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Screen Semi-Slant Lightlike Submanifolds
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Abstract. In this paper, we introduce the notion of screen semi-slant lightlike sub-
manifolds of indefinite Sasakian manifolds giving characterization theorem with some
non-trivial examples of such submanifolds. Integrability conditions of distributions
Dq, Dy and RadT M on screen semi-slant lightlike submanifolds of indefinite Sasakian
manifolds have been obtained. Further we obtain necessary and sufficient conditions
for foliations determined by above distributions to be totally geodesic. We also study
mixed geodesic screen semi-slant lightlike submanifolds of indefinite Sasakian man-
ifolds and obtain a necessary and sufficient condition for induced connection to be
metric connection.
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1. Introduction

In 1960, S. Sasaki defined a structure on a differentiable manifold with
Riemannian metric in his paper “On differentiable manifolds with certain
structure which are closely related to almost contact structure I”, which is
known as Sasakian structure. A differentiable manifold with this structure
is called Sasakian manifold. In [10], T. Takahashi introduced the notion
of pseudo-Riemannian metric on a Sasakian manifold. A Sasakian mani-
fold with pseudo-Riemannian metric is called indefinite Sasakian manifold.
The theory of lightlike submanifolds of a semi-Riemannian manifold was
introduced by Duggal and Bejancu ([4]).

A submanifold M of a semi-Riemannian manifold M is said to be light-
like submanifold if the induced metric g on M is degenerate, i.e. there
exists a non-zero X € I'(T'M) such that ¢(X,Y) =0, VY € I'(T'M). Var-
ious classes of lightlike submanifolds of indefinite Sasakian manifolds are
defined according to the behaviour of distributions on these submanifolds
with respect to the action of (1,1) tensor field ¢ in Sasakian structure of the
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ambient manifolds. Such submanifolds have been studied by Duggal and
Sahin in ([5], [6]). In [9], Sahin and Yildirim studied slant and screen-slant
lightlike submanifolds of indefinite Sasakian manifolds. In [7], A. Lotta in-
troduced the concept of slant immersion of a Riemannian manifold into an
almost contact metric manifold.

The geometry of slant and semi-slant submanifolds of Sasakian mani-
folds was studied by Cabrerizo, J. L., Carriazo, A., Fernandez, L. M. and
Fernandez, M., in ([2], [3]). The theory of invariant, screen slant, contact
screen Cauchy-Riemann lightlike submanifolds have been studied in ([6],
[8], [9]). Thus motivated sufficiently, we introduce the notion of screen
semi-slant lightlike submanifolds of indefinite Sasakian manifolds. This new
class of lightlike submanifolds of an indefinite Sasakian manifold includes
invariant, screen slant, screen real, contact screen Cauchy-Riemann light-
like submanifolds as its sub-cases. The paper is arranged as follows. There
are some basic results in Section 2 . In Section 3, we study screen semi-
slant lightlike submanifolds of an indefinite Sasakian manifold, giving some
examples. Section 4 is devoted to the study of foliations determined by dis-
tributions on screen semi-slant lightlike submanifolds of indefinite Sasakian
manifolds.

2. Preliminaries

A submanifold (M™,g) immersed in a semi-Riemannian manifold
ot
g is degenerate and the radical distribution RadT M is of rank r, where
1 <r < m. Let S(TM) be a screen distribution which is a semi-Riemannian

complementary distribution of RadT M in TM, that is

",y) is called a lightlike submanifold [4] if the metric g induced from

TM = RadTM ®ope, S(TM). (2.1)

Now consider a screen transversal vector bundle S(T M), which is a semi-
Riemannian complementary vector bundle of RadTM in TM~. Since for
any local basis {{} of RadT M, there exists a local null frame {N;} of
sections with values in the orthogonal complement of S(T M=) in [S(T'M)]*+
such that g(&;, N;) = d;; and g(N;, N;) = 0, it follows that there exists a
lightlike transversal vector bundle ltr(T'M) locally spanned by {N;}. Let
tr(TM) be complementary (but not orthogonal) vector bundle to 7'M in
TM|y. Then
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tr(TM) = ltr(TM) ®open S(TM™), (2.2)
TM|y =TM @ tr(TM), (2.3)

TM|yr = S(TM) @opin, [RadT M @ ltr(TM)] Soren, S(TM™L).  (2.4)

Following are four cases of a lightlike submanifold (M ,9,S(TM),S(TM J-)):

Case.l r-lightlike if 7 < min(m,n),

Case.2 co-isotropic if r =n < m, § (TM*) = {0},

Case.3 isotropic if r =m < n, S(T'M) = {0},

Case.4 totally lightlike if r = m =mn, S(TM) = S(TMJ-) = {0}.

The Gauss and Weingarten formulae are given as

VxY =VxY +h(X,Y), (2.5)
VxV = -Ay X + V4V, (2.6)

for all X,Y € I'(TM) and V € I'(tr(T'M)), where VxY, Ay X belong to
[(TM) and h(X,Y), VLV belong to T'(tr(T'M)). V and V! are linear con-
nections on M and on the vector bundle tr(T M) respectