is given by half of its trace

. 1=
(15) H = ig]]lij.
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Notice that, writing de; = mp(de;) + 77 (dé;) = (dé;, €i+1)€i+1 + m7(dE;)-
where Zs-indices are used—the frame energy decomposes as

- 1 1 o
(1.6) F(d,6) = 5/ €1 - dé |2 dvoly + 1/ T2 dvol,.
T2 T2

The tangential part

(1.7) Fr(®,8) := 1/ €1 - déa| dvol

2 T2
is equal to the L?-norm of the covariant derivative of the frame with
respect to the Levi-Civita connection, whereas the normal part corre-
sponds to the Willmore energy after having applied the Gauss Bonnet
theorem:

. . 1 .
(1.8) W(®) := / |H|? dvol, = / IT|? dvoly;
T2 4 T2
where the above defined W is the so-called Willmore functional, we get

Let us observe that the frame energy F is invariant under scaling and
under conformal transformations of the metric g, but not under confor-
mal transformations of R™ (to this purpose note that, by definition,
the moving frame has to be orthonormal with respect to the extrinsic
metric, i.e. ggrm, but the norm of the derivative as well as the volume
form is computed with respect to the intrinsic metric g). Therefore,
even if natural on its own, F can be seen as a more coercive Willmore
energy where the extra term JFr prevents the degenerations caused by
the action of the Moebius group of R™ and the degeneration of the con-
formal class of the abstract torus. More precisely we have the following
proposition.

Proposition 1.1. For every C > 0, the metrics induced by the
framed immersions in F~1([0,C]) are contained in a compact subset
of the moduli space of the torus.

Let us mention that the proof of Proposition 1.1 is remarkably el-
ementary and makes use just of the Fenchel lower bound [14] on the
total curvature of a closed curve in R™.

Combining Proposition 1.1 with the celebrated results of Li-Yau [21]
and Montiel-Ros [25] on the Willmore conjecture, we manage to prove
the following sharp lower bound (with rigidity) on the frame energy.

Theorem 1.1. Let ® : T2 < R™ be a smooth immersion of the 2-
dimensional torus into the euclidean 3 < m-dimensional space and let
€ = (€1, €e,) be any moving frame along 3.

Then the following lower bound holds:

- 1
(1.10) F(®,8) = Z/ \de? dvol, > 27°.
']1*2
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Moreover, if in (1.10) equality holds then it must be m > 4; ®(T?) C R™
must be, up to isometries and dilations in R™, the Clifford torus

(1.11) Ty =St x St c R* ¢ R™,

and & must be, up to a constant rotation on T(®(T2)), the moving frame
given by (%, %), where of course (0,¢) are the natural flat coordinates
on ST x S

Remark 1.1. Let us mention that, thanks to (1.9), in codimension
one, the lower bound (1.10) follows by the recent proof of the Willmore
conjecture by Marques and Neves [22] using the min-max principle; the
approach here is a more direct energy based consideration. Indeed from
their result non just the frame energy but the Willmore functional W(Cf;)
is bounded below by 272 for any smooth immersed torus, and W(@) =
272 if and only if disa conformal transformation of the Clifford torus.
Curiously, our lower bound seems to work better in codimension at least
two, where it becomes sharp and rigid; clearly, in codimension one it is
not sharp because of the nonexistence of flat immersions of the torus in
R? and because of the Marques-Neves proof of the Willmore conjecture.

Let us also mention that Topping [37, Theorem 6|, using arguments of
integral geometry (very far from our proof ), obtained an analogous lower
bound on an analogous frame energy for immersed tori in S under the
assumption that the underlying conformal class of the immersion is a
rectangular flat torus.

For variational matters the framework of smooth immersions has to
be relaxed to a weaker notion of immersion introduced by the second
author in [30] that we recall below.

Given any smooth reference metric go on T? (the definition below is
independent of the choice of a smooth gp), the map d: T2 5 R™ is
called weak immersion if the following properties hold:

1) & € W°°(T2,R™) and the pullback metric 9z = *grm is equiv-

alent to go, i.e. there exists a constant Cz > 1 such that

Cq;l 95 < 90 < Czgz as quadratic forms.

2) Denoting by 77 € L®(T2?, A™~2R™) the normal space defined a.e.
by (1.2) (or more simply in R3 by (1.3)), it holds that 77 € W12(T?);
or, equivalently, the second fundamental form [ defined a.e. in (1.4)
is L? integrable over TZ2.

The space of weak immersions ® from T2 into R™ is denoted by £(T2, R™).
Recall also that given a weak immersion, up to a local bilipschitz diffeo-
morphism, we can assume it is locally conformal so it induces a smooth
conformal structure on the torus (this result is a consequence of a com-
bination of works of Toro [38]-[39], Miiller-Sverak [26], Hélein [16] and
the second author [30]; for a comprehensive discussion see [32]).
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Let us remark that Proposition 1.1 and Theorem 1.1 hold for weak
immersions as well (for more details see Section 5).

In order to perform the calculus of variations of the frame energy,
in Section 3.1 we establish that the frame energy is differentiable in
E(T%,R™) and we compute the first variation of the tangential frame
energy Jp which, combined with the first variation of the Willmore func-
tional [28] and with (1.9), gives the first variation of the frame energy
F. As for the Willmore energy (as well as for many important geometric
problems as Harmonic maps, CMC surfaces, Yang Mills, Yamabe, etc.)
the equation we obtain is critical. 1t is therefore challenging to prove
the regularity of critical points of the frame energy.

Inspired by the work of Hélein [16] on CMC surfaces and of the sec-
ond author on Willmore surfaces [28] (see also [24] for the manifold
case and [32] for a comprehensive discussion), in order to study the
regularity of the critical points of the frame energy we discover some
new hidden conservation laws: in Subsection 3.2 we find some new iden-
tities for general weak conformal immersions, and then in Subsection
3.3 we use these identities in order to deduce a system of conservation
laws satisfied by the critical points of the frame energy. In particular,
this system of conservation laws yields to an elliptic system involving
Jacobian nonlinearities which can be studied using integrability by com-
pensation theory (for a comprehensive treatment see [29]). Thanks to
this special form, we are able to show regularity of the solutions of this
critical system; namely we prove the following result.

Theorem 1.2. Let & be a weak immersion of the disc D? into R?
and let & = (&1, &) be a moving frame on ® such that (D, €) is a critical
point of the frame energy F. Then, up to a bilipschitz reparametrization,
we have locally that D is conformal and € is the coordinate moving frame

, = R 0y ® 0.,
associated to ®, i.e. (€1,€) = <a 15‘, 2 2‘5|
r1 T2

>. Moreover, there exists

p € (0,1) such that CI;|BP(0) is a C* immersion.

Let us observe that for the sake of simplicity of presentation, this work
is more focused on the codimension one case; the higher codimensional
case will be the object of a forthcoming paper, in which many of the
arguments carry on in a similar way.

Now let us discuss an application of the tools developed in this paper
to the study of regular homotopy classes of immersions.

Let us first recall some classical facts about regular homotopies, start-
ing from the definition: given a smooth closed surface 32, two smooth
immersions f,g : ¥2 < R™ are said to be regularly homotopic if
there exists a smooth map H : X2 x [0,1] — R™, called regular ho-
motopy between f and g, such that H(-,0) = f(-), H(-,1) = g(-) and
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Hy(-) := H(-,t) : ¥? < R™ is an immersion for every ¢ € [0, 1]; every-
thing up to diffeomorphisms of ¥2.

In his celebrated paper [35] of 1958, Smale proved that any couple of
smooth immersions of the 2-sphere into R? are regularly homotopic, i.e.
homotopic via a one-parameter family of immersions (see also [36] for
the higher dimensional results). The same is not true for immersions of
the 2-sphere in R* where indeed there are countably many regular ho-
motopy classes. A year later, Hirsch [17] generalized the ideas of Smale
to arbitrary submanifolds, and in particular he proved that the regular
homotopy classes of immersions of any fixed smooth closed surface in
a euclidean space of codimension higher than two trivialize, i.e. every
two immersions of a fixed surface are regularly homotopic (this follows
from the fact that the second homotopy group of the Stiefel manifold
Vo(R™) is null for m > 5).

Remarkably, the case of tori immersed in R? differs from the one of
the spheres. Indeed, as proved by Pinkall in 1985 [27], there are exactly
two regular homotopy classes of immersed tori in R3: the standard one
(the one of a classical rotational torus, say) and the nonstandard one
(a knotted torus, for an explicit example we refer to in [27]). One could
address the question of a canonical representative for each of the two
classes.

As an application of the tools developed in this paper, we prove the
existence of a smooth minimizer of the frame energy within each of the
two regular homotopy classes; such a minimizer can be seen as a canon-
ical representative of its regular homotopy class. It is proven below that
the notion of regular homotopy class extends to the general framework
of weak immersions (see Proposition 5.7). The following is the last main
result of the present paper.

Theorem 1.3. Fix o as a reqular homotopy class of immersions
of the 2-torus T2 into R3. Then there exists a smooth conformal im-
mersion & : T2 < R3, with P e o, such that, with € = (€1,€3) :=
(a””lq: , 81243> called the coordinate moving frame, the couple (CI;,é‘)

|02, @| 7 |0zq ®|
minimizes the frame energy F among all weak immersions of T2 into
R3 lying in o and all W2 moving frames on CIS(']IQ):

(1.12)

F(®,8) = min {f(%,é) B e E(TLRY), B co, e W)}

Let us conclude the introduction with some comment and open prob-
lems. As already observed in Remark 1.1, from Theorem 1.1 it follows
that the global minimizer of the frame energy for (weak) immersions
of T? into R™, for m > 4, is the Clifford torus; instead it is still an
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open problem to identify who is the minimizer for immersions into R3.
We expect it to be the Clifford torus as well. We also expect the mini-
mizer of the nonstandard regular homotopy class of immersed tori into
R3 to be the diagonal double cover of the Clifford torus proposed by
Kusner in the framework of the Willmore problem [20, page 333]. Both
of these are open problems, as well as the existence of a minimizer of
the frame energy among regular homotopy classes of tori immersed into
R*: indeed, in codimension two, there is an extra difficulty given by the
possibility of having a loss of homotopic complexity in the concentra-
tion points of the frame energy (to exclude this, in our argument we use
Lemma 6.10, which is not true in codimension two). Notice finally that
in codimension greater than or equal to three, by the aforementioned
result of Hirsch, there is just one regular homotopy class of immersed
tori, and by Theorem 1.1 the global minimizer is the Clifford torus, up
to isometries and rescalings, with rigidity.

The paper is organized as follows.

Section 2 is devoted to the proofs of Proposition 1.1 and Theorem
1.1, namely the bound on the conformal class and the lower bound
(with rigidity) on the frame energy.

In Section 3 the system of conservation laws satisfied by the critical
points of the frame energy is established. More precisely, in Subsec-
tion 3.1 we establish the Frechet differentiability of F' in the space of
weak immersion and compute the first variation formula, in Subsection
3.2 we discover some general conservation laws associated to a general
weak conformal immersion, and in Subsection 3.3 these conservation
laws are used to obtain a system of conservation laws involving Jaco-
bian quadratic nonlinearities satisfied by the critical points of the frame
energy.

In Section 4 the peculiar form of the aforementioned system is ex-
ploited in order to deduce the regularity of the critical points of the
Frame energy via the theory of integrability by compensation; namely
Theorem 1.2 is proved.

In Section 5 the above tools of the calculus of variations are applied
to prove the existence of a minimizer of the frame energy in regular
homotopy classes: namely Theorem 1.3.

Finally, in the Appendices we recall some classical geometric compu-
tations in conformal coordinates used in Section 3, a lemma of functional
analysis used in the proof of the regularity theorem, and a lemma of dif-
ferential topology used in the proof of Theorem 1.3.

Acknowledgments. A.M. acknowledges support of the ETH fellowship
having the title “Weak immersions of surfaces into manifolds and the
Willmore functional.”
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2. A lower bound—with rigidity—for the frame energy in R™,
the analogue of the Willmore conjecture

2.1. Reduction to conformal immersions of flat tori and coor-
dinate moving frames. Let $ : T? < R™ be a smooth immersion of
the torus into the euclidean 3 < m-dimensional space.

The goal of this section is to prove Lemma 2.1: namely to reduce
the problem of calculating the infimum of the frame energy among all
smooth immersions of T? into R and all moving frames, to the case of
coordinate moving frames associated to smooth conformal immersions
of tori lying in the moduli space of conformal structures. We will proceed
with consecutive reductions.

Reduction 1: € satisfies the Coulomb condition. Since in this sec-
tion we are interested in giving a lower bound on the frame energy
F, we can assume that the frame € minimizes its tangential part Fr :=
%fTQ |€a, -dé’1|§ dvoly; this is equivalent to saying that € is a Coulomb
frame, i.e. it satisfies the Coulomb condition

(2.13) d*s (é&,déé) =0,

which reads in local isothermal coordinates as div(éej, Véz) = 0 (for
more details about Coulomb frames and the Chern method see [16] or
[32]).

Reduction 2: € is a coordinate moving frame. Recall that, by using
the Chern moving frame method and the fact that € is Coulomb, we
can cover the torus T? by finitely many balls { By }r=1__n such that for

every ball there exists a diffeomorphism f : By — By such that do fr
is a smooth conformal immersion of By into R™ and

Oy do
(2.14) € = M7

|02, (P 0 fr)|
i.e. the moving frame € is the coordinate moving frame associated to
the smooth conformal immersion ®.

Reduction 3: The reference torus is flat. Now the local conformal
coordinates on T? define a smooth conformal structure on T2. Therefore,
by the Uniformization Theorem, there exists a diffeomorphism ) from
a flat torus ¥ (i.e. ¥ is the quotient of R? modulo a Z? lattice) into
our T? such that I Lo 4 is a conformal diffeomorphism; it follows that

do P = do fro fk_l o1 is a smooth conformal immersion of 3 into R™.
Moreover, recalling that the property of being Coulomb for a moving
frame is invariant under conformal changes of metric (this property is a
direct consequence of equation (2.13) and of the invariance of the Hodge
operator %, under conformal changes of metric), we get that €o ¢ is a
Coulomb moving frame on ..
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Now observe that we have another natural Coulomb frame on the flat
torus X given by the conformal immersion ® o v, namely

8y, (B o)

— _ , satisfying ﬁ . dﬁ = *dA,
|0y, (® 0 )|

(2.15) fj

where y1,y2 are standard coordinates on ¥ and A = log(\(‘)yi(ig o1))|) is
the conformal factor. Clearly, we can compare the two moving frames €
and f via a rotation in the tangent space, i.e.

& +iéy = 0 (fL +ifa)
for some smooth function § : ¥ — S!. Observe that, using (2.15) and
integrating by parts, we get
(2.16)
Fr@.0) = [ fer-desdy = [ 1i-afs - aofy
= [ |fi-dfo> +|d0]> =2 < f1 - dfa,d0 > dy

— |ﬁ-dfg|2+|d0|2—2<*d>\,d9>dy:/ |f1 - dfa]? + |d6)>dy
> >

> ‘FT(E)vf)v

with equality if and only if € is a constant rotation of f (this will be
useful to prove the part of the rigidity statement involving the frame).

Reduction 4: The flat torus lies in the moduli space of conformal
structures. In this last reduction, we want to reduce the problem to the
case when Y is a flat torus in the canonical moduli space M of conformal
structures of tori composed by the parallelograms in R? whose edges are
(1,0) and 7 = (11, 72) € M where M is the strip

1 1
(2.17) MZ:{T:(71,72)6R2:T2>0,—§<7’1<*,

2
|7 > 1and 7, > 0if |7| = 1}.

Indeed a classical result of Riemann surfaces (see for instance [19, Sec-
tion 2.7]) says that up to composition with a linear transformation which
preserves the orientation (more precisely up to composition with a pro-
jective unimodular transformation in PSL(2,Z)), the conformal struc-
ture of our flat torus ¥ is isomorphic to the one of a flat torus described
by the parallelogram given by (1,0) and (71, 72) € M, where M was de-
fined in (2.17). We can finally summarize the discussion in the following
lemma.

Lemma 2.1. Let T? be the abstract torus (i.e. the unique smooth
orientable 2-dimensional manifold of genus one).
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Call B* > 0 the infimum of the frame energy ]-"(Cf;,é) among all
smooth immersions ® of T? into R™ and all the moving frames é =
(€1,6) along ®.

Denote also as B3 > 0 the infimum of the frame energy .F(CIS,JF)
among all smooth conformal immersions o of any flat torus ¥ described
by any lattice in R? of the form ((1,0), (11, 72)), where (11,72) € M is
deﬁned in (2. 17) here f 1s the coordinate moving frame associated to
3, ie. f] = 8xj<1>/|8wj<1>|, Jj=1,2, (z1,22) being flat coordinates on X..

Then B = B5*. In other words, in order to compute the infimum
of F among all smooth immersions of tori and all moving frames, it
18 enough to restrict to coordinate moving frames associated to smooth
conformal immersions of flat tori lying in M, the moduli space of con-
formal structures of tori.

2.2. Proof of Theorem 1.1: lower bound and rigidity for the
frame energy. From now on we will work with a torus as in the reduced
case: ¥ = R?/(Z x 77Z) is the flat quotient of R? by the lattice generated
by the two vectors (1,0), (71, 72), where (71, 72) € M is defined in (2.17);
we will denote

w27
2.18 Oy = €
(2.18) ) := arccos 7 <3 3 )

where the interval (%, %’T) comes directly from the definition of M as in

(2.17).

One of the key technical results of this paper is the control of the
conformal class in terms of the frame energy, namely Proposition 1.1;
this is implied by the following lower bound.

Proposition 2.2. Let ¥ = R?/(Z x 7Z), with 7 € M as above, be a
flat torus. Let Py R™, m > 3, be a smooth conformal immersion
and let € be the coordinate frame associated to ®: & := axjcﬁ/yaqu?y,
j=1,2, (x1,22) being flat coordinates on X.

Then the following lower bound holds true:

4
(2.19) / e A Kl + M) 12, + sin? 012, + 4 cos? 012,
> sin2 0

+ [(1 + cot? 0) (dz, &1, €2)* + (dz, €5, €1)%] dvol,

1
> e (7'2 + > ,
T2

where 0 = 0Oy, := arccosTy € (g 3) dvoly is the area form on X
= O*gpm, and \ = log(|0,,®|) is the
19)

implies the following lower bound

duced by the pullback metric g
conformal factor. In particular (2
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—

on the frame energy of (®,€):

2
(2.20) F(®,¢) := %/ \de? dvol, > 7° (7-2 + i) <%> _
b

T sin? @ + cost @

Proof of Proposition 2.2. First of all recall that by the classical Fenchel
theorem (the original proof of Fenchel [14]—see also [11]—was for closed
curves immersed in R3; the result was generalized to immersions in R™,
m > 3, by Borsuk [5] with a different proof), given a smooth closed
curve v : S1 < R™ one has

(2.21) /k‘ds > 2m,
;;

where k := ]j—;’?(s)] is the curvature of 4—here s is the arc-length
parameter. The strategy is to apply the Fenchel theorem to the curves

o = B(1()), Ty = B(yy() where () : [0,72] — B and () :
[0,1] — X are given by

(2.22) Ye(t) == (x +tcot6,t), ~y(t) = (ycoth +t,y),

for every x € [0,1] and y € [0, »]. Notice that -, and v, are nothing
but the parallel curves of the vectors generating the lattice of ¥. Now
applying the Fenchel theorem to ¥y, recalling that ® is conformal with

X = log |9,®| = log |8y<f>| so that 8,® = &, we have

L(7y) L(7;) 1
o < [ kds :/ ds:/ |z, &1] ds :/ |de &1] eMda,
g, 0 0 0

Yy
where L(9,) is of course the length of the curve ¥,(-). Squaring the
above inequality, using Cauchy-Schwartz and integrating with respect
to y € [0, o] gives

T2 1
(2.23) 4mPry < / / \dz, & |* ePNdady = / \dg, &1|* dvol,.
0 0 b

Analogously, calling €4 := (cos €1,sin 6 &), observing that /17| = e

we get
L('?t) 1 T2
kds = / ds — 7/
0 siné J,

27T§/
:Y‘

Again, squaring the above inequality, using Cauchy-Schwartz and inte-
grating with respect to x € [0, 1] gives
(2.24)

47‘(‘2 1 1 T2
T /
D sin®6 Jo Jo

—0
dzo €

40
ey =)

erdy.

dzg

d
d57

x

2
9
dégez‘ dvol,.

sin?

2 1
dgeég‘ e dy dx = /
2 0 5
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A straightforward computation using the definition of & gives
(2.25)

2 2 2 2
0% _ 0 0 > 0 >
dgge2‘ = Wﬁ(dggez)‘ + (dgge2,el) + (dggez,@)

= |:COS4 0 ]T?l + sin? 9]1%2 + 4sin” @ cos? 0 }T%Q]
+ COS2 0 (dgl gl, 52)2 + sin2 0 (déééé, 51)2 .
)

Combining (2.24) and (2.25) we obtain

_gx [cost O o 2072 2 n72
(2.26) e 70 I +sin® 0159 + 4 cos” 017,
b)) sSin

4
+ [com) (de, @1, )2 + (d@@,a)?} dvoly > ~Z.
T2
Observing that |dg, @ |2 = e 3, + (dg, &1, &)? and putting together
(2.23) with (2.26) gives the first claim (2.19).

In order to obtain (2.20), let us recall that
(2.27)

2

|dé12 = Z |d5iaj|2 = ei4>\ []_I?l + ]_132 + 2]_1?2:| +2 (d51€17 52)2 +2 (d52€27 é»1)2 :
ij=1

Observe also that by the definition of M as in (2.17), we have 6 €

[7/3,2m/3]; therefore we get that 4cos?6 < 1 and 1+ cot?0 < 3 < 2.

Now, combining the last trigonometric estimates with (2.19) and (2.27),
we conclude that (2.20) holds true. q.e.d.

Now we can prove the lower bound (and the rigidity statement) for
the frame energy of immersed tori in arbitrary codimension, namely
Theorem 1.1. Notice the analogy with the Willmore conjecture (proved
by Marques-Neves in codimension one but still open in arbitrary codi-
mension).

Proof of Theorem 1.1. First of all, thanks to Lemma 2.1 we can assume
that

e the reference torus is flat (so, following the notations above, it will
be denoted with ¥) and is given by the quotient of R? via the Z?
lattice generated by the vectors (1,0), (11,72) with (11,72) € M
defined in (2.17),

-

e the immersion ® : 3 < R™ is conformal,

e ¢ is the coordinate moving frame associated to $: ¢ = %.
Once this reduction is performed, we proved in Proposition 2.2 that the
lower bound (2.20) holds, namely

102
(2'28) ‘F((I)vé) = %/ ’da2 d’l)olg Z 7'&'2 <T2 + i) <%> ,
Y

T sin? 6 + cost @
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where § = 0y, = arccos 7. Notice that, up to switching orientation of
the flat torus (action which leaves the energy unchanged), it is enough
to consider (11,72) € M T, where M* := M N {r > 0}.

From now on we denote by f : M™ — R the function

1 sin? 6
2.29 0) .= — — | -
(2:29) 1 (72,6) <T2 * 7'2> (Sin29+cos49>

A first attempt would be to prove that f is bounded below by 2 on the
whole M ™. However, by an elementary computation, it is easy to check
that

flre=1,0=n/2)=2 and f(ro=sinh,0) <2 for b € [r/3,7/2) ;
or, in other words, except for 7 = (0,1), on the arc of circle S' N M+

we always have f < 2.

In order to overcome this difficulty let us recall that, by equation
(1.9), we can write

(2.30) F(®,&) = Fr(®,8) + W(P)

where W (®) = s ]Hqglzdvolgq; is the Willmore functional of & and
Fr—defined in (1.7)—is a non-negative functional. Let us denote

1\? 1
Qrymg == {(71772): <T1—§> +(T2—1)2§Z}QM+,

and recall that if 7 € Qry g the Willmore conjecture holds true (see
[25, Corollary 7]; this remarkable result of Montiel and Ros extends a
previous celebrated result of Li and Yau [21]), namely one has

(2.31) W (®) > 2r  for every smooth conformal immersion
5 : R2/(Z X TZ) with 7 € Qrymr.
A direct computation shows that

(2.32)  floanymr = 2 with equality if and only if 75 =1 and 6 = %,

where, of course, Oy yr = {(7'1,7'2) : (7'1 — %)2 + (12 — 1)2 = %} N

M. Observing that the function 7 > f(72,0) is monotone strictly
increasing for 75 > 1, the lower bound (2.32) implies that
(2.33)

Flv\Qryan = 2 with equality if and only if 7 =1 and 0 = g
The claimed lower bound for the frame energy (1.10) follows then by

combining on one hand (2.28), (2.29), with (2.33) and on the other hand
(2.30) with (2.31).
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Now let us discuss the rigidity statement. From the work of Montiel
and Ros (in particular combining Corollary 6 and the estimate (1.11)
in [25]), we already know that

(2.34) W(®) > 2r  for every smooth conformal immersion

& : R?/(Z x 7Z) with 7 € Qrymr,

where SQ)LYMR is the interior of the region Qry /g as a subset of M ™.
Therefore, combining on one hand (2.28), (2.29), with (2.33) and on the
other hand (2.30) with (2.34) we get that if F(®,&) = 272 then ® is a
smooth conformal embedding (recall that if ® has self intersection then
by [21] one has W (®) > 87) of the flat square torus—i.c. 7o = 1,6 =
5—into R™.

At this point the rigidity statement would follow by the work of Li-
Yau [21], where they prove that the Clifford torus is the unique mini-
mizer of the Willmore energy in its conformal class. In any case, below,
we wish to give an elementary proof of the rigidity.

Observing that the flat square torus lies in {21y a7 r, we have again by
(2.31) that

212 = F(®,8) = W(®) + Fr(,é) > 21 + Fr(P,€),

and since JFp is non-negative we obtain
(2.35)

- 1
Fr(®,6) =3 /[0 ; €1 - dés|) dvoly, =0 = & -déy =0 on [0,1]*

A simple computation shows that € - déy = *4d\ (which in our setting
writes more easily as &, - V&, = —VLA), where A = |log(d,, ®)| is the
conformal factor. Therefore the conformal factor of the immersion ® is
constant and, up to a scaling in R™, P is actually an isometric embed-
ding of the square torus into R™. At this point, repeating the proof of
Proposition 2.2, we observe that now 6 = 0, so the curves ¥, and 7,
are the coordinate curves. Moreover, equality must hold in the Fenchel
theorem (2.21); it follows that 7,7, are planar convex curves with cur-
vatures, respectively, k;(-), ky(-). Since also in the Schwarz inequality
bringing respectively to (2.23) and (2.24) there must be equality, it fol-
lows that the curvatures k;(-), ky(-) are constant, so ¥, and ¥, are two
planar circles of constant radius one, whose plane may depend on x and
y respectively. Finally, we claim that the plane is independent of z and
y. Indeed, since § = 0 and € - dé; = €, - dé; = 0 by (2.35), the estimate
(2.19) reduces to

1
(2.36) 21?2 < / e A []T?l —I—EQ] dvoly.
4 o2
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But, on the other hand, using (1.6), (2.35), and the energy assumption,
we have that
(2.37)

- 1

21° = F(Q,€) = —/

1 Jp,

Combining (2.36) and (2.37) yields I;2 = 0 which, combined with (2.35),

implies that

=2, 5=02, 5= L5 @) =0 0,1
%Vx(y) — Yrizo ™ — Yot — @Vy(x) - On[ ) ] .

We conclude that the plane where ¥, (resp. ;) lies does not depend on

x (resp. y) and then, up to rotations, 5([0, 12) = S' x St c R* c R™.

Let us conclude by discussing the rigidity of the frame. From the

discussion of Subsection 2.1 it should be clear that if (®,é) attains

the minimal value 272, then the frame & must be a Coulomb frame
(this is because in particular it minimizes the tangential frame energy

3 |
. [2dvol, = 5 /[0 N e~ [ﬁ?l I+ 2]‘1?2] dvol,.

Fr); moreover, calling f = (%, %) the flat coordinate moving frame
on S! x S the estimate (2.16) gives that Fp(®,&) > Fp(®, f) with

—

equality if and only if € is a constant rotation of f. This was exactly our
claim. q.e.d.

3. Geometric systems of conservation laws associated
to the frame energy

3.1. First variation formula for the frame energy. For simplicity
of presentation, and since our applications are in codimension one, here
we present the formulas of the first variation to the frame energy for
weak conformal immersions in the euclidean three space R3; the higher
codimensional computations are similar but notationally more involved
and can be performed along the same lines as in [28].

Since by equation (1.9) the frame energy is the sum of the tangential
frame energy Fr and of the Willmore energy W, and since the first vari-
ation formula for W is well known (see for instance [40] for the classical
form of the equation, [28]-[32] for the divergence form in R™, and [24]
for the divergence form in Riemannian manifolds), here we compute the
first variation of the tangential frame energy Fp. This is the content of
the next proposition. Before stating it let us introduce some notations.

Let & € £(D?,R3) be a weak conformal immersion, A = log(|d,, ®|) =
log(|8,,®|) the conformal factor, and € := (€1,&) = € *(Oy, P, Dy, P)
the associated orthonormal frame.

For any smooth vector field @ € C2°(R?, R3), we call &,(z) := &(x)+
tw(®(x)) € E(D?,R3) the perturbed weak immersion and we consider
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the following orthonormal frame associated to 3,
(3.38) Cli = Xy =& + te ™ (9, @) 7+ o(t),

where, in the second equality, we used (6.117); the second vector of the
frame is therefore

(3.39) Eyp = —E1y X i1y = &y + te N Dy, 1) + ot).

Proposition 3.3. Let & € £(D? R3) be a weak conformal immer-
sion, X = 1og(|0z,®|) = log(|0s,®P|) the conformal factor and € :=

-

(81,8) = e Dy, B, Dy, ®) the associated orthonormal frame.
Then, for any smooth perturbation @ € C°(R3,R3) with ZU|5(

oD?)
0, calling ®(x) = () + t(®(x)) € E(D? R?) the perturbed weak
immersion and € = (€14, €2:) the associated moving frame defined in
(3.38)-(3.39), it holds that

(3.40)
d_ . AT [ .
S Fr(@La)0) = = [5 /D (eagde ), dvolgt} (0)

Il
S—

(m, [Ty (@, )| + dx,
D2

—

[(Eg,d€1)®(€2,d€1)— 271 (& - dy)? g] Lgdiﬁ})

where in the last formula we use the following notation: div is the di-
vergence in R? with euclidean metric, V*+ = (=04, 0y, ), (4,7) or it - v
denotes the euclidean scalar product in R3, and < wu,v >, denotes the
scalar product in (D?,g), where g = q;*gRa is the pullback on D? of the
euclidean metric in R3. In the second formula, *g denotes the Hodge
duality with respect to g, d is the Cartan differential, and L, is the
restriction of forms with respect to g.

Proof. Using the expression of € given in (3.38)—(3.39), we compute

d

d . . i (= N _
pn (Ea,dery)” = pn > 97 (o 0u,E14) oty Oy €14)
]
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We have on one hand
(3.41)

(ég_]t, 8zigl,t) = (52, 8x1€1) + tef)‘ (812’&7, ﬁ) (8xlglyﬁ) + te” 81111) (62, 8 ﬁ)
= (ég,&xigl) +t (812’&7, ﬁ) Hﬂ 872>\ —t (81110,71) Hig e + ( )

Hence, using (6.120) we obtain
(3.42)

d — = — 2 —

dt (e2tad 11&)2 ) = —¢ A Z [(axiq)yaxjw) + (8963'@781‘2‘20)]

(6278%61)(627 a )
—iA Z ,02,€1) [(Bpp 0, 7) g — (g, 0, 7) T

— 2 <[(52, d6)) ® (&2, de1)] Lydd, dw>

2 (T y(&, @), #giT) .
g
Combining now the variation of the volume form (6.121)—computed in

the appendix—and (3.42), we obtain

d oL oL 1. . -
g —Fr (cI)t, €)(0) = / l— < |:(82, déy) ® (€z,dé) — =|éa, d61|29] Lgd®, dw>
¢ e 2

g

g
—<]f|_g(€2,51),*gd1f)> ] dvoly.
g

The thesis follows with an integration by parts, recalling that by as-
sumption QE]q;(aDQ) =0. q.e.d.

3.2. Some general conservation laws for conformal immersions.
The goal of the present section is to prove the following proposition.

Proposition 3.4. Let & € £(D? R3) be a weak conformal immer-
sion, A = log(|0z, ®|) = log(|0x,P|) the conformal factor, and € :=
(€1,8) = e 20y, P, 02, @) the associated coordinate orthonormal frame.

Then the following identities hold:
(3.43)

(,dB)- [ﬁLg(eg @) + #, ([52 ey ® & - dey — 2716 - dé|? g] L, d(ﬁ” =0

and

(3.44)

<(*gd<f>) A []fl_g(é’g LdE)) + #g ([é’g LdEy @ & - ey — 271 |E - de | g] L, d(f))bq
= — < xgd\,dD >,

where

—

(3.45) dD = —IL, #,d® A .
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The rest of the section is devoted to the proof of Proposition 3.4. We
start by computing
(3.46)
(+dP) - []TLQ(@ - déy) + ([52 LdE @ - ey — 27V (@ - dé|? g] Ly d<f>>]
= ([f2 - dey © & - dy — 271(8 - d&[? g, dBc2ad )
g

= ([&-der @& -dey — 2718 - d&|? g] ,g), =0

where the upper dot means a contraction in the R? coordinates; this
gives the first part of the thesis, namely (3.43). The second identity of
the thesis is more subtle. We compute

(3.47)

((caB)n [Ty (@ - dt) ++ ([& - dey @ & - dey — 27118 - di* g] Ly dF) | >g
— 9, B A (EH (& - 0y 1) + L1z (&2 - ama))

ey, B A (Eﬂ (& - O 1) + Laz (&2 - ama))

+ (a8 A ([6-der @@ - dey — 27 1@ - ddi P g] Ly d(f))>q.

An elementary computation gives
(3.48) <dcf> A ([52 ey ® & - dey — 27V ey - dé 2 g]L, d<i>’)> —0.
g

Hence (for the moment the following formula is not used but it will be
useful later in the section)

(3.49)
<(*dci>’)A [ELg(€2 - déy) + x ([62 ey ® & - dey — 2716 - dé|? g] L, d(f))Dg

- <(>f<d<f>)/\ﬁ,}1|_g(€2 : d€1)> .
g
Using that € - dé; = *d\ = —3e?* x de=?*, from (3.47) we get
(3.50)
<(*dci>’)A [ﬁLg(eg - déy) + ([62 ey ® & - dey — 2716 - dé|? g] L, d(f)] >g
=271e P 9, 8NA7 (11 Dpye 2 + 1120y e )
—2 122 8m1 (f) AT (—]121 (9126_2)‘ + oo (9116_2>‘)

=271 2 9,8 AT (—19 Dpyem + 19, 0y e+ 2H O, N)

—271e P 9, BAT (19 Dpyem — 19, Dy — 2H 9, M) .
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So we have established the following:
(3.51)

<(*dci>’)A [E'Lg(gz) -dey) + # ([62 ey ® & - dey — 2716 - der|? g]L, d(f)] >g
=271 2 9, AT [0y, (I9) €72) + Oy, (195 e=2M)]
+27 e 9, AT (0,19 e — 0, 0, e + 2 H O, N
—27 e 9, BAT [0, (13, &) — 9, (19, e 2Y)]

—27 e 9, BAT (95,19 e+, 10 e — 2H I, N).
Using the expression of H? (6.126) and the Codazzi identity (6.128), we

obtain

(3.52)
<(>f<d(f))/\ [ﬁ]_g(gQ -dey) + * ([52 -del ® ey - dey — 2*1|€2 . d51|29] Ly d(f))} >g

= 271 P, B AT [0y HY + 0y HY] — 2710, ® A 70, (e H)

—271e™ 22, BN [0y, HY — 0y, HY] — 271 0, @ A 70y, (e H).

Hence, using that (the first two equalities follow from (6.126) and the
others from the definition of T)

D, (€722 8, ®) — Dy (€721 9, 8) = 2 HY,

Oy (€722 8,,®) + 0y, (€727 8, ®) = — 2 HY,

Dpy® A Oyl = =03y ® N Dyt = — € 19 0y, B A 8y, D,
Opy® A Oyt = €211 Dy, B A By, D,

Op,® A Oyt = — € Ppy 8y, @ A 9y, B,

we get
(3.53)

HY [a@cﬁ A Oy, 7+ By, B A axzﬁ] + HO03,® A Dyt — HOYOy, & A Oy, i
= ¢ 2 HY(I; — T99) 8 ® A 0y ® + 2 €72 HAL190,, B A 9, @ = 0,
since again Hg% =271 e2X (1) — o) and Hg = —¢2* ;5. We then deduce
(3.54)
P <(*dci>’)A []ﬂ_g(ea - dEy) + * ([52 Ld&y @ & - dey — 27118 - d|? g] Ly dff))D
g

. [e—” 00, ® A [H — HY + e 0,8 A ﬁg}

—0, [e‘” Op, ®ANHY + e 9,8 A [H + ﬁg]} .
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Thus using (3.49) we have proved so far

;3<5(iizq3)A [ﬁ'l_g(é'2 - déy) + ([52 e\ ® & - dey — 2718 - dey|? g] L, di))] >g
=2 <(*d<13)m,]1|_g(€2 -dé’1)>g

=0, [e—“ [am«i Ao — 05,8 A JT12H

— 0, [e*“ [— 0p, & ANT1o + 02, B A ]THH .

Now we want to use the second equality in order to write the right hand
side in a more convenient way. Observe that on one hand

2 <(*d<I_5)Aﬁ,HLg(€2 - d€1)> = — 20y Op\ Dy, B AT e
g

(3.56) + 2199 Op A Dy, B AT e A
— 2019 Op A Oy ® AT ™
+ 2011 Oy Dy ® AT e
On the other hand, it holds that
(3.57) 0, [e—“ [axlcﬁ Ny — 0y, ® /\}THH
+ O, [e—‘“ [— 0p, ® AT1g + 0,y ® A ]THH
= 2 Oz, [6_2)\ [@El(f) A ]ng - 8@5 A }THH
+e 2 0,, [e—” [— 0y, ® AT1o + 0y ® A E”H
— 2Dy Op A O, ® AT e + 2019 Oy A 0y, ® AT
+ 2091 g A 8y, D AT e — 2111 Oy X Dy ® AT e
Combining (3.56) and (3.57) gives
(3.58) e, [e—“ [axlcﬁ Aoy — 90, ® A ]T12H
+ Oy, [e““ [— 0p,® ATg + 0y, ® A }THH
=e 2 Or, [6_2)\ [89015 A ]ng - 8125 A }THH
+e 2 0,, {e—” {— 0y, ® AT1o + 0y ® A JTHH
—9 <(*d<i>’)Aﬁ,}1Lg(€2 -d€1)>g.

Thus, putting together this time the second equality of (3.55) and (3.58),
we have obtained the following lemma.
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Lemma 3.2. For any smooth conformal immersion the following
identity holds:

(359) e 2o, [e—“ [amcﬁ Ny — 05,8 A }THH
+e 2 0,, {e‘”‘ [— Op,® Alg + 0y ® A ]T11H =0,

which also implies
(3.60)

Ba, [e*” [a,lcﬁ Aoy — 82y ® A Elz]] = 0., [e*” [— 00y ® ATho + 00, B A }TMH .

Let D be the 2-vector given by

amlﬁ = e 2 [— 89015 VAN ]Tlg + 89025 VAN }TH]
(3.61)
—89525 =2 {81,15 N EQQ - 8962&) A ]_flg} .

Using D, we can rewrite (3.55) as
(3.62)
2 <(*d<1_5)/\ [Jfl_g(€2 CdEy) + * ([62 LB ® & - dey — 2718 - der ] g] L dé)]>

g9

= 8., [e*” amﬁ] — Oa, [e*” axlﬁ] .
We conclude by observing that
(3.63)
Oy (7204, D) = Oy (7204, D) = =267 |0, 005, = 02,00, D |
= 2 < x,d)\,dD > .
Plugging (3.63) into (3.62), we obtain (3.44).

3.3. A system of conservation laws involving Jacobian nonlin-
earities for the critical points of the frame energy. Observe that
the 2-vector D defined in (3.45) (notice that D is unique up to constants
and in the following we will just be interested in Vﬁ), using the more
standard notation in R? of vector product instead of the wedge product
of vectors, can be identified (and we will do it) with the vector defined
by

(3.64) VD =1L,V'® x 7.

Notice that VD € L2(D?).

Let us start by noticing that if the pair (CI;,é‘), where @ is a weak
immersion of D? into R® and € is a moving frame on 5, is a critical
point for the frame energy F, then, up to a reparametrization, we can
assume that € is the coordinate moving frame associated to CI;, ie.,
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€= (e1,e) = ‘%/;)‘ (8, ®, 8,,®). This is the content of the next lemma.
Let us also explicitly remark that when we say that (®,¢) is a critical
point of F we mean with respect to every normal perturbation of & and

any rotation of the moving frame €.

Lemma 3.3. Let ® be a weak immersion of D? into R? and € a mov-
ing frame on ® (we stress that here € can be any moving frame, i.e. we

&Q)' (8, D, 8,,®) ). Assume

that (CI;, €) is critical for the frame energy F. Then there exists a bilip-
schitz diffeomorphism ) D? — D? such that the new weak immersion

do not assume a priori that € = (€1,8) =

® := d o) is conformal and € is the coordinate moving frame associated

to®, ice. €= (&1,6) = ‘7\/;(@%5,%5).

Proof. For the moment fix ®. From the criticality of the moving frame
€ for the frame energy F—or equivalently for the tangential frame en-
ergy Fr—with respect to rotations (i.e. with respect to variations of
the type € = ¢ for 6 € [0,2n]), a simple computation shows that
the frame € satisfies the Coulomb condition div(€) - Véy) = 0. At this
point the existence of the reparametrization ¥ can be performed using
the so called Chern moving frame method and it is well known (see for
instance [32]). q.e.d.

From now on, if (CI;, €) is a critical point of the frame energy F, we
will always assume that €is the coordinate orthonormal frame associated
to CI;; this is not restrictive, up to bilipschitz reparametrizations of <f>,
thanks to Lemma 3.3. Therefore, when saying that d is a critical point
of F we will mean that (CI;,é’) is critical, where € is the coordinate
orthonormal frame associated to ®.

We recall that by identity (1.9), we have F(®, &) = Fr(®, &)+ W (P);
combining the first variation formula of the tangential frame energy
Fr computed in (3.40) with the first variation of the Willmore func-
tional W we obtain the one of F. Let us recall that the first variation
of the Willmore functional W (®) := [5 H?dvol, on a weak conformal
immersion ® of a disk D? into R3 with respect to a smooth vector
field @ € C°(R3,R3) with w|<1> pp2y = 0 1s given by (for more detail,

see [32])

d . | ) 4
(3.65) L W(P+ i) — / Sdiv [VA —3VHT + Vi < |
dt‘t:O D2 2

so that we obtain
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(3.66)
d L ol = o -
T e” (B 1) _/DQ ohv[5 (VH—3VHn+v 7 x H)

—TLy(6y-V+E) — & - V4ié (6 - Ve, VD),
1, . =1
+ §|€2 . V€1|3VJ‘¢:| s
So we obtained the following proposition.
Proposition 3.5. Let ® be a weak conformal immersion of the disk

D? into R3. Then ® is a critical point of the frame energy F if and only
if

1 - ., -
(3.67) div[5 (VH —3VHA + Vi x H) — T, - vie)
- 1 -
— &y - V1ey (8y- Ve, V), + 51é Vezvie| =0

Lemma 3.4. Let ® be a weak conformal immersion of the disc D?
into R3 critical for the frame energy F. Then there exists a vector field
Lr € L}2°(D?) with VLp € LY(D?) such that

. 1 . .
ViLp = (VH—3VHi + Vi x )
- N . . I . - 1 . . -
— ]1|_g(€2 . Vlel) — €9 vlel(eg . Vel, V(I))g + §|€2 . V€1|§vlq).

Proof. By the first variation formula (3.66), we know that if & is
critical for the frame energy then

(3.68)
. Tl = - 1~ =
d1v[§ <VH—3VHn—|—V X H)
- . . . IR . - 1, . . -
— ]ILg(eg . VLel) — €9 Vlel(eg . Vel, V(I))g + 5‘62 . VeﬂﬁVLCD =0.

So there exists L r, as desired. by the weak Poincaré Lemma. (More pre-
cisely, one takes successively the convolution of the - of the divergence
free quantity above with the Poisson kernel (27)~! log 7, then taking the
divergence and finally subtracting some harmonic vector field one gets
the conclusion; for more details see the beginning of the proof of [31,
Theorem VII.14]; in particular, the L?* regularity of Lp follows by a
classical result of Adams [1] on Riesz potentials.) q.e.d.

Lemma 3.5. Let ® be a weak conformal immersion of the disc D?
into R3 critical for the frame energy F and let Ly given by Lemma 3.4.
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Then the following system of conservation laws holds:

div (<EF, VL5>R3> —0
(3.69)

div (EF X VL + A VLD + HVL§> — 0.

1,(2,00)
oc

Therefore there ewists a function Sp € W, (D% R) and a vector

field Rp € Wllo’c(2’oo)(D2,R3) satisfying

(3.70) VSp = <EF, v<i>’>R3

(3.71) VRr = LpxV®+(A—\)VD-HVD,

where X\ is the mean value of A\ on D?.

Proof. Combining Remark 3.4, the definition of Lp in Lemma 3.4,
and Theorem VII.14 in [31] (in particular see equations (VII.187) and
(VIL.204)), we have

<vﬁp,vi<f>>g —0

(VIpx VA®) + < VA VED >, + < VH, V48 >,= 0.
g

Since div o V+ = 0, the last system is equivalent to the desired system
(3.69). The existence and the regularity of Sp and Rp is analogous to
the existence of Lr in Lemma 3.4. q.e.d.

Proposition 3.6. Let ® be a weak conformal immersion of the disc
D? into R3 critical for the frame energy F and let Sp € I/Vlt’c(2’°°)(D2, R),Rp €

W17(2’°°)(D2,R3) be given by Lemma 3.5. Then their gradients satisfy
the following system:

VS = — <viﬁF,ﬁ> (=N <vLﬁ,ﬁ>

— —

(3.72) VRr =it X VERp + VS i+ (A= A) VD + (A — )

<<VL5, €2> & — <VL5, €1> @) .
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Therefore (SF,EF,ﬁ,Q;,A) satisfy the following elliptic system:
(3.73)
ASp = — <VL1%F, Vﬁ> + div [(A Y <vl5, ﬁ>]
ARp = Vit x VIR + V1Sp Vit
+div [(A — N VD+ (A=) (<viﬁ, *2> & — <vLﬁ, 51> 52)]

AD = div (IL, V& x 71)

1-(\—N]Ad = <vﬁF x qu3> - <vsF,vicf>>

AN = — (V& Va).

As a consequence, we have that Sf € Wllo’cz(D2,R) and Ry € Wllo’cz(Dz,]R?’).

Remark 3.2. A natural question arising from Proposition 3.6 is if
the system (3.73) actually is equivalent to the frame energy equation
(3.67); in analogy with the situation in the Willmore framework (see
[3], [31], [33]) we expect this not to be the case. More precisely, we
expect the system (3.73) to be equivalent to the conformal-constrained
Willmore equation. A second observation is that we expect the conserva-
tion laws on Sp and ﬁF to be associated, via Noether’s Theorem, with
dilations and rotations (transformations that preserve the frame energy,
as observed in the introduction); this remark in the context of Willmore
surfaces is due to Yann Bernard [2].

Proof. Recall that we use the notation
(374) _’1 X _)2 = ﬁ,

so, taking the scalar product in R? between (3.71) and 7 and observing
that

<0211%F,ﬁ> e <EF,€2> (& x &, 1) + (A —A) <8w113,ﬁ>
<az2ﬁF,ﬁ> — <EF, q> (@1 % &, 7) + (A — N) <8x213,ﬁ>
)

we get

(3.75) <Vﬁp,ﬁ> - <EF, VL5> A=A <v5,ﬁ> ,
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recalling (3.70) and the fact that (V+)' = —V, the last identity gives
(3.76) VS = — <VLEF,ﬁ> (AN <vLﬁ,ﬁ> .

Analogously one computes <V§F,€i> which, combined with (3.75),
gives

(3.77)  VBRp= <EF, vl<f>> il — <EF, ﬁ> Vi3 4+ (A — ) VD.

Taking the vector product of (3.77)% with 7 gives
(3.78)

ViR X7 = <EF, ﬁ> VG + (A —)) <<vi5, €2> & — <vi5, €1> 52) :
which, plugged into (3.77) together with (3.70), gives
VERp =it x VERp + V4LSp it + (A — NVD + (A — ) (<vL
_ <vi5, €1> 52) .
Applying the divergence and recalling that div(V1) = 0, we get the
first two equations. The very definition of D gives the third equation.
In order to obtain the fourth equation, compute the vector product

between VL& and Rp as in (3.71):
(3.79)

<VL<I3 X VEF> = <Vl<f> X (Lp X Vcﬁ)> + (A=) <Vl<f> X Vﬁ> :

)

= L,V'6 (Ve i) - (1, V6, viE)

o
O
\/
o
s,

A short computation gives

(VEEx VD) = (ViEx (1,V 8 x

St

(3.80) = —2e2Hit = —Ad.
Observing that
H <vl<f> x v<§> — 22 = AJ,
and
<v¢cf> % (Lr x v<f>)> —Ip <VL§,V§>—V5 <VL<I>’,EF> - <v<f>, VLSF> ,
where in the last equality we recalled (3.70) and that of course
<Vl<f>, V<Ig> =0, we can therefore rewrite (3.79) as

1—(A—N)]Ad = — <szF x viq3> - <vsF,vi<f>> .

The last equation is classical; see for instance [31, (VII.132)].
The improved regularity of A\, Sp, and Rp is quite standard; in any
case let us briefly sketch the proof for A and Sp (the one for Rp is
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analogous). The fact that A € L>°(D?) follows directly from the Wente-
type estimate of Chanillo-Li [7] (for more details see also [31, Section
VIL.6.4]). Let us discuss the regularity of Sp: take any ball B € D? and
write Sp on B as

Sr =S+ 51+ 52,

where Sy € C*°(B) is the harmonic extension to B of Sp|sp and S1, Ss
satisfy the equations

AS; = — <VL1%F,Vﬁ> on B
(3.81)
S1=0 on 0B,

) ASy = —div [(A Y <vLﬁ,ﬁ>} on B
So =0 on dB.

Since by construction Ry € Wh(22)(B) and @t € W12(B), by a re-
finement of the Wente inequality due to Bethuel [4] (which is based
on previous results of Coifman-Lions-Meyer and Semmes), equation
(3.81) implies that S; € WH2(B). The fact that Sy € W12(B) follows
instead from Stampacchia gradient estimates, recalling that A — X €
L>(B,R),D € W'2(B,R?) and of course it € L®(B,R3). q.e.d.

4. Regularity of critical points for the frame energy:
proof of Theorem 1.2

The goal of the next section is to minimize the frame energy in each
regular homotopy class of immersed tori in R? and to propose such a
minimizer as canonical representative for its own class; to this aim, in
the present section we develop the regularity theory for critical points of
the frame energy. The fundamental starting point is given by the elliptic
system with quadratic Jacobian nonlinearities satisfied by the critical
points of the frame energy, namely Proposition 3.6.

The strategy is to show that, for every zo € D? and r > 0 small
enough, the system (3.73) with Dirichlet boundary condition has at
most one solution in a suitable function space for every 0 < p < r;
then, using a good slicing argument together with properties of the
trace and harmonic extension, we construct a more regular solution of
the system (3.73) having the same boundary condition as the initial
solution. By the uniqueness we infer that the initial solution had to be
more regular, namely in a subcritical space; then we conclude with a
standard bootstrap argument that the initial solution is actually C°.

Before stating the lemmas let us introduce some notation. In the
following, ® will be a weak conformal immersion of D? into R3 critical
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for the functional F. For any p € (0,1),k € R and p € (1,00) we will
denote

ERP(B,(0)) :=W"P(B,(0),R) x WrP(B,(0),R?)
x WhP(B,(0),R?) x WEHLP(B,(0), R?),
&7 (B,(0)) =Wy (B,(0),R) x Wy (B,(0),R?)
x WyP(By(0),R%) x (WP N W5 P(B,(0), R?)).
Let us define
(4.83)
L(A) = A+ (VB Vit) —div (A= X) (V4C.ii)|
L(B) := AB —Vii x V1B - V+A Vit
—div [(A —NVC+ (A=) (<vlé, 52> & — <VL6, 51> 52)}

L(C) := AC — div (wﬁ(v%ﬁ)l_g Vi x fi)

L(T) == AU +

e [<v§ X viciﬁ> n <VA,vch>>} ,
where <f>, €,7,\, X\ are the critical weak conformal immersion, its nor-
malized tangent vectors, its normal vector, its conformal factor, and the
mean value of the conformal factor on B,(0); all these terms are seen in
system (4.83) as coefficients.

Let us start by the following preliminary lemma.

Lemma 4.6. Let ® be a weak conformal immersion of D? into R?
critical for the frame energy F; denote by €;, \ its normalized coordinate
tangent vectors and its conformal factor. Then for every o > 0 there
exists 1 > 0 (depending on ® and o) such that for every p € (0,r] it
holds that

(484) A= Al 5,0 < 0
where X is the mean value of X on BP(O).

Proof. Since ¢€; are the normalized coordinate tangent vectors, the
conformal factor \ satisfies

(4.85) Vid=¢ - Vé,.

It follows that, for every dy > 0 to be fixed later, there exists » > 0 such
that
(4.86)

IV A28, (0)) :/ &y - Vés|? da :/ €1 - déb|2 dvoly < 6.
B2,-(0) B2 (0)
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Now decompose A on Bs,.(0) as A = \g + A1 where A\, A1 satisfy respec-
tively

A)\Q =0 on BQT(O)
/\0 =)\ on 8BQT(0),

and

A =0 on 0Bs,-(0).
By Wente estimate [41] (see also [31, Section IV]) we have
(4.87)

{ A/\l = — <VJ‘€1,V€2> on BQT(O)

Al Lo (Bs,(0)) + VAL L2(Bo,0)) < ClIVELL2(Bs, (00 V€2 L2(Bs, (0))

< Cl / |€2 -Vé’1|2 d$+/ (|ﬁVé’1|2—|— |ﬁVé'2|2) dx
B2T(O) B2T(0)

<q" / |€2 . déﬂg dvoly + / |]T|!2] dvol,
Ba-(0) B2,(0)

S 507

for 7 > 0 small enough. Combining (4.86) with (4.87) we get
IV XollL2(B,, (0)) < 200- Since Ag is harmonic, calling Ag , the mean value
of Ao on B,(0), we infer

1Mo = Xopllzee (5,00 < ClIVollL2(Bs, (0)) < 2C00,  Vp € (0,7].

The combination of the last estimate with (4.87) gives the claim, once
0o > 0 is chosen small enough. q.e.d.

Observe that combining Lemma 4.6 with Lemma 6.9, we get that L is
a linear continuous operator from E47(B,(0)) to £~1P(B,(0)) for every
p € (1,00).

The key technical lemma for proving the regularity is the following
isomorphism result.

Lemma 4.7 (L is an isomorphism between 5& P and £-LP). Let @
be a weak conformal immersion of D? into R® critical for the frame
energy F. Then there exists r > 0 (depending on 5) such that for every
p € (0,7] the linear operator L is an isomorphism from 5&’17(3,)(0)) onto
E~LP(B,(0)), for every p € (1,00). In particular, if E Ej‘,'é’p(Bp(O)),
for some p € (1,00), solves the homogeneous equation L(E) = 0, then
E =0 a.e. on B,(0).

Proof. From the discussion above we already know that L : 83 P(B,(0)) —
E7LP(B,(0)) is a continuous linear operator. Our goal is to prove that
L: Sé’p(Bp(O)) — E71P(B,(0)) is an isomorphism; more precisely we
prove that there exists 7 > 0 such that for every p € (0,7) and for
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every (fa,f5,fa.fg) € E7VP(B,(0)), the system L(A°, B, C° ¥°) =
(fA,fé,fé,f\f,) has a unique solution (A%, B°,C° ¥°) ¢ Sé’p(Bp(O)).
By Lemma 4.6 we know that for any ¢ > 0 there exists » > 0 such that
for every p € (0,7] it holds that

(4.88) IA = Al (8, (0)) < o™

From the rest of the proof consider a fixed arbitrary p € (0,r].

As the first step we establish a priori estimates on the solutions. If
(A%, B°,C°,0%) € £;7(B,(0)) solves L(A?, B°,C°, 9°) = (fa, f3. fa. f3)
then, using (4.88) and Lemma 6.9, and the classical Stampacchia gra-
dient estimates for elliptic PDEs, we can estimate (all the norms are
computed on B,(0))

19280 < [IFgller + IV Ao + VB

IVl < IV %z + VB 1]

IVE s < v [IF5w—ss + 20 (IV AL + IV Bl lo + |V C° 1 )]
IVl < [Ifalw-1e +e0 (IVANer + IV Bl + IV C° 10 ) |

for some constant v > 0. Bootstrapping the estimates above we obtain
that

(A% B, C% 8 | gpr g ) <

[%H(AO,BOa 007 ‘IJO)Hgé’P(Bp(o)) + H(an f§7 f@, fq?)”g(;lvp(gp(o))] :
Choosing p > 0 small enough such that 7'gg < %, the last estimate gives

0 B0 A0 F0 Foorr
(4'89) H(A ,BY,C7, ¥ )Hé’é’p(Bp(O)) < ’7//‘|(an féy f@) fq?)”g(;lvp(gp(o))-
Since L is linear, of course, the a priori estimate (4.89) ensures unique-
ness of the solution to the system L(A°, B, CY W0) = (f4, g fa fg)
in the space £,7(B,(0)).

We now construct the solution by iteration. Given (fa4, f > f},, f},) €
50—1@(3[)(0))7 let (Ao, By, Co, ¥p) € Sé’p(Bp(O)) be the solution to

AT, = (;X) Kvéo x VL<§> + <VA0,VL<T>>} +f3

Aéo = div Tﬁ(v2\f’0)|_g Vlfﬁ X ﬁ) + fé
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In order to define the iteration, let us denote by L : 53"77 (B,(0)) —
& 1P (B,(0)) the linear operator such that L = A — L (recall the defini-

tion of L in (4.83)). Now we define (A;41, §i+1, 5i+1= Vi) € 5 (B »(0))
as the solution to

=]

AAip = L(A;, By, Ci, 1))

—

ABiy1 = L(A;, By, Ci, 0,)

A = 5 [ BZ+1><Vl<I>> <VAZ-+1,VL<13>}

AC; 1 = div (wﬁ(v Tii1)l, VA x ﬁ) .

Analogously as for the a priori estimates above, we estimate that
[Aitillwre + [ Birillwre < veoll (A, Bi, Ci, Wi)| g1v
which yields

1Bis1llwze +1Cist lwre <7 (1Aisallwrs + 1 Bisllwas )
<+'e0 (i, B;, Ci, ‘f’i)Hggm-

Combining the last two estimates we obtain that there exists v > 0, and
for every g¢ there exists r > 0 such that for every p € (0,r) it holds
(4.90)

|’(AZ,§Z,62, ‘fli)”é‘é’p(Bp(O)) S (’YEO)i “(A07§07507 lI_}O)”Sé’p(Bp(O))’

Choosing g9 < 7§ and r > 0 accordingly, it is straightforward to check
that the quantities

o0 o0 o0 oo
0 :ZAZ" B° ::Zgi, c° :Zéz‘, v :Z‘fji
i=0 =0 i=0 =0

are well defined with (AO BY, G0, 0% € £7(B,(0)), and that L(A°, B,

o, \IIO) (fA’fB’fC’f\Il) as desired.
q.e.d.

As should be clear from the lemmas above, for proving the regularity
it is convenient to work with functions with zero boundary value. As we
will soon see, to this aim it is enough that we add to the system (4.83)
some £~ 4-terms coming from the data (Sp, ﬁp, ﬁ, <I;) From now on,
let 7 > 0 be given by Lemma 4.7 and p € (0,7).

Recall that, by Proposition 3.6, (SF,}?F,B,@) IS 512(D2) there-
fore, by Fubini’s Theorem, for a.e. p € (0,7) we have that Sp € W2
(8B,(0),R), Rr € W'2(3B,(0),R), D € W'2(B,(0),R?), and & €
W22 N Whee(9B,(0),R?). So, let

(4.91) (So. Ro, Do, Bo) € £4(B,(0))
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be the extensions to B,(0) of the above quantities defined on 0B,(0)
and define (5%, R°, D°, &%) e 501’2(3,,(0)) as

(4.92)  (S8°,R°, D" 8°) := (Sp — Sy, R — Ry, D — Dy, & — By).

Let us stress that (5%, R%, D, &%) have zero boundary value on 0B,(0).

Recalling that thanks to Proposition 3.6 it holds that L(SF, Rp, D, CI;) =
0, we infer that

(4.93) L(S°, R°,D°, &°) = (fs, 5. 5, fg) on B,(0)

for some (fs, fﬁ, fﬁ, f})) € E714(B,(0)) easy to compute from the defi-
nition of L as in (4.83).

Now, thanks to the isomorphism Lemma 4.7 applied with p = 4, there
exists (4%, BY,C°, ¥%) ¢ 5&’4(3,)(0)) solution to the system

(494) L(AO7§07607\I/0) = (f57fﬁaf§7.f:f)

But, since clearly 5&’4(Bp(0)) C 5&’2(Bp(0)), the uniqueness statement
of the isomorphism Lemma 4.7 applied this time with p = 2 together
with (4.93) and (4.94) implies that

(8, R, 0%, 8°) = (4%, B°,C°, W) on B, (0) = (5%, %, D°, 8°) € £, (B, (0).
Therefore, recalling (4.91) and (4.92), we conclude that
(4.95) (Sg, Rp, D,®) € EY4(B,(0)).

Now, plugging the information that ® € W24(B,(0)) into the Euler-
Lagrange equation of the frame energy F, we obtain that

AH = F on B,(0)
for some F ¢ W~12(B,(0)), so H e Wl’z(Bp(O)). Recall that A\ =

loc
(Vé1,Vié) € L2(B,y(0), so A € W22(B,(0)). Also A® = ¢ 2 [ ¢
W,22(B,(0)), so & € W;(B,(0)) and in particular & € W2P(B,(0))
for every p € (1,00).
Now repeating the above argument, we get that & € W,>” (B,(0)) for

loc
every p € (1,00); the same procedure now gives that ® € Wl]z’cp(Bp(O))
for every p € (1,00) and every k € N. Therefore d is smooth in a
neighborhood of 0 and we have proved Theorem 1.2. q.e.d.

5. Existence of a smooth minimizer of F in regular homotopy
classes of tori immersed in R?: proof of Theorem 1.3

At first, it must be proved that the notion of regular homotopy class
extends to the general setting of weak immersions. This is the content
of the next proposition.
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Proposition 5.7. The notion of reqular homotopy class extends to
the framework of weak immersions by approximation. More precisely,
let € E(T2,R?) be a weak immersion; then there exists a sequence
{CI;k}keN of smooth immersions and there exists a fixed reqular homotopy
class o of immersed tori in R3 such that

a) Oy, € o for every k € N,

b) ), — & in W22(T2) N WLeo*(T2).

Moreover, given any sequence {CI;k}keN satisfying condition b), then for
k large enough also condition a) holds. We therefore define o to be the
reqular homotopy class of 3.

Proof. The existence of an approximating sequence of smooth im-
mersions {5k}keN satisfying condition b) can be achieved by a standard
convolution argument recalling the two properties defining a weak im-
mersion (see the Introduction for the definition of weak immersion; more
precisely, condition 1 ensures that <f>k is a smooth immersion and the uni-
form W bound on CI;k, and condition 2 implies that d e W22 (T?,R3)
so that 5k converges strongly in W?22-norm). By the strong W22-
convergence it follows that the quantity | |dﬁk|2dvolgq does not con-

centrate. The proof that, for ki, ko large enough, two Smooth immer-
sions <I>k1,<1>k2 are in the same regular homotopy class is then analo-
gous to the proof of no loss of homotopic complexity in the points of
non-concentration of the frame energy, namely Case I below. The inde-
pendence of the regular homotopy class on the approximating sequence
easily follows from the arguments above just by merging two approxi-
mating sequences. q.e.d.

From now till the end of this section we fix a regular homotopy class
o of immersions of T2 into R? and we consider {®}reny C E(T2,R?)
a sequence of weak immersions, and {&,}reny C WE2(T2, &*(V5(R3))) a
sequence of moving frames on ®y,(T?2) such that (¥, &) is a minimizing
sequence of the frame energy F among all weak immersions belonging
to the class o, and all moving frames on them.

Since (CI;k, €y ) is a minimizing sequence, we can assume that the frame
€, minimizes the tangential frame energy Fr defined in (1.7), i.e. we can
assume that €}, is a Coulomb frame. Using the Chern moving frame tech-
nique in order to construct conformal coordinates from a Coulomb frame
(for more details see [32]), we get that the weak immersions @, induce
a smooth conformal structure on T?; moreover, up to composition with
a bilipschitz diffeomorphism of T2, the weak immersion <I>k is conformal
with respect to this smooth conformal structure. At this point, analo-
gously to the proof of Lemma 2.1, we can assume that the conformal
structure is contained in the moduli space M defined in (2.17) and that



176 A. MONDINO & T. RIVIERE

V2
|Vl

the moving frame is the coordinate one, i.e. €, = V&,

Let us observe that the conformal factors A, := log(|d,, By|) satisfy
the uniform bound

(596) iug ”)\k — j\k”Loo(Ek) + ”V)‘kHLZ(Ek) < 00,
(S

where Y, is the flat torus corresponding to the conformal structure of
<I;k and )\, is the mean value of \; on ¥j. In order to obtain (5.97) recall
that the conformal factors satisfy A\, = — < VL€,1€, Vé?c > therefore,
by Wente estimates [41], we infer

1A = Akl ) + IV Al 2m) < CollVarll2woIVERl e,
< C1F (P, &) < Co.

Notice that if we rescale @y, by a factor e~ we get that the conformal
factors of the rescaled immersions are uniformly bounded in L*>(Xy);
since the frame energy F is invariant under rescaling, we can replace
the minimizing sequence with the rescaled one, so that we can assume

(5.97) sup [Akllzoo () + VARl L2(s,) < 00
S

Recalling (1.6), we have that the second fundamental forms of the By’s
are uniformly bounded in L?(X;) and therefore, thanks to (5.97), we
infer

(5.98) sup ||(I_;k‘|W2,2(’]T2,R3) < 0.
keN

Now we claim that the conformal structures are contained in a com-
pact subset of the moduli space.

To this aim, observe that the proof of Proposition 2.2 can be repeated
for weak immersions. (Just notice that for a.e. x the curve v, is W22,
so we can apply the Fenchel theorem and then integrate in x; same ar-
gument for y. All the other computations in the proof makes sense a.e.
so the integrated inequality holds as well.) Since by definition of M we
have 6 € [Z,2F], if 7, — oo then the right hand side of (2.20) diverges
to +00, which implies the claim. Therefore, up to subsequences in k,
the conformal structures Y; converge smoothly in the moduli space to
a limit X = Y.

Combining the convergence of the conformal structures and the esti-
mates (5.97)—(5.98), we infer that there exists a weak conformal immer-
sion @ = &, € £(T?,R3), with conformal factor A\ = Ao, = log |9, P|



A FRAME ENERGY FOR IMMERSED TORI 177

and coordinate moving frame € = &, = e *V® such that, up to subse-
quences,

(5.99)
dp — P weakly — W>2(X), &, — € weakly — Wh?(%),
M — A weakly — WH2(2) 0 L (2)*.

Let us stress that the limit ® is not branched thanks to the uniform
estimates on the conformal factors (5.97), which of course pass to the
limit under the above convergence.

Using the conformal invariance of the Dirichlet integral, the lower
semicontinuity of the L?-norm under weak convergence, and the smooth
convergence of the conformal structures, it follows that

(5.100)

2
. 1 B
F(®,8) = S :/E |d; 5, dvoly,
i=1
12 12
_ = —»i 2 < l . ff / — 12
4i§:1/E|Ve| dr < im inf izgl Ek|V6k| dx

2
. . 1 —4 12 1 . -
= hmkmf 1 ZE_I /Ek \dek\%k dvol%k = hmklnf F (P, €x).

Since (®y, &) is by construction a minimizing sequence, thanks to (5.100),
in order to finish the proof of Theorem 1.3 we just have to show that

the weak immersion @ is an element of the regular homotopy class o.

The regularity of ® will then follow from Theorem 1.2 and from the

criticality (actually we have even minimality) of d for the frame energy

F.

In order to prove that there is no loss of homotopic complexity in the
limit, we are going to show that we can cover ¥ with a finite number
of balls and that on every ball there is no loss of homotopic complexity,
with good control of the boundary; in order to do so, we start with
detecting the points of energy concentration for the frame energy.

Let g > 0 small to be chosen later; for every z € ¥ and k£ € N we
define

(5.101) P,z = inf {p >0: / |Vég|? dz > 60} ,
Bap ()

where By, () is the ball in R? of center x and radius 2p with respect to
the flat metric.

For a given k € N, the collection {B,, ,(7)}sex forms a Besicovitch
covering of ; therefore, by the Besicovitch covering theorem, there
exists a finite sub-covering {Bpmk (z¥)}ier, such that any point in ¥ is
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covered by at most ¢y, € N balls, where ¢y, does not depend on k£ € N.
In fact, from the uniform bound on the frame energy with respect to
k € N, the cardinality of [ is uniformly bounded in k; thus, up to
subsequences, we can assume that / is independent of k£ (and finite) and
that for all ¢ € 1

(5.102) . Prak = pi as k — oo,
for some z; € X and p; > 0. Letting
(5.103) J:={iel:p;=0} and [y =1\,

it is clear that {B,,(x;)}ier, covers ¥; moreover, for the strict convex-
ity of the euclidean balls, the points in ¥ which are not contained in
Uicr, By, (z;) cannot accumulate and therefore are isolated and hence
finite:

(5.104) {a1,...,an} ==X\ Uier, By, ().

In order to show that @ is an element of o, we are going to show that
there is no loss of homotopic complexity in the limit. We are going to
consider separately the regions of 3 where there is energy concentration
and where there is not. Before starting with the latter, observe that we
can assume that CI;k and ® are smooth immersions; indeed, almost by
definition (see Proposition 5.7), one can approximate a weak immersion
via a smooth immersion without changing the regular homotopy class.

Case I: No loss of homotopic complexity in B, (x;), i € Iy. From
(5.99) and (5.101)—(5.102), using Fubini’s Theorem (and a standard
selection argument ensuring the independence of k; see for instance [34,
Lemma B.1]) we have that there exists p € (p;,2p;) such that, up to
subsequences in k, it holds that
(5.105)

sup/ ]Vék]2 dl <2 and & — & weakly — W2’2(8Bp(xi).
k JOB,(x;)

Recalling that we can write |Vé,|? = |Vii|? + 2|V |, by Schwartz
inequality we infer that

(5.106) / |Viig|dl —I-/ IVl dl < +/Cegp,

for some universal C' > 0. In particular, calling k, the geodesic curva-
ture, it follows that

[ kgl dl — 27| < +/Ceop.
@4 (0Bp(24))

The combination of the last two estimates implies that ék(aB,,(:ci)) is
a graph over a planar simple closed curve @(-) : S* — R3 (which, up to
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a rotation, we can assume to be lying on the plane R? = {z = 0} C R?)
and, thanks to (5.105), the same holds for CIS(Z?BP(JJZ-)). Therefore, up
to a regular homotopy, we can assume that & is parametrizing a round
circle and that both @ and ® coincide with & up to first order, i.e.
(5.107)

() =d(-) =a() and 9,8(-) = 9,D4() = 9

o € R? on 9B, ().

At this point, Lemma 6.10 in the appendix concludes the proof of
Case 1.

Case II: No loss of homotopic complexity in the concentration points
{ai,...,an}. We are going to show the claim at a fixed concentration
point aq; of course the argument for the other a;’s is analogous. By the
definition of concentration point, there exists a sequence of radii pi | 0
such that

lim inf Vit 2 dz > .
b By (a)

Moreover, by the finiteness of the frame energy, it is easy to construct
a sequence { Ry }ren with the following properties:
(5.108)

Ri 40, R > pi. i % =0 and lim IV&,|%dz = 0.
k

=0 k=00 JBR, (a1)\Byy, (a1)

Now let us rescale the sequence o, by defining

AL

(5.109) o(x) = 1k<f>k(a1 + Re(z — ar)).

R

Observe that, by the invariance of the frame energy under scaling,
(5.108) implies that for every ¢ € (0,1/4) we have

(5.110)
0= lim IVé&,|?dz = lim Vi) + 2|V | 2dz,
k=00 /B, (0)\B5(0) k=00 J B, (0)\Bs5(0)

where of course A, = log |0y, ®p|, € = e M V®;, is the coordinate mov-

ing frame associated to CI;k and ﬁk is the normal vector. In order to com-
pare the regular homotopy type, let us also rescale the limit ® = &,
given in (5.99) by the same factors, i.e. we define

S 1 -
(5.111) Pk = Rjéw(al + Ry(z — ay)).
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Since by (5.100) the frame energy of d. is finite, we also have

(5.112) 0= lim IVéEx|? dz = lim Ve [2dx
k—00 Br, (0) k—o00 By (0)
= lim (Vak |2 4+ 2|VAE |2de,
k—o0 B1 (0)
with obvious meaning of the hatted quantities. Let £y > 0 small to be
fixed later. Combining (5.110) and (5.112), analogously to Case I (using
Fubini’s Theorem, a selection argument, and Schwartz inequality), we

get that there exists p € (1/4,1) such that, up to subsequences in k, it
holds that

(5.113) /{)B O

Vg + VAL + [VAE | + [VAE | dl < &.
5(0)
Now, analogously to Case I, we get that for £y small enough—or, in other
words, for k large enough—®;, and ®*_ are graphs over a planar sim-
ple closed curve; hence, up to a regular homotopy, we can assume that

they coincide up to first order with a planar round circle as in (5.107).

By using Lemma 6.10, we conclude that @] B,(0) and 520 | B,(0) are regu-
larly homotopic with good control on the boundary homotopy; therefore,
rescaling back by Ry, we obtain the same statement for ®y| By, (a1) and

D |Bka (a1)» as desired.

Remark 5.3. As a side remark let us observe that, by refining the
estimates of Case II and by a cutting and filling procedure—adapted to
the frame energy—analogous to the proof of 23, Lemma 5.2], it is pos-
sible to prove that actually Case II does not occur. Indeed it is possible
to replace q;k(Bpk(al)) by a flat disk without changing the reqular ho-
motopy type and saving €9/2 > 0 energy. This would clearly contradict
the assumption that CI;k s a minimizing sequence. Since this argument
18 mot needed and it is a bit more complicated than Case II discussed
above, we decided to present this simpler proof.

Summarizing, we proved that 51: and B € € (T?,R3) are elements
of the same regular homotopy class o. Therefore, by the lower semicon-
tinuity (5.100), CI_SOO is a minimizer of the frame energy F in its regular
homotopy class among weak immersions and W12-moving frames. In
partic_plar, P is a critical point of F, and by Theorem 1.2 we conclude

that ®,, is smooth. This completes the proof of Theorem 1.3.  q.e.d.

6. Appendices

6.1. Appendix A: Some classical computations in conformal
coordinates. In this appendix we consider a weak conformal immersion
® of the disk D? into R3. We will denote by ¢ the pullback metric on
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D? induced by the immersion ®. We will use local positive conformal
coordinates z!, 2% on D? and we will call (€7, é>) the local orthonormal
frame such that 8,,® = e* &, and 9,,® = e éy; A 1= [0,1 | = |0,2P| is
called the conformal factor.

6.1.1. Variation of classical geometric quantities. The computa-
tions in the present subsection are rather classical; we repeat them here
mainly to fix the notations. Given a vector field 1 € C®(R3,R?), con-
sider the one-parameter family of weak immersions of D? into R? given
by &; == & + ta.

The normal vector 7, of ® is given by

Oy, By A B, By . .
(6.114) My = Hps | —=——=— | = €1(t) x é(t),
|0, P¢ A O, Dy

and can be expanded as

(6.115) iy =1+t (a1 €1 + ag és) + o(t).
Since 7y L &cifﬁt and amiiﬁt = 8%(13 + t 0y, W, we have
(6.116) (8,0, ) + a; e = 0.

Combining (6.115) and (6.116) then gives

(6.117) fiy = 7 — t < (b, i) 71, d® >, 4o(t),
which gives
dn -
(6.118) %(0) = — < (di, ) 7, dD >, .
We have g¢;; = (amff)t, Oz, CI;t); thus
d - 2 g —
(6.119) &gij(O) = (03, W, Op; @) + (0, P, Oy, 10).

Since ), gkig,-j = 0p; and since g;;(0) = €2 I, where I is the 2 x 2
identity matrix, differentiating we get
(6.120)
L gi0) = —e P Loy = — e [(B,5,0,,8) + (axké,ax.w)] :
dt dt J J
We also have

(6.121)
d d
pr (dvolg,) = o7 (det(gij))l/2 dzy A dzo

. d d
=27 el A [ B2y

=< d®, dii >, dvoly,.
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6.1.2. Codazzi identity in complex coordinates. Calling z = z; +
ixg the complex coordinate associated to (r1,z2) and 0, = 271(0,, —

10y, ), the Weingarten form of the weak conformal immersion ® €
E(D? R3) is defined as

(6.122) RO = 2775(8225) dz®dz

the scalar Weingarten form (in case of codimension one immersions) is
WO = 2(71,0%®) dz @ dz.

Now let us state and prove the classical Codazzi identity using the com-
plex coordinates.

Lemma 6.8 (Codazzi identity). Let h° be the scalar Weingarten
form defined above and denote gc := €** dZ @ dz. Then it holds that

(6.123) 0h° = gc ® OH.

Proof. First of all observe that
(6.124) ho = 271,7(832&)) dz @ dz = e® H® dz @ dz,

where
(6.125)

H° =20, <e_2A825) =27t 2 Tﬁ(8§%£ - 8535) —ie Wﬁ(8§1m2<f>)
= [H) +i HY) 7.

This gives
(6.126)
" - i, 0z, ® i, 0, @ —2210 —2X70
H§R = — 9 |:(8x1n,8x1 q>) - (8x2n, 5m2 @):| =e Hll = —¢ ]122

We have
0-H° = 26.0, <e_2)‘ aziﬁ) —928.0, (e—” aziﬁ)

— 40, (e—2A 9\ an3> 120, (e—2A ag;ﬁ)

40, (P 0:00.8) + 2710, (P AB).
Hence we have obtained the following identity:
011 = ~40, (¢ 0:20.8) + 0.1 — 0.8,

(Notice that the term 9,® comes from the fact that for ® : T2 — S? C
R* we have %e‘”‘ACI; —H— <f>; on the other hand if @ : T2 < R3 one
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has %e‘”‘ACﬁ = H so the term 9,® is not present.) Taking the scalar
product with 77 then gives

O:H = 20 \H° +0.H
from which we deduce

(6.127) d; <e2>‘ HO) — 2 9,H,

which is the thesis. Notice that the identity can also be rewritten locally
as

0, 19, + 0,19, = e2* 9, H
(6.128)

O, 19y — 0y, 19, = —e** 0, H.

q.e.d.

