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EMBEDDED CONSTANT MEAN CURVATURE TORI IN
THE THREE-SPHERE

Ben Andrews & Haizhong Li

Abstract

We prove that any constant mean curvature embedded torus in
the three dimensional sphere is axially symmetric, and use this to
give a complete classification of such surfaces for any given value
of the mean curvature.

1. Introduction

The study of constant mean curvature (CMC) surfaces in spaces of
constant curvature (that is, R3, the sphere S3, and hyperbolic space
H3), is one of the oldest subjects in differential geometry. There are
many beautiful results on this topic (see for example [12], [13], [8], [26],
[1], [21], [5] and many others).

The simplest examples of CMC surfaces in S3 are the totally umbilic
2-spheres. Another basic example is the so-called Clifford torus Tr ≡
S1(r)× S1(

√
1− r2), 0 < r < 1. Identifying S3 with the unit sphere in

R
4, the Clifford torus Tr is defined for 0 < r < 1 by

Tr ≡
{
(x1, x2, x3, x4) ∈ S3 : x21 + x22 = r2, x23 + x24 = 1− r2

}
.

By constructing a holomorphic quadratic differential for CMC sur-
faces, H. Hopf showed that any CMC two-sphere in R3 is totally umbil-
ical (see [12]). S. S. Chern extended Hopf’s result to CMC two-spheres in
3-dimensional space forms (see [8]). H. C. Wente was the first (see [26])
to show the existence of compact immersed CMC tori in R

3. Wente’s ex-
amples solved the long standing problem of Hopf (see [13]): Is a compact
CMC surface in R

3 necessarily a round sphere? A. D. Alexandrov (see
[2]) showed that if a compact CMC surface is embedded in R3, H3 or
a hemisphere S3

+, then it must be totally umbilical. Wente’s paper was
followed by a series of papers (see [1],[21], [5] and many others), where
Wente tori were investigated in detail and other examples of CMC tori
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were constructed. In particular A. I. Bobenko ([5]) constructed CMC
tori in R

3, S3 and H3.
In principle, the construction in [5,21] gives rise to all CMC tori in S3,

but reading off properties such as embeddedness from this classification
is difficult. It remains an interesting unsolved problem to classify all
embedded CMC tori in S3. It is explicitly conjectured by Pinkall and
Sterling [21, p.450] that such surfaces are surfaces of revolution, and our
main result confirms this. We then give a complete classification of such
embedded tori by completing a classification of rotationally symmetric
CMC surfaces by Perdomo [20]. Our result is as follows:

Theorem 1. (i) Every embedded CMC torus Σ in S3 is a surface
of rotation: There exists a two-dimensional subspace Π of R4 such
that Σ is invariant under the group S1 of rotations fixing Π.

(ii) If Σ is an embedded CMC torus which is not congruent to a Clifford
torus, then there exists a maximal integer m ≥ 2 such that Σ has
m-fold symmetry: Precisely, Σ is invariant under the group Zm

generated by the rotation which fixes the orthogonal plane Π⊥ and
rotates Π through angle 2π/m.

(iii) For given m ≥ 2, there exists at most one such CMC torus (up to
congruence).

(iv) For given m ≥ 2, there exists an embedded CMC torus with mean
curvature H and maximal symmetry S1 × Zm if |H| lies strictly

between cot π
m and m2−2

2
√
m2−1 .

(v) If H ∈ {0, 1√
3
,− 1√

3
} then every embedded torus with mean curva-

ture H is congruent to the Clifford torus.

Our contributions are items (i) and (iii). Given these, the remaining
results follow from [20]. The case H = 0 of item (v) is the Lawson
conjecture proved recently by Brendle [6]. The rigidity appearing for
H = ± 1√

3
is unexpected, however. We note that the embeddedness

assumption in Theorem 1 is crucial: Bobenko [5] has constructed an
infinite family of non-rotationally symmetric immersed CMC tori in S3

(see also Brito-Leite [7], Wei-Cheng-Li [25], Perdomo [20]).
Recently the first author proved in [3] a non-collapsing result for

mean-convex hypersurfaces in Euclidean space evolving by mean curva-
ture flow. The estimate was inspired by earlier work of Weimin Sheng
and Xujia Wang [23] (see also [27]), who in the course of a detailed
analysis of singularity profiles in mean curvature flow proved that for
any embedded compact mean-convex hypersurface M moving under the
mean curvature flow, there is a positive constant δ such that at every
point x of M there is a sphere of radius δ/H(x) enclosed by M which
touches M at x.

The main contribution of [3] was a very direct proof of this non-
collapsing result using a maximum principle argument. In particular,
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the noncollapsing condition described in the last paragraph was ex-
pressed as the positivity of a certain function of pairs of points on the
hypersurface, and this function was shown to admit a maximum princi-
ple argument to preserve initial positivity. We will discuss this expres-
sion for noncollapsing in section 2. The idea of working with functions
of pairs of points was in turn inspired by earlier work of Huisken [14]
and Hamilton [10, 11] for the curve shortening flow and for Ricci flow
on surfaces.

In [4] this technique was adapted to a family of other flows, and it was
shown that the mean curvature used to determine the scale of noncol-
lapsing can be replaced by any function satisfying a certain differential
inequality related to the linearisation of the evolution equation.

