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DEFORMATIONS OF FUCHSIAN ADS
REPRESENTATIONS ARE QUASI-FUCHSIAN

THIERRY BARBOT

Abstract

Let T" be a finitely generated group, and let Rep(T', SO(2,n)) be
the moduli space of representations of I' into SO(2,n) (n > 2). An
element p : T' — SO(2,n) of Rep(T',SO(2,n)) is quasi-Fuchsian
if it is faithful, discrete, preserves an acausal (n — 1)-sphere in
the conformal boundary Ein,, of the anti-de Sitter space, and if
the associated globally hyperbolic anti-de Sitter space is spatially
compact—a particular case is the case of Fuchsian representations,
i.e., composition of a faithful, discrete, and cocompact represen-
tation py : I' = SO(1,n) and the inclusion SO(1,n) C SO(2,n).

In [10] we proved that quasi-Fuchsian representations are pre-
cisely representations that are Anosov as defined in [29]. In the
present paper, we prove that the space of quasi-Fuchsian repre-
sentations is open and closed, i.e., that it is a union of connected
components of Rep(T", SO(2,n)).

The proof involves the following fundamental result: Let I' be
the fundamental group of a globally hyperbolic spatially compact
spacetime locally modeled on AdS,,, and let p : I' — SO((2,n)
be the holonomy representation. Then, if I' is Gromov hyperbolic,
the p(T')-invariant achronal limit set in Ein,, is acausal.

Finally, we also provide the following characterization of rep-
resentations with zero-bounded Euler class: they are precisely the
representations preserving a closed achronal subset of Ein,,.

1. Introduction

Let SOg(1,n), SOg(2,n) denote the identity components of, respec-
tively, SO(1,n), SO(2,n) (n > 2). Let I" be a cocompact torsion-free
lattice in SOg(1,n). For any Lie group G we consider the moduli space
of representations of I' into G modulo conjugacy, equipped with the
usual topology as an algebraic variety (see, for example, [25]):

Rep(T', G) := Hom(I', G)/G
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1.1. Discrete representations. In the case G = SOy(2,n) we dis-
tinguish the Fuchsian representations: they are the representations ob-
tained by composition of the natural embedding SOg(1,n) C SOy(2,n)
and any faithful and discrete representation of I' into SOg(1,n). The
space of faithful and discrete representations of I" into SOg(1,n) is the
union of two connected components of Rep(I',SO¢(1,n)): for n > 3, it
follows from the Mostow rigidity theorem, and for n = 2, it follows from
the connectedness of the Teichmiiller space—observe that there are in-
deed two connected components, one corresponding to representations
such that p*¢ = &, and the other to representations for which p*¢ = —¢,
where ¢ is a generator of H"(SOq(1,n),Z).

It follows that the space of Fuchsian representations is the union of
two connected subsets of Rep(I', SO¢(2,n)). Therefore, one can consider
the union Repy(I',G) of connected components of Rep(I',SO¢(2,n))
containing all the Fuchsian representations. The main result of the
present paper is the following theorem, which provides a positive an-
swer to Question 8.1 in [10].

Theorem 1.1. Every deformation of a Fuchsian representation, i.e.,
every element of Repy(I', SOg(2,n)), is faithful and discrete.

This Theorem is actually a particular case of a more general result,
Theorem 1.2, that we will state in the next section.

If one compares this result with the a priori similar theory of defor-
mations of Fuchsian representations into SOg(1,n+1), one observes that
the situation is at first glance completely different: it is well known that
large deformations of Fuchsian representations are not faithful and dis-
crete; Fuchsian representations actually can be deformed to the trivial
representation!

On the other hand, Theorem 1.1 is very similar to the principal the-
orem in [29] in the case G = SL(n,R), and where I" is a cocompact lat-
tice in SOy(1,2), i.e., a closed surface group. In this situation, Fuchsian
representations are induced by the inclusion I' C SOy(1, 2) and the mor-
phism SOg(1,2) — SL(n,R) corresponding to the unique n-dimensional
irreducible representation of SOg(1,2). The connected component of
Rep(T', SL(n,R)) containing the Fuchsian representations is the Hitchin
component, and its elements are called quasi-Fuchsian representations.
In [29] F. Labourie proves that quasi-Fuchsian representations are hy-
perconvet, i.e., that they are faithful, have discrete image, and preserve
some curve in the projective space P(R") with some very strong con-
vexity properties (in particular, this curve is strictly convex). Later, O.
Guichard proved in [26] that conversely hyperconvex representations
are quasi-Fuchsian.

1.2. Anosov representations. At the very heart of the theory is the
notion of (G, P)-Anosov representation (or simply Anosov representa-
tion when there is no ambiguity about the pair (G, P)), where G is a
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Lie group acting on any topological space P. The group I' in general is
a Gromov hyperbolic finitely generated group ([28]; see also Sect. 8 in
[10])—typically, a closed surface group, or, more generally, a cocompact
lattice in SOg(1, k) for some k.

Unfortunately, the terminology is not uniform in the literature. For
example, what is called a (SOg(1,n+ 1), JH"1)-Anosov representation
in [27] would be called (G, Y)-Anosov in the terminology of [7] or [10],
where Y is the space of geodesics of H"*!, and also P-Anosov in the
terminology of [28], where P is the stabilizer of a point in 9H"**. Here
we adopt the definition used in [28], and the terminology of [27].

Simple, general arguments ensure that Anosov representations are
faithful, with discrete image formed by loxodromic elements, and that
they form an open domain in Rep(I',G). As a matter of fact, quasi-
Fuchsian representations into SL(n,R) are (SL(n,R), F)-Anosov, where
F is the frame variety. However, the converse is not necessarily true:
see [7] for the study of a family of non-hyperconvex (SL(3,R),F)-
Anosov representations.

The quasi-Fuchsian terminology is inherited from hyperbolic geom-
etry: a representation p : I' — SOg(1,n + 1) is quasi-Fuchsian if it is
faithful, discrete, and preserves a topological (n — 1)-sphere in OH" ',
It is well known to the experts that quasi-Fuchsian representations into
SOg(1,n + 1) are precisely the (SOg(1,n 4 1), 0H"™!)-Anosov represen-
tations, and a proof can be obtained by adapting the arguments used
n [10]. It is also a direct consequence of Theorem 1.8 in [28].

The anti-de Sitter space AdS,,+1 is the Lorentzian analogue of the hy-
perbolic space H™" " (see Sect. 2.1 for a brief review on basic facts about
AdS;,4+1). It is a Lorentzian manifold, of constant sectional curvature —1.
Whereas in hyperbolic space pairs of points are classified up to isometry
by their distance, in anti-de Sitter space we have to distinguish three
types of pairs of points, according to the nature of the geodesic joining
the two points: this geodesic may be spacelike, lightlike, or timelike—in
the last two cases, the points are said to be causally related. Moreover,
AdS, 1 is oriented and admits also a time orientation, i.e., an orien-
tation of every non-spacelike geodesic. The group SOg(2,n) is precisely
the group of orientation and time orientation preserving isometries of
AdS,11.

The anti-de Sitter space AdS,,+1 admits a conformal boundary called
the FEinstein universe and denoted by Ein,, which plays a role similar
to that of the conformal boundary OH"™! for the hyperbolic space.
The Einstein universe is a conformal Lorentzian spacetime, and is also
subject to a causality notion: in particular, a subset A of the Einstein
space Ein,, is called acausal if any pair of distinct points in A are the
extremities of a spacelike geodesic in AdS,,+1.
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Once these fundamental notions are introduced, we can state the
main content of [10]: Let I" be a Gromov hyperbolic group. For any
representation p : I' = SOg(2,n) the following notions coincide:

—p: T = S0y(2,n) is (SO(2,n), Ein,, )-Anosov,

—p: T' = SOy(2,n) is faithful, discrete, and preserves an acausal
closed subset A in the conformal boundary Ein,, of AdS, 1.

If, furthermore, I' is isomorphic to the fundamental group of a closed
manifold of dimension n, then A is a topological (n — 1)-sphere.

In particular, when I is a uniform lattice in SOg(1,n), a representa-
tion of T" into SOq(2,n) is called quasi-Fuchsian if it is faithful, discrete,
and preserves an acausal topological (n — 1)-sphere in Ein,. In other
words, Theorem 1.1 can be restated as follows: Deformations (large or
small) of Fuchsian representations into SOg(2,n) are all quasi-Fuchsian.
It will be a corollary of the following more general statement, which will
be proved in Sect. 6:

Theorem 1.2. Let n > 2, and let I' be a Gromov hyperbolic group
of cohomological dimension > n. Then the moduli space

Rep,,,(I', SO0 (2,n))

of (SO¢(2,n), Ein,)-Anosov representations is open and closed in the
moduli space Rep(I',SO¢(2,n)).

Remark 1.3. The reason for the hypothesis on the cohomological

dimension is to ensure that the invariant closed acausal subset is a topo-
logical (n — 1)-sphere. It will follow from the proof that actually, under
this hypothesis, if Rep,,, (I, SO¢(2,n)) is non-empty, then I' is the fun-
damental group of a closed manifold, and its cohomological dimension
is precisely n.
1.3. GHC-regular representations. In order to present the ideas
involved in the proof of Theorem 1.2, we need to recall a bit further a
few classical definitions in Lorentzian geometry. By spacetime we mean
here an oriented Lorentzian manifold with a time orientation given by
a smooth timelike vector field. This allows us to define the notion of
future- and past-directed causal curves. A subset A in (M, g) is achronal
(respectively acausal) if there every timelike curve (respectively causal
curve) joining two points in A is necessarily trivial, i.e., reduced to one
point. A time function is a function t : M — R that is strictly increasing
along any causal curve. A spacetime (M, g) is globally hyperbolic spatially
compact (abbreviated to GHC) if it admits a time function whose level
sets are all compact.

Spatially compact global hyperbolicity is notoriously equivalent to the
existence of a compact Cauchy hypersurface, i.e., is a compact achronal
set S that intersects every inextendible timelike curve at exactly one
point. This set is then automatically a locally Lipschitz hypersurface
(see [31, Sect. 14, Lemma 29)]).
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Observe that all these notions are not really associated to the Loren-
tzian metric g, but to its conformal class [g]. Hence they are rele-
vant to the Einstein universe, which is naturally equipped with an
SO¢(2,n)-invariant conformal class of Lorentzian metric, but without
any SOg(2, n)-invariant representative.

The key fact used in [10] is that (SO¢(2, n), Ein, )-Anosov representa-
tions are holonomy representations of GHC spacetimes locally modeled
on AdS,1;. Thanks to the work of G. Mess and his followers [30, 2]
the classification of GHC locally AdS spacetimes has been almost com-
pleted: they are in one-to-one correspondence with GHC-regular repre-
sentations.

More precisely: Let I" be a torsion-free finitely generated group of
cohomological dimension n. A morphism p : I' = SO¢(2,n) is a GHC-
regular representation if it is faithful, discrete, and preserves an achro-
nal closed (n — 1)-topological sphere A in Ein,. Define the invisible
domain E(A) as the domain in AdS,4; consisting of the points that are
not causally related to any element of A (cf. Sect. 3.1). The action of
p(T') on E(A) is then free and properly discontinuous; the quotient space,
denoted by M,(A), is GHC. Moreover, every maximal GHC spacetime
locally modeled on AdS has this form. Also observe that A only depends
on p; there is at most one such invariant achronal sphere. Finally, if the
limit set A is acausal, then the group I' is Gromov hyperbolic (actually,
in this case, I' acts properly and cocompactly on a CAT(—1) metric
space; see Proposition 8.3 in [10]).

Therefore, the only reason a GHC-regular representation may fail to
be (SOy(2,n), Ein,)-Anosov is that the achronal sphere A might be non-
acausal. A crucial step of the present paper, which is proved in Sect. 5.3,
and from which Theorem 1.2 follows quite directly, is the following:

Theorem 1.4. Let p: T' — SOy(2,n) be a GHC-regular representa-
tion, where I' is a Gromov hyperbolic group. Then the achronal limit set
A is acausal, i.e., p is (SOg(2,n), Einy,)-Anosov.

Even if not logically relevant to the proofs in the present paper, we
point out that there are examples of GHC-regular representations with
non-acausal limit set A. Let us describe briefly in this introduction the
family detailed in Sect. 4.6: Let (p, ¢) be a pair of positive integers such
that p+q = n, and let " be a cocompact lattice of SOg(1,p) x SO¢(1, q).
The natural inclusion of SOg(1,p) xSOg(1, ¢) into SOy(2, n) arising from
the orthogonal splitting R>" = RY? @ R'"P induces a representation
p:I'—= SOy(2,n) that is GHC-regular but where the invariant achronal
limit set A is not acausal. The quotient space M,(A) := p(I')\E(A) is a
GHC spacetime, called a split AdS spacetime, and the representation is
a split reqular representation (Definition 4.28).
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1.4. Bounded cohomology. Finally, in the last section, we give an-
other characterization of GHC-regular representations. There is a fun-
damental bounded cohomology class & in HZ(SO¢(2,n),Z), the bounded
Euler class. It can be alternatively defined as the bounded cohomol-
ogy class induced by the natural Kahler form w of the symmetric 2n-
dimensional space

Tan := S00(2,n)/(SO0(2) x SO (n)),
or as the one associated to the central exact sequence
17— 860(2,71) — SO0p(2,n) — 1.

If p: T'— SO¢(2,n) is GHC-regular, the pull-back p*(§) (the Euler class
eup(p)) is necessarily trivial.

Theorem 1.5. Let p: I' — SOg(2,n) be a faithful and discrete repre-
sentation, where I is the fundamental group of a negatively curved closed
manifold M of dimension n. The following assertions are equivalent:

1) pis (SOg(2,n), Einy,)-Anosov,

2) p is GHC-regular,

3) the bounded Euler class euy(p) vanishes.

Observe that the equivalence between items (1) and (2) follows from
the main result in [10], Theorem 1.4, and the fact that fundamental
groups of negatively curved closed manifolds are Gromov hyperbolic.

As a last comment, we recall part of the conjecture already proposed
in [10, Conjecture 8.11]: We expect that GHC-regular representations
of hyperbolic groups are all quasi-Fuchsian; in other words, that if a
hyperbolic group I" admits a GHC-regular representation into SOg(2,n),
then it must be isomorphic to a uniform lattice in SOg(1,n).

We expect actually a bit more. According to Theorems 1.2 and 1.4,
the space of GHC-regular representations is open and closed, hence a
union of connected components of Rep(I',SO(2,n)). It would be in-
teresting to prove eventually that it coincides with Repy(I', SO (2, 7)),
i.e., that quasi-Fuchsian representations are all deformations of Fuch-
sian representations.

1.5. Overview of the paper. Section 2 introduces the preliminary
material on anti-de Sitter space, Einstein space, and their Klein models
and conformal models. In Sect. 3 we define the convex hull Conv(A) and
the invisible domain E(A) associated to a closed achronal subset A of
Ein,,. We describe how one fits inside the other one, and show that they
are dual one to each other. In Sect. 4 we study the specific case where
A is a topological sphere: the invisible domain E(A) is then globally
hyperbolic, and admits a reqular cosmological time, whose gradient lines
form a remarkable family of timelike geodesics—the cosmological lines.
They form an interesting embedded surface in the space of timelike
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geodesics of AdS, 1, which is the symmetric space T2, associated to
SOp(2,n). We conclude this section with the description of split AdS
spacetimes, and the description of crowns and their realms, which are
in one-to-one correspondence with maximal flats in 7a,.

In Sect. 5 we really start the proofs of the main theorems. In Sect.
5.1 we show that if A is preserved by a GHC-regular representation
of a Gromov hyperbolic group, then it contains no crown. Then, in the
following section, we use this result to show that under these hypotheses,
the only common part between the closure of the invisible domain and
the convex hull is A. These are the main results we need for the proof
of Theorem 1.4, which we present in Sect. 5.3.

In Sect. 6 we prove Theorem 1.2. The point is that it is quite easy to
show that a limit of GHC-regular representations is GHC-regular, and
Theorem 1.4 ensures that this limit is Anosov.

The last section, 7, is devoted to the proof of Theorem 1.5. We end the
paper by showing in Sect. 7.3 that Theorem 1.5 gives a quick proof of the
fact that two representations of the same group I' (Gromov hyperbolic
or not) in PSL(2, R) are semiconjugate if and only if they have the same
bounded Euler class.

Acknowledgments. I would like to thank A. Wienhard and O. Gui-
chard for their encouragement to write the paper, and also F. Guéritaud
and F. Kassel for their interest, remarks, and help. O. Guichard also
contributed to improve a first version of this paper. This work has been
supported by ANR grant GR-A-G (ANR-2011-BS01-003-02) and ANR
grant ETTT (ANR-09-BLAN-0116-01).

The quality of the paper has also been greatly improved by the ob-
servations of the referees.

2. Preliminaries on the anti-de Sitter space
and the Einstein universe

We assume the reader sufficiently acquainted with basic causality no-
tions in Lorentzian manifolds like causal or timelike curves, inextendible
causal curves, Lorentzian length of causal curves, time orientation, fu-
ture and past of subsets, time function, achronal subsets, etc., so that
the brief description provided in the introduction above is sufficient. We
refer to [11] or [31, section 14] for further details.

Definition 2.1. A spacetime is a connected, oriented, and time-
oriented Lorentzian manifold.
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2.1. Anti-de Sitter space. Let R>" be the vector space of dimension

n + 2, with coordinates (u,v,x1,...,%,), endowed with the quadratic
form

Qo (U, 0, 1, 2p) = —u® — 0% af 2l

We denote by (x | y) the associated scalar product. For any subset A

of R®>™ we denote A" the orthogonal of A, i.e., the set of elements y in

R%™ such that {y | x) = 0 for every x in A. We also denote by C, the

isotropic cone {x € R*"/qa ,(x) = 0}.

Definition 2.2. The anti-de Sitter space AdS,,+1 is the hypersurface
{x € R*"/qg,(x) = —1} endowed with the Lorentzian metric obtained
by restriction of qa .

For every element x of AdS,i, there is a canonical identification
between the tangent space T AdS, 41 and the g2 ,-orthogonal xt.
We will also consider the coordinates (r,6,x1,...,z,) with

u =rcos(f),v = rsin(f).
We equip AdS,,11 with the time orientation defined by this vector field,

0
i.e., the time orientation such that the timelike vector field 20 is every-

where future oriented.

Observe the analogy with the definition of hyperbolic space H". More-
over, for every real number 6y, the subset Hy, := {(r,0,21,...,2,)/0 =
6o} C R*" is a totally geodesic copy of H" embedded in AdS, ;. More
generally, the totally geodesic subspaces of dimension k£ in AdS,+; are
connected components of the intersections of AdS,.; with the linear
subspaces of dimension (k 4 1) in R*™.

Remark 2.3. In particular, geodesics are intersections with 2-planes.
Timelike geodesics can all be described in the following way: Let x,
y two elements of AdS,, ;1 such that (x | y) = 0. Then, when 6 de-
scribes R/27Z, the points ¢(f) := cos(0)x + sin(f)y describe a future
oriented timelike geodesic containing x (for § = 0) and y (for 6 = 7/2),
parametrized by unit length: the Lorentzian length of the restriction of
¢ t0]0,0[ is 6.

2.2. Conformal model.

Proposition 2.4. The anti-de Sitter space AdS,+1 is conformally
equivalent to (S* x D", —d#? +ds?), where db? is the standard Riemann-
ian metric on S' = R/2x7Z, where ds® is the standard metric (of cur-
vature +1) on the sphere S™ and D" is the open upper hemisphere of
S".

Proof. In the (1,0, z1,...,x,)-coordinates the AdS metric is

—r2de* + ds%yp
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where ds,%yp is the hyperbolic metric, i.e., the induced metric on Hy =
{(r,0,21,...,2,)/0 = 0} ~ H". More precisely, Hy is a sheet of the
hyperboloid {(r,z1,...,2,) € RY/ — 72 4+ 22 + ... 4+ 22 = —1}. The
map (r,x1,...,2,) — (1/r,x1/r, ..., 2,/r) sends this hyperboloid to
D", and an easy computation shows that the pull-back by this map of
the standard metric on the hemisphere is r~2 ds;%yp. The proposition
follows. q.e.d.

Proposition 2.4 shows in particular that AdS,,+1 contains many closed
causal curves (including all timelike geodesics; cf. Remark 2.3). But the
universal covering mn+1, conformally equivalent to (R x D", —do? +
ds®), contains no periodic causal curve. However, it is not globally hy-
perbolic (see Definition 4.5).

2.3. Einstein universe. The Einstein universe Ein, 1 is the product
S' x S"™ endowed with the metric —df? + ds?, where ds® is as _above
the standard spherical metric. The universal Einstein universe Ein,
is the cyclic covering R x S™ equipped with the lifted metric still denoted
id/HQ + ds?, but where 0 now takes value in R. Observe that for n > 2,
Fin, 41 is the universal covering_,\t/)ut it is not true for n = 1. According
to this definition, Ein, 1 and Ein,y; are Lorentzian manifolds, but it
is more adequate to consider them as conformal Lorentzian manifolds.
We fix a time orientation: the one for which the coordinate 6 is a time
function on Eing, 4.

In the sequel, we denote by p : E;lnﬂ — Einy 11 the cyclic covering
map. Let ¢ : %nﬂ — Eiﬁnﬂ be a generator of the Galois group of this
cyclic covering. More precisely, we select ¢ so that for any Z in E\il/ln+1
the image §(Z) is in the future of Z.

Even if the Einstein universe is seen merely as a conformal Lorentzian
spacetime, one can define the notion of photons, i.e., (non-parameterized)
lightlike geodesics. We can also consider the causality relation in Ein,
and Eiﬁnﬂ. In particular, we define for every x in Ein, 1 the lightcone
C(z): it is the union of all photons containing z. If we write x as a
pair (4,7) in S' x S", the lightcone C(z) is the set of pairs (¢,7) such
that |0’ — 0| = d(, ), where d is the distance function for the spherical
metric ds.

There is only one point in S" at distance 7 of Z: the antipodal point
—Z. Above this point, there is only one point in Ein,; contained in
C(x): the antipodal point —z = (6 + 7, —z). The lightcone C(z) with
the points x, —x removed is the union of two components:

— The future cone: It is the set CT(z) := {(0,9)/0 < 0 < 6 +
7, d(Z,y) =0 —0}.

— The past cone: It is the set C~(x) := {(0,9)/0 — 7 < § <
0, dz,y)=0—0}.
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Observe that the future cone of x is the past cone of —x, and that
the past cone of x is the future cone of —zx.

According to Proposition 2.4 AdS, 1 (respectively mn+1) confor-
mally embeds in Ein,; (respectively E\i;ln+1). Hence we will some-
times write by the letter x elements of AdS, 1 instead of the letter x,
which is the notation for elements of R*™. Observe that this embedding
preserves the time orientation. Since the boundary D™ is an equato-
rial sphere, the boundary 8A/vdSn+1 is a copy of the Einstein universe
ﬁn. In other words, one can attach a “Penrose boundary” 8AT(STL+1

to AdS,,+1 such that AdS,1q; U 8.@3’”“ is conformally equivalent to
(S* x D", —d6? + ds* ), where D" is the closed d upper hemisphere of S™.

The restrictions of p and 4 to AdSnH - E1nn+1 are, respectively, a
covering map over AdS, 41 and a generator of the Galois group of the
covering; we will still denote them by p and 4.

2.4. Achronal subsets. Recall that a subset of a conformal Lorentzian
manifold is achronal (respectively acausal) if there is no timelike (re-
spectlvely causal) curve joining two distinct points of the subset. In
Ein, ~ (R x S"71 —dh? + ds?), it is quite easy to show that every
achronal subset is precisely the graph of a 1-Lipschitz function f :
Ay — R where Ag is a subset of S~ ! endowed with its canonical
metric d. In particular, the achronal embedded topological hypersur-
faces in OAdS,,+1 are exactly the graphs of the 1-Lipschitz functions
f:S"! 5 R: they are topological (n — 1)-spheres.

Similarly, achronal subsets of AdS,,+1 are graphs of 1-Lipschitz func-
tions f : Ag — R where Ay is a subset of D™ and achronal topological
hypersurfaces are graphs of 1-Lipschitz maps f : D" — R.

Stricto sensu, there is no achronal subset in Ein,, 11 since closed time-
like curves through a given point cover the entire Ein, 1. Nevertheless,
we can keep track of this notion in Ein,; by defining “achronal” sub-
sets of Ein, 11 as projections of genuine achronal subsets of ﬁnﬂ. This
definition is justified by the following results:

Lemma 2.5 (Lemma 2.4 in [10]). The restriction of p to any achro-
nal subset of E1nn+1 s injective.

Corollary 2.6 (Corollary 2.5 in [10]). Let Ay, Ay be two achronal
subsets of E\i;er_l admitting the same projection in Einy, 1. Then there
s an integer k such that

Ay = 6F Ay,
where § is the generator of the Galois group introduced above.
2.5. The Klein model ADS,; of the anti-de Sitter space. We

now consider the quotient S(R*™) of R%*™\ {0} by positive homotheties.
In other words, S(R*") is the double covering of the projective space
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P(R*™). We denote by S the projection of R*™\ {0} onto S(R*™). For
every x, y in S(R*"), we denote by (x | y) the sign of the real num-
ber (x | y), where x,y € R>™ are representatives of x, y. The Klein
model ADS,,1+1 of the anti-de Sitter space is the projection of AdS,,+1
to S(R*"), endowed with the induced Lorentzian metric, i.e.,

ADS, 11 = {x € S(R*") / (x| x) < 0}.

The topological boundary of ADS,.; in S(R?*") is the projection
of the isotropic cone C,; we will denote this boundary by OADS, ;.
The projection S defines a one-to-one isometry between AdS,;; and
ADS,,+1. The continuous extension of this isometry is a canonical home-
omorphism between AdS, 11 UJ AdS, 11 and ADS,, 11 UJADS,, ;.

For every linear subspace F of dimension &+ 1 in R*>™, we denote by
S(F) := S(F'\ {0}) the corresponding projective subspace of dimension
k in S(R*™). The geodesics of ADS,,;; are the connected components of
the intersections of ADS, 1 with the projective lines S(F) of S(R*™).
More generally, the totally geodesic subspaces of dimension k in ADS,, 11
are the connected components of the intersections of ADS,,+; with the
projective subspaces S(F) of dimension k of S(R%™).

Definition 2.7. For every x = S(x) in ADS,,1, we define the affine
domain (also denoted by U(x))

U(x):={y € ADS,+1 / (x| y) < 0}.

In other words, U(x) is the connected component of ADS, 1 \ S(x})
containing x. Let V(x) (also denoted by V(x)) be the connected com-
ponent of S(R%") \ S(x!) containing U(x). The boundary dU(x) C
OADS,, 11 of U(x) in V(x) is called the affine boundary of U(x).

Remark 2.8. We can assume that x = (1,0,...,0) € R?", so that
S(x1) is the projection of the hyperplane {u = 0} in R*" and V(x) is
the projection of the region {u > 0} in R*". The map

_ _ Vv X1 T2 Ty
(u,v,xl,xg,...,xn+1) = (t,l’l,...,xn) T (Ea;u;a"w;)
induces a diffeomorphism between V(x) and R™"! mapping the affine
domain U(x) to the region {(t,%1,...,Z,) € R"™  qun(t, Z1,..., %) <
1}, where qp, is the Minkowski norm. The affine boundary OU (x)
corresponds to the hyperboloid {(¢,Z1,...,Zn|d1n(t, Z1,...,Zp) = 1}
The intersections between U(x) and the totally geodesic subspaces of
ADS,, 1 correspond to the intersections of the region {(t,Z1,...,Z,) €
R qin(t,Z1,...,Z,) < 1} with the affine subspaces of R,

Lemma 2.9 (Lemma 10.13 in [3]). Let U be an affine domain in
ADS, 11, and let OU C 0ADS, 11 be its affine boundary. Let x be be
a point in OU, and let y be a point in U U QU. There exists a causal
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(respectively timelike) curve joining x to y in U U OU if and only if
(x|y) >0 (respectively (x|y) >0).

Remark 2.10. The boundary of U(x) in ADS,, ;1 is S(#)NADS, ;1.
It has two components: the past component H™ (x) and the future com-
ponent H7T(x). These components are characterized by the following
property: timelike geodesics enter U (x) through H ™ (x) and exit through
H(x).

