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THE SPACE OF NONPOSITIVELY CURVED METRICS
OF A NEGATIVELY CURVED MANIFOLD

F. T. FARRELL & P. ONTANEDA

Abstract

We show that the space of nonpositively curved metrics of a
closed negatively curved Riemannian n-manifold, n > 10, is highly
non-connected.

0. Introduction

Let M™ be a closed smooth manifold of dimension dim M = n. We
denote by MET (M) the space of all smooth Riemannian metrics on M
and we consider MET (M) with the smooth topology. Also, we denote
by MET *<%(M) the subspace formed by all negatively curved Rie-
mannian metrics on M. In [10] we proved that MET *¢<9(M) always
has infinitely many path-components, provided n > 10 and it is non-
empty. Moreover, we showed that all the groups 7,4 (MET *¢<°(M))
are non-trivial for every prime number p > 2, and such that p < "TJ“E’
(this is true in every component of MET *¢<Y(M)). In fact, these
groups contain the infinite sum (Z,)> of Z, = Z/pZ’s. We also showed
that m (MET *¢<Y(M)) contains the infinite sum (Z)> when n > 12
(see also [11]). All these results follow from the Main Theorem in [10],
which states that the orbit map A, : DIFF(M) — MET *“<%(M) is
“very non-trivial” at the mg-level. Here DIF F(M) is the group of self-
diffeomorphisms on M and Ay(¢) = ¢.g (see the introduction of [10]
for more details).

Let MET *“<9(M) be the subspace of MET (M) formed by all non-
positively curved Riemannian metrics on M. In this paper we generalize
to MET *¢¢=%(M) the results mentioned above, provided m M is (word)
hyperbolic:

Main Theorem. Let M™ be a closed smooth manifold with hyperbolic
fundamental group m M. Assume MET *¢=<°(M) is non-empty. Then

(i) The space MET 5¢=O(M) has infinitely many components, pro-
vided n > 10.

(ii) The group m (MET*<C=0(M™)) is not trivial when n > 12. In
fact, it contains the infinite sum (Z2)>° as a subgroup.
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(iii) The groups mop_4(MET *=O(M™)) are non-trivial for every prime
number p > 2, and such that p < "TJFE’. In fact, these groups contain

the infinite sum (Z,)> as a subgroup.

Remarks.

1. The results for 7, MET 5<% (M), k > 0, given above are true rel-
ative to any base point, that is, for every component of MET <0 (M).

2. The decoration “sec < 07 can be tightened to “a < sec < 0,” for
any a < 0.

3. The theorem above follows from a nonpositively curved version
of the Main Theorem of [10] (which we do not state to save space).
This nonpositively curved version is obtained from the Main Theorem
in [10] by replacing MET *¢<0(M) by MET *°=9(M) and adding the
hypothesis “mi (M) is hyperbolic.” This is the result that we prove in
this paper. And, as in [10], we obtain the following corollary.

Corollary. Let M be a closed smooth n-manifold with 71 (M) hyper-
bolic. Let I C (—o0,0] and assume that MET*L(M) is not empty.
Then the inclusion map MET (M) — MET *=O(M) is not null-
homotopic, provided n > 10.

Moreover, the induced maps of this inclusion, at the k-homotopy level,
are not constant for k = 0, and non-zero for k and n as in cases (ii),
(i) in the Main Theorem. Furthermore, the image of these maps satisfy
a statement analogous to the one in the Addendum to the Main Theorem
in [10].

Here MET*“€! has the obvious meaning. In particular taking I =
(—00,0) we get that the inclusion MET *¢<Y(M) — MET *°=O(M) is
not null-homotopic, provided n > 10 and M admits a negatively curved
metric.

In some sense it is quite surprising that we were able to extend the re-
sults in [10] to the nonpositively curved case because negative curvature
is a “stable” condition (the space MET ¥¢<0(M) is open in MET (M)
while MET %<0 is not stable. Indeed it is not even known whether
MET*¢=O(M) is locally contractible or even locally connected. We
state these as questions:

Questions.

1. Is the space MET *=9(M) of nonpositively curved metrics on M
locally contractible?

2. Is the space MET *¢<O(M) of nonpositively curved metrics on M
locally connected?

So, we prove here that MET *“<%(M™) is not (globally) connected
when it is not empty, n > 10, and w1 M is hyperbolic. But on the other
hand, it is not known whether MET *¢<0(M) is locally connected.

In this paper there are two additional obstacles to pass from negative
curvature to nonpositive curvature. First, since we can now have parallel
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geodesic rays emanating perpendicularly from a closed geodesic, the
obstructions we defined in [10] (which lie in the pseudoisotopy space of
S! x §"72) may not be homeomorphisms at infinity.

The second problem is that we may now have a whole family of closed
geodesics freely homotopic to a given one. But in our previous papers
we strongly used the fact that there is a unique such closed geodesic.
Moreover, we strongly used the fact that such unique closed geodesics
depend smoothly on the metric. This does not happen in nonpositive
curvature. Even worse: there are examples of smooth families g¢, t €
[0, 1], of nonpositively curved metrics such that there is no continuous
path of closed g;-geodesics joining a closed gi-geodesic to a closed go-
geodesic (all closed geodesics in the same free homotopy class). See
for instance the “swinging neck” in Appendix A. We deal with this by
incorporating the closed geodesics into the system, but we pay a price
for this: instead of dealing with discs (to prove that an element is zero
in a homotopy group) we have to deal with more complicated spaces
which we call “cellular discs.” Because of this the use of shape theory
becomes necessary.

The Main Theorem in [10] follows directly from Theorem 1 and Theo-
rem 2 in [10]. Likewise, the Main Theorem in this paper follows directly
from Theorem A below (which is a nonpositively curved version of The-
orem 1 of [10]) and Theorem 2 of [10]. Before we state Theorem A we
recall some notation and constructions of [10].

Let M be a closed nonpositively curved n-manifold. Let o : St — M
be an embedding. We assume that the normal bundle of « is trivial.
Let V be an orthonormal trivialization of this bundle. Also, let r» > 0,
such that 2r is less than the width of the normal geodesic tubular
neighborhood of «. Using V, and the exponential map of geodesics
orthogonal to «, we identify the normal geodesic tubular neighbor-
hood of width 2r (minus «), with S' x §"72 x (0,2r]. Define ® =
®M(a,V,r) : DIFF(S' x S"2 x I,0) — DIFF(M) in the following
way. For ¢ € DIFF(S' x S"2 x I,0) let ®(¢) : M — M be the
identity outside S! x §"72 x [r,2r] C M, and ®(¢) = A~lpA, where
Mz u,t) = (2,u, 1), for (z,u,t) € St x§"72 x [r, 2r]. (For more details
see the first paragraph on p. 277 in [10].)

Denote by g the metric on M, and by Ay the map A, : DIFF (M) —
MET *=0(M), given by Ag(¢) = ¢ug. A key ingredient in the proof
of the Main Theorem in [10] is the diagram on p. 277 in [10]. Here is
the new version of this diagram:

DIFF((s' x§"2) x 1,0) % DIFF(M) % MET**<°(M)
"
P(s! x s"72)
)
CELL(S' x 8”2 x [0,1])
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where ¢ and /' are inclusions. Here CELL(L) denotes the space of cel-
lular maps on the manifold L; see Section 2 for more details. Also P(L)
denotes the space of (topological) pseudoisotopies on the manifold L (a
pseudoisotopy on L is a self-homeomorphism on L x [0, 1] that is the
identity when restricted to L x {0}). We can now state the new version
of Theorem 1 of [10]:

Theorem A. Let M be a closed n-manifold, n # 4, with hyper-
bolic fundamental group. Let g be a monpositively curved metric on M.

Assume that o is a simple closed geodesic. Then Ker (m,(Ag®)) C
Ker (mg()), for k<n—25.

Remark. The statement of Theorem A remains true if « is not a
geodesic, but just a non-nullhomotopic embedded smooth curve with
trivial normal bundle. We do not prove this here.

Theorem A follows from Theorem B below and Corollary 2.3.

Theorem B. Let M be a closed n-manifold, n # 4, with hyper-
bolic fundamental group. Let g be a nonpositively curved metric on M.
Assume that o is a simple closed geodesic. Then Ker (m,(Ag®)) C

Ker (mg(dt)), for k <n—5.

The proof of Theorem B follows the same lines as the proof of The-
orem 1 of [10], but some essential changes have to be made. We sketch
an argument that, we hope, motivates our proof of Theorem B. This
sketch is similar to the one given in the Introduction of [10], but with
some fundamental and necessary modifications. To avoid complications,
let’s just consider the case k = 0. In this situation we essentially want
to show the following:

Let 0 € DIFF(S! xS 2x I,0) C CELL(S' xS"2 x [0,1]), and write
©=®(0): M — M. Suppose that @ cannot be joined to the identity by
a path in CELL(S' x "2 x [0,1]). Then g cannot be joined to @.g by
a path of nonpositively curved metrics.

Here is an argument that we could tentatively use to prove the state-
ment above. Suppose that there is a smooth path g¢,, u € [0,1], of
nonpositively curved metrics on M, with g9 = g and g1 = w.g. We will
use g, to show that 6 can be joined to the identity in C ELL(S! x S*~2 x
[0,1]). Let @ be the cover of M corresponding to the infinite cyclic group
generated by a. Each g, lifts to a g, on @ (we use the same letter). Then
a lifts isometrically to (Q, g) and we can identify @ with S! x R"~! such
that a corresponds to S' = S' x {0} and such that each {z} x Rw,
veSs?c R"‘l, corresponds to a g-geodesic ray emanating perpen-
dicularly from a. If each (M, g,,) was negatively curved, then for each u,
there would be exactly one closed g,-geodesic a,, freely homotopic to «
(this is the case in [10]). But, as mentioned above, in the nonpositively
curved case this is not true (see Appendix A). We now have, for each u,
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a set A, (which we prove is homeomorphic to a closed disc) of closed g,,-
geodesics in () freely homotopic to a. This is a serious problem. We deal
with it by replacing [0,1] by the set X = {(u, ), v € [0,1], 8 € Ay}.
This set is not necessarily homeomorphic to [0, 1], but the projection
map X — [0,1], (u,8) — u is a shape equivalence. The set X, to-
gether with X — [0, 1], is what we call a cellular 1-disc. Now, for each
(u,8) € X we “deform” g, to a nonpositively curved metric g, such
that « is a g,-geodesic. Moreover, let us assume that g, coincides with
g in the normal tubular neighborhood W of length one of a. Note that
Q)\ int W can be identified with (S! x S*72) x [1, 00). Using g,-geodesic
rays emanating perpendicularly from «, we can define a path of maps
fo: (St x8"72) x [1,00) = (S! x §"72) x [1,00) by f, = [exp]~! o exp®,
where exp® denotes the normal (to «)) exponential map with respect to
gz, and exp = exp’. Using “the space at infinity” 9,.Q of Q (see Sec-
tion 3), we can extend f, to (S! x S"72) x [1, 0o, which we identify with
(St xS"2) x [0, 1]. In the negatively curved case the maps f, are homeo-
morphisms, but in our nonpositively curved case the maps f, are cellular
maps. This is why we have to deal with CELL((S! x S*2) x [0, 1]). Fi-
nally, it is proved that f(; ) can be joined to 6 in CELL(S'xS"2x]0,1])
(see Claim 6 in Section 4). Note that f(g,) is the identity. So we can
“join” @ to the identity by a map defined on a cellular 1-disc. We show
in Section 1 that this implies that we can join 6 and the identity by a
map defined on a 1-disc, that is, by an honest path defined on [0, 1].
This is a contradiction.

In Section 1 we define cellular discs and give some preliminary results.
In Section 2 we deal with the space of cellular maps. In Section 3 we
give some results about the space at infinity of a special case of a non-
simply connected nonpositively curved manifold. In Section 4 we prove
Theorem B.

Acknowledgments. We are grateful to Ross Geoghegan and Jerzy Dy-
dak for the valuable information provided to us.
Both authors were partially supported by NSF grants.

1. Preliminaries

A. Cellular Discs.

We will consider the k-disc D = {2z € R* : |z| < 1} with base
point ug = (1,0,0,...,0). A cellular k-disc is a metrizable compact
pointed topological space (X, zg) together with a surjective continuous
map 7 : (X, x9) — (DF,up) such that the pre-image n~'(u), u € DF, is
homeomorphic to the £,-disc DZ“, with 0 < /£, </, for some £ < oo and
all u € DF. We write X, = 77 (u), Xo = 7" (uo) and X = n~1(ODF) =
n_l(Sk_l),
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A pair ((X,z9),X’), o € X' C 90X, together with a map n : X —
DF is a cellular k-disc pair if X (that is, ((X,zg),n)) is a cellular k-
disc and 90X is fibered homeomorphic to X’ x Xy, that is, there is a
homeomorphism X’ x Xy — 0X that sends {2'} x Xy to X, u =
n(x") € s*=1. In particular, n|xs : X’ — S¥~! is a homeomorphism. We
identify X’ with S¥=! and say that (X,S*~!) is a cellular k-disc pair.

Note that it makes sense to say that a map h : S¥~1 — Y extends to
a cellular k-disc pair (X,S*71).

In the proofs of the following two propositions we use shape theory
(see for instance [6], [15]). Recall that the objects of the shape category
are pointed spaces, and for two such objects A and B we denote the
set of morphisms by sh{A, B}. There is a functor, the shape functor,
from the pointed homotopy category of topological spaces to the shape
category. Hence, for each pair of pointed spaces A and B we get a shape
map between [A, B], the set of pointed homotopy classes of maps, and
sh{A, B}. In particular, there are shape maps from the homotopy groups
of B to the homotopy pro-groups of B (these are the shape versions of
the homotopy groups of B).

Recall that a metric space Z is LC™ if for every z € Z and € > 0
there is a 6 > 0 such that any continuous map f : P — Bs(z), P a
locally finite polyhedron of dimension < m, is homotopic in B(z) to
a constant map. And Z is LC™® if it is LC™ for every m. Also recall
that an onto map f : X — Y between metric spaces is cell-like if all
pre-images f~1(y), y € Y, have the shape of a point. We will use the
following facts:

Fact 1. A cell-like map between finite dimensional spaces is a shape
equivalence [16].

Fact 2. Let W and Z be pointed spaces. Assume W is finite dimen-
sional and Z is sufficiently nice (for instance, Z is LC™). Then

(W, 2) =% sh{W, 2}
s a bijection.

Fact 2 follows from the proof of Lemma 3.1 in [5] (the given proof is for
homology but the same proof works for homotopy) and the Whitehead
Theorem in pro-homotopy (see [4]).

Proposition 1.1. Let (X, S¥71) be a cellular k-disc pair with X /SF~1
finite dimensional. Let f : (X,SF71) — (Z,20), 20 € Z, where Z is
LC™. If mp(Z, %) = 0, then f is null-homotopic rel S¥~1.

Proof. Let n : X — DF be the map that defines the cellular disc X.
Write W = X/S*~1. The map 7 induces a map /' : W — D¥/sk—1 = sk,
The map 7 is a cell-like map because 9X/S*~! is homeomorphic to
SF1 % Xy /SF71 x {20}, hence contractible. Moreover, by hypothesis,



THE SPACE OF NONPOSITIVELY CURVED METRICS 291

the space W is finite dimensional. Therefore, by fact 1 above, the map
1’ is a shape equivalence, that is, an equivalence in the shape category.
Consider the following commutative diagram:

sk,z] T sp{sk, 7}
(') L)
w,z] PR shiw, 2}

where (7')* is induced by composition with 7’. By fact 2 above both
horizontal arrows are bijections. Also, since 7’ is a shape equivalence
the right vertical arrow is also a bijection. Hence the left vertical arrow
is also a bijection. But [S*, Z] = m(Z, 20) = 0; therefore [IW, Z] consists
of a single element. This proves the proposition. q.e.d.

Proposition 1.2. Let Z be LO® and f : S¥=1 — Z. If f extends to
a cellular k-disc pair (X, Sk_l), then f extends to DF.

Proof. Let n : X — D* be the map that defines the cellular disc X.
The map 7 is a cell-like map; hence it induces isomorphisms of all i-th
homotopy pro-groups. Therefore all of these pro-groups are trivial for
i > 0. It follows that the inclusion ¢ : S*~! — X represents zero in the
(k — 1) homotopy pro-group of X. Consequently f¢ represents zero in
the (k — 1) homotopy pro-group of Z. By fact 2 above, fu represents
zero in 7i_1(Z, zp). This proves the proposition. q.e.d.

Proposition 1.3. Every principal (locally trivial) S'-bundle over a
finite dimensional cellular disc is trivial.

Proof. Such bundles are in one-to-one correspondence with [ X, CP>],
where X is the cellular disc base space. Consider the following commu-
tative diagram:

[X,CP®] — sh{X,CP>}

T T
[D*, CP>®] — sh{DF,CP>}

The two horizontal maps are bijections because of Fact 2, and the right-
hand vertical map is also a bijection because of Fact 1. Since [D¥, CP>]
consists of a single point, so does [X, CP*°]. This proves the proposition.

q.e.d.