Recently, Brendle [6] made a remarkable breakthrough: He reworked
the technique of [3] in such a way that it can be applied to minimal sur-
faces, and succeeded in proving the Lawson conjecture, that the only em-
bedded minimal torus in S3 is the Clifford torus. Brendle used the same
‘non-collapsing’ quantity as in [3] (we describe the geometric meaning
of this below in section 2), but exploited the additional special structure
coming from the minimal surface condition to show that the maximum
principle argument still works if the radii of the touching spheres are
compared to the length of the second fundamental form rather than the
mean curvature.

In this paper, we again use the non-collapsing argument originating
from [3], together with the modifications introduced by Brendle. A
crucial point is to choose carefully the scale on which to compare the
touching spheres: We show in section 3 that the difference of the cur-
vatures of the touching spheres from the mean curvature H of Σ can
be compared in ratio with the difference of the largest principal curva-
ture from H using a maximum principle argument. This implies (as in
Brendle’s case) that every point of the surface Σ is touched by a ball
with boundary curvature equal to the maximum principal curvature at
that point.

In Brendle’s argument in [6] one can touch by such spheres on both
sides of the surface, and deduce from this that the second fundamental
form is parallel, from which the rigidity follows easily. In our case this
is no longer true, and we can only deduce that some components of the
derivative of second fundamental form vanish. However this is enough
to conclude (as we do in Section 4) that the surface is rotationally
symmetric.

Perdomo [20] has given an analysis of rotationally symmetric surfaces
with constant mean curvature in S3: These are constructed from the
solutions of a certain differential equation, which are parametrized by a
parameter C for each H. Embedded examples arise from those solutions
for which an associated ‘period’ function K(H,C) equals 2π/m for some
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positive integer m. Perdomo showed that as C varies the family of CMC
surfaces deforms from the Clifford torus to a chain of ‘kissing spheres’,
and found the limiting values of K(H,C). Our second contribution in
this paper is to complete the classification by proving that K(H,C) is
monotone in C, and so takes each value between the limits found by
Perdomo exactly once.

Acknowledgement. It is a pleasure to thank Professor S. -T. Yau
and Professor R. Schoen for their interest in this topic. We also express
our thanks to graduate student Mr. Zhijie Huang for assistance with
checking the proof of monotonicity of K(H,C) (see Proposition 13).

2. Touching interior balls

The key geometric idea in the non-collapsing argument from [3] is
to compare the curvature of enclosed balls touching the surface to a
suitable function (mean curvature in the setting of [3]) at the touching
point. We recall here some of the expressions which arise from this
picture (see also the discussion in [3] and [4]).

Let Mn = F (Σn) be an embedded hypersurface in Sn+1 ⊂ R
n+2

given by an embedding F , and bounding a region Ω ⊂ Sn+1. We choose
Ω in such a way that the unit normal ν of Σ points out of Ω. For given
x ∈ Σ we will derive an inequality which is equivalent to the geometric
statement that there is a ball in Ω of boundary curvature Φ which
touches at F (x). A geodesic ball in Sn+1 is simply the intersection of a
ball in R

n+2 with Sn+1. In particular the ball in Sn+1 with boundary
curvature Φ which is tangent to F (Σ) at the point F (x) is B = BΦ−1(p),
where p = F (x)−Φ−1ν(x), and ν is the unit normal to F (Σ) at F (x) in
Sn+1 which points out of Ω. The statement that this ball lies entirely in
Ω is equivalent to the statement that no other points of F (Σ) are inside
B. This is in turn equivalent to the statement that for any y ∈ Σ,
|F (y)− p|2 ≥ Φ−2, which can be written as follows:

|F (y)− (F (x)− Φ−1ν(x))|2 − Φ−2 ≥ 0.

Expanding the inner product (and multiplying through by Φ/2) this
becomes

(1) Z(Φ, x, y) :=
Φ

2
|F (y)− F (x)|2 + 〈F (y)− F (x), ν(x)〉 ≥ 0.

Since F (x), F (y) ∈ Sn+1 we have |F (x)|2 = |F (y)|2 = 1 and 〈F (x), ν(x)〉
= 0, so that

(2) Z(Φ, x, y) = Φ(1− F (x) · F (y)) + 〈F (y), ν(x)〉.
In summary we have the following:

Proposition 2. If Φ : Σ → R is a smooth positive function, then
the function Z(Φ(x), x, y) is non-negative for every x, y ∈ Σ if and only
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if at every point x ∈ Σ there is a ball B ⊂ Ω with boundary curvature
Φ(x) with F (x) ∈ B̄.

Following [4] we call the smallest Φ(x) for which this is true the
interior ball curvature of the surface at x, and denote it by Φ̄(x). Since
a ball of curvature less than the largest principal curvature cannot touch
at x, we always have Φ̄(x) ≥ λ(x), where λ(x) is the largest principal
curvature of the surface at x. The main result of section 3 is that an
embedded CMC torus in S3 always has interior ball curvature equal
to the maximum principal curvature at every point. The key result of
[6] is that an embedded minimal torus in S3 always has interior ball
curvature equal to the maximum principal curvature and exterior ball
curvature equal to minus the minimum principal curvature.