They can also be defined as follows: Let U (x) be a lifting in AdS,, 41 of
U(x), and let H*(x) be the lifts of H¥(x). Then U (x) is the intersection
between the future of H~(x) and the past of H " (x).

The boundary components H* (x) are totally geodesic embedded co-
pies of H". They are also called hyperplanes dual to x, and we distin-
guish the hyperplane past-dual H™ (x) from the hyperplane future-dual
HT(x).

Last but not least, H* (x) have also the following characteristic prop-
erty: every future oriented (respectively past oriented) timelike geodesic
starting at x reaches H T (x) (respectively H ™ (x)) at time /2 (see Re-
mark 2.3). In other words, H*(x) is the set of points at Lorentzian
distance /2 from x.

2.6. The Klein model of the Einstein universe. Similarly, the Ein-

stein universe has a Klein model: the projection S(C,,) in S(R*™) of the

isotropic cone C,, in R*™. The conformal Lorentzian structure can be de-

fined in terms of the quadratic form qs,, (for more details, see [21, 9]).
An immediate corollary of Lemma 2.9 as follows:

Corollary 2.11. For A C Ein,,, the following assertions are equiva-
lent:

1) A is achronal (respectively acausal).

2) When we see A as a subset of S(C,) ~ Ein,, the scalar product
(x | y) is non-positive (respectively negative) for every distinct
X,y € A.

Remark 2.12. Concerning the notation: In the sequel, we always
have in mind the identifications Ein, =~ S(C,) and AdS,,+1 ~ ADS,,11;
and also the conformal identification of AdS,,y; with the open domain
D" x St of Bin, 41, and we will frequently switch from one model to the
other.

We will from now denote by x elements of Ein and AdS, using the
notation x when we want to insist on the Klein model, and x for elements
of AdS,,+1 when we see them as elements of R2™.

2.7. Isometry groups. Every element of SO(2,n) induces an isometry
of AdS, 11, and every isometry of AdS, ;1 comes from an element of
O(2,n). Similarly, for n > 2, conformal transformations of Ein,; are
projections of elements of O(2,n + 1) acting on C,,11 (still for n > 2).
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In the sequel we will only consider isometries preserving the orienta-
tion and the time orientation, i.e., elements of the neutral component
SO¢(2,n) (or SOp(2,n + 1)).

Let SO(2,n) be the group of orientation and time orientation pre-
serving isometries of AdS,, 11 (or conformal transformations of ﬁﬁn)
There is a central exact sequence

1— Z — SOg(2,n) — SOy(2,n) — 1

where the left term is generated by the transformation ¢ generating the
Galois group of p : Ein, — Ein, defined previously. Observe that for
n > 3, SOg(2,n) is the universal covering of SOy(2,n).

Remark 2.13. Let x¢ be any element of Ein, ~ S(C,). Then the
open domain defined by

Mink(xg) = {x € S(Cy,) / (x0 | x) < 0}
is conformally isometric to the Minkowski space RV~ (see [21, 9]).
In particular, the stabilizer G of x¢ in SO¢(2,n) is isomorphic to the
group of conformal automorphisms of R¥~! i e., of affine transforma-

tions whose linear part has the form = — Ag(x), where \ is a positive
real number and ¢ an element of SOg(1,n — 1).

3. Regular AdS manifolds

In all this section, A is a closed achronal subset of 81&:(1/Sn+1, and A is
the projection of A in @ AdS,,11. We describe the invisibility domain of A
(or A) and describes their geometric properties. Roughly speaking, they

are the region in AdS,, 1 (or AdS,,+1) consisting of the points which are

not causally related to any point in A (or A). We also show (section 3.3)
that the invisible domain E(A) can be defined as the convex domain
dual to the convex hull of A (considered in the Klein model).

3.1. AdS regular domains. We denote by E(K) the invisible domain
of A in AdS, .1, i.e.,

B(R) = AdS,1 \ (77 (B) U T (8))

where J~ (A ) and J +( ) are the causal past and the causal future of A in
AdS, 11 UOAdS, 41 = (R x D", ~d6? + ds?). We denote by CI(E(A))
the closure of E(A) in AdSnH U 8AdSn+1 and denote by E(A) the
projection of E(A) in AdS, 41 (according to Corollary 2.6, E(A) only
depends on A, not on the choice of the lifting INX)

Definition 3.1. A (n + 1)-dimensional AdS regular domain is a do-
main of the form E(A), where A is the projection in 9 AdS,; of an
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achronal subset A C 8A/vdSn+1 containing at least two points. If Ais a
topological (n — 1)-sphere, then E(A) is GH-regular (this definition is
motivated by Theorem 4.12 and Proposition 4.14).

Remark 3.2. The invisible domain E(A) is causally convex in of
.deSnH, i.e., every causal curve joining two points in E(A) is entirely
contained in E(A) This is an immediate consequence of the definitions.

Remark 3.3. Recall that A is the graph of a 1-Lipschitz function
f:Ag — R, where Ag is a closed subset of S"1 (Section 2.4). Define
two functions f~, fT: D" — R as follows:

f7(®) := Supgea {f(y) — d(z,9)},
FH(@) = Infgen, {f(7) + d(z,9)},

where d is the distance induced by ds? on D". It is easy to check that
E(R)={(0,7) e Rx D" | f~(z) <0 < f*(2)}.
Remark 3.4. Keeping the notation of the previous remark, observe
that the graph of the restriction of f* (or f~) to D™ is a closed achronal

(n — 1)-sphere AT (or A~ ) in AdSnH that contains the initial achronal
subset A. They project to achronal (n—1)-spheres A* in § AdS,,1; that
contain A.

Furthermore, any element g of SOg(2,n) preserving A must preserve
E(A), hence the graphs of f * and therefore must preserve AT and A™.

Definition 3.5. The graph of f~ (respectively f1) is a closed achro-
nal subset of AdSn+1, called the lifted past (respectlvely future) horizon
of E(A), and denoted 1~ (A) (respectlvely HT(N)).

The projections in AdS, 1 of HE (A) are called past and future hori-
zons of E(A), and denoted HE(A).

The following lemma is a refinement of Lemma 2.5:

Lemma 3.6 (Corollary 10.6 in [3]). For every (non-empty) closed
achronal set A C 8AdSn+1, the projection of E( ) onto E(A) is one-to-
one.

Definition 3.7. A is purely lightlike if the associated subset Ag of S™
contains two antipodal points Ty and —Z( such that, for the associated
1-Lipschitz map f : Ag — R the equality f(Zo) = f(—Z¢) + 7 holds.

If A is purely lightlike, for every element  of D" we have f~(z z) =
H@) = f(—%0) + d(—Fo, T) = f(To) — d(To,Z), implying that E(A) is
empty. Conversely, we have the following:

Lemma 3.8 (Lemma 3.6 in [10]). E(A) is empty if and only if A is
purely lightlike. More precisely, if for some point T in D™ the equality
(@) = f(Z) holds, then A is purely lightlike.



QUASI-FUCHSIAN ADS REPRESENTATIONS 15

Observe that a purely lightlike achronal subset of A is contained in
the union of lightlike geodesics joining two antipodal points of Ein,,.

3.2. AdS regular domains as subsets of ADS, ;. The canonical
homeomorphism between AdS,,;1 U0 AdS,,+1 and ADS,, 11 U 90ADS,, 11
allows us to see AdS regular domains as subsets of ADS,, ;.

Putting together the definition of the invisible domain F(A) of a set
A C 0 AdS,, 11 and Lemma 2.9, one gets the following:

Proposition 3.9 (Proposition 10.14 in [3]). If we see A and E(A)
in the Klein model ADS,,+1 U 0ADS,,+1, then

E(A) = {y € ADS, 41 such that (y | x) < 0 for every x € A}.

3.3. Convex core of AdS regular domains. In this section, we as-
sume that A is not purely lightlike and not reduced to a single point.
The following notions are classical and well known:

Definition 3.10. A subset Q of S(R*™) is convez if there is a convex
cone J of R*" such that Q = S(J). The relative interior of 2, denoted
by Q°, is the convex subset S(J°), where J° is the interior of J in the
subspace spanned by J.

It is well known that the closure of a convex subset is still convex,
and that it coincides with the closure of the relative interior.

Theorem-Definition 3.11. Let Q = S(J) be a convex subset of
S(R?*™). The following assertions are equivalent:
e J contains no complete affine line.
e There is an affine hyperplane H in S(R*") such that H N .J is
relatively compact in H and such that Q = S(J N H).
e The closure of €2 contains no pair of opposite points.

If one of these equivalent properties hold, then € is salient.

Definition 3.12. Let Q = S(J) a convex subset of S(R*™). The dual
of Q is the closed convex subset S(J* \ {0}) where

J*={xeR>*" /VyecJ (x|y) <0}

Proposition 3.13. Let Q be a convex subset of S(R*™). Then the
bidual Q** is the closure C1(Q) of Q in S(R*™). The relative interior Q°
is open in S(R®™) if and only if QO is salient.

Let A be the preimage of A C Ein, = S(C,) by S. The convex hull
of A is a convex cone Conv(f&) in R2’", whose projection is a compact
convex subset of S(R*™), denoted by Conv(A), and called the convesx
hull of A and the convex core of E(A).

Lemma 3.14. The intersection of Conv(A) and Ein,, is the union
of lightlike segments in Ein, joining two elements of A. The relative
interior Conv(A)° is contained in ADS, ;1.
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k
Proof. Elements of Conv(A) are linear combinations x = Ztixi>
i=1

where t; are non-negative real numbers and x; elements of A.

k
Aon(x) = Y titi(xi|x;)
ij=1
Since every (x; | x;) is non-positive (cf. Lemma 2.9), we have qa ,(x) < 0.

Moreover, if qa,(x) = 0, then every (x; | x;) must be equal to 0, i.e.,
the vector space spanned by the x;’s is isotropic, hence either a line, or
an isotropic plane in C,. In the first case, S(x) is an element of A, and
in the second case, S(x) lies on a lightlike geodesic of Ein,, joining two
elements of A.

Finally, assume that Conv(A)° is not contained in ADS,;;. Since
A2.n(x) < 0 for every x in A, it follows that Conv(A) is contained in C,,
and more precisely, by the argument above, in an isotropic 2-plane. This
is a contradiction since A by hypothesis is not purely lightlike.  q.e.d.

Actually, the case where Conv(A)° is not an open subset of AdS,+1
is exceptional:

Lemma 3.15 (Lemma 3.13 in [10]). If Conv(A)NAdS,+1 has empty
interior, then it is contained in a totally geodesic spacelike hypersurface
of AdS,11.

Proposition 3.9 can be rewritten as follows:

Proposition 3.16 (Proposition 10.17 in [3]). The domain E(A) is
the intersection ADS,,+1 N (Conv(A)*)°.

Remark 3.17. A corollary of Proposition 3.16 is that the invisible

domain F(A) is convex, and hence contains Conv(A)°.

Hence, if x lies in the interior of Conv(A), the affine domain U(x)
contains the closure of E(A). Therefore, we have the following:

Proposition 3.18. Assume that A is not the boundary of a totally
geodesic copy of H" in AdS,y1. Then the restriction of p : AVdSnH —
AdS;,41 to the closure of E(K) is one-to-one.

In particular, p : H(A) — HF(A) is injective.

The boundary of E(A) in AdS,,+1 has two components: the past and
future horizons H*(A) (cf. Definition 3.5). Since E(A) is convex, every
point z in H~(A) lies in a support hyperplane for E(A), i.e., a totally
geodesic hyperplane H tangent to H ™ (A) at z. According to Proposi-
tion 3.16, H is the hyperplane dual to an element p of d Conv(A), and
hence H is either spacelike (if p € AdS,,+1) or degenerate (if p € Ein,,).
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Remark 3.19. For every achronal subset A, the intersection
Conv(A) N Ein,
that is a union of lightlike geodesic segments joining elements of A is
still achronal (since (Z SiXi | th yi) = Zsitj(x,- | y;) <0 for
sit; > 0, x4, y; € A). We call it the filling of A and denote it by
Fill(A). According to Proposition 3.16,
E(Fill(A)) = E(A)

Hence we can always assume without loss of generality that A is filled,
i.e., A = Fill(A).

Observe also that any filled purely lightlike achronal subset of Ein,,

can be described as the union of the lightlike geodesic joining two given
antipodal points (see the end of Sect. 3.1).

4. Globally hyperbolic AdS spacetimes

In all this section, A is a topological achronal (n — 1)-sphere in the
boundary 0 AdS, 1 that is not purely lightlike. In particular, it implies
that A is filled (cf. Remark 3.19).

Proposition 4.1 (Corollary 10.7 in [3]). For every achronal topolog-
ical (n — 1)-sphere A C 0 AdS,+1, the intersection between the closure
CIl(E(A)) of E(A) in Eing,4q and Ein, = 0 AdS,,11 is reduced to A.

Proposition 4.1 implies that (Conv(A)*)® C AdS,+1. Thus, when A
is a topological sphere,

E(A) = ADS,+1 N (Conv(A)*)° = (Conv(A)*)°.

Remark 4.2. It follows from Proposition 4.1 that the GH-regular do-
main E(A) characterizes A, i.e., invisible domains of different achronal
(n — 1)-spheres are different. We call A the limit set of E(A).

In this section, we give a description of how the convex hull Conv(A)
fits inside E(A) (Proposition 4.3). We introduce the notion of global
hyperbolicity and show that E(A) is globally hyperbolic. Furthermore,
it admits a regular cosmological time is the sense of [1]. We do a de-
tailed study of the cosmological time and show that its restriction to
the past tight region is a Cauchy time function (Proposition 4.18) and
CH' (Lemma 4.19).

We then clarify what is a GH-regular or GHC-regular spacetime,
strictly or not.

We introduce (Section 4.5) the space Tz, of timelike geodesics, which
is actually the symmetric space associated to SOg(2,n). We describe
afterwards some examples of non-strictly GHC-spacetimes, the split AdS
spacetimes, which are closely related to the notion of crowns, and their
realms, defined in Section 4.7. An important feature in the proof of our
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main result (Theorem 1.4) is that crowns correspond to flats in Ta,
(Remark 4.32).