6.2. Appendix B: A lemma of functional analysis. In this appen-
dix, for the reader’s convenience, we recall the following (known but
maybe not completely standard) lemma of functional analysis, which
plays a key role in the proof of the regularity.

Lemma 6.9. Let b € WY%(D?) and p € (1,00) be given; then for
every a € WHP(D?) there exists a unique solution p € WHP(D?) of the
equation

Ap = 0,a0yb — 0yad;b  on D?
(6.129)
©=0 on 0D

Moreover, the linear map LP(D?) > Va + Vi € LP(D?) is continuous.

Proof. As a first step let us assume p > 2. By Holder inequality, we
2p
have that Va Vb € L»+2(D?), so by classical elliptic theory there exists
2
a unique solution ¢ € Wz’ﬁ?(D% and HcpHWQ,% < C||Val|e |Vl 2.
We conclude by Sobolev embedding.
Now let us assume p < 2. Let @ be the mean value of a on D?. Observe
that the system (6.129) is equivalent to the following one:
Ap = 0;((a — a) dyb) — 9y((a — a) d,b) on D?
(6.130)
=0 on dD?.

By the Poincaré-Sobolev inequality we know that ||a—<_1||L » < C||Val|re,
p

2—

so by Hélder inequality we get that
I(a = a)V>ble < C|IVal e[| VO] 2
and we conclude with classical elliptic theory.

Finally, the continuity of the map L?(D?) > Va + Vg € L?(D?)
follows by the classical Riesz-Torin interpolation theorem. q.e.d.
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6.3. Appendix C: A lemma of differential topology. In this sub-
section we recall the following well known Lemma of classical differen-
tial topology; we wish to thank Brian White and Yasha Eliashberg for
a helpful discussion about this point.

Lemma 6.10. Let us identify R? with {z = 0} C R3. Let D? be the
unit disk in R? and ® be a smooth immersion of D? into R? such that
B|yp2 = Idype and 8,®|pp> = - € R2.

Then there exists a reqular homotopy from d to the identity map
of D%, Idpe, relative to OD?; in other words there exists ﬁ(,) €
CY(D? x [0,1], R3) such that for every t € [0,1] the map Hy := ﬁ( )
D? — R3 is an zmmerszon satisfying the boundary conditions Ht]aDz =
Idype, (0,H)|pp2 = 87“’ and moreover Hy=®, Hy = Idpe.

Proof. Let us sketch the main idea of the classical proof. The work
of Smale [35]-[36] reduces the classification of the regular homotopy
classes of immersions of the disk D¥ into R™ (fixed near the boundary)
to the computation of the homotopy group (Vi (R™)), where Vi (R™)
is the Stiefel manifold of k-frames in R™. For k = 2,n = 3 we have
m2(12(R?)) = m2(SO(3)) =

This reduction is performed by the so called h-principle. The main
references are the classical paper of Hirsch [17] as well as Gromov’s
book [15] and the recent book of Eliashberg-Mishachev [13]. q.e.d.

References

[1] D.R. Adams, A note on Riesz Potentials, Duke Math. Journ. 42 (1975), no. 4,
765778, MR 0458158, Zbl 0336.46038.

[2] Y. Bernard, Noether’s theorem and the Willmore functional, to appear in Ad-
vances in Calc. Var. DOI: 10.1515/acv-2014-0033.

[3] Y. Bernard & T. Riviere, Local Palais Smale Sequences for the Willmore Func-
tional, Comm. Anal. Geom. 19 (2011), no. 3, 563-599, MR 2843242, Zbl
1245.53051.

[4] F. Bethuel, Un résultat de régularité pour les solutions de I’ équation de surfaces
courbure moyenne prescrite (French) [A regularity result for solutions to the
equation of surfaces of prescribed mean curvature], C. R. Acad. Sci. Paris Sr. I
Math. 314 (1992), no. 13, 1003-1007, MR 1168525, Zbl 0795.35024.

[5] K. Borsuk, Sur la courbure totale des courbes fermées, Ann. Soc. Pol. Math. 20
(1948), 251-265, MR 0025757, Zbl 0037.23602.

[6] E. Cartan, Les Systémes Extérieurs et leurs Applications Géométriques, Her-
mann, (1945), MR 0016174, Zbl 0063.00734.

[7] S. Chanillo, Y.Y. Li, Continuity of solutions of uniformly elliptic equations in
R?, Manuscr. Math. 77
(1992), no. 4, 415-433, MR 1190215, Zbl 0797.35031.

[8] S.S. Chern, An elementary proof of the existence of isothermal parameters on a
surface, Proc. Amer. Math. Soc. (1955), 771-782, MR 0074856, Zbl 0066.15402.



(9]

(17]

(18]

(19]

A FRAME ENERGY FOR IMMERSED TORI 185

S.S. Chern, Moving frames, Astérisque, Société Mathématique de France, (1985),
67-77, MR 0837194, Zbl 0614.53038.

G. Darboux, Lecons sur la Théorie Générale des Surfaces, (3rd ed.), Chelsea,
(1972), MR 0396214, Zbl 0257.53001.

M. do Carmo, Differential geometry of curves and surfaces, Prentice-Hall, (1976),
MR 0394451, Zbl 0326.53001.

M. do Carmo, Riemannian Geometry, Mathematics: Theory & applications.
Birkauser Boston, Inc., Boston, MA, (1992), MR 1138207, Zbl 0752.53001.

Y. Eliashberg & N. Mishachev, Introduction to the h-principle, Graduate Studies
in Math. Amer. Math. Soc. 48 (2002), MR 1909245, Zbl 1008.58001.

W. Fenchel, Uber Krummung und Windung geschlossener Raumkurven, Math.
Ann. 101 (1929), 238-252, MR 1512528, JFM 55.0394.06.

M. Gromov, Partial differential relations. Results in Mathematics and Related
Areas, 9 Springer-Verlag, Berlin, (1986), MR 0864505, Zbl 0651.53001.

F. Hélein, Harmonic maps, conservation laws and moving frames. Cambridge
Tracts in Math. 150 Cambridge University Press, (2002), MR 1913803, Zbl
1010.58010.

M.W. Hirsch, Immersions of manifolds, Trans. Amer. Math. Soc. 93 (1959),
242-276, MR 0119214, Zbl 0113.17202.

T.A. Ivey & J.M. Landsberg, Cartan for Beginners: Differential Geometry via
Moving Frames and Exterior Differential Systems, Grad. Studies in Math. Amer.
Math. Soc. 61 (2003), MR 2003610, Zbl 1105.53001.

J. Jost, Compact Riemann Surfaces. An introduction to contemporary mathemat-
tcs. Third edition. Universitext. Springer-Verlag, Berlin, (2006), MR 1909701,
Zbl 1125.30033.

R. Kusner, Comparison surfaces for the Willmore problem, Pacific Journ. Math.
138 (1989), no. 2, 317-345, MR 0996204, Zbl 0643.53044.

P.Li& S.T. Yau, A new conformal invariant and its applications to the Willmore
conjecture and the first eigenvalue of compact surfaces, Invent. Math. 69(1982),
no. 2, 269-291, MR 0674407, Zbl 0503.53042.

F.C. Marques & A. Neves, Min-Max theory and the Willmore conjecture, Annals
of Math. (2), 179 (2014), no. 2, 683-782, MR 3152944, Zbl 1297.49079.

A. Mondino & T. Riviere, Immersed Spheres of Finite Total Curvature into
Manifolds, Advances in Calc. Var. 7 (2014), no. 4, 493-538, MR 3276119, Zbl
1306.53049.

A. Mondino & T. Riviere, Willmore Spheres in Compact Riemannian Manifolds,
Advances in Math. 232 (2013), no. 1, 608676, MR 2989995, Zbl 1294.30046.

S. Montiel & A. Ros, Minimal immersions of surfaces by the first Eigenfunc-
tions and conformal area, Invent. Math. 83 (1986), 153-166, MR 0813585, Zbl
0584.53026.

S. Miiller & V. Sverdk, On surfaces of finite total curvature, J. Diff. Geom. 42
(1995), no. 2, 229-258, MR 1366547, Zbl 0853.53003.

U. Pinkall, Regular homotopy classes of immersed surfaces, Topology, 24 (1985),
no. 4, 421-434, MR 0816523, Zbl 0583.57020.

T. Riviere, Analysis aspects of Willmore surfaces, Invent. Math. 174 (2008), no.
1, 1-45, MR 2430975, Zbl 1155.53031.



186

29]

(30]

A. MONDINO & T. RIVIERE

T. Riviere, The role of Integrability by Compensation in Conformal Geomet-
ric Analysis, Analytic aspects of problems from Riemannian Geometry, S.M.F.
(2008), MR 3060451, Zbl 1280.53005.

T. Riviere, Variational Principles for immersed Surfaces with L?-bounded Second
Fundamental Form, J. Reine Angew. Math. 695 (2014), 41-98, MR 3276154, Zbl
1304.49095.

T. Riviere, Conformally Invariant Variational Problems, arXiv:1206.2116v1.,
(2012).

T. Riviere, Weak immersions of surfaces with L*-bounded second funda-
mental form, PCMI Graduate Summer School, (2013), downloadable at
http://www.math.ethz.ch/ riviere/pub.html.

T. Riviere, Critical weak immersed Surfaces within Sub-manifolds of the Te-
ichmailler Space, Advances in Math. 283 (2015), 232-274, MR 3383803, Zbl
06472969.

L. Simon, Ezistence of surfaces minimizing the Willmore functional, Comm.
Anal. Geom. 1 (1993), no. 2, 281-325, MR 1243525, Zbl 0848.58012.

S. Smale, A classification of immersions of the two-sphere, Trans. Amer. Math.
Soc. 90 (1958), 281-290, MR 0104227, Zbl 0089.18102.

S. Smale, The classification of immersions of spheres in Fuclidean spaces, Ann.
of Math. 69 (1959), (2), 327-344, MR 0105117, Zbl 0089.18201.

P. Topping, Towards the Willmore conjecture, Calc. Var. and PDE, 11 (2000),
361-393, MR 1808127, Zbl 1058.53060.

T. Toro, Surfaces with generalized second fundamental form in L? are Lipschitz
manifolds, J. Diff. Geom. 39 (1994), 65-101, MR 1258915, Zbl 0806.53020.

T. Toro, Geometric conditions and existence of bi-Lipschitz parametrisations,
Duke Math. Journal, 77 (1995), no. 1, 193-227, MR 1317632, Zbl 0847.42011.

J.L. Weiner, On a problem of Chen, Willmore, et al., Indiana Univ. Math. J. 27
(1978), 19-35, no. 1, MR 0467610, Zbl 0343.53038.

H.C. Wente, An existence theorem for surfaces of constant mean curvature, J.
Math. Anal. Appl. 26 (1969), 318-344, MR 0243467, Zbl 0181.11501.

T.J. Willmore, Riemannian Geometry, Oxford Science Publications, Oxford Uni-
versity Press (1993), MR 1261641, Zbl 0797.53002.

DEPARTMENT OF MATHEMATICS
ETH ZENTRUM

RAMISTRASSE 101

CH-8093 ZURICH, SWITZERLAND

E-mail address: andrea.mondino@math.ethz.ch

DEPARTMENT OF MATHEMATICS
ETH ZENTRUM

RAMISTRASSE 101

CH-8093 ZURICH, SWITZERLAND

E-mail address: tristan.riviere@fim.math.ethz.ch




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.7
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Same as "Press Quality" except that Compatibility is set to Acrobat 8.0 \(PDF 1.7\))
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