3. Interior ball curvature equals maximum principal
curvature

Let F : Σ → S3 be an embedded torus in S3 ⊂ R
4 with constant

mean curvature H (note that we adopt the convention that H is the
average of the two principal curvatures, not their sum). By choosing
the direction of the unit normal we can assume H ≥ 0. Our aim in this
section is to prove that the interior ball curvature equals the maximum
principal curvature, by deriving a contradiction if this is not the case.

Let Φ be a function on Σ with Φ > H ≥ 0. In the following we
fix Φ and denote for brevity Z(x, y) = Z(Φ(x), x, y) (see equation (2)).
Suppose that Z(x, y) ≥ 0 for all (x, y) ∈ Σ× Σ (so that by Proposition
2 there is a ball with boundary curvature Φ(x) touching at each point
F (x) of the surface), and consider a pair of points x̄ 
= ȳ such that
Z(x̄, ȳ) = 0. Then (x̄, ȳ) is a minimum point of Z and the differential
of Z at the point (x̄, ȳ) vanishes.

We begin by elaborating the geometric picture: By Proposition 2,
both F (x̄) and F (ȳ) lie on the boundary of the ball B in S3 of boundary
curvature Φ(x̄), which is the intersection with S3 of the ball of radius
1

Φ(x̄) in R
4 centred at the point p = F (x̄)− 1

Φ(x̄)ν(x̄). Thus B = {z ∈ S3 :

z · p ≥ 1}, so by construction F (Σ) lies in the exterior of B and touches
at the points F (x̄) and F (ȳ). It follows that the tangent spaces of the
surface F (Σ) at these points agree with those of the two-dimensional
sphere ∂B, and the outward unit normals ν(x̄) and ν(ȳ) agree with those

of the sphere also. Let �� = F (ȳ)−F (x̄)
|F (ȳ)−F (x̄)| and d = |F (ȳ)−F (x̄)|. Then the

symmetry of the sphere implies that the reflection R��
: z �→ z−2(�� · z)��

maps the tangent space to F (Σ) at x̄ to that at ȳ, and that

(3) ν(ȳ) = R��
(ν(x̄)) = ν(x̄)− 2(�� · ν(x̄))�� = ν(x̄) + Φ(x̄)d��,

where we used the equation Z(x̄, ȳ) = 0 in the last step.
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Let (x1, x2) be geodesic normal coordinates around x̄, and let (y1, y2)
be geodesic normal coordinates around ȳ. We specify further that the
tangent vectors

{
∂F
∂xi (x̄)

}
diagonalize the second fundamental form, so

that h11(x̄) = λ1, h12(x̄) = 0, and h22(x̄) = λ2, where λ1 > H > λ2.
We use the following notations:

(4) μi = λi −H, |Å(x̄)|2 = |A(x̄)|2 − 2H2.

We also assume that the coordinate tangent vectors at ȳ are defined by
reflecting those at x̄:

(5)
∂F

∂yi
(ȳ) = R��

(
∂F

∂xi
(x̄)

)
.

The key computation is the following:

Proposition 3. If Φ(x̄) > λi(x̄) for all i, then at the point (x̄, ȳ) we
have

∑
i

(
∂

∂xi
+

∂

∂yi

)2

Z

=
d2

2

(
ΔΦ−

∑
i

2|∇iΦ|2
Φ− λi

+
(|A|2 − 2− 2HΦ

)
Φ+ 2H

)∣∣∣
x̄
.

Proof. We first compute the derivatives of Z:

∂Z

∂xi
=

d2

2

∂Φ

∂xi
− Φd�� · ∂F

∂xi
+ hpi (x)d(

�� · ∂F
∂xp

)

=
d2

2

(
∂Φ

∂xi
− 2

d
(Φδpi − hpi (x))

�� · ∂F
∂xp

)
.(6)

In particular this vanishes at the point (x̄, ȳ), so we have

(7) �� · ∂F
∂xi

(x̄) =
d

2

∇iΦ

Φ− λi

∣∣
x̄
.

Now we begin computing
∑

i

(
∂
∂xi +

∂
∂yi

)2
Z: Differentiating the ex-

pression (1) in the direction ∂
∂xi +

∂
∂yi

we obtain the following:

(
∂

∂xi
+

∂

∂yi

)
Z

=
d2

2
∇iΦ+

(
Φd��+ ν(x)

)
·
(
∂F

∂yi
− ∂F

∂xi

)
+ hpi (x)d

�� · ∂F
∂xp

.(8)
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Differentiating again and taking a sum over i, we obtain the following
at (x̄, ȳ):∑

i

(
∂

∂xi
+

∂

∂yi

)2

Z

=
d2

2
ΔΦ + 2d∇iΦ�� ·

(
∂F

∂yi
− ∂F

∂xi

)
+Φ

∣∣∣∣∂F∂yi − ∂F

∂xi

∣∣∣∣
2

+ 2hpi (x)

(
∂F

∂yi
− ∂F

∂xi

)
· ∂F
∂xp

(9)

+ 2d�� · ∇H(x) + hpi d
�� · (−hpiν(x)− gipF (x))

+ 2(Φd��+ ν(x))·(H(x)ν(x)+F (x)−H(y)ν(y)−F (y)) ,

where we used the Codazzi identity to write ∇ih
p
i = ∇phii = 2∇pH.

The choice (5) and the identity (7) imply that at (x̄, ȳ) we have

(10)
∂F

∂yi
− ∂F

∂xi
= −2(�� · ∂F

∂xi
)�� = − ∇iΦ

Φ− λi
d��.