4.1. More on the convex hull of achronal topological (lz: 1)-
spheres. Recall that there are two maps f~, f* such that E(A) =
{(0,2)/f () <0 < (@)} (cf. Definition 3.3).

Proposition 4.3. The complement of A in the boundary 0 Conv(A)
has two connected components. Both are closed achronal subsets of
AdS,,+1. More precisely, in the conformal model their liftings to AdS,+1
are graphs of 1-Lipschitz maps F*, F~ from D" into R such that

(1) f-<F <Ft<ft

Proof. See Proposition 3.14 in [10]. Observe that in [10], Proposition
3.14 is proved in the case where A is acausal, and not Fuchsian (the
Fuchsian case being the case where A is the boundary of a totally geo-
desic hypersurface in AdS,,+1). Inequalities in Equation (1) are then all
strict inequalities, which is false in the general case, as we will see later
(section 4.6) in the case of split AdS spacetimes, hence the case where
F' = F~ everywhere. Nevertheless, the proof of Proposition 3.14 in
[10] can easily be adapted, providing a proof of Proposition 4.3. q.e.d.

We have already observed that 0E(A)\ A is the union of two achronal
connected components HE(A); in a similar way, d Conv(A) \ A is the
union of two achronal n-dimensional topological disks: the past compo-
nent S~ (A) (the graph of F~) and the future component S*(A). Since
E(A) and Conv(A) are convex and dual one to another, for every el-
ement z in S”(A) (respectively ST(A)) there is an element p of A or
HT(A) (respectively H ™ (A)) such that H™ (p) (respectively H' (p)) is a
support hyperplane for S™(A) (respectively ST(A)) at x: these support
hyperplanes are either totally geodesic copies of H" (if p € AdS,,4+1) or
degenerate (if p € A).

Similarly, at every element x of H~(A) (respectively H1(A)) there is
a support hyperplane H ™ (p) (respectively H (p)) where p is an element
of ST(A)UA (respectively S™(A) U A) (see Figure 1).

Remark 4.4. For every p in H~(A), H" (p) is a support hyperplane
for Conv(A), but it could be at a point in A. Elements of H ™ (A) that are
dual to support hyperplanes for Conv(A) at a point inside AdS,,+1, i.e.,
in ST(A), form an interesting subset of H~(A), the initial singularity
set (cf. [12]).

4.2. Global hyperbolicity.

Definition 4.5. A spacetime (M, g) is globally hyperbolic (abbrevia-
tion GH) if:
e (M,g) is causal, i.e., contains no timelike loop,
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Figure 1. The global situation. The dotted hyperboloid
represents the boundary of an affine domain of AdS, 1
containing the invisible domain F(A). The limit set A
is represented by a topological circle turning around the
hyperboloid, and Conv(A)° is a convex subset inside the
(dual) convex subset F(A). The future-dual plane H " (p)
for p in the past horizon H ™ (A) is a support hyperplane
of ST(A).

e for every x, y in M, the intersection J(x) N J ™ (y) is empty or
compact.

Definition 4.6. Let (M, g) be a spacetime. A Cauchy hypersurface is
a closed acausal subset S C M that intersects every inextendible causal
curve in (M, g) in one and only one point.

A Cauchy time function is a time function T : M — R such that
every level set T~ %(a) is a Cauchy hypersurface in (M, g).

Theorem 4.7 ([20], [14, 15, 16]). Let (M,g) be a spacetime. The
following assertions are equivalent:

1) (M, g) is globally hyperbolic.

2) (M, g) contains a Cauchy hypersurface.

3) (M, g) admits a Cauchy time function.

4) (M,g) admits a smooth Cauchy time function.

In a GH spacetime, the Cauchy hypersurfaces are homeomorphic one
to the other. In particular, if one of them is compact, all of them are
compact.

Definition 4.8. A spacetime (M, g) is globally hyperbolic spatially
compact (abbrev. GHC) if it contains a compact Cauchy hypersurface.
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Proposition 4.9. A spacetime (M, g) is GHC if and only if it con-
tains a time function T : M — R such that every level set T™1(a) is
compact.

4.3. Cosmological time functions. In any spacetime (M, g), one can
define the cosmological time function as follows (see [1]):

Definition 4.10. The cosmological time function of a spacetime
(M, g) is the function 7 : M — [0, +oc] defined by

7(x) := Sup{L(c) | ¢ € R™(2)},

where R™ () is the set of past-oriented causal curves starting at x and
L(c) is the Lorentzian length of the causal curve c.

Definition 4.11. A spacetime (M, g) with cosmological time func-
tion 7 is CT-regqular if

1) M has finite existence time in the past, 7(x) < oo for every = in
M, and

2) for every past-oriented inextendible causal curve ¢ : [0, +oo[— M,
tllglo T(c(t)) = 0.

Theorem 4.12 ([1]). If a spacetime (M,g) with cosmological time
function T is CT-regular, then:

1) M is globally hyperbolic.

2) T is a time function, i.e., T is continuous and is strictly increasing
along future-oriented causal curves.

3) For each x in M, there is at least one realizing geodesic, i.e., a
future-oriented timelike geodesic ¢ :)0,7(x)] — M realizing the

distance from the “initial singularity,” i.e., ¢ has unit speed, is
geodesic, and satisfies:

e(1(z))) =z and T(c(t)) =t for every t.

4) 7 is locally Lipschitz, and admits first and second derivative almost
everywhere.

However, 7 is not always a Cauchy time function (see the comment
after Corollary 2.6 in [1]).

A very nice feature of CT-regularity is that it is preserved by isome-
tries (and thus, by Galois automorphisms):

Proposition 4.13 (Proposition 4.4 in [10]). Let (M, g) be a CT-
reqular spacetime. Let I" be a torsion-free discrete group of isometries of
(M,g) preserving the time orientation. Then the action of I' on (M, J)
is properly discontinuous. Furthermore, the quotient spacetime (M, g) is
CT-reqular. More precisely, if p : M — M denotes the quotient map,
the cosmological times 7 : M — [0, +oo[ and 7 : M — [0, +o00[ satisfy

T =ToDp.



QUASI-FUCHSIAN ADS REPRESENTATIONS 21

Recall that in this section A denotes a non-purely lightlike topological
achronal (n — 1)-sphere in 9 AdS,, ;.

Proposition 4.14 (Proposition 11.1 in [3]). The GH-regular AdS
domain E(A) is CT-regular.

Hence, according to Theorem 4.12, GH-regular domains are globally
hyperbolic. Furthermore:

Definition 4.15. The region {7 < 7/2} is denoted E, (A) and called
the past tight region of E(A).

Proposition 4.16 (Proposition 11.5 in [3]). Let x be an element of
the past tight region Ey (A). Then there is a unique realizing geodesic
for x. More precisely, there is one and only one element r(x) in the past
horizon H™ (A)—called the cosmological retract of x—such that the seg-
ment |r(x), x| is a timelike geodesic whose Lorentzian length is precisely
the cosmological time 7(x).

Proposition 4.17 (Proposition 11.6 in [3]). Let ¢ :]0,T] — E; (A) be
a future oriented timelike geodesic whose initial extremity p := %in(l) c(t) is
—
in the past horizon H™(A). Then the following assertions are equivalent:
1) For every t €]0,T], ¢y is a realizing geodesic for the point c(t).
2) There exists t €]0,T] such that Cjo, 18 @ realizing geodesic for the
point c(t).
3) c is orthogonal to a support hyperplane of E(A) at p := %iH(l) c(t).
—

The following proposition was known in the case n = 2 ([30, 12]
and was implicitly admitted in the few previous papers devoted to the
higher-dimensional case (for example, [3, 10]):

Proposition 4.18. The past tight region E; (M) is the past in E(A)
of the future boundary component S*(A) of the convex core (in partic-
ular, it contains Conv(A)°). The restriction of the cosmological time to
Ey (M) is a Cauchy time, taking all values in ]0,7/2].

Proof. Let x be an element of £ (A). In the sequel, we will consider
z as an element of R%>™ (but, in order to slightly simplify the redaction,
we didn’t use the notation x). According to Propositions 4.16 and 4.17
there is a realizing geodesic |r(z), ] orthogonal to a spacelike support
hyperplane H tangent to H™ (A) at r(z). As described in Section 4.1, this
support hyperplane is the hyperplane H™ (p) past-dual to an element p
of ST(A). The realizing geodesic is contained in the geodesic 6 — ¢(0) =
cos()r(x)+sin(0)p(z) (cf. Remark 2.3). For 6 in |0, 7 /2[ sufficiently close
to /2, ¢(0) belongs to Conv(A) C E(A), and since E(A) is convex, every
c(0) (0 €]0,7/2[) lies in E(A). Moreover, according to Proposition 4.17,
for every 6y in ]0, 7 /2[, the restriction of ¢ to |0, §y[ is a realizing geodesic.
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Hence
V0 €]0,7/2[, T(c(0)) = 6.

Hence every value in ]0,7/2[ is attained by 7. Moreover, x lies in the
past of p(z), hence of ST(A). We have

Ey (A) € I™(ST(A)) N E(A).

Conversely, for every x in I~ (ST(A))N E(A), there is a (not necessarily
unique) realizing geodesic ¢ :]0, 7(z)[— F(A) such that ¢(7(z)) = = (cf.
item (3) in Theorem 4.12). Then the curve ¢ being a timelike geodesic
inextendible (in E(A)) towards the past, for ¢ — 0 the points ¢(t) con-
verge to a limit point ¢(0) in X~ (A). If 7(z) > 7/2, on the one hand, we
observe that c(/2) lies in the past of z = ¢(7(z)), hence in I~ (ST (A)).
On the other hand
{e(m/2) | ¢(0)) = 0

Hence ¢(m/2) is in the hyperplane dual to an element of H™(A) and
therefore, by Proposition 3.16, belongs to ST (A). But it is a contraction
since ST(A) is achronal and c(w/2) € I~ (ST(A)). Hence 7(z) < 7/2,
i.e.,

I=(ST(A)NE(A) C Ej (A).

In order to conclude, we have to prove that 7 is a Cauchy time func-
tion. Let ¢ :Ja,b[— E; (A) be an inextendible future-oriented causal
curve. The image of 7 o ¢y is an interval |a, f[. According to item (2)
of Definition 4.11, & = 0. We aim to prove § = m/2; hence we as-
sume by contradiction that 8 < /2. The curve ¢ is contained in the
compact subset CI(E(A)) of AdS,+1UJAdS,+; C Ein,1, and hence
admits a future limit point ¢(b) in AdS,+; U0 AdS, 4. If ¢(b) lies in
Ein,, = 0 AdS,,+1, then it is in A (cf. Proposition 4.1). Some element of

E(A) (for example, c(a o

A. This contradiction shows that ¢(b) lies in AdS,,41—more precisely, in
the boundary of E; (A) in AdS,, ;. Since c¢ is future oriented, it follows
that ¢(b) has to be an element of the future boundary S™(A).

For every ¢ in ]a, b], we denote by r(t) the cosmological retract r(c(t))
of ¢(t), and we consider the unique realizing geodesic segment 0; :=
|r(t), c(t)[. We extract a subsequence t,, converging to b such that (¢,
converges to an element ro of CI(H™(A)) = H™(A) U A. Then 6, con-
verge to a geodesic segment dy = (r¢, c(b)). Since every J;, is timelike,
do is non-spacelike.

For every t in ]a,b[ we have ¢(t) = cos7(c(t))r(t) + sinT(c(t))p(t)
(where p(t) is the dual of the hyperplane orthogonal to the realizing
geodesic at r(t), see above). Hence

(r(tn) | c(tn)) = —cosT(c(ty)).

)) would be causally related to an element of
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In the limit,
(ro | (b)) = —cos(B) <0 (sinces < m/2)

It follows that dg is not lightlike, but timelike. Since timelike geodesics
in AdS,+1 do not meet 9 AdS,,+1, it follows that 7 lies in H™ (A).

Finally, every d;, is orthogonal to a support hyperplane at r(t,), and
hence at the limit §y is orthogonal to a support hyperplane, which is
spacelike since dp is timelike. According to Proposition 4.17, Jy is a
realizing geodesic. At the beginning of the proof, we have shown that
every realizing geodesic can be extended to a timelike geodesic of length
7/2 entirely contained in Ej (A); hence there is an element pg in ST (A)N
H™(rg) such that the geodesic ]rg, po[ contains §y—in particular, c(b).
Hence [c(b),po] is a non-trivial timelike geodesic segment joining two
elements of the achronal subset ST (A), which is a contradiction.

This contradiction proves 8 = /2, i.e., that the restriction of 7
to every inextendible causal curve is surjective. In other words, 7 is a
Cauchy time function. The Proposition is proved. g.e.d.

Lemma 4.19. The restriction of 7 to Ey (A) is O (i.e., differen-
tiable with locally Lipschitz derivative), and the realizing geodesics are
orthogonal to the level sets of T.

Proof. In this proof, we consider, for any subset X of E(A), the strict
past set I~ (X) (to be distinguished from the causal past J~ (X)), which
is the set of final points of past oriented timelike curves contained in
E(A) and starting from an element of X. Since E(A) is globally hyper-
bolic, I~ (A) is actually the interior of J~ (A).

Let = be an element of E; (A), and let |r(z), 2] be the unique realizing
geodesic for z. As proven during the proof of Proposition 4.18, there is
an element p(z) of ST(A) such that ]r(z),p(x)[ is a timelike geodesic
containing x = cos(7(z))r(x) + sin(7(x))p(x) and entirely contained in
Ey (A).

Let U be the affine domain U(p(z)); the past boundary component
H of U is a support hyperplane of H™(A) at r(z) (see Definition 2.7,
Remark 2.10). Let 71 : U —]0, 7| be the cosmological time function of
U: for every y in U, 71(y) is the Lorentzian distance between y and H.
Let W be the future of r(z) in U, and let 79 be the cosmological time
function in W: for every y in W, 79(y) is the Lorentzian length of the
timelike geodesic [r(z),y]. We have

T0(x) = 7(2) = 71 ().
Moreover,
VyeW, mo(y) <7(y) <7n(y).
A direct computation shows that 79 and 7 have the same derivative at

x: by a standard argument (see, for example, [17, Proposition 1.1]) it
follows that 7 is differentiable at x, with derivative d,7 = d,179 = d;71.
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Furthermore, the gradient of 79 and 71 at x is —v(x), where v(z) is the
future-oriented timelike vector tangent at x to the realizing geodesic
[z, r(z)[ of Lorentzian norm —1, i.e.,

Vo e T,W, —(v|v(x))=d,o(v)r =d,7(v).

Therefore, —v(z) is also the Lorentzian gradient of 7. It follows that
realizing geodesics are orthogonal to the level sets of 7.

In order to prove that 7 is C*!, i.e., that v is locally Lipschitz, we
adapt the argument used in the flat case in [4]. We consider first the re-
striction of v to the level set S/, = 77 (7 /4) equipped with the induced

r(z) + p(x)
7 O

is then an element of R*™ of norm —1, orthogonal

Riemannian metric. For every z in Sy 4, we have x =

p(z) —r(z)
V2

to x, hence representing an element of T, AdS,,+1. This tangent vector
p(z) —r(z)

V2
v(z).

Let c¢:] = 1,1[— S;/4 be a C! curve in Sy /4. Since 7 is the projection
onto H~(A), and since H™(A) is locally Lipschitz, the path r o ¢ is
differentiable almost everywhere in | — 1,1[. We denote by 7, p, © the

serve that

is future oriented and orthogonal to Sy /4: hence represents

—-r
derivatives of r, p, v = b 72 along c¢. Almost everywhere, we have
. p—T
den(¥) = danl )

>

_ %mn@) +a2.n(i) — 207 | ).

But the derivative of ¢ is
T+p

)

Q2,n(é) = q2,n(

1

= (@) +a2a(P) + 207 §)).

Now, since H ™~ (A) is locally convex, the quantity (7 | p), wherever it
is defined, is non-negative. Therefore,

>

d2.n () < q2n(¢).
It follows that v is 1-Lipschitz along Sy /4.
On other level sets S; = 771(t) with ¢t € (0,7/2), every element is
(o) +pla)

V2

point in S /4. Geometrically, x4 is the unique point in the realizing
geodesic for x at cosmological time 7/4. The unit normal vectors v(z)
and v(z, /4) are parallel one to the other along the realizing geodesic

of the form x = cos(t)r(z) + sin(t)p(x), and x4 =
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|r(x),p(z)[; hence the variation of v(z) along S; is controlled by the
distortion of the map # — /4 and the variation of v along S /4. The
lemma follows. q.e.d.

4.4. GH-regular and quasi-Fuchsian representations. Let I' be
a finitely generated torsion-free group, and let p : I' — SOy(2,n) be a
faithful, discrete representation, such that p(I') preserves A. According
to Proposition 4.13, the quotient space M,(A) := p(I')\E(A) is globally
hyperbolic. Observe that, moreover, Cauchy hypersurfaces of M,(A)
are quotients of Cauchy hypersurfaces in F(A), which are contractible
(since they are graphs of maps from D" into R). Hence the cohomological
dimension of I' is < n, and it is n if and only if the Cauchy hypersurfaces
are compact, i.e., M,(A) is spatially compact.

Conversely, in his celebrated preprint [30, 2], G. Mess proved that
any globally hyperbolic spatially compact AdS spacetime embeds iso-
metrically in such a quotient space I'\E(A). Actually, G. Mess only
deals with the case where n = 2, but his arguments also apply in higher
dimension. For a detailed proof, see [5, Corollary 11.2].

Definition 4.20. Let I" be a torsion-free discrete group. A represen-
tation p : I' — SO¢(2,n) is GH-regular if it is faithful, discrete, and
preserves a non-empty GH-regular domain E(A) in AdS,,4+1. If, more-

over, the (n — 1)-sphere A is acausal, then the representation is strictly
GH.

Definition 4.21. A (strictly) GH-regular representation p : I' —
SO¢(2,n) is (strictly) GHC-regular if the quotient space p(I')\E(A) is
spatially compact.

Hence a reformulation of Mess’s result is the following:

Proposition 4.22. A representation p : I' — SO¢(2,n) is GHC-
reqular if and only if it is the holonomy of a GHC AdS spacetime.

There is an interesting special case of strictly GHC-regular represen-
tations: the case of quasi-Fuchsian representations.

Definition 4.23. A strictly GHC-regular representation p : I' —

SO¢(2,n) is quasi-Fuchsian if T' is isomorphic to a uniform lattice in
SOp(1,n).

This terminology is motivated by the analogy with the hyperbolic
case.

There is a particular case: the case where A is a “round sphere” in
0 AdS,,11, i.e., the boundary of a totally geodesic spacelike hypersurface
S(vt) N AdS, 41

Definition 4.24. Let I" be a uniform lattice in SOgy(1,n). A Fuch-
sian representation p : I' = SOg(2,n) is the composition of the natural
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inclusions I' C SOy(1,n) and SOg(1,n) C SOg(2,n), where in the lat-
ter SOg(1,n) is considered as the stabilizer in SO¢(2,7n) of a point in
AdS,41.

In other words, a quasi-Fuchsian representation is Fuchsian if and
only if it admits a global fixed point in AdS,+1.

4.5. The space of timelike geodesics. Timelike geodesics in AdS,,+1
are intersections between AdS,.; C R?*™ and 2-planes P in R>" such
that the restriction of qp, to P is negative definite. The action of
SO¢(2,n) on negative 2-planes is transitive, and the stabilizer of the
(u,v)-plane is SO(2) x SO(n). Therefore, the space of timelike geodesics
is the symmetric space

Ton := S0¢(2,m)/SO(2) x SO(n).

Ton, has dimension 2n. We equip it with the Riemannian metric g
induced by the Killing form of SOg(2,n). It is well known that T,
has non-positive curvature and rank 2: the maximal flats (i.e., totally
geodesic embedded Euclidean subspaces) have dimension 2. It is also
naturally Hermitian. More precisely: let G = s0(2,n) be the Lie algebra
of G = SOy(2,n), and let K be the Lie algebra of the maximal compact
subgroup K := SO(2) x SO(n). We have the Cartan decomposition

G=KaKkt

where K is the orthogonal of K for the Killing form. Then K is natu-
rally identified with the tangent space at the origin of G/K. The adjoint
action of the SO(2) term in the stabilizer defines a K-invariant almost-
complex structure on K+ ~ Tk (G/K) that propagates through left
translations to a genuine complex structure J on T, = G/K. There-
fore, Ta, is naturally equipped with a structure of n-dimensional com-
plex manifold, together with a J-invariant Riemannian metric, i.e., a
hermitian structure.

Let us consider once more the achronal (n—1)-dimensional topological
sphere A. Then it is easy to prove that every timelike geodesic in AdS,,+1
intersects E(A) (cf. [10, Lemma 3.5]), and since E(A) is convex, this
intersection is connected, i.e., is a single inextendible timelike geodesic
of E(A). In other words, one can consider Tg, as the space of timelike
geodesics of E(A).

Let p : I' = SO¢(2,n) be a GH-regular representation preserving A.
The (isometric) action of p(I") on g, is free and proper, and the quotient
Ton(p) := p(T')\ T2y is naturally identified with the space of inextendible
timelike geodesics of M,(A) = p(I')\E(A).

Definition 4.25. Let S be a differentiable Cauchy hypersurface in a
GH-regular spacetime M,(A) of dimension n + 1. The Gauss map of S
is the map v : S — Ta,(p) that maps every element = of M,(A) to the
unique timelike geodesic of M,(A) orthogonal to S at x.
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When S is CY! (for example, a level set 7!(t) of the cosmological
time for ¢t < 7/2), then one can define for every C' curve ¢ in S the
Gauss length as the length in 7, (p) of the Lipschitz curve voc. It defines
on S a length metric, called the Gauss metric (of course, if S'is C" with
r > 2, then v is C"!, and the Gauss metric is a C"~! Riemannian
metric).

Since every timelike geodesic intersects S at most once, the Gauss
map is always injective. The image of the Gauss map is actually the
set of timelike geodesics that are orthogonal to S. Since every timelike
geodesic intersects S, it follows easily that the image of the Gauss map
is closed and that the Gauss map is actually an embedding.

Remark 4.26. For every 0 < ¢t < 7/2, let ¥;(7) be the image by the
Gauss map of the cosmological level set T_l(t). According to Lemma
4.19, X4(7) is the space of realizing geodesics. In particular, it does not
depend on ¢t. We will denote by 3(7) this closed embedded submanifold
and call it the space of cosmological geodesics.

4.6. Split AdS spacetimes. Let (p,q) be a pair of positive integers
such that p + ¢ = n. Let R*™ = V & W be a splitting so that

e V has dimension p + 1,

e W has dimension ¢ + 1, and

e the restriction of gz, to V (respectively W) has signature (1, p)
(respectively (1,q)).

Let (xo,21,...,Zp,Y0,Y1,---,Yq) be a coordinate system for R%>™ such
that V' is the subspace {yo = y1 = --- = y, = 0}, W is the subspace
{zo =21 =--- = 4 = 0}, and such that the quadratic form qs, is

i +al k- Yyl

Let Gy =~ SOg(1,p) x SOp(1,q) be the subgroup of SO¢(2,n) pre-
serving the splitting R>" =V & W ~ R’ @ R,

Let Ay (respectively Ay ) be the subset S(Cy) (respectively S(Cy))
of (the Klein model of) Ein,, where

Cvi={-ag+ai+ - +a;=0a0>0,y0=1y1 = =y, =0}
and
CW :{_yg_i_y%_‘_+y2:0’y0>07$0:x1:zﬂj‘p:()}

Observe that Ay, Ay are topological spheres of dimension, respec-
tively, p—1, ¢ — 1. Moreover, for every pair of elements x, y in Ay U Ay
the scalar product (x | y) is non-positive. Hence, according to Corol-
lary 2.11, Ay U Ay is achronal. Moreover, every point in Ay is linked
to every point in Ay by a unique lightlike geodesic segment contained
in (the Klein model of) Ein,.
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Lemma 4.27. The invisible domain E(Ay U Aw) is the interior of
the convex hull of Ay U Aw .

Proof. Clearly,

Conv(Cy) :{—azg+x%+---+x§§0,xo > 0,90 =y1 = =yg =0}
Similarly,
Conv(Cw) = {—yg+yi+-+y: <0,y0 > 0,20 =21 =+ =, =0}.

Therefore, Conv(Ay U Ay) is the projection by S of the set of points
(0,1, .- Tp, Y0, Y1, - - -, Yq) satisfying the following inequalities:

—zg i+ +ar <0,

—yg + y% + cldots + yg < 0,

xo = 0,

yo = 0.
According to Remark 3.17, Conv(Ay U Ay )° is contained in E(Ay U
Aw). Conversely, let z = (zo,x1,...,%p,Y0,Y1,---,Yq) be an element

of R%™ representing an element of E(Ay U Ay) C S(R*™). Then, by
definition of E(Ay UAw ), the scalar product (z | x) is negative for every
element x of Cy. It follows that (zg,x1,...,2,) must lie in the future

cone of V ~ R, i.e.,
2., .2 2
—$0+$1+"'+xp < 0,
xzg > 0.
Similarly, since (z | x) < 0 for every element x of Cyy,

Yoyl oty <0,

v > 0.
The lemma follows. g.e.d.
Let A, , be the intersection in S(R*") of Conv(Ay UAy) and S(C,,) ~
Ein,. Let (zo,21,...,Zp,Y0,Y1,---,Yq) be an element of R?"™ represent-

ing an element of A, ;. According to the proof of Lemma 4.27, we must
have —x%+x%+-'~+x§ < 0 and —y§+y%+-~+y§ < 0, and since
(0,21, Tp, Y0, Y1,---,Yq) lies in C,, these quantities must vanish.
Hence the inequalities defining A, , are

—ag i+ a3l = 0,
Yty ty = 0,
xo 2 07
Y > 0.

Therefore, A, , is the union of Ay, Ay, and the lightlike segments
joining a point of Ay to a point of Ay : it is achronal, but not acausal!
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Topologically, Ay, , is the join of two spheres; therefore, it is a sphere of
dimension 1+ (p— 1) + (¢ — 1) = n — 1. It is not an easy task to figure
out how it fits inside Ein,, = 0 AdS,,11.

For that purpose, we consider the coordinates

(r,0,a1,...,ap,b1,...,bq)

on AdS,4+1 = {—x%—l—:n%—l—... +$§—y8+y%—|—... —l—yg = -1} c R?"
such that x¢g = rcos@, yo = rsinf, x; = ra;, y; = rb;, and r > 0. Then
we have

V. = {#=0[n],bp =0,...,b, =0},

W = {#=n/2[r],a1 =0,...,a, =0}
According to Proposition 2.4, the (n+1)-tuple (a1, ..., ap, b1,...,bg, 1/7)
describes the upper hemisphere D" = {a? +.. .—|—a12)+b%+. . .+b3+1/r2 =
1,7 > 0} in the Euclidean sphere of R™™! of radius 1. Furthermore
AdS,,+1 is conformally isometric to the product S! x D" with the metric
— d#?% + ds?, where ds? is the round metric on D".

In these coordinates, the inequalities defining E(Ay UAy ) established
in the proof of Lemma 4.27 become

(2) 0<6<m7/2,
(3) a%+...+a§<cos26,
(4) bT + -+ + b, <sin® 0.
Let Dy be the subdisk of D" defined by a; = --- = a, = 0, and let
Dy be the subdisk defined by b; = --- = b, = 0. For every z in D",

let dw(Z) be the distance in D" of Z to Dy, and define similarly the
“distance to Dy” function dy : D" — [0, +o00[. Observe that since Dy
and Dy both contain the North pole (0,...,0,1) of D", and since every
point in D" is at distance at most 7/2 of the North pole, dy and dy
take value in [0, 7/2[. Now, observe that the following identities hold

(5) a%—l—---%—a?, = sin®dw(ar,...,ap,bi,..., by 1/7),
(6) b%—i—"'—kbg = sin’dy(a1,...,ap,b1,... by 1/7).

It follows that E(Ay U Aw) is the domain in AdS,;; ~ S! x D”
consisting of the points (6, Z) such that

dv(f) <fh< 7'('/2 — dw(i')

In the terminology of Remark 3.3, it means that the lifting E (Amw)
is defined by the functions f~ = dy and f* = 7/2—dy . These functions
extend uniquely as 1-Lipschitz maps f*: D" — [0, 7/2].

The boundary D" = S™! is totally geodesic in D", and 8Dy, Dy
are totally geodesic spheres of dimensions p — 1, ¢ — 1, respectively. Let
dw : OD™ — [0,7/2] (respectively oy : D™ — [0,7/2]) be the function
“distance (in 9D", and also in D™) to dDy” (respectively “distance to
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0Dy ). It follows from equations (5) and (6) , which naturally extend
to the boundary dD", that every point of dDyy is at distance /2 of
0Dy . Hence, on 0Dy,

ow + oy = /2.

In other words, the restrictions of f~ and f* to D" coincide and are
equal to 8y = 7/2 — &y. The restriction of f~ = f to Dy vanishes,
and the graph of this restriction is Ay. The restriction of f~ = f* to
0Dy is the constant map of value /2, and the graph is Ay. The graph
of f£:0D" — S'is A, 4, which is therefore an achronal sphere in Ein,,.

Clearly, A, 4 is preserved by Gy, . Let I' be a cocompact lattice of
Gvw =~ SOq(1,p) x SO¢(1, q). The inclusion I C Gy, C SOp(2,n) is a
GH-regular representation, but not strictly since the invariant achronal
limit set A, 4 is not acausal. According to Proposition 4.13, the quotient
space M, (') := I'\E(A,4) is a GH spacetime. Actually, the Cauchy
surfaces of M, 4(I") are quotients by I of the graph of a 1-Lipschitz map
f:D" — S, and hence they are K (T',1) (since D" is contractible). On
the other hand, the quotient of H” x H? is a K(I',1) too. Since I is
a cocompact lattice, it follows that every n-dimensional manifold that
is a K(I',1)—in particular, the Cauchy hypersurfaces in M, ,(I')—is
compact. The inclusion I' C SOg(2,n) is therefore GHC-regular.

Definition 4.28. The quotient space M, 4(I') is a split AdS space-
time. The representation p : I' — SO¢(2,n) is a split GHC-regular rep-
resentation of type (p,q).

Remark 4.29. The split AdS spacetimes of dimension 2 + 1 are
precisely the Torus universes studied in [18]. Observe indeed that the
lattice in SOg(1,1)xSOg(1,1) ~ R? is isomorphic to Z2, and the Cauchy
surfaces are indeed tori.

4.7. Crowns. A particular case of split AdS spacetime is the case
p = q = 1 (and, therefore, n = 2). Then the topological spheres Ay
and Ay have dimension 0, i.e., are pairs of points Ay = {x~,y~ } and
Aw = {xT,y"}. The topological circle A, , is then piecewise linear; more
precisely, it is the union of the four lightlike segments [x~,x ], [x*,y 7],
[y~,y"], [y",x"]. The invisible domain E(A, ) is then an ideal tetrahe-
dron, interior of the convex hull of the four ideal points {x ",y ,x",y"}.
This tetrahedron has six edges; four of them are the lightlike segments
forming A, ,, and the other two are the spacelike geodesics |x™,y ™ [ and
]xT,y"[ of AdS,,1 (see Figure 2). Observe that [x~,x"] and [y~,y7]
are future oriented, whereas [x*,y~] and [y*,x~] are past oriented.
More generally:

Definition 4.30. For every integer n > 2, a crown of Ein,, is quadru-
ple ¢ = (x7,y ,x",y") in Ein,, such that
o (x[x") =" |y") =0,
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Figure 2. Picture of the realm of a crown in AdSs3. The
hyperboloid represents the boundary of an affine domain
of AdS3 containing the realm of the crown. There are
two triangular faces, one visible on the picture, which
are in the past horizon. There are two triangular faces,
one visible on the picture, forming the future horizon.

(" IxN) =" Iy =0,
(x~|y7) <0,

xt]y") <0, and

the lightlike segment [x™,x

*] is future oriented.

The subset {x~,y ,x",y"} is then an achronal subset of Ein,. The
invisible domain E({x~,y ,x",y"}) is called the realm of the crown
and denoted by E(¢€). The convex hull of {x~,y~,x",y"} is denoted by

Conv ().

Observe that, for n > 2, the convex hull Conv(€) and the realm E(C)
do not coincide (see Remark 4.33).

Remark 4.31. Let € = (x 7,y ,x",y") be a crown in Ein,,, and let
x~,y~,x", y" be elements of R>" representing the vertices of the crown.
Let V(@) be the linear space spanned by x, x~, y~, y©. The restriction
of qa2,, to V(&) has signature (2,2), and S(V(€)) is the unique totally
geodesic copy of Eins in Ein,, containing €.

Remark 4.32. Let Z be the stabilizer in SO((2,n) of a crown. It pre-
serves the orthogonal sum V(€)@ V (€)=, It is isomorphic to the product
A x SO(n — 2), where A is a maximal R-split semisimple abelian sub-
group of SOg(2,2), hence of SOy(2,n). Therefore, Z is the centralizer in
SOp(2,n) of A, and it has finite index in the normalizer N of A. It follows
that the space of crowns is naturally a finite covering over the space G/N
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of maximal flats in the symmetric space T2, = SO¢(2,n)/SO(2) x SO(n)
of timelike geodesics.

Remark 4.33. In this remark, we go back to the coordinate system
used in Section 2.1. Up to an isometry, one can assume that the crown
¢=(x,y ,x",y") is represented by

xt = (1,0,1,0,0,...,0),
yt = (1,0,-1,0,0,...,0),
x~ = (0,1,0,1,0,...,0),
y- = (0,1,0,—1,0,...,0).

According to Proposition 3.9, the realm E(€) is defined by the in-
equalities
1 —u <0,
—x1 —u <0,
T9 —v <0,
—x9—v <0,
—u2—v2+:17%—|—...+:17% <0,
and hence by
1] <u, |zo) <v, —u®—viP4+ai4.. 22 <0
Observe that the last inequality is implied by the two previous ones
when n = 2. If n = 2, the realm of a crown € coincides with the interior

of Conv(€) (Lemma 4.27), but this is obviously not true for n > 2, since
Conv(€) is always 3-dimensional.

5. Acausality of limit sets of Gromov hyperbolic groups

Throughout this section, I is a torsion-free Gromov hyperbolic group,
and p : ' = SO¢(2,n) a GHC-regular representation, with limit set
A =~ S". By hypothesis, E(A) is not empty, and therefore A is not
purely lightlike.

5.1. Non-existence of crowns.
Proposition 5.1. The limit set A contains no crown.

Proof. Recall that T, denotes the space of timelike geodesics (cf.
Sect. 4.5). Let € = (x7,y ,x",y") be a crown contained in A. Let
F(€) be the subset of Ta, consisting of timelike geodesics containing
a segment [p~,pT] with p~ €]x%,y*[. Let A be the maximal R-split
abelian subgroup stabilizing €, i.e., the subgroup of the stabilizer Z of
¢ acting trivially on V(€)* (cf. Remark 4.32). Then, F(€) is an orbit of
the action of A in 7a,. Therefore, F(€) is a flat in the symmetric space
Ton-
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Let (1) be the space of cosmological geodesics in Ej (A) (cf. Re-
mark 4.26).

Claim: ¥(7) contains F(C).

Let p™, p~ be elements of the spacelike lines |x™,y*[, |x~,y [. The
closure of E(A) contains Conv(A) (Remark 3.17); in particular, it con-
tains p~. On the other hand, (x | p~) = 0; hence, by Proposition 3.9,
the point p™ does not lie in E(A). Therefore, p~ is an element of the
past horizon H™(A) (recall Definition 3.5).

Observe that (p~ | p™) = 0. Hence p~ lies in the hyperplane H~ (p™)
past-dual to p'. Now, since p™ lies in Conv(A), we have (p* | y) <0
for every y in E(A). Therefore, H (p") is a support hyperplane of
H~(A) at p~, orthogonal to the timelike geodesic [p~,p*]. According
to Proposition 4.17, (p~,p") is a realizing geodesic, hence an element
of ¥(7). The claim follows.

Consider now the Gauss metric on (7) (cf. Definition 4.25). Accord-
ing to the claim, X(7) contains the Euclidean plane F'(€). Since F(€) is
totally geodesic in Ta,, it is also totally geodesic in (7).

On the other hand, the group I' acts on X(7), and the quotient of this
action is compact, since this quotient is the image by the Gauss map
of a compact surface in M,(A). Hence () is quasi-isometric to I', and
therefore, Gromov hyperbolic. This is a contradiction since a Gromov
hyperbolic metric space cannot contain a 2-dimensional flat. q.e.d.

5.2. Compactness of ille convex core. In Section 3.3, we have seen
that, up to a lifting in AdS,,11, the convex core Conv(A) (respectively
the invisible domain F(A)) can be defined as the region between the
graphs of functions F* : D" — R (respectively f* : D" — R) such that
(cf. Proposition 4.3)

(7) fT<F <Fr<ff

where the inequality F~ < F7 is strict as soon as p : I' — SOg(2,n) is
not Fuchsian.

Proposition 5.2. The left and right inequalities in (7) are strict;
i.e., for every x in D", we have

(@) < F~(3) < F*(2) < [*(@).

Proof. Assume not. Reverting the time orientation if necessary, it
means that f~(z) = F~ (Z) for some Z in D". In other words, (F'~ (Z), Z)
represents an element x = S(x) of S7(A) is on the boundary of E(A) C
ADS,,+1—more precisely, in the past horizon H ™~ (A)). The representant
x in R?" is a linear combination x = t;xq + ... + tixg, where k > 2, t;
are positive real numbers and x; are elements of C,, C R?"™ such that

the projections S(x;) belong to A. Moreover, since x lies in ADS,, 11, we
have (x, | xp) < 0 for some integers a, b. Since x lies in the boundary
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of E(A), there is an element xg in C,, representing an element of A such
that

0 = (x|x)
= ti(xo [ x1) + ...+ tk(Xo [ xk)-

Since A is achronal, each (xg | x;) is non-positive, and therefore vanishes.
In particular,

o (X0 | %) = (x0 | xp) =0,

o (xq | xp) <O.

We can assume without loss of generality that x is actually equal to
Xq + Xp, after rescaling if necessary x,, x; so that x, + x; has norm —1,
i.e., lies in ADS,, 1.

Consider now any element y, = S(y,) of Ej; (A) in the future of x, i.e.,
such that | x,y,[ is a future oriented timelike segment. More precisely,
we can select y, such that the timelike segment [x,y,] is orthogonal to
the segment [x,, xp]. Let tg be the cosmological time at y, let Sy be the
cosmological level set T_l(t(]), and let dy be the induced metric on Sp:
this metric is complete since Sy admits a compact quotient.

Let P be the 3-subspace of R?>" spanned by Yo, X and xg: by con-
struction, P is orthogonal to x, — x5. Then, A := S(P) N ADS,4; is a
totally geodesic copy of ADS;. The restriction of 7 to AN Ey (A) is still
a Cauchy time function, and Sy N A is a spacelike path which contains
yo- Moreover, there is a sequence y,, := S(y,,) in Sp N A converging to
Xp = S(XO).

Let Ky C Sp be a compact fundamental domain for the action of p(I")
on Sp. There is a sequence g, = p(y,) in p(I') such that z, = g, y,
converge to z in Ky. We define

dn = GnXa,
b, = gnx,
dn = gnXo,
Xp = gpX = apn+ by.

Up to a subsequence, we can assume that a, := S(a,), b, := S(by),
d, = S(q,,) converge to elements a, b, q of A, and that x, := S(x,)
converges to an element X of the segment [a,b]. At this level, it could
happen that this segment is reduced to one point—i.e., & = b—but we
will prove that it is not the case.

Claim: x lies in ADS, 1.

Indeed, since every x,, belongs to H~(A), if the limit X does not lie in
ADS,, 11, then, according to Proposition 4.1, it is an element of A. The
segment [X,Zz], limit of the timelike segments [x,,z,|, would be causal,
and the element z of Ky C E(A) would be causally related to the element
% of A: a contradiction.
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Therefore, % lies in H~(A). It follows in particular that a # b. Con-
sider now the iterates p,, := g, yg of yo. They belong to Sp. Up to a
subsequence, we can assume that the sequence (p,,)nen admits a limit
p. Since dj is complete and the y,, converge to a point in JADS, 11, the
distance dy(y,,,yo) converge to +oo. Therefore,

do(Zn>Pr) = do(gn Yns 9n o) = do(Yns Vo)

is unbounded: the limit p is at infinity, i.e., an element of A.
The four points @, a, b, p in Ein,, satisfy
e (q]a) =(q|b)=0 (since (xo | xa) = (x0 | xp) = 0),
e (a|b) <0 (since ]a, b[ contains the element x of ADS,,;1), and
e (p|a)=(p|b)=0 (since every p,, lies in a;- Nb;>).

Now observe that in every iterate A, = g,A, the timelike geodesic
A,, containing [x,,z,] disconnects A, and that the ideal points q,,, p,,
lie on (the boundary of) different components of A, \ A,,.

It follows that p # q. Observe that g, p lie in the projection by S of
the isotropic cone of a* N l_)l, which has signature (1,n — 1). Moreover,
every p,,, 4, lies in the future of x,: it follows that g, p lies in the same

connected component of the projection of the isotropic cone of a‘ N bt
(with the origin removed); therefore,

(pla)<0.
It follows that (a,b,p,q) is a crown, contradicting Proposition 5.1. q.e.d.

5.3. Proof of Theorem 1.4. In this section, we prove the following:

Theorem 1.4. Let p : I' — SO¢(2,n) be a GHC-reqular representa-
tion, where I' is a Gromov hyperbolic group. Then the achronal limit set
A is acausal, i.e., p is (SOg(2,n), Ein,)-Anosov.

Proof. We equip the convex domain E(A) with its Hilbert metric: for
every element x, y in E(A) C ADS, 41, the Hilbert distance dp,(x,y) is

1
defined to be é[a;x;y;b], where the cross-ratio [a;x;y;b] is defined so

that [0; 1; 2; 00] = z and where a, b are the intersections between OFE(A)
and the projective line in S(R*") containing x and y. The Hilbert metric
is of course p(I')-invariant.

Assume by contradiction that A is not acausal. Then, since it is filled
in the sense of Remark 3.19, it contains a lightlike segment [x,y] with
x # y. We can assume without loss of generality that this segment is
maximal, i.e., that [x,y] is precisely the intersection between A and
a projective line in Ein, C S(R2’"). Let P be a projective 2-plane of
S(R?™) containing [x,y] and an element z of Conv(A)°. The intersection
P N Conv(A)° is a convex domain containing the ideal triangle x, y, z,
with a side [x, y] contained at infinity. Let u be an element in the segment
|x,y[. For every t > 0, let x; (respectively y,) be the element of the
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segment [z, x| (respectively [z,y[) such that dj(z,x¢) = t (respectively
dp(z,y,) =), and let u; be the intersection [z,u] N [x¢,y,]. Observe that
[z, %¢] U [X¢, ¥4 U vy, 2] is a geodesic triangle for dj,. Now, an elementary
computation shows (see the proof of Proposition 2.5 in [13])

Jlimdy (s [z, %] Ufz,y,]) = +o.

This implies that Conv(A) \ A, equipped with the restriction of dp, is
not Gromov hyperbolic.

But, on the other hand, the quotient of Conv(A) \ A by p(I') is com-
pact. Indeed, according to Proposition 5.2, the future boundary S (A)
and the past boundary S~ (A) of the convex core are contained in E(A).
Their projections in M,(A) are therefore compact achronal hypersur-
faces, bounding a compact region C, which is precisely the quotient of

Conv(A) \ A.
Since I' is Gromov hyperbolic, (Conv(A)\A, dp) is Gromov hyperbolic.
Contradiction. q.e.d.

6. Limits of Anosov representations

This section is entirely devoted to the proof of the Theorem 1.2, wi-
hich we restate here for the reader’s convenience:

Theorem 1.2. Let n > 2, and let I' be a Gromov hyperbolic group
of cohomological dimension > n. Then Rep,,, (I', SO¢(2,n)) is open and
closed in Rep(I",SO¢(2,n)).

We recall that one important step of the proof will be be to show that
under these hypotheses, I' is the fundamental group of a closed manifold,
and that its cohomological dimension is eventually n (cf. Remark 1.3).

Let I" be as in the hypotheses of the Theorem a Gromov hyperbolic
group of cohomological dimension > n. The fact that

Rep,,(I', SOy (2,n))

is open in Rep(I',SO¢(2,n)) is well known (cf. Theorem 1.2 in [28], or
[29]); hence our task is to prove that it is a closed subset.

Let pr : I' = SOg(2,n) be a sequence of (SOg(2,n), Ein,)-Anosov
representations converging to a representation po : I' = SO¢(2,n).

Proposition 6.1. The limit representation ps : I' — SOg(2,n) is
discrete and faithful.

Proof. Since I' is Gromov hyperbolic and non-elementary, it contains
no nilpotent normal subgroup (see [22]). Hence, by a classical argument,
the limit poo : I' = SOp(2, n) is discrete and faithful (cf. Lemma 1.1 in
24]).

Actually, we give a sketch of the argument, since we will later need, in
the proof of Lemma 6.2, a slightly more elaborate version of it. The key
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point is that SO((2,n), as any Lie group, contains a Zassenhaus neigh-
borhood, i.e., a neighborhood Wy of the identity such that every discrete
subgroup generated by elements in W} is contained in a nilpotent Lie
subgroup of SOg(2,n) (for a proof, see [32, Theorem 8.16] where this
result is attributed to Zassenhaus and Kazhdan-Margulis). In particu-
lar, such a discrete subgroup is nilpotent, and there is a uniform bound
N for the nilpotence class (i.e., the length of the lower central series)
of these nilpotent groups.

Assume that Ker(ps) C I' is non-trivial. Then it is a normal sub-
group. For any finite subset F' of Ker(poo), there is an integer ko such
that & > ko implies that pg(F) is contained in Wy, hence that the
subgroup generated by pr(F') is nilpotent of nilpotence class < N. It
follows that Ker(ps) is nilpotent, therefore trivial: the representation
Poo 1s faithful.

Let G be the closure of poo(I") in SOy(2,n), and let G2, be the iden-
tity component of G it is a normal subgroup of G, and it is generated
by any neighborhood of the identity in G,. Therefore, poo (I') N W, gen-
erates a dense subgroup of Ggo. On the other hand, any expression of
the form

(8) [Poo(71) [Poc(72), [+ [Poo (V) poo (Y 41)] -+ ]}
with every pg(7v;) € Wy is the limit for & — +oo of

9) [Pk (1) [k (2), [+ o (YN, pe (Y 1)] - - 11

For k sufficiently big, every px(7;) belongs to Wy and pi(T') is discrete;
hence (9) is trivial. The limit (8) is trivial too. It follows that GY is
nilpotent. Then p_ (poo(I') N GY) is a nilpotent normal subgroup of T,
and hence trivial. It follows that G2, is trivial, i.e., poo(T) is discrete.
q.e.d.

An immediate consequence of the representations p, being Anosov
is the existence of a pg(I')-equivariant map & : JoI' — Ein, whose
image is a closed pg(I')-invariant acausal subset Ay (cf. [10, 28]). Ac-
cording to the Remark 3.4, for every integer k there is a py(I')-invariant
achronal topological (n — 1)-sphere A;", which is not purely lightlike
since it contains the acausal subset Ag. Therefore, every py is a GH-
regular representation. The Cauchy hypersurfaces of the associated GH
spacetimes are contractible (since the universal coverings are topological
disks embedded in regular domains of AdS,11) and have fundamental
groups isomorphic to I'. Since I' has cohomological dimension > n, these
Cauchy hypersurfaces are compact: the p; are GHC-regular representa-
tions.

The p(T')-invariant spheres Ay are graphs of locally 1-Lipschitz maps
fi : S"! — Sh It follows easily by the Ascoli-Arzela Theorem that,
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up to a subsequence, p (') preserves the graph a of locally 1-Lipschitz
map fs : S"" ! — S!, i.e., an achronal sphere Aoo.

Lemma 6.2. A is not purely lightlike.

Proof. Assume otherwise. Then A, is the union of lightlike geodesics
joining two antipodal points xg and — xq in Ein,, (see Remark 3.19). Let
Gy be the stabilizer in SOy(2,n) of £ x¢: the image po(I') is a discrete
subgroup of Gy.

According to Remark 2.13, the group Gy is isomorphic to the group
of conformal affine transformations of the Minkowski space Mink(xg) ~
RY"~!. There is an exact sequence

1 =RV 5 Gy = RxSO(1,n—1) — 1,

where the left term is the subgroup of translations of R¥~! and the
right term the group of conformal linear transformations of RV 71, Let
L : Gy — R x SOg(1,n — 1) be the projection morphism. Let L be
the closure in R x SOg(1,n — 1) of L(ps(I')), and let Ly be the iden-
tity component of L. Considering as in the proof of Proposition 6.1
a Zassenhaus neighborhood Vi of the identity in Gg, and using as a
trick the fact that conjugacies in Gy by homotheties in R*~! can
reduce at an arbitrary small-scale translations in RY™~ 1, one proves
that poo(T') N L™ L(pso(T)) N Lo) is a normal nilpotent subgroup of
Poo(I') = T (cf. [19, Theorem 1.2.1]). Therefore, it is trivial: L(peo(T))
is a discrete subgroup of R x SOg(1,n — 1).

Now we consider R x SOg(1,n — 1) as the group of isometries of the
Riemannian product R x H" 1. By what we have just proved, the action
of poo(I') on R x H" ! is properly discontinuous. On the other hand, T
acts properly and cocompactly on a topological disk of dimension n (a
Cauchy hypersurface in E(Ay) for any k); hence its action on R x H" !
is cocompact. This is a contradiction since R x H* ! is not Gromov
hyperbolic (it contains flats of dimension 2). q.e.d.

Proof of Theorem 1.2. According to Lemma 3.8, Proposition 6.1,
and Lemma 6.2, p, : I' = SO¢(2,n) is a GH-regular representation.
It is actually a GHC-regular representation since Cauchy surfaces in
Poo (D) \F(As) are K(I',1) and thus compact since Cauchy surfaces in
every pr(I')\E(Ag) are compact. According to Theorem 1.4, the repre-
sentation po : I' = SOg(2,n) is (SO(2,n), Ein,,)-Anosov.

7. Bounded cohomology

This section is devoted to the proof of Theorem 1.5.

Theorem 1.5 Let p : ' — SOg(2,n) be a faithful and discrete repre-
sentation, where I' is the fundamental group of a negatively curved closed
manifold M of dimension n. The following assertions are equivalent:
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1) pis (SOg(2,n), Ein,)-Anosov.
2) p is GHC-regular.
3) The bounded Euler class euy(p) vanishes.

For a friendly introduction to bounded cohomology, close to our
present concern, see [23, Section 6.
7.1. The bounded Euler class. We have the central exact sequence
(10) 1= Z — SOp(2,n) — SOy(2,n) — 1,

where Z is the group of deck transformations of the covering p : Ein,, —
Ein,,, generated by the transformation ¢ (cf. Section 2.3). Observe that
Z is not always the whole center of %0(2, n), since —Id is an element
of SO¢(2,n) when n is even. Fix an element xy = (0,Zg) in Ein, ~ R x
S"~!. In these coordinates, d is the transformation (8, z) — (0 + 27, Z).
Hence we can define a section o : SO¢(2,n) — 860(2,71), called the
canonical section, which maps every element g of SOg(2, n) to the unique
element o(g) of 560(2,71) above g and such that o(g)(zo) lies in the
domain
Wo:={(6,z) eRxS" 1/ —7n <60 <n}.

Observe that W, is a fundamental domain for the action of (§) = Z on
Ein,,.

For any pair (g1, g2) of elements of SO¢(2,n), we define ¢(g1,92) as
the unique integer k such that o(g1g2) = 6*o(g1)o(g2).

Lemma 7.1 (Compare with Lemma 6.3 in [23]). The 2-cocycle ¢
takes only the values —1, 0, or 1.

Proof. Let x1 = (01,Z1) and zo = (f2,Z2) be the images of zy by

o(g1), o(g2), respectively. Let 3 = (63, Z3) be the image of x4 by o(g1).

1) If 62| < d(Z2,%g). It means that x5 is not in 1= (). Then x5 =
o(g1)(z2) is not in I*(z;). Therefore

| 03 — 64 |§ d(i‘g,i‘l) <m,

implying | 65 |< 2. It follows that if 23 = o(g1)0(g2)(zp) is not
already in Wy, 6°(xg) for e = 1 is. Hence ¢(g1,92) = € is 0, —1
or 1, as required.

2) If 05 > d(Z2,Zp). Then, 0 < 7 — 0y < ™ — d(T2,To) = d(ZT2,—Tp)
where —Zg is the antipodal point in S"~! at distance 7 from Zo.
The point x5 is not in J&((m, —2p)), and hence its image x3 by
o(g1) is not in JE((m + 61, —Z1). It follows that

| O3 — (ﬂ' + 91) |< d(:ﬁg, —3_31) <.
Therefore,
‘ 03 ’< 3.

Hence, for some € = 0 or 1, we have that 0°(z3) lies in Wy, and
c(g1,92) = €is 0, —1 or 1.
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3) If —m < 63 < —d(Z2,%o). We apply the same argument as in case
(2), by observing that Z5 is then not causally related to (—m, —Zg).
Details are left to the reader.

q.e.d.

Definition 7.2. ¢ is a bounded 2-cocycle. It represents an element
of the bounded cohomology space Hz(SO(2,n),Z) called the bounded
Euler class.

For any representation p : I' — SO¢(2,n), the pull-back p*([c]) is an
element of HZ(I', Z), denoted by euy(p).

Of course, ¢ also represents an element of the “classical” cohomology
space H?(SOq(2,n),Z). The associated 2-cocycle eu(p) represents the
obstruction to lifting p to a representation p : I' — 860(2,n). Indeed,
eu(p) = 0 means that there is a 1-cochain @ : I' — Z such that for every

Y1, 72 in I' we have

c(p(m), p(12)) = a(n1y2) — a(n) — alye).

Then the map v — 5“(“’)0(/)(7)) is a morphism, i.e., a representation
p:I'— SOg(2,n) that is a lift of p.

Now eup(p) = 0 means precisely that eu(p) = 0, but also that one can
select the 1-cochain a so that it is bounded. The following proposition is a
natural generalization of the fact that a group of orientation-preserving
homeomorphisms of the circle has a vanishing bounded Euler class if
and only if it has a global fixed point (see the end of Sect. 6.3 in [23]):

Proposition 7.3. The bounded Euler class euy(p) vanishes if and
only if p lifts to a representation p : I' — SOg(2,n) such that p(T")
preserves a closed (n — 1)-dimensional achronal topological sphere in
Ein,,.

Proof. Recall that W is the domain {(f,z) € R xS"' / — 7 <
0 <}
Invariant achronal sphere = euy(p) =0

Assume that p lifts to a representation p: I' — S/\(J)O(Z,n) (i.e., that
eu(p) = 0) and that p(I") preserves a closed (n—1)-dimensional achronal
topological sphere A in ﬁn, i.e., the graph of a 1-Lipschitz map f :
S"! 5 R. Let a : I' — Z be the map associating to ~ the unique integer
k such that

p(v) = 8a(p(7))-

Then a is the 1-cochain whose coboundary represents the Euler class of
p. The point is to prove that a is bounded.

The invariant achronal sphere A is contained in the closure of an
affine domain of Ein,, (cf. Lemma 2.5), i.e., in a domain of the form
{0p—7 < 0 < 0y+7}. More precisely, either it is contained in a domain



QUASI-FUCHSIAN ADS REPRESENTATIONS 41

"W for some integer ¢, or it contains a point (g7, Z), in which case A is
contained in the domain {(¢g—1)7 < 0 < (¢+1)7}. In both cases, there is
an integer g such that A is contained in the union Z, := ST WoUSIW.

For every v in I, the image of z¢g = (0,Z¢) by o(p()) is a point (0, o)
with |#] < 7, and hence the intersection between Wy and o(p(y)) Wo)
is non-trivial. Since 6 commutes with o(p(7)), the intersection W, N
a(p())(Wy) is non-empty. A fortiori, the same is true for the inter-
section Z; N o(p(7))(Z2,). However, since ¢ acts by adding 27 to the
coordinate 6, the intersection Z, N 6"o(p(7))(2,) is empty as soon as r
is an integer of absolute value > 2.