B. C*-Convergence of g-Geodesics, with Varying g.

Consider Riemannian metrics g on a fixed manifold. We need to study
how g-geodesics behave when the Riemannian metric g changes. We are
interested in their C*-convergence. In this section U denotes an open
set of R™.
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Proposition 1.4. Let S = {g* = (g;;)}aca be a collection of Rie-
mannian metrics on U. Let X = {x /x is a unit speed g*-geodesic, a €
A}. Assume that the set {det g*(x)/xz € U, a € A} is bounded away
from zero. Then if S is C*-bounded for some finite k > 0, then the set

of all derivatives %(t), 1<I<k+1 x=(21,...,25) € X, t €

Domain of X, is bounded.

Remarks.

1. The Riemannian metrics in S are not assumed to be complete.

2. The geodesics in X are defined on any interval.

3. Here “S is C*-bounded” means that for 0 < I < k, all I-partial
derivatives of the gj; are bounded uniformly in a € A.

4. Analogously, we say that the set X, introduced in Proposition

1.4, is “C*-bounded” if the set of all derivatives d;ff (t), 0 <1<k,
x = (z1,...,2,) € X, t € Domain of x, is bounded. In particular, X
is “C%-bounded” if the union of the images of x, x€X, is bounded.
Note that the conclusion of Proposition 1.4 is weaker than “X is CF+1-
bounded” (which implies C%-boundedness). That is, it does not claim
that X is C°-bounded. Indeed, if the open set U is not bounded, then
X will never be C%bounded, and hence not C*-bounded either; but

Proposition 1.4 holds for U (assuming S is C*-bounded).

Proof. We denote by (g&/) the matrix inverse of g% = (95;)- First note
that, since {det ¢g*(z) /x € U, a € A} is bounded away from zero and S
is C*-bounded, we have that all [-partial derivatives of the géj ,0< I <k,
are bounded. Moreover, the set {|v| : ¢*(z)(v,v) = 1,v € R", z €
U, a € A} is bounded. (Here |v| is the Euclidean length (v,v)!/2.)
Hence, the set of Euclidean lengths of the velocity vectors of unit speed
geodesics is bounded. Therefore, the set

(50

x(t) = (x1(t),...,x,(t)) is a unit speed g*-geodesic,

aGA,tGDomainofx}

is bounded. This proves the proposition for k£ = 0. q.e.d.

Assume S is Cl-bounded. Let x(t) = (x1(t),...,7n(t)) be a unit
speed ¢g%-geodesic. Then the x;’s satisfy a second order ODE of the

form )
d°z; dx,;
| =L T
dt2 < dt ) st(x)>

where ', = (I'%,)® are the Christoffel symbols of the metric ¢g* and the
function ® is a polynomial function independent of x and a € A. But the
Christoffel symbols (I';;)* can be written canonically as a polynomial

expression on the g7 and the first partial derivatives of the g~ Since
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all these terms are bounded, we conclude that the set of all Christoffell
symbols (I'7,)* is bounded. Therefore the set

{ d? x;(t)

TR x(t) = (x1(t),...,x,(t)) is a unit speed g*-geodesic,

aeA,teDomainofx}

is also bounded. This proves the proposition for k£ = 1.
Assume S is C?-bounded. We differentiate the geodesic equation
above to obtain the third order ODE
d3x,- dl’j dw? ok
an qj(%u a2 I (x), Dk st(x)

which is satisfied by any x = (z1,...,2,) € X. Since V¥ is a universal
polynomial, and W is applied to a set of bounded variables, we conclude
that the proposition holds for k = 2. Proceeding in this way, we prove
the proposition for any & > 0. This proves the proposition.

In the next two propositions we use the following notation. For a Rie-
mannian metric gg and sequence of Riemannian metrics {g,} on U we

. Cck . k
write g, — go to express uniform C"-convergence on compact supports.
Also, for p € U, v € R™ we denote by a(p,v,g) the g-geodesic with

value p at zero, and velocity v at zero. Also a(pp,vn, gn) gk a(p,v, go)
means convergence on any closed interval [a,b] where all paths are de-
fined. (Note that in this case there is € > 0 such that a(p,v, go) and all
a(pp, Un, gn) are defined on [—e, €].)
C!t o
Lemma 1.5. If g, — go, Pn — D, Un — v, then a(pp, vy, gn) —
Oé(p, v, 90) .

Proof. C'-convergence follows from the general theory of first order
ODE with parameters. This proves the lemma. g.e.d.

k
Proposition 1.6. Let g, N 9o, k > 1, and a,(t), t € [a,b], be
0 k+1
gn-geodesics such that oy, C—> ag. Then oy, C—> ag.
Proof. It is enough to prove C'-convergence because then the C*-
convergence, k > 2, follows using the same argument used in the proof

of Proposition 1.4 involving the ®, W, ... functions. But if a,, does not
C'-converge to ag we arrive, using Lemma 1.5, to a contradiction. This
proves the proposition. g.e.d.

C. Sets of Parallel Lines in a Hadamard Manifold.

Let H = H" be a Hadamard manifold and £ a set of parallel geodesic
lines in H. We assume that £ is ribbon-convezx, i.e. if £y, {1 € L then
¢ € L, for every ¢ contained in the flat ribbon bounded by ¢y and ¢;
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(for the existence of the flat ribbon see [13]). Write L = |J £. The Flat
Ribbon Theorem of A. Wolf [13] implies that L is a convex set. We
choose one of the two points at infinity determined by any ¢ € £. This
choice “orients” all lines ¢ € £ and we can now make the real line R act
isometrically on L by translations: for t € Rand p € £ € L, t.p = ¢,
where ¢ € £, and ¢ is obtained from p by a ¢-translation.

Now, fix p € ¢y C L. Let £ € L. Since £y and £ bound a flat ribbon
there is a unique point p, € £ which is the closest to £y, and the geodesic
segment [p, pg] is perpendicular to both ¢y and ¢. Write K = {py | £ €
L}. Note that K N ¢ = py.

Proposition 1.7. The set K is convex.

This lemma is proved in [8].

Consider the map K x R — L, (p,t) — t.ps. Since K is convex,
this map is an isometry, where we consider K x R with the metric
d((p,t), (P, ")) = /du(p,p')% + dg(t,t')2. The inverse of this map is
the map (mw,T), where w(z) = py, © € ¢, is the projection onto K, and
T(z) is the (oriented) distance between z and py.

Corollary 1.8. Assume L is a closed subset of H and that K is
compact. Then K is homeomorphic to a closed disc with smoothly totally
geodesic embedded interior.

Proof. Proposition 1.7 and Theorem 1.6 of [2], p. 418, imply that K
is homeomorphic to a compact, contractible k-manifold, 0 < k <n — 1.
Moreover, the inclusion K < H restricted to the (manifold) interior
of K is smooth and totally geodesic. Therefore, using the exponential
map, we get that K is contained (and has non-empty interior) in a
totally geodesic subspace of H; hence it is homeomorphic to a disc.
This proves the corollary. q.e.d.

Remark. An argument similar to the one in the proof above shows
that a compact (strongly) convex set in a Riemannian manifold is home-
omorphic to a closed disc.

D. Sets of Homotopic Closed Geodesics.

Let Q = S' x R"™!, with a complete nonpositively curved Riemannian
metric g. Write ¢ : St = S! x {0} < @ for the inclusion and

Q={acC®sLQ)/a~t}

with the C* topology, 0 < k < oo. Here ~ means (freely) homotopic.
Note that S! acts freely on Q by z.a(w) = a(zw), for z,w € S!' C
C. Write ¥ = Q/s!. It is straightforward to verify that with the C*
topology, k > 0, the quotient map Q — ¥ is a (locally trivial) principal
S'-bundle. [To see this let o € Q and wg with o/ (wg) # 0; now a section
of 0 — 3 near the image of « can be constructed using a normal bundle
of a(I) in @, where [ is an interval around wy.]
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Note that R also acts on Q by z = z.a(w) = a(e*™™w), for r € R,
w € S'. Moreover, we also get /R = ¥. Let C = Cy be the set of all
parametrized closed geodesics homotopic to the inclusion, i.e.

C={aeQ/aisa g-geodesic }
It is straightforward to verify that every « € C is an embedding.

Let A = A, be the image of C by the bundle map €2 — ¥. That is,
A is the set of all unparametrized closed geodesics homotopic to the
inclusion. Assume that

(a) C is non-empty.

(b) C is C%-bounded. Equivalently, the set C = | JC is contained in a
compact set.

By the Flat Ribbon Theorem of J. A. Wolf [13] any two elements in
C either have the same image (hence lie in the same S'-orbit) or have
disjoint images.

Proposition 1.9. Under these assumptions A is homeomorphic to a
closed l-disc, | <n — 1.

Remark. All topologies C*, 0 < k < oo, induce the same topology
on C and A.

Proof. Let H be the universal cover of (). Then H is a Hadamard
manifold, the infinite cyclic group Z acts freely by isometries on H and
Q = H/Z. Let L be the set of all lines in H which cover elements in A,
that is, all lifts to H of unparametrized closed geodesics homotopic to
¢. It is straightforward to check that £ is ribbon-convex and L = |J £ is
closed. Let K be constructed from £ as in Section 1C. Using projections
we can construct, in the obvious way, a one-to-one continuous map of
K onto A. This proves the proposition. q.e.d.

Proposition 1.10. The space 2 deformation retracts to C.

Proof. Let Q,Q denote the space of all based loops (at 1 € S!) which
are based homotopic to ¢. Then we have a fibration Q,QQ — Q — Q,
where the last map is the evaluation map at 1 € S'. Since ,Q is con-
tractible we get that the evaluation map Q@ — Q ~ S! is a homotopy
equivalence. Moreover, since 0 — @ sends the orbit of ¢ to (the image
of) ¢, we get that the inclusion of the orbit of ¢ into Q is a homotopy
equivalence. The same is true for C because A is a disk. Therefore the
inclusion C — € is a homotopy equivalence. This together with the fact
that the pair (€2,C) has the Homotopy Extension Property implies that
Q) deformation retracts onto C. This proves the proposition. g.e.d.

Since A is a disc, the bundle Q — X restricted to A C X is trivial.
Hence C is homeomorphic to A x S'. Let s : A — C be any section of
this bundle (equivalently, a lifting of the identity 14).
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We will need the following lemma in the next section.

Lemma 1.11. Assume the metric g on Q satisfies assumptions (a)
and (b) above. Let £ be the length of a (hence all) closed g-geodesic
homotopic to . Then there is a bounded set R C @Q such that if the
image of an « € ) is not contained in R then the g-length of « is larger
than 14+ £.

Proof. Suppose not. Then there is a sequence a, in €2, such that
Zpn = ap(1) goes to infinity and all «, have length < 1+ £. Fix ap € C
and write z = ag(1). Let s, be a geodesic segment [z, z,] such that
d(x,x,) is its length and write s, (t) = exp,(tv,), for some unit length
vector v, € T,Q). We can assume v,, — v, where v also has unit length.
Write s(t) = exp,(tv). Let H be the universal cover of Q. Fix a lift
Bo : R — H of ap. Write y = 50(0) and z = Sy(1). Let s}, s’ be liftings
of s, and s beginning at y and s/, s” be liftings of s,, and s beginning
at z, respectively. Note that the endpoints of s/, and s!! can be joined
by a lifting of a,,; hence their distance lies in the interval [£,1 4 £].
Therefore dg (s, (t),sh(t)) € [£,1+ £]. It follows that dg(s'(t),s"(t)) €
[£,1+ £] for all t > 0. But the function ¢t — dg(s'(t),s”(t)) is convex
with minimum value at t = 0; thus it cannot be a bounded function
unless it is constant. But this contradicts assumption (b). This proves
the lemma. q.e.d.

E. Sets of Homotopic Closed g-Geodesics, with Varying g.

Let Q,Q,% be as in Section 1D. We denote by MET*°=0(Q) the
space of all complete nonpositively curved Riemannian metrics on @),
with the weak smooth topology (i.e. the union of the weak C* topologies,
which are the topologies of the C*-convergence on compact sets). Let
o DF = MET*=Y(Q) be continuous. Write g, = o(u). Using the
methods and the notation of Section 1D, for each ¢, we obtain A,,
Cy. Write C,, = |JC,. In what follows we assume that all g, satisfy
assumptions (a) and (b) of section 1D. In particular, for each u we get
a positive number £(u) which is the length of an element in C,, that is,
the length of a g,-geodesic homotopic to the inclusion S! — Q.

Lemma 1.12. The map £ : D* — (0,00) is upper semi-continuous.

Proof. This follows from the following facts: (1) £(u) is the smallest
possible length of a curve homotopic to the inclusion S' — @, and (2)
for any closed curve «a, the g,-length of « is close to the g,-length of «,
provided u is close to v. This proves the lemma. q.e.d.

Lemma 1.13. Let u, — u in DF. Then there is a compact set S of
QR and a sequence oy, € Cy,, such that oy, C S, for n sufficiently large.

Proof. Let R be as in Lemma 1.11 for ¢ = g, and assume that R
is closed. Let S be any compact of ) with R C intS. We claim that



THE SPACE OF NONPOSITIVELY CURVED METRICS 297

there is a sequence «,, € C, such that a,, C S, for n sufficiently large.
This would prove the lemma. Suppose not. Then we can assume, by
passing to a subsequence, that for every «,, € C, we have o, ¢ S. Write
£ = £(u), gn = gu, and let a € C,. Then the g-length 4(a) of « is
£. Therefore ¢, (a) is close to £. For each n let of, be a homotopy
with a2 = «a, al € Cy, and 4, (al) < ¢, (as), for t > s. That is,
the deformation ¢ — o, begins in «, ends in a g,-geodesic, and is g,-
length non-increasing. (Such a deformation can be done in the usual
way using evolution equations or using a polygonal deformation.) Note
that, by hypothesis, o) ¢ S and @ = o0 ¢ R c S. This together
with the continuity of the deformation implies that there is s = s,
such that 8, = o) ¢ R and 3, C S. But Lemma 1.11 together with the
convergence g, — ¢ implies that £, (8,) > 1/2+ £ when n is sufficiently
large (see remark below). This contradicts the fact that the deformation

t — ol is g,-length non-increasing. This proves the lemma. q.e.d.

Remark. In the proof above we are using the following fact: if |g,, —
glg < & then for any PD path a we have |¢g, (o) — £y(a)| < 125544, ().
This fact follows from the definition of length (using integrals) and the
triangular inequality.

Corollary 1.14. The map £ : D* — (0,00) is continuous.

Proof. Let u, — u and S be as in 1.13. Hence there are o, € C,,, with
ay, C S. Since g, — gy uniformly on S, we get from Lemma 1.12 (and
the remark above) that £(u,) = £y, (an) is close to £y, (an) > £(u).
This shows £ is lower semi-continuous. This proves the corollary. q.e.d.

Proposition 1.15. The set UueDk Cy is CY-bounded.

That is, the set of all g,-geodesics lie, at bounded distance from, say,
the inclusion ¢, for all u € DF.

Proof. Suppose not. Then there are u,, — u and a, € C,, = C,,, with
a), going to infinity, i.e. o, ¢ K, for any given compact K, provided
n is large. Let S be as in Lemma 1.13. Hence there are o, € C,,, with
a, C S. Let S’ be a compact such that S C intS’. Since «,, and o/,
bound a flat two dimensional cylinder (in the g, = g,, metric) we
can find 3, € C, with 3, € S’ and 3, ¢ S. By Corollary 1.14 we
can assume £(u,) < 1/2 4+ £(u). On the other hand, by 1.11 and the
uniform convergence g, — g, on S’ we have £(uy,) = {4, (3) is close to
1+ £(u). This is a contradiction. This proves the proposition. q.e.d.

Proposition 1.16. The set Uue]])k Cy is C*-bounded, for any k, 0 <
k < oo.

Proof. The proposition follows from Proposition 1.4 by considering
(@ as an open set of R™. Note that, by Proposition 1.15, we can work on
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an open set with compact closure; hence all required quantities will be
bounded. Note also that in Proposition 1.4 the geodesics are assumed to
have speed one, but the geodesics in C, have speed £(u)/2x. This can
be fixed by a rescaling of geodesics and using the fact that (by Corollary
1.14) the set {£(u)}, _p» is bounded and bounded away from zero. This
proves the proposition. q.e.d.

Define Y = [[ _prfu} x Ay C DF x ¥, that is Y = { (u,a) | u €
DF, a € A, }. Define also Z = I,cpr{u}l x Cu C DF x Q. Each C*-

topology on €, 0 < k < oo, induces a C*-topology on Z. Notice that
Y — Z is a principal S! bundle.

Proposition 1.17. All C*-topologies on Z coincide.
Proof. This follows from Proposition 1.6. q.e.d.
Proposition 1.18. The space Z is compact and metrizable.

Proof. The space Z is certainly metrizable. Let {(uy,a,)} be a se-
quence in Z. We can assume u,, — u. By Proposition 1.16, the sequence
{a,} is CF-bounded, for all k£ > 0. In particular it is C'-bounded. There-
fore the sequence {«,} is equicontinuous. Moreover, we can assume all
ay, to be Lipschitz with the same constant. Proposition 1.15 says that the
set {a,,} is C%bounded. By the Arzela-Ascoli Theorem we can assume
that {a,} C°-converges to a Lipschitz o € €. Since « is Lipschitz its
length is finite, where the length is defined as sup )" dg, (@ (%), @(zi+1)),
the sup taken over all partitions of S'. Using this definition of length
it is straightforward to show that g, -lengths of the «,, converge to
the g,-length of a. Corollary 1.14 implies now that « has minimal g,-
length; hence it is smooth and « € C,. Therefore {(uy, o)} converges
to (u, ) € Z. This proves the proposition. q.e.d.

It follows from Proposition 1.18 that Y is compact. The space Y is
also Hausdorff because ¥ is Hausdorff. Therefore the projection Y — DF
is a cellular k-disc (choose any base point).

Proposition 1.19. The space Y is finite dimensional.

Proof. Since Y is Hausdorff compact and Z — Y is locally trivial,
the proposition follows from the following claim. g.e.d.

Claim. Let U C Y be compact and such that Z — Y 1is trivial over
U. Then U is homeomorphic to a compact subset of R"*. Hence U is
finite dimensional.

Proof of the claim. Let U’ C Z be the image of a section of Z — Y
over U. Hence the restriction U’ — U is a homeomorphism. As before we
are considering @ as an open set of R”. Now, just define h : U’ — RFt7?
as h(u,a) = (u,a(1)). (Recall 1 € S' € C and a : S' — Q.) This
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is a one-to-one continuous map with compact domain between metric
spaces. Hence it is a homeomorphism onto its image. This proves the
claim and Proposition 1.19. q.e.d.

By Propositions 1.3 and 1.19 the S'-bundle Z — Y is trivial (thus Z
is homeomorphic to Y x S!).

Remark. Note that we cannot take U = Y in the proof of Proposition
1.19 (hence the use of the sets U is necessary) because we need that
proposition to deduce (together with Proposition 1.3) that Z — Y is
trivial.

Now take a section Y — Z of the trivial bundle Z — Y and let X
be the image of Y by this section. Write 77 : X — D for the projection.
Then 7 : X — DF is a cellular k-disc. Note that X is formed by honest
parametrized g,-geodesics, not unparametrized ones, like the ones in
Y. And since X and Y are homeomorphic, Proposition 1.19 has the
following corollary.

Corollary 1.20. The space X is a finite dimensional space.

Recall that the cellular discs Y and X were constructed from a map
o DF — MET*=0(M). Now assume that o|gr-1 factors through the
orbit map; that is, o|gr-1 factors through the map Ag, in [10]. (This
map is just the orbit map A, : DIFF(M) — MET *¢<%(M) given
by ¢ — ¢.g0.) Explicitly O'|Sk—1 factors through the orbit map if for
u € SF=1 we can write o, = (¢u)«g0, for some continuous u — ¢,. It
follows that A, = ¢u(Ay,), u € S¥~L. Therefore we can write Y =
s¥1 x Ay, and we can consider S*"! C Y by choosing any element in

Ay, Analogously for X. Hence we obtain cellular k-disc pairs (Y, S*71),
(X, sk,

Remark. The embedding S*~! C Y depends on how U’Sk’l skl

MET *¢¢=O(M) factors through the orbit map, and on the choice of an
element in A,,,. This dependence will not be essential for our arguments.

Corollary 1.21. Assume o|ge-1 : sk=t — MET*“=0(M) factors

through the orbit map. Then the space X/SF~1 is a finite dimensional
space.

Proof. Since Z — Y is trivial and Y is homeomorphic to X, we
can take U = X in the construction of the embedding h given in the
proof of 1.19. The embedding h : X — RF*" induces an embedding
X/sk=1 — RF+7 /h(SF~1). But from the construction of i we see that the
sphere h(S¥71) is “nicely embedded” in R*¥*™ (it maps to the canonical
sphere by the projection R¥+t" — RF). Hence R¥+"/h(SF¥~1) is clearly
finite dimensional, and it follows that X/S*~! is finite dimensional.

q.e.d.



300 F. T. FARRELL & P. ONTANEDA
2. The space of cellular maps

Let L be a manifold. Recall that a (continuous) proper onto map
f: L — Lis cellular if f=1(y) is cellular in L, for all y € L. (A compact
subset of a manifold is cellular if it has arbitrarily small neighborhoods
homeomorphic to the Fuclidean space of the same dimension as the
manifold.) We denote by CELL(L) the space of cellular maps on L.
Also we denote by TOP(L) the space of all self-homeomorphisms of L,
and by P(L) the space of topological pseudoisotopies on L. All these
spaces are considered with the compact-open topology.

Remark. If the manifold L has boundary, then for a map f: L — L
to be cellular we demand the restriction f|gz : 0L — OL to be cellular
too. See [17], p. 271.

Lemma 2.1. Let N be compact. The map m P(N) — 7 TOP(N x
[0,1]), k > 0, is injective.

Proof. Let o : S¥ — P(N), g : D¥*! — TOP(N x [0,1]), with Blgr =
a. For f € TOP(N x [0,1]) write fo : N — N for its bottom, that
is, for its restriction to N x {0}. Define v : D¥*! — TOP(N x [0,1])
by v(u) = (B(u)o)™! X 1 j. Note that v(u) = Lyy1] for u € sk.
Finally, define 8’ : D¥*! — TOP(N x [0,1]) by £/ (u) = v(u)B(u). Then
B'|gr = a. This proves the lemma because 3 : DFl — P(N).  qed.

Lemma 2.2. Let N be compact and dim N # 3. Then the map
7 TOP(N x [0,1]) — m CELL(N x [0,1]), k > 0, is an isomorphism.

This is a fibered version of the Siebenmann result [17]. The proof
follows from Proposition 4.1 of B. Haver [12] together with the fact that
the closure of TOP(L) is CELL(L), dimL # 4, proved by Siebenmann
[17]. In the lemma above (and the corollary below), for the case k = 0
“isomorphism” means “bijection.” These two lemmas imply:

Corollary 2.3. Let N be compact and dim N # 3. Then the map
7 P(N) — 7 CELL(N x [0,1]), k > 0, is injective.

Remark. We will use the fact that CELL(L) is LC* for a compact
L, dim L # 3. This follows from Proposition 4.1 of [12] and the main
results in [17] and [7].

3. The space at infinity of negatively curved manifolds

This section is a version (for the nonpositively curved case) of section
2 of [10]. We will use similar notation.

Let (@, g) be a complete Riemannian manifold with nonpositive sec-
tional curvatures, and S C @ a closed totally geodesic submanifold
of @, such that the map 71(S) — m1(Q) is an isomorphism. Write
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I' = 71(S) = m(Q). We can assume that the universal cover S of S
is contained in the universal cover Q of Q. The group I' acts by isome-
tries on Q such that I'(S) = S and Q = Q/I', S = S/T". Let T be the
normal bundle of S, that is, for z € S, T, = {v € T,Q : g(v,u) =0,
for all w € T,S} C T,Q. Hence T & T'S = TQ|s as bundles over S.
Write 7(v) = z if v € T}, that is, 7 : T — S is the bundle projection.
The unit sphere bundle and unit disc bundle of T" will be denoted by
N and W, respectively. Note that the normal bundle, normal sphere
bundle, and normal disc bundle of S in Q are the liftings T, N, and W
of T, N, and W, respectively. For v € T;Q or v € T, Q, v #0, the map
t— e:npq(tv), t > 0, will be denoted by ¢, and its image will be denoted
by the same symbol. Since Q is simply connected, ¢, is a geodesic ray,
for every v € N. We will denote by E the exponential map E : T — Q,
E(w) = expw(v)( v), which is a diffeomorphism. Also, the exponential
map F : T — Q, ( ) = expr(y)(v), is a diffeomorphism and Eis a
lifting of F.

There are several facts stated for @) in section 2 of [10] that are
clearly not true for a general nonpositively curved manifold. For this
reason we need an extra condition. In what follows we assume that
Q is d-hyperbolic (in the sense of Gromov). Hence the definition of
05 Q remains valid, that is, the definition using quasi-geodesics. And
this definition coincides with the definition using geodesics. We consider
D50 Q with the usual cone topology. Recall that, for any ¢ € Q, the map
{(veT,Q : v = =1} = D5 Q given by v — [¢,] is a homeomorphism. We
also have that (Q) QU @ can be given a topology such that the map
{veT,Q : |v] <1} = uQ given by v > exp,(s (|v|)‘v‘) for |v] < 1
and v — [¢,] for v = 1, is a homeomorphism. Here ¢ : [0,1) — [0, 00) is
a homeomorphism that is the identity near 0.

Since S is convex in Q, every geodesic ray in S is a geodesic ray in
Q. Therefore 955 C 95Q. For a quasi-geodesic ray 3 we have: 8] €
D50Q \ 8505 if and only if 3 diverges from S, that is, dg (B(t), S) — oo,
as t — 0o. Define the map A : N — 0,,Q \ 0595, given by A(v) = [c,].

Lemma 3.1. The map A is continuous onto and proper.

Proof. The proof of continuity is straightforward. First we prove sur-
jectivity. Let p € S and « be a geodesic ray emanating from p and not
contained in S. We have to show that there is a ¢, (emanating from
some ¢ € S with direction v perpendlcular to S) such that a and ¢,
determine the same point in Q. Let Cv,s at ¢n, be perpendicular to S
and passing through a(n). Using the d§-hyperbolicity of Q we get that
{gn} is bounded so we can assume ¢, — ¢. Furthermore, we can assume
v, — v. It is straightforward to verify that ¢, and o determine the same
point at infinity. This proves that A is onto.
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We identify Q with the unit sphere S in Tp@, for some p € S. Let
K cCcs- TpS be compact. We now prove A~!(K)-bounded. Note that
if o is a ray emanating from p with direction /(0) € K, then the angle
between o/ (0) and S is bounded away from zero; hence there is a & > 0
such that dQ(a(t),S') > kt, for every such a. Let v € A~Y(K), with

v € T,S. Then [c,] = [a], for some a as above. Using the §-hyperbolicity
of () we get that d@ (p,q) cannot be arbitrarily large. This proves that

A~Y(K) is bounded. This proves the lemma. q.e.d.

The most important change to be made here is a new version of fact
9 on p. 287 [10]. It is given in the next lemma. Recall ¢ : [0,1) — [0, c0)
is a homeomorphism such that it is the identity near 0.

Lemma 3.2. The map A : N — 95Q \ 955, given by A(v) =
[cy], is cellular. Furthermore, we can extend AtoW — (Q) \NC‘)OOS' by
defining A(v) = E(s (]v])w) = expy(s (M)Ivl) for |v| <1, v e W,. This

extension is (continuous) cellular and a diffeomorphism on W\ N.

Note that A is just a reparametrization (in the “time” direction) of
the normal (to S) exponential map F.

Proof. Standard Hadamard manifold techniques show that the map
A (defined on W) is continuous. Let v € Np, p € S. We now prove
that C = A~'(A(v)) is homeomorphic to a convex set in S. First note
that for v,v’ € N, we have A(v) # A(v') because ¢, and ¢, are two
geodesic rays emanating from the same point. Hence the continuous
map 7|c : C — w(C) is injective. (Recall 7 : N — S is the bundle
projection.)

Let v/ € Ny, p' # p, be such that A(v') = A(v). Let [p,p] be the
unique geodesic segment in S joining p to p'. Since the geodesic rays c,,
¢y make a right angle with S, at p and p’ respectively, we have that
v, ¢y and [p, p'] bound a flat geodesic ribbon. Hence [p,p/] C 7(C) and
it follows that w(C) is convex. For each ¢ € 7(C) there is a unique
Vg € Nq N C and it is straightforward (using the ribbon property) to
prove that ¢ — v, is continuous. Hence C'is homeomorphic to the convex
set m(C). Note that 7(C) is bounded: otherwise @ would contain flat
geodesic ribbons isometric to [0, /] X [0,00) with £ — oo which would
contradict the d-thinness of triangles in the d-hyperbolic space Q. It
follows that C' is compact. Therefore 7w(C') is compact and convex, and
hence homeomorphic to a disc (see remark at the end of Section 1C).
Since C' is homeomorphic to 7(C'), C' is also homeomorphic to a disc.
Therefore all pre-images of the map A are homeomorphic to a disc; thus
A is a cell-like map. Since the domain and target spaces of the map A
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are manifolds, we deduce that A is a cellular map (see remarks below).
This proves the lemma. q.e.d.

Remarks. 1. For maps f : M — N between manifolds we have the
equivalence: cellular < cell-like. Here are some references. For dim M >
4 see [3], Corollary 5E, p. 147. For dim M = 2 see [3], p. 122. For
dim M = 3 the equivalence follows from the results in [14] and the
Poincaré Conjecture in dim 3. (In our special case the use of Poincaré
Conjecture can be avoided by using 1.4 in [14] and the fact that the
pre-images of A are discs.)

2. Here is an alternative elementary argument to show that A is
cellular without the equivalence cellular < cell-like. The set 7(C) is
compact and convex in the Hadamard manifold S. It is straightforward
to show that 7(C) is cellular in S. Hence 7(C) = N2, U;, where C C
Uiy1 C U;p1 C U; and U; homeomorphic to Euclidean space. Since
S is contractible we can write N = S x S¥, for some k, and we can
identify 7 : N — S with the projection S x S¥ — §. Therefore C' is
the graph of a function 7(C) — Sk, i.e. C = {(z, f(x)), x € n(C)}, for
some continuous function 6 : 7(C) — S*. Define © : n(C) — N, by
O(z) = (x,0(x)). Then O(7(C)) = C and (n|¢)~! = 6. Since 7(C) is
an ANR we can extend 6 continuously (in any way) to some Uy, ng
sufficiently large. Hence we can extend © : 7(C) — N to an embedding
© : Uy, — N, by defining O(x) = (z,0(z)), € Up,. Let V; = O(U;) be
the image of U;, i > ng. Since © is injective we have NV; = NO(U;) =
O(NU;) = ©(n(C)) = C. We now “thicken” the V; by considering W; =
{(z,u), z € Uj, dgr(u,0(z)) < 1/i}. Then C = NW;, C C Wiy1 C

Wii1 C W; and W; homeomorphic to Euclidean space.

Lemma 3.3. The injectivity radius at p € Q tends to infinity, as p
gets far from S.

Proof. Suppose not. Let 7, be non-contractible loops in ) with
d(vn,S) = n and the lengths £(y,,) bounded (say by a > 0). Each =, is
homotopic to a closed geodesic 8, in S. Lifting to Q we obtain p,, pl, € S
and vectors vy, v, such that d(c,, (n), ¢, (n)) < a and b < d(pn, p;,) < a,
where b > 0 is the injectivity radius of S. Since S has a compact funda-
mental domain we can assume p, — p, p,, = p, v, = v, and v}, = v'.
It is straightforward to check that ¢, and ¢, bound an infinite flat
(half) ribbon. We can repeat this process with the set {y%}, where
of = a % - % a (concatenation k times). In this way we get that Q
contains flat geodesic ribbons isometric to [0,b] x [0,00) with b — oo
which would contradict the d-thinness of triangles in the d-hyperbolic

space Q. This proves the lemma. q.e.d.

Lemma 2.2 of [10] remains true. We can now descend to @ and define,
as in Lemma 2.4 of [10], the map A, which is obtained from A using
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the projection map Q — Q. The map A is just a reparametrization (in
the “time” direction) of the exponential map E.

Lemma 3.4. The map A : N — 0Q, given by A(v) = [c], is (con-
tinuous and) cellular. Furthermore, we can extend A to W — 0,0Q U Q
by defining A(v) = E((g(!fu])‘%)), for |v| < 1. This extension is (contin-
uous and) cellular and a diffeomorphism on W\ N.

Proof. Since A covers A, it is enough to prove that vC' N C = (), for
~v € I' and C as in the proof of Lemma 3.2. Suppose there is v € Np with
A(v) = A(7.(v)), for some non-trivial v € T'. Note that v (v) € N'y(p)
and ~(p) # p. But then A(v) = A(y*(v)), v (v) € N—Yn(p) and the
distance between 7" (p) and p becomes large. Therefore we again obtain
large geodesic flat ribbons in @, which cannot happen. This proves the
lemma. q.e.d.

4. Proof of Theorem B

We will use the notation and the following diagram given in the In-
troduction:

DIFF((8' x§"2) x 1,0) % DIFF(M) =% MET**<°(M)
[
P(s! x §"72)
ol
CELL(S' x s"~2 x [0,1])

where ¢ and ¢/ are inclusions.

Let (M™, g) be a closed nonpositively curved Riemannian n-manifold,
with w1 M hyperbolic.

Let o be a simple closed g-geodesic. Write N = S x §"~2 and £M =
Ay o®M  The base point of the k-sphere S¥ will always be the point uy =
(1,0,...,0). Let 6 : S¥ — DIFF(N x I,9), 6(ug) = 1nxx1, represent an
element in mp( DIFF(N x I1,0)).

We have to prove that if (X)) ([0]) is zero, then mx(¢yen)([6]) is also
zero. Equivalently, if M 6 extends to the (k + 1)-disc D!, then Unind
also extends to DF!. So, suppose that M @ : sk — MET <0(M)
extends to a map o’ : DML — MET *=O(M). Thus o’ (u), u € D1
is a nonpositively curved metric on M and o'(ug) = g. Write ¢, =
®M(f(u)), u € S*. Note that ¢, : M — M induces the identity at the
m1-level and hence ¢, is freely homotopic to 1;;.

By deforming ¢/, we can assume that it is radial near 9 DF1. Since o’
is continuous and D*t! is compact, we can find constants a,b > 0 such
that a? < o’(u)(v,v) < b? for every v € TM with g(v,v) = 1, u € DL,
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Let @ be the covering space of M with respect to the infinite cyclic
subgroup of m1 (M, a(1)) generated by a. Denote by o(u) the pullback
on @ of the metric ¢’(u) on M. For the lifting of g to ) we use the
same letter g. Note that « lifts to () and we denote this lifting also by
a. Let ¢y 1 Q@ — Q be the diffeomorphism which is the unique lifting
of ¢, to Q. (Note that this lifting is unique because the covering map
@ — M has no nontrivial covering transformations. Equivalently, every
lifting of the identity map is the identity map.)

4.1. We have some comments.

(i) o(u) = (¢u)s0(u0) = ($u)sg, for u € S*.

(ii) The tubular neighborhood U of width 2r of « lifts to a countable
number of components, with exactly one being diffeomorphic to
U. We call this lifting also by U. All other components Uy, Us, ...
are diffeomorphic to D"~ x R. Note that ¢, is the identity outside
the union of |JU; and U and inside the closed normal geodesic
tubular neighborhood of width r of «.

(iii) Since ¢, : M — M induces the identity at the 7-level, and S* is
compact, there is a constant C' such that d, ¢\ (p, ¢u(p)) < C, for
any u,u’ € S¥, where dy(y) denotes the distance in the Riemannian
manifold (@, o (v)).

(iv) (¢u)lv = [®9(a, V', r)0(w)] |u, for u € S*. Here V" is the lifting of
V.

(v) We have that a® < o(u)(v,v) < b? for every v € TQ with g(v,v) =
1, u € DF*L. Tt follows that ‘g—; <o(u)(v,v) < Z—z for every v € TQ
with o(u')(v,v) = 1, u,u’ € D¥L

(vi) All sectional curvatures of the Riemannian manifolds (Q,o(u)),
u € DL are less than or equal to 0.

(vii) The map o : DFFl — MET*°=0(Q) extends 90 : sk —
MET #¢=%(Q), where 2@ = A, 0 $C.

Let X be the cellular (k + 1)-disc constructed in Section 1E. Recall
that the elements of X are pairs z = (u, 8), u € D**! and B is a o(u)-
geodesic in Q. We consider S¥ € X by identifying v € S¥ = oDF*!
with (u, ). By 4.1(1) we get that o factors through the orbit map (see
paragraph before Corollary 1.21). We also get that (X,S*) is a cellu-
lar (k + 1)-disc pair. We have the map X — MET **¢<0(Q) given by
(u, B) — o(u), and we will use the same letter o : X — MET *¢=0(Q)
to denote this map. Note that this map o : X — MET **=9(Q) also ex-
tends X0 in the sense of cellular discs (see Section 1A). The next claim
says that we can modify o (and we will use the same letter “o” to denote
this modified map) so that « is a o(x)-geodesic, for all z = (u, ) € X.

Claim 1. There is a map o : X — MET *°=%Q) such that:
1. The curve « is a o(x)-geodesic, for all x = (u, ) € X.
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2. The map o : X — MET**“=%Q) extends %0 (in the sense of
cellular discs, see Section 1A).

3. The liftings of all metrics o(x), x € X, to the universal cover Q
are quasi-isometric with the same constants; i.e they are all (X, ¢€)-
quasi-isometric, for some fized (\,€).

4. The liftings of all metrics o(x), x € X, to the universal cover Q
are §-hyperbolic, for some 6.

Proof of Claim 1. Let h : X — Emb(S',Q) Cc Q = C>(s},Q),
h(u, ) = B. Note that h(S¥) = {a}. (The function h replaces the func-
tion h in [10], p. 292.) Since m;(C*(S',Q)) = 0, @ > 1, and the fiber
of Emb(St,Q) — C*(s!,Q) is (n — 5)-connected (this follows from
Lemma 1.4 of [10]), we have that m;(Emb(S!,Q)) =0, 1 <i < n —5.
This together with Proposition 1.1, Corollary 1.21 (also see Remark
4.2(1) below), and the fact Emb(S!, Q) is locally contractible (hence
LC™) imply that, for k¥ > 0, we have h : (X,SF) — (Emb(S!,Q),a)
is relative null-homotopic (i.e. the homotopy always sends S* to {a}).
Therefore there is a homotopy h; with hg = h and h; = «. Hence for
each r = (u,) € X there is an isotopy hi(z) : S' — @Q such that
ho(xz) = B and hy(z) = a.

Remarks 4.2.

1. In order to apply Corollary 1.21 we have to verify that each C,,
u € DF, satisfies conditions (a) and (b) in Section 1D. Recall that C,
is the set of parametrized o(u)-geodesics homotopic to «a. First C, is
non-empty because there is a o’(u)-geodesic homotopic to a in M (M
is closed). Second, if C, is not bounded, it is straightforward to argue
that Q would contain flat geodesic ribbons isometric to [0,4] x [0, 00),
with ¢ — oo, which would contradict the J-thinness of triangles in the
d-hyperbolic space Q.

2. We have shown that for & > 0 the map h : (X,S*) — (Emb(S!, Q),
«) is relative null-homotopic. By modifying X a little bit we can also
assume this to be true for £k = 0, that is, when X is a cellular 1-
disc. To show this consider the map X — @, (u,8) — B(1). If this
map represents n € Z = H;(S') = H;(Q) then just replace X by
{(u, e~ B | (u, B) € X}. With this new choice the map h is rela-
tive null-homotopic. Hence we can assume that the statement “for each
r = (u,8) € X there is an isotopy h¢(z) : S — Q such that ho(x) =
and hi(z) = a” is true also when X is a cellular 1-disc.

Now we extend, in the usual way, the isotopies h(z) : S x[0,1] — Q to
compactly supported isotopies H(z) : @ x [0,1] — Q. Then the required
map o is defined, for z = (u, 8) € X, as o(x) = [H(z)1]*0(u) (here o(u)
is the “old” o). Note that the metrics do not change outside a compact
set of @; hence, by Lemma 2.1 of [10] and the fact that X is compact,



THE SPACE OF NONPOSITIVELY CURVED METRICS 307

we get that the liftings of all metrics o(x), * € X, to the universal
cover () are quasi-isometric with the same constants. This proves item
(3). Item (4) follows from item (3) and Theorem 1.9 in [1], p. 402. This
proves Claim 1. q.e.d.

Note that the new metrics o(z), z € X — S¥, are not necessarily pull-
backs from metrics in M. We shall identify, via the exponential map
expd, the space Q with S! x R"~!. Thus the rays {z} x R*v, v € S*72
are geodesics (with respect to g = o(ug)) emanating from z € St C Q
and normal to S!. Denote by W5 = S! x D"71(4) the closed normal
tubular neighborhood of S' in @ of width § > 0, with respect to the
metric o(ug). We have OWs = St x S772(9).

For each x € X and z € St, let T%(2) be the orthogonal complement
of the tangent space T,S! C T.Q with respect to the o(x) metric and
denote by exp? : T%(z) — @ the normal exponential map, also with
respect to the o(x) metric. Note that the map exp® : T — @ is a
diffeomorphism, where T is the bundle over S' whose fibers are T%(z),
z € S'. We will denote by N* and W the sphere and disc bundles of
T* respectively.

Claim 2. Consider the map OWs — Ny, (z,v) — (z’,ﬁ), where
exp®(2',s) = (z,v). (This map is just a restriction of the “normaliza-
tion” of (exp®)~t.) Then this map is a diffeomorphism for all x € X,
provided § is sufficiently small.

Proof of Claim 2. This is proved in [10], pp. 292, 293. In fact, this is

a slight variation of Claim 2 in [10], p. 293. We point out that the maps
x and 7 were introduced in [10] for the sole purpose of applying Lemma
1.6 of [10]. We do not need these functions here. This proves Claim 2.
q.e.d.

To simplify our notation we take § = 1 and write W = Wj. Thus
OW = N = S! x "2 and we write N x [1,00) = Q\ int W. Now define
a diffeomorphism f, € DIFF(N x [1,00), N x {1}) by

fe(z,0,t) = exp? (2, ts)

By definition we get f.(z,v,1) = (z,v,1), and that f, is continuous in
r e X.

Here is an alternative interpretation of f,. For (z,z,v) € X x S! x
T%(z), denote by C?Zﬂ)) : [0,00) = @ the o(x)-geodesic ray given by
cfzm)(t) = exp?(tv). Then f, sends c(“;’v) to c(, 4, where exp? (s) =
(z,v) € Q. Explicitly, we have fw(cz(izovv) t)) = Cor.s) (t), for t > 1. Claim
2 implies that f,(N x [1,00)) = N x [1,00) and that f, is a diffeomor-
phism. We remark that the map f, defined here coincides with the map
fu defined at the top of p. 294 in [10] (but replace “u” by “x”).
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We denote by 0,,(Q the space at infinity of () with respect to the
o(ug) metric. Recall that the elements of 0, @Q are equivalence classes
[B] of o(ug) quasi-geodesic rays 3 : [a,00) — @ = S' x R"~! (see section
2 of [10] and Section 3 here). By Claim 1, 0@ is independent of the
metric o(z) used.

We now extend each f, to amap f; : N x[1,00] = N X [1,00)U0xQ
in the following way. For (z,v,00) define f,(z,v,00) = [fx(c?g,u) )]
Recall that, as we mentioned before, we have fx(c(“;’v) (t)) = < s) (1),
where exp?,(s) = (z,v) € Q, t > 1. Thus fw(c?;,v)) is a o(x)-geodesic
ray; hence it is a o(ug)-quasi-geodesic ray. Therefore | fx(ci(Lzow) )] is a
well defined element in J, Q.

Recall that Lemma 3.4 says that the map A (which is a reparametriza-
tion of the exponential map exp®) is cellular. This (applied to the metric
o(x)) together with the definition of f, implies:

Claim 3. f, : N x [1,00] = N X [1,00) U 05Q is continuous, a
diffeomorphism on N x [1,00), and cellular on N x {co}.

Denote by f the map on X defined by f(z) = f,.

Claim 4. The map [ is continuous on X.

Proof of Claim 4. The proof is the same (almost word by word) as the
proof of Claim 4 in [10], p. 295. There are a few obvious changes in
notation: replace “u” by “z”, “DFt1” by “X”, “ag” by “o”, and “c,”
by “(v,00)”. Replace the phrase “Let K = K (2,0, cz) be as in item 6
of Section 2, and ¢z is as in (vi) above” by “Let K = K (2),0,0) be as in
Theorem 1.7 of [1], p. 401, where § is as in Claim 1.” Finally, again for
notational purposes, replace the first three lines in the proof of Claim 4
[10] by the following. “Note that we know that z — f;|q is continuous.
Let ¢, = (vp,tn) — (v,00), v,v, € N, t, € [0,00]. Thus v,, — v and
tn, — 00.” This proves Claim 4. q.e.d.

In the next claim we use the map A : N x {00} = N — 0,Q of
Lemma 3.4.

Claim 5. For all u € S* we have fuow = dulow and
fulNxfocy = A

Proof of Claim 5. The proof is the same (almost word by word) as the
proof of Claim 5 in [10]. Just replace “¢0” by “¢”, “U’” by “U”, and
the phrase (at the very end): “Therefore fy([cy,(2,v)]) = [cu(2,0))]-
Hence (fu)la., = lo,.” by “ Therefore f,(v,00) = [cy,(z,v))]. Hence
JulNx{ocy = A" This proves Claim 5. q.e.d.

For u € SF define ©, : N x [1,00] = (Q\ intW)U 0:Q = N x
[1,00) U 050Q; by Oulnx(1,00) = ®%(a, V', 7)0(u) and Oulnx{ocy = A
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Denote by © the map defined on S* given by ©(u) = ©,,. Note that the
identification between @ and S' x R"! sends V’ to the canonical basis
€ly...,€n—-1-

Claim 6. The maps f|Sk and © defined on S* are homotopic.

Proof of Claim 6. Let u € S¥. By Claim 5 we have f, = ¢, outside
N x {oo}. Recall that ¢, is the identity outside the union of |JU; and U
and inside the closed normal geodesic tubular neighborhood of width r of
o = S see 4.1(ii). From 4.1(iv) we have (¢y)|v = [®9(a, V', 7)0(w)] |u,
for u € S¥. Note that each Uj is diffeomorphic to D"~ x R. Remark that
U; is the 2r normal geodesic tubular neighborhood of a lifting 3; of a C
M which is diffeomorphic to R. Also note that the closure of U; in N x
[1,00] is formed exactly by the two points at infinity determined by this
geodesic line. Consequently, the closure U; of each U; is homeomorphic
to D™ and intersects N x {oo} in exactly two different points. Now,
applying Alexander’s trick to each ¢|g,, we obtain an isotopy (rel U)
that isotopes ¢, to a map that is the identity outside U \ int (W), and
coincides with ¢, on U, that is, coincides with ®%(«, V', 7)6(u) on U.
Finally, note that fu|nx{sc} = Oulnxfsc} = A and that the isotopies
defined above do not change the values on N x {oc}. This proves Claim 6.

q.e.d.

Let B: N x [1,00] = N x[1,00) U0xQ be defined by B|ny (o} = 4
and B|nx|1,00) s the identity on N x [1,00). Hence we can write 0, =
Bo®@0(u). Note that B is just the restriction of a reparametrization of
the map A defined on W given in Lemma 3.4. Hence B is cellular. Let
B;: N x[1,00] = N X [1,00) U0xQ be a 1-parameter family of cellular
maps such that By is a homeomorphism and B; = B. (To show that By
exists, take £ = 0 in Lemma 2.2, or use the Complement to Theorem A
in [17].)

Now consider the map u +— By Lo f, defined on S¥ with values in
CELL(N x [1,00]). We denote this map by By * o f|gr- As mentioned at
the end of Section 2, CELL(L) is LC, for L compact (and dim L # 3).
This together with the fact that B Lo f \Sk extends to B, Lo f, defined
on the whole of X, and Proposition 1.2 imply that By Loy |Sk extends to
DF+L. On the other hand, by Claim 6, we get that By Lof \Sk is homotopic
to By ! 0 © (this is the map u + By '0®,) in CELL(N x [1,00]). But
B;'o®, = By'oBo®?¢(u). Since B, o B is homotopic to the identity
we get that By 16 © is homotopic to 9. By reparametrizing in the
t direction and identifying [1,00] with [0, 1], we can identify ®?§ with
Uyun0. Therefore tyen6 extends to DF+L. This proves Theorem A.
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Appendix A: The swinging neck

For a function h : R — (0, 00) denote by M}, the surface of revolution
obtained by rotating the graph {(z,h(x),0) : x € R} of h around the
x-axis. We consider M, with the Riemannian metric induced by R3.

Let f : R — [1,00) be a smooth function such that: (1) f = 1 on
[-1,1], (2) f"(z) >0, |z| >1, (3) f"(x) > 3§ >0, for |x| > 2. Then
M is nonpositively curved and contains the flat cylinder [—1,1] x S!.

Let o : R x [—2,2] — [0, 1] be a smooth function such that (we write
ay for the function = +— «a(x,t)): (1) a =0 for |z| > 4 and all ¢, (2)
af(x) >0, for || <3 and all £, (3) oy has a unique minimum value
(equal to 0) on [—3,3] at ¢, for all ¢.

Define F': R x [0,1] — [1,00) by F(z,0) = f(x), and for t € (0, 1] by

F(z,t) = f(z) + e Yoz, sin (1/t))

and write fy(z) = F(z,t). Thus fo = f. Then F is smooth and for small
enough t > 0 we have: (1) f/(x) > 0, Vo € R; (2) f; has a unique
minimum value at sin (1/t); (3) fi = f outside [—4,4].

Write My = My, and M = My. Then M, is negatively curved and
coincides with M outside a compact set. Note that all {x} x S!, x €
[—1,1], are non-trivial closed geodesics of minimal length in M. But
M, has a unique non-trivial closed geodesic {sin (1/t)} x S' of minimal
length that oscillates between {—1} x S' and {1} x S! faster and faster,
as t approaches 0.

Note that, with some care, we can fit these “necks”—the relevant
parts of M; and M—on a closed negatively curved surface.
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