The constant mean curvature condition gives ∇H = 0, and we also use

the identities d�� · ν(x) = −d2

2 Φ and d�� · F (x) = −d2

2 and equations (3),
(7) and (5) to obtain the following by evaluating (9) at (x̄, ȳ):∑

i

(
∂

∂xi
+

∂

∂yi

)2

Z

=
d2

2

(
ΔΦ− 4

|∇iΦ|2
Φ− λi

+ 2Φ
|∇iΦ|2

(Φ− λi)2
− 2λi

|∇iΦ|2
(Φ− λi)2

+ |A|2Φ+ 2H − 2HΦ2 − 2Φ
)
.(11)

The result follows directly. q.e.d.

Corollary 4. At the point (x̄, ȳ) we have

2∑
i=1

(
∂

∂xi
+

∂

∂yi

)2

Z

≤ d2

2

(
ΔΦ− |∇Φ|2

Φ−H
+
(|A|2 − 2− 2HΦ

)
Φ+ 2H

) ∣∣∣
(x̄,ȳ)

.

Proof. We have Φ− λ2 = Φ− (2H − λ1) = Φ+ λ1− 2H ≤ 2(Φ−H).
q.e.d.

Now we can prove the main result of this section:

Theorem 5. Suppose that F : Σ → S3 is an embedded torus with
constant mean curvature H ≥ 0 in S3. Then the interior ball curvature
Φ̄ of F (Σ) is equal to the maximum principal curvature λ1 at every
point.
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Proof. The case H = 0 was proved in [6], so we assume that H > 0.
We will apply the maximum principle using the formula in Proposition
3, with Φ chosen as follows: We denote by λ(x) = λ1(x) the largest
principal curvature at x, and by μ = μ1 the difference λ−H. Then we
choose

Φ(x) = κμ+H

where κ is a positive constant. We require the following variant of
Simons’ identity:

Proposition 6. Suppose that F : Σ→ S3 is an embedded CMC torus
in S3. Then the function μ is strictly positive and satisfies the partial
differential equation

Δμ− |∇μ|2
μ

+ 2(μ2 − 1−H2)μ = 0.

Proof. Note that |Å|2 = 2μ2, so μ vanishes only at umbilical points.
It follows from work of Hopf that a CMC torus in S3 has no umbilical
points (see [13] or [8]), so μ is strictly positive and smooth everywhere.
Using the Simons identity (cf. [24], [17], [28]), we have the known result
(for example, see (2.7) and (2.8) in [15])

1

2
Δ(|Å|2) = |∇|Å|2|2

2|Å|2 − |Å|4 + 2|Å|2 + 2H2|Å|2

= 2|∇|Å||2 − |Å|4 + 2|Å|2 + 2H2|Å|2,
which is equivalent to the Proposition 6. q.e.d.

Since Σ is compact and μ is positive, μ has a positive lower bound.
Since F (Σ) is embedded, the interior ball curvature Φ̄ is bounded above.
Therefore for sufficiently large κ we have κμ+H > Φ̄ and the function
Z is non-negative.

Along any geodesic in Σ through x we have 2〈d��,ν(x)〉
d2

= −hx(γ′, γ′) +
O(s), and hence Z(κμ+H,x, γ(s)) = 1

2 [κμ+H − hx(γ
′, γ′)]s2 +O(s3).

In particular, if κ < 1 then we can choose γ′(0) to be in the direction
of the largest principal curvature, so that hx(γ

′, γ′) = λ = H +μ. Then
Z(κμ + H,x, γ(s)) = 1

2(κ − 1)μs2 + O(s3), so that Z takes negative
values.

On the other hand if κ > 1 then in every direction from x we have
Z(κμ+H,x, γ(s)) ≥ 1

2(κ−1)μs2+O(s3), and it follows that Z is positive
in a neighbourhood of the diagonal {(x, x) : x ∈ Σ} in Σ× Σ.

We choose κ̄ = inf{κ > 0 : Z(κμ + H,x, y) ≥ 0 for all x, y ∈ Σ}.
The considerations above then show that 1 ≤ κ̄ < ∞. Note that if
κ̄ = 1 then the theorem is proved, since then we have Φ̄ ≤ μ +H = λ
and hence Φ̄ = λ as claimed. We complete the proof of the theorem by
assuming that κ̄ > 1 and deriving a contradiction:
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If κ̄ > 1, then since Z is positive in a neighbourhood of the diagonal
in Σ × Σ, there must exist a point (x̄, ȳ) in Σ × Σ with x̄ 
= ȳ such
that Z(x̄, ȳ) = 0, while Z(x, y) ≥ 0 for every (x, y) ∈ Σ × Σ. Also, we
have Φ > λi for all i, so Proposition 3 applies. Since this is a minimum
point of Z, the second derivatives are non-negative. However, using
Proposition 6, the identity of Corollary 4 becomes the following:

(12)

2∑
i=1

(
∂

∂xi
+

∂

∂yi

)2

Z
∣∣
(x̄,ȳ)

≤ −(κ2 − 1)d2μ2H < 0,

and we have a contradiction since the left hand side of (12) is non-
negative while the right-hand side is strictly negative. q.e.d.