On the other hand, we know that Z, N p(v)Z, is non-empty since
Z, contains the invariant sphere A. It follows that the integer a(vy) has
absolute value at most 2.

eup(p) = 0 = Invariant achronal sphere

Assume now that euy(p) vanishes, i.e., that there is a bounded map
a : ' — 7Z such that v — §°Pg(p(7)) is a representation p : I' —
SO¢(2,n). Let a be an upper bound for |a(v)| (y € T'). Let fiq: S" — R
be the null map, and for every element v of I', let f, : S — R be the 1-
Lipschitz map whose graph is the image by p(7) of the graph of f;4. The
graph of f, contains 6N a(p(4))(0,Zg), hence a point of f-coordinate
of absolute value bounded from above by |a(I")| 4 7. Since every f, is 1-
Lipschitz and since the sphere has diameter 7, there is a uniform upper
bound for all the f,. For every Z in S" define

foo(T) := Sup,er ().
Then fo is a 1-Lipschitz map, whose graph is clearly p(I')-invariant.
q.e.d.

7.2. Proof of Theorem 1.5. Let p : I' — SO (2,n) be a faithful and
discrete representation, where I is the fundamental group of a negatively
curved closed manifold M. As we have already noticed, the equivalence
between (1) and (2) follows from Theorem 1.4 and [10]. According to
Proposition 7.3, the bounded Euler class euy(p) vanishes if and only if

p lifts to a representation p : I' — 860(2,71) such that p(I") preserves

a closed (n — 1)-dimensional achronal topological sphere in Ein,,. Since
by hypothesis the representation is assumed to be faithful and discrete,
it means that item (3) is equivalent to the fact that the representation
is GH-regular. Now since I' is assumed to be the fundamental group
of a negatively curved closed manifold, GH-regular representations of
I are automatically GHC-regular. The equivalence between (2) and (3)
follows. The theorem is proved.

7.3. The case n = 2. In this last section, we explain in which way one
can deduce from Proposition 7.3 the following classical result:
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Proposition 7.4. Let p1,p2 : IT' — PSL(2,R) be two representations
such that eup(p1) = eup(p2). Then p1 and ps are semi-conjugate, i.e.,
there is a monotone map f : RP' — RP! such that

Vyel, pi(y) o f = fopay).

Let us first recall the definition of the bounded Euler class for a rep-
resentation p : I' — PSL(2,R): it is completely similar to the definition
we have presented above.

Let p : SL(2,R) — PSL(2,R) be the universal covering. It acts nat-

— 1
urally on the universal covering R of the projective line RP!, so that
the kernel of p is the center of SL(2,R) and also the Galois group of
—~1 —~ 1
RP . We fix a total order < on RP ~ R and a generator 7 of kerp so

—~ 1 —~ 1
that 7(x) > x for every x in RP . Given an element xg of RP | there is
still a canonical section ¢ : PSL(2,R) — SL(2,R), which is not a homo-
morphism, that associates to any element g of RP! the unique element
g such that
ro < gxp < 7'(3:0).

Then the Fuler class of the representation p is the bounded cohomol-

ogy class represented by the cocycle ¢ defined by

o(p(1172)) = 7)o (p(11))o(p(12))-

Proof of Proposition 7.4. Let p1, pa be two representations of I' into
PSL(2,R) satisfying the hypothesis of Proposition 7.4: they have the
same bounded cohomology class, meaning that, if ¢, ¢y are the two
cocycles defined as above representing the bounded Euler classes of pq,
pa2, we have

(11) c2(71,72) = c1(m,72) + a(mr2) — a(n) — alre),

where a : I' — Z is some bounded map. s
It has the following consequence: Consider the map I' x SL(2,R) —
SL(2,R) that associates to (v, g) the element

v g =1 "Do(pa(7)go(pr (7)) "

Then

(my2)*§ = 702 o(py(1172))glo(p1(1172))]
Fa(nvz)+e2(n2) p2(71)p2(72) Q[Tcml 2)
1

o(p1(m))o(p1(2)]”
= 77 g(5(p1 (1)) (p1(72))] " (see (11))
= m*(12*9).

1

Now the key point is that §I/J(2,]R) is a model for the universal anti-
de Sitter space AdSs. Indeed, — det defines on the space Mat(2,R) of
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2-by-2 matrices a quadratic form of signature (2,2), which is preserved
by the following action of SL(2,R) x SL(2,R):

Yg1,g92 € SL(2,R),VA € Mat(2,R), (g1, 92).-4 := glAg2_1.

The kernel of this action is the group I of order 2 generated by (— Id, — Id),
where Id denotes the identity matrix. Hence there is a natural isomor-
phism between SOg(2,2) and SL(2,R) x SL(2,R)/I.

___Therefore, the action * we have defined is an isometric action of I' on
AdSs, and hence induces a representation p : I' — SOg(2,2). Further-
more, the fact that the map a involved in the coboundary is bounded
implies that this representation p is the lifting of a representation into
SO¢(2,2) whose bounded Euler class vanishes, i.e., that the group p(I")
preserves a closed achronal circle in ﬁg.

We claim that the existence of such an invariant achronal circle is
equivalent to the existence of a semi-conjugacy between p; and ps as
stated in the conclusion of Proposition 7.4.

For the proof of this claim, it is convenient to consider the projec-
tivized anti-de Sitter and Einstein spaces, i.e., the quotients of AdSs
and Eino by —Id. The projectivized anti-de Sitter space is then natu-
rally identified with PSL(2,R). According to the identification between
(Mat(2,R), — det) and (R*?,q22), we obtain an identification between
the projectivized Klein model Ein, and the space of non-zero non-
invertible 2-by-2 matrices up to a non-zero factor. Such a class is charac-
terized by the image and the kernel of its elements, i.e., two lines in R
In other words, Eins is naturally isomorphic to the product RP! x RP!.
The conformal action of PO(2,2) ~ PSL(2,R) x PSL(2, R) on RP! x RP*
is the obvious one,

(91,92)-(z,y) = (17, g2y)

since the image of g1 Ag, ! is the image by g1 of the image of A and its
kernel is the image under g of the kernel of A. The isotropic circles in
Einy ~ RP! x RP! are the circles {*} x RP! and RP! x {x}. It follows
quite easily that acausal circles in Einy are graphs in RP' x RP! of
homeomorphisms from RP! — RP!. Achronal circles are allowed to
follow during some time one segment in {*} x RP! or RP! x {*}. It follows
that they are fillings (cf. Remark 3.19) of graphs of maps f : RP! — RP*
that are monotone, i.e., of degree 1, preserving the cyclic order on RP!,
but which can be constant on some intervals and which can be non-
continuous at certain points. In other words, f lifts to a non-decreasing

map f : ]R]P’1 — }R]P’l. For more details on this well-known geometric
feature, we refer to [30] or [8].

In summary, we have proved that the representation (p1,p2) : I' —
PSL(2,R) x PSL(2,R) ~ PO(2,2) preserves a closed achronal circle A

in Einy ~ RP! x RP!, which is the filling of the graph of a monotone
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map f : RP! — RP!. The invariance of A means precisely that f is
I'-equivariant: Proposition 7.4 is proved. O

(1]
2l

(10]

(11]

(12]
(13]

(14]

(15]

(16]

References

L. Andersson, G.J. Galloway & R. Howard, The cosmological time function,
Class. Quantum Grav. 15 (1998) 309-322, MR 1606594, Zbl 0911.53039.

L. Andersson, T. Barbot, R. Benedetti, F. Bonsante, W.M. Goldman, F.
Labourie, K.P. Scannel & J.M. Schlenker, Notes on a paper of Mess, Geom.
Dedicata 126 (2007) 47-70, MR, 2328922, Zbl 1126.53042.

L. Andersson, T. Barbot, F. Béguin & A. Zeghib, Cosmological time versus CMC
time in spacetimes of constant curvature, Asian J. Math. 16 (2012) 37-87, MR
2904912, Zbl 1246.53093.

T. Barbot, Globally hyperbolic flat space-times, J. Geom. Phys. 53 (2005) 123—
165, MR 2110829, Zbl 1087.53065.

T. Barbot, Causal properties of AdS-isometry groups. I. Causal actions and limit
sets, Adv. Theor. Math. Phys. 12(1) (2008) 1-66, MR 2369412, Zbl 1151.83311.

T. Barbot, Causal properties of AdS-isometry groups. II. BTZ multi-black-holes,
Adv. Theor. Math. Phys. 12(6) (2008) 1209-1257, MR 2443264, Zbl 1153.83349.

T. Barbot, Three-dimensional Anosov flag manifolds, Geom. Topol. 14 (2010)
153-191, MR 2578303, Zbl 1177.57011.

T. Barbot, F. Béguin & A. Zeghib, Constant mean curvature foliations of globally
hyperbolic spacetimes locally modelled on AdS, Geom. Dedicata 126 (2007) 71—
129, MR 2328923, Zbl 1255.83118.

T. Barbot, V. Charette, T. Drumm, W.M. Goldman & K. Melnick, A primer on
the (24 1) Einstein universe, ESI Lect. Math. Phys., Eur. Math. Soc., Ziirich
(2008) 179-229, MR 2436232, Zbl 1154.53047.

T. Barbot & Q. Mérigot, Anosov AdS representations are quasi-Fuchsian,
Groups Geom. Dyn. 6 (2012) 441-483, MR 2961282, Zbl 06088868.

J.K. Beem, P.E. Ehrlich & K.L. Easley, Global Lorentzian Geometry, Mono-
graphs and Textbooks in Pure and Applied Mathematics 202 (1996), MR
1384756, Zbl 0846.53001.

R. Benedetti & F. Bonsante, Canonical Wick rotations in 3-dimensional gravity,
Mem. Amer. Math. Soc. 198 (2009), MR 2499272, Zbl 1165.53047.

Y. Benoist, Convexes divisibles I, Algebraic groups and arithmetic, Tata Inst.
Fund. Res. Stud. Math. 17 (2004) 339-374, MR 2094116, Zbl 1084.37026.

A.N. Bernal & M. Sanchez, On smooth Cauchy hypersurfaces and Geroch’s
splitting theorem, Comm. Math. Phys. 243 (2003) 461-470, MR 2029362, Zbl
1085.53060.

A.N. Bernal & M.Sanchez, Smoothness of time functions and the metric splitting
of globally hyperbolic spacetimes, Comm. Math. Phys. 257 (2007) 43-50, MR
2163568, Zbl 1081.53059.

A.N. Bernal & M. Sanchez, Globally hyperbolic spacetimes can be defined as
“causal” instead of “strongly causal”, Classical Quantum Gravity 24 (2007) 645—
749, MR 2294243, Zbl 1177.53065.



(17]

(18]

(19]

20]

21]
[22]
23]
[24]

25]

QUASI-FUCHSIAN ADS REPRESENTATIONS 45

L.A. Caffarelli & X. Cabré, Fully nonlinear elliptic equations, American Mathe-
matical Society Colloquium Publications 43 (1995), M1351007, Zbl 0834.35002.

S. Carlip, Quantum Gravity in 2+ 1 Dimensions, Cambridge Monographs on
Mathematical Physics, Cambridge: Cambridge University Press (2003), MR
1637718, Zbl 0919.53024.

Y. Carriere & F. Dal’bo, Généralisations du premier théoréme de Bieberbach
sur les groupes cristallographiques, Enseign. Math. (2) 35 (1989) 245-262, MR
1039947, Zbl 0697.20037.

Y. Choquet-Bruhat & R. Geroch, Global aspects of the Cauchy problem in gen-
eral relativity, Commun. Math. Phys. 14 (1969) 329-335, MR 0250640, Zbl
0182.59901.

C. Frances, Lorentzian Kleinian groups, Comment. Math. Helv. 80 (2005) 883—
910, MR 2182704, Zbl 1083.22007.

E. Ghys & P. de la Harpe, Sur les groupes hyperboliques d’aprés Mikhael Gromov,
Progress in Mathematics 83 (1990), MR 1086648, Zbl 0731.20025.

E. Ghys, Groups acting on the circle, Enseign. Math 47 (2001) 329-407, MR
876932, Zbl 1044.37033.

W.M. Goldman & J.J. Millson, Local rigidity of discrete groups acting on complex
hyperbolic space, Invent. Math. 88 (1987) 495-520, MR 0884798, Zbl 0627.22012.

W.M. Goldman & J.J. Millson, The deformation theory of representations of

fundamental groups of compact Kdhler manifolds, Inst. Hautes Etudes Sci. Publ.
Math. 67 (1988) 43-96, MR 972343, Zbl 0678.53059.

O. Guichard Composantes de Hitchin et représentations hyperconveres de
groupes de surface, J. Differential Geom. 80 (2008) 391-431, MR 2472478, Zbl
1223.57015.

O. Guichard & A. Wienhard Topological invariants of Anosov representations,
J. Topol. 3 (2010) 578-642, MR 2684514, Zbl 1225.57012.

O. Guichard & A. Wienhard Anosov representations: domains of discontinu-
ity and applications, Invent. Math. 190 (2012) 357—438, MR 2981818, Zbl
1270.20049.

F. Labourie, Anosov flows, surface groups and curves in projective space, Invent.
Math. 165 (2006) 51-114, MR 2221137, Zbl 1103.32007.

G. Mess, Lorentz Spacetimes of Constant Curvature, Geom. Dedicata 126 (2007)
3-45, MR 2328921, Zbl 1206.83117.



46 T. BARBOT

[31] B. O’Neill, Semi-Riemannian geometry, Pure and Applied Mathematics 103
(1983) Academic Press Inc, MR 719023, Zbl 0531.5305.

[32] M.S. Raghunathan, Discrete subgroups of Lie groups, Ergebnisse der Mathematik

und ihrer Grenzgebiete 68 (1972) Springer-Verlag, New York-Heidelberg, MR
0507234, Zbl 0254.22005.

LMA

AVIGNON UNIVERSITY

33, RUE Louis PASTEUR
84 000 AvIGNON, FRANCE

E-mail address: Thierry.Barbot@univ-avignon.fr




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.7
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType true
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize false
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages false
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth 8
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /FlateEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages false
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth 8
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /FlateEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages false
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