4. Rotational symmetry

Now we prove that embedded CMC tori in S3 have rotational sym-
metry:

Theorem 7. Let F : Σ → S3 be a CMC embedding for which
Z(λ(x), x, y) ≥ 0 for every x, y ∈ Σ (equivalently, Φ̄(x) = λ(x) every-
where). Then Σ is rotationally symmetric.

Proof. In this case, we have

Z(x, y) = λ(x)(1− 〈F (x), F (y)〉) + 〈ν(x), F (y)〉 ≥ 0

for all points x, y. For simplicity, we identify the surface Σ with its
image under the embedding F , so that F (x) = x. Since Σ is a CMC
torus and therefore has no umbilical points, we have global smooth
eigenvector fields e1 and e2 such that h(e1, e1) = λ1 = λ and h(e2, e2) =
λ2 = 2H − λ, and h(e1, e2) = 0. Exactly as in [6] we can deduce that
(∇e1h)(e1, e1) = 0, and consequently also (∇e1h)(e2, e2) = 0 everywhere
on Σ (we repeat the argument here for convenience): For any x ∈ M ,
let γ(t) be the geodesic γ(t) = expx(te1(x)) which passes through x in
direction e1(x), and define f(t) = Z(λ(x), x, γ(t)). Then as in [6] we
have

f(t) = λ(1− x · γ(t)) + γ(t) · ν(x).
In particular f(0) = 0. Differentiating f(t) we have

f ′(t) = γ′(t) · (ν(x)− λx),

so that f ′(0) = 0 also. A further differentiation gives

f ′′(t) = −[hγ(t)(γ′, γ′)ν(γ(t)) + γ(t)] · (ν(x)− λx),

which again vanishes when t = 0. Since f(t) ≥ 0 for all t we must have
f ′′′(0) = 0:

0 = f ′′′(0) = −((∇γ′h)(γ
′, γ′)ν + h(γ′, γ′)Dγ′ν + γ′) · (ν(x)− λx)

= −(∇e1h)(e1, e1)
∣∣
x
.(13)
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Note that eiλ1 = (∇eih)(e1, e1), so that e1λ1 = 0 and similarly e1λ2 = 0
and e1μ = 0, where μ = λ−H.

Now we choose a local orthonormal basis {e1, e2, e3} with e3 = ν
along F (Σ), and let {ω1, ω2} be the dual coframe of {e1, e2}. We recall
that the Levi-Civita connection ω12 is defined by

de1 = ω12e2, de2 = ω21e1, ω12 = −ω21.

We have h11 = λ1 = λ = H + μ, h12 = 0, h22 = λ2 = H − μ, μ 
= 0.
The derivatives of the components of the second fundamental form are
defined by

(14) hijkωk = dhij + hkjωki + hikωkj .

The Codazzi equations give

(15) hijk = hikj , 1 ≤ i, j, k ≤ 2.

Choosing i = 1 and j = 2 in (14), we have

(16) h122 = (λ1 − λ2)ω12(e2) = 2μω12(e2), h121 = 2μω12(e1).

From the equation H = constant, and equations (15), (16) and (13), we
have

(17) ω12(e2) = 0, 2μω12(e1) = e2(λ) = e2(μ).

Thus we have

(18) ∇e1e1 = ω12(e1)e2 =
e2(μ)

2μ
e2, ∇e2e1 = ω12(e2)e2 = 0.

(19) ∇e2e2 = ω21(e2)e1 = 0, ∇e1e2 = ω21(e1)e1 = −e2(μ)

2μ
e1.

It follows from (19) that the flow lines of e2 are geodesic in Σ.
We have the following calculations using (19):

1 + λ1λ2 = R1212

=< ∇e1∇e2e2 −∇e2∇e1e2 −∇[e1,e2]e2, e1 >(20)

= e2

( 1

2μ
e2(μ)

)
−
( 1

2μ
e2(μ)

)2
.

Writing

(21) w = μ−
1
2 ,

we have from (19)

(22)
1

w
e2(e2(w))− 1

w4
+H2 + 1 = 0.

Multiplying by 2we2(w), we obtain

(23) [e2(w)]
2 + w−2 + (1 +H2)w2 = C1,

where C1 is a constant.
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Let us denote by x : M → S3 ⊂ R4 the position vector, and by
∇̄ the Euclidean connection on R4. Using the fact that ∇̄vx = v,
< x, ν(x) >= 0 and < ν(x), ν(x) >= 1, we get that

∇̄e1e1 = e2(μ)
2μ e2 − λ1ν − x

∇̄e2e2 = −x− λ2ν
∇̄e2ν = λ2e2
∇̄e2x = e2.

Let us fix a point p0 ∈ M , and denote by σ(u) the geodesic in Σ such
that σ(0) = p0 and σ′(0) = e2(p0). We write g(u) = w(σ(u)). Equation
(23) implies that

(24) (g′)2 + g−2 + (1 +H2)g2 + 2H = C

where C = C1 + 2H is a constant with C ≥ 2(H +
√
1 +H2). We note

that C = 2(H+
√
1 +H2) if and only if g2 = 1√

1+H2
, i.e., μ =

√
1 +H2

and M is a Clifford torus. Thus we now assume that C > 2(H +√
1 +H2).
The polynomial

(25) ξ(s) = Cs2 − 1− (1 +H2)s4 − 2Hs2

is positive on an interval (t1, t2) with 0 < t1 < t2 and ξ(t1) = ξ(t2) = 0.
The roots can be explicitly calculated:

(26)

t1 =

√
C − 2H −√C2 − 4HC − 4

2(1 +H2)
,

t2 =

√
C − 2H +

√
C2 − 4HC − 4

2(1 +H2)
.

We have that g is a periodic function with period

T = 2

∫ t2

t1

t√
(C − 2H)t2 − 1− (1 +H2)t4

dt.

We can solve g(u) from (24)

g(u) =

√
C − 2H +

√
C2 − 4− 4HCsin(2

√
1 +H2u)

2(1 +H2)
.

From the expression of g(u), we get that its period T = π√
1+H2

.

Lemma 8. The vector fields e2 and e1√
μ commute.

Proof. We have using (18) and (19)[
e2,

e1√
μ

]
= ∇e2

(
e1√
μ

)
− 1√

μ
∇e1e2 = −

e2μ

2μ3/2
e1 +

1√
μ

e2μ

2μ
e1 = 0.

q.e.d.
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Lemma 9. The plane Π⊥ generated by the vectors e1 and ∇̄e1e1 is
constant on Σ.

Proof. We show that the derivatives of the given basis are in Π⊥:
Differentiating e1 in the e1 direction we clearly have

∇̄e1e1 ∈ Π⊥.

Noting that ∇̄e1e1 =
e2μ
2μ e2 − λ1ν − x, we compute

∇̄e1

(∇̄e1e1
)
= ∇̄e1

(
e2μ

2μ
e2 − λ1ν − x

)

=
e2μ

2μ
∇̄e1e2 − λ2

1e1 − e1

= −
(
(e2μ)

2

4μ2
+ 1 + λ2

)
e1 ∈ Π⊥.

Next we check the derivatives in the e2 direction: We have

∇̄e2e1 = ∇e2e1 − h(e2, e1)ν − g(e2, e1)x = 0

by (18). Also we have

∇̄e2(∇̄e1e1) = ∇̄e2

(√
μ∇̄ e1√

μ
e1

)

=
e2μ

2μ
∇̄e1e1 + ∇̄e1∇̄e2e1

=
e2μ

2μ
∇̄e1e1 ∈ Π⊥,

where we used lemma 8 in the second line. It follows that Π⊥ is locally
constant, hence constant on Σ. q.e.d.

Write

(27) r =
g√
C
, g = μ−

1
2 ,

where C is the constant in (24). We have

(28)
r′

r
= − μ′

2μ
, λ′ = −2μr

′

r

r′′

r
+ 1 + λ1λ2 = 0, (r′)2 + r2(1 + λ2) = 1.(29)

It follows from lemma 9 that the two-dimensional plane Π perpen-
dicular to Π⊥ is also constant. This is generated by the orthonormal

basis {p, q} where p = λ1x−ν√
1+λ2

1

and q =
r(1 + λ2

1)e2 − r′x− λr′ν√
1 + λ2

. We
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then have a convenient orthonormal basis for R4 given as follows:

v1 = e1; v2 =
∇̄e1e1
|∇̄e1e1|

= −r′e2 − λrν − rx

forming an orthonormal basis for Π⊥; and

v3 = p; v4 = q

forming an orthonormal basis for Π. We compute the rates of change
of these bases along the vector fields E1 =

e1√
μ and E2 = e2: We have

(30) E1v1 =
1√
μ
∇̄e1e1 = μ−

1
2
1

r
v2 =

√
Cv2;

and (since the plane Π⊥ is preserved and v1 and v2 are orthogonal)

(31) E1v2 = −
√
Cv1.

We also have

E1v3 = E1p

= E1

(
λ1x− ν√
1 + λ2

1

)

=
1√

μ(1 + λ2
1)
e1(λ1x− ν)

=
1√

μ(1 + λ2
1)
(λ1e1 − λ1e1)

= 0

(since e1λ1 = 0). Since Π is constant it follows that E1v4 = E1q = 0
also. Now we consider the E2 direction: We have

(32) E2v1 = ∇̄e2e1 = 0,

and hence also E2v2 = 0. Finally, a direct calculation shows that we
have E2v3 = αv4 and E2v4 = −αv3, where α = 2

1+λ2
1
μ3/2

√
C. We

observe that α is positive everywhere.
Now choose an arbitrary point x0 ∈ Σ, and parametrize Σ by two

parameters s and t so that (0, 0) corresponds to x0,
∂x
∂t = E2, and

∂x
∂s = E1 (this is possible since E1 and E2 commute by lemma 8).

Corollary 10. Let a = v1(0, 0), b = v2(0, 0), c = v3(0, 0) and d =

v4(0, 0), and define ω =
√
C, A(t) =

∫ t
0 α(τ) dτ . Then

v1(s, t) = a cos(ωs) + b sin(ωs);

v2(s, t) = −a sin(ωs) + b cos(ωs);

v3(s, t) = c cos(A(t)) + d sin(A(t));

v4(s, t) = −c sin(A(t)) + d cos(A(t)).
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Proof. We have ∂
∂tvi = 0 for i = 1, 2, and by (30) and (31)

∂

∂s
v1 =

√
Cv2;

∂

∂s
v2 = −

√
Cv1.

The argument for v3 and v4 is similar. q.e.d.

Now we can complete the proof of Theorem 7: From the definitions
of v1, . . . , v4 we have

x(s, t) = −rv2 + λ√
1 + λ2

v3 − r′√
1 + λ2

v4.

From the expressions in corollary 10 we find that x has the form

x(s, t) = r(t) sin(ωs)a− r(t) cos(ωs)b+ h(t)c+ k(t)d

for some smooth functions h and k. In particular Σ is invariant under
rotations which fix the plane Π generated by c and d.

Define B(t) by

cosB(t) =
λ√

1 + λ2
√
1− r2

, sinB(t) =
r′√

1 + λ2
√
1− r2

.

From Corollary 10, we have

x(s, t) = r(t) sin(
√
Cs)a− r(t) cos(

√
Cs)b

+
√
1− r2(t) cos(A(t)−B(t))c+

√
1− r2(t) sin(A(t)−B(t))d.

Now choosing

a =v1(0, 0) = (0, 1, 0, 0)

a =v2(0, 0) = (−1, 0, 0, 0)
a =v3(0, 0) = (0, 0, cosB(0), sinB(0))

a =v4(0, 0) = (0, 0,− sinB(0), cosB(0)),

then we get

x(s, t) =

(
r(t) cos(

√
Cs), r(t) sin(

√
Cs),

√
1− r2(t) cos θ(t),

√
1− r2(t) sin θ(t)

)
,(33)

where θ(t) = A(t)−B(t) +B(0). Since θ(0) = 0 and (note that B(t) =

arctan r′
λ )

θ′(t) =A′(t)−B′(t)

=
2μ

(1 + λ2)r
− 1

1 + ( r
′
λ )

2

(
r′′

λ
− r′λ′

λ2

)

=
λ(t)r(t)

1− r2(t)
,
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that is (see [20])

θ(t) =

∫ t

0

r(τ)λ(τ)

1− r2(τ)
dτ.

Let

u = t, v =
√
Cs,(34)

therefore we have that Σ is given by (also compare with [18], [20])

x(u, v) =

(
r(u) cos v, r(u) sin v,

√
1− r2(u) cos θ(u),

√
1− r2(u) sin θ(u)

)
(35)

with 0 ≤ v < 2π and 0 ≤ u ≤ mπ√
1+H2

.

q.e.d.

5. Monotonicity of the period

In this section we complete the proof of Theorem 1 by proving that
the period function K(H,C) is monotone in C, which implies that there
can be at most one embedded CMC torus (up to congruence) with given
values of H and m.

Define the number (see [20])
(36)

K(H,C) =

∫ t22
C

t21
C

(Hu+ C−1)√
u(1− u)

√−u2(1 +H2) + (1− 2HC−1)u− C−2)
du,

where C is a constant greater than 2(H +
√
1 +H2) and t1 and t2 are

defined by (26). We need the following result (see Theorem 3.1 of [20],
also [9], [7], [16], or [25])

Proposition 11. Suppose that F : Σ → S3 is a rotational torus in
S3 with constant mean curvature H , which is not a Clifford torus and
is given by (35) Then F (Σ) is an embedded torus if and only if

(37) K(H,C) =
2π

m
for some positive integer m.

We can check directly

(38) K(H,C)→
√
2π

(1 +H2)
1
4 (H +

√
1 +H2)

1
2

, when C → a(H)

where

(39) a(H) = 2(H +
√

1 +H2)+.
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and

(40) K(H,C)→ 2arccot(H), when C →∞
The following result can be found in Perdomo’s paper in [20]) (also see
Ripoll’s paper [22])

Proposition 12. If H 
= 0,± 1√
3
, there exist compact embedded tori

in S3 with constant mean curvature H, which are not Clifford tori. In
fact, for any integer m ≥ 2, if H satisfies

(41) cot
π

m
< H <

m2 − 2

2
√
m2 − 1

,

then there exists a compact embedded torus in S3 with constant mean
curvature H whose isometry group contains O(2) × Zm which is not a
Clifford torus.

Now we prove the following result

Proposition 13. For any nonnegative real number H, K(H,C) is

monotone decreasing in 2(H +
√
1 +H2) < C <∞.

Remark 14. When H = 0, Proposition 13 was proved by T. Otsuki
in [19]. We note that our proof here is simpler than Otsuki’s [19] even
in the minimal case.

Proof. Denote x1 =
t21
C , x2 =

t22
C . By (26), we note that x1 and x2

satisfy

(42) 0 < x1 ≡ t21
C

< x2 ≡ t22
C

< 1.

Let a = C−1, and write T (H, a) = K(H, 1a). To prove K ′(H,C) < 0,
it suffices to show T ′(H, a) > 0, where the prime denotes the derivative
with respect to a. T (H, a) is given by

T (H, a) =

∫ x2

x1

Hu+ a

(1− u)
√
u
√
1 +H2

√
(u− x1)(x2 − u)

du.

On the region

Ω = C− {z ∈ C|z ≤ 0, or x1 ≤ z ≤ x2, or z = 1},
the function

Hz + a

(1− z)f(z)

is well defined and holomorphic, where

f(z) = −
√

1 +H2i
√−z(x2 − z)

√
z − x1
x2 − z

.

We note that

f(z)2 = (1+H2)z(x2− z)(z− x1) = z[−(1+H2)z2 + (1− 2Ha)z− a2].
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Figure 1. Paths of integration for the proof of proposi-
tion 13

Now, choose a closed curve γ1 in Ω such that its interior contains the

only two critical points x1 =
t21
C , x2 =

t22
C . We can assume that γ1 is

chosen as in the figure.
In analogy with Otsuki’s observation ([19]), we can check

(43) T (H, a) = −1

2

∫
γ1

Hz + a

(1− z)f(z)
dz.

From (43), we can check by a direct calculation

(44) T ′(H, a) =
dT (H, a)

da
= −1

2

∫
γ1

z2

f(z)3
dz.

Next we deform the curve γ1 to another curve γ3 which will pass
through a critical point z = 1, which will cause a difference of π, a
constant. Let γ3 be the closed curve shown in the picture, a large circle
with radius R large (see σ4), a small circle with radius r and with center
at 0 (see σ2), two straight line close to the half line x < 0 on the real
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axis (see σ1 and σ3). Then we have

(45) T (H, a) = −π − 1

2

∫
γ3

Hz + a

(1− z)f(z)
dz.

Thus we have from (45) and (44)

(46) T ′(H, a) = −1

2

∫
γ3

z2

f(z)3
dz.

The following identities can be checked directly

(47)

∫
σ1

z2

f(z)3
dz

=

∫
σ3

z2

f(z)3
dz

=

∫ 0

−∞
− x2(√

x(−x2(1 +H2) + (1− 2Ha)x− a2)
)3dx

=

∫ 0

−∞
− x2(√

(1 +H2)(−x)(x1 − x)(x2 − x)
)3dx.

Here the only thing we need to explain is how the minus sign arises in
the last line of (47). On σ1, we have x < 0, y → 0+, therefore

√−z =
√
−x− iy → −√−x,

√
z − x1
x2 − z

→ i

√
x1 − x

x2 − x
,

f(z)→ −
√

1 +H2
√−x

√
(x1 − x)(x2 − x).

We also have

(48) lim
r→0

∫
σ2

z2

f(z)3
dz = 0

and

(49) lim
R→∞

∫
σ4

z2

f(z)3
dz = 0.

Combining (47), (48) and (49), we obtain

(50)

T ′(H, a) = −1

2

∫
γ3

z2

f(z)3
dz

= −1

2

(∫
σ1

+

∫
σ2

+

∫
σ3

+

∫
σ4

)
z2

f(z)3
dz

=

∫ 0

−∞
x2(√

(1 +H2)(−x)(x1 − x)(x2 − x)
)3dx > 0.

q.e.d.
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Proof of Theorem 1. By Theorem 7, every embedded CMC torus is a
surface of rotation, and by the results of [20] this is produced from a
solution of equation (24) for some value of C such that (37) holds for
some m ≥ 2. The monotonicity of K(H,C) implies that this occurs for
at most one value of C, and the limits (38) and (40) imply that there
exists such a C if and only if

(51) 2arccot(H) <
2π

m
<

√
2π

(1 +H2)
1
4 (H +

√
1 +H2)

1
2

.

If H = 0, we have that K(0, C) takes values for 2 < C < ∞ in the
range

(52) π < K(0, C) <
√
2π,

so there exists no integer m ≥ 2 satisfying K(0, C) = 2π
m , and there are

no compact embedded minimal tori in S3 other than the Clifford tori.
This was proved for the rotational symmetric case by Otsuki [18] and
in general by Brendle [6].

If H = ± 1√
3
, we can assume H = 1√

3
by reversing the unit normal

vector if necessary. In this caseK( 1√
3
, C) takes values for 2

√
3 < C <∞

in the range

(53)
2

3
π < K(

1√
3
, C) < π,

thus there exists no integer m ≥ 2 such that K( 1√
3
, C) = 2π

m , and

consequently there are no compact embedded torus in S3 with H = 1√
3
,

other than the Clifford torus. This rigidity was previously unknown
even in the rotationally symmetric case, though it is suggested by the
results of Perdomo [20] and Ripoll [22].

For all other values of H there exists some m such that equation (37)
holds for some C, and consequently there always exist embedded CMC
tori which are not congruent to Clifford tori. The number of these (up
to congruence) is precisely the number of values of m for which (51)
holds.

This completes the proof of Theorem 1. q.e.d.

References

[1] U. Abresch, Constant mean curvature tori in terms of elliptic functions, J. Reine
Angew. Math. 374 (1987), 169–192, DOI 10.1515/crll.1987.374.169. MR876223
(88e:53006), Zbl0597.53003

[2] A. D. Aleksandrov, Uniqueness theorems for surfaces in the large. I, Vestnik
Leningrad. Univ. 11 (1956), no. 19, 5–17 (Russian). MR0086338 (19,167c), Zbl
0122.39601

[3] Ben Andrews, Noncollapsing in mean-convex mean curvature flow, Geom. Topol.
16 (2012), no. 3, 1413–1418, DOI 10.2140/gt.2012.16.1413. MR2967056, Zbl
1250.53063



188 REFERENCES

[4] Ben Andrews, Mat Langford, and James McCoy, Non-collapsing in fully non-
linear curvature flows, Ann. Inst. H. Poincaré Anal. Non Linéaire 30 (2013),
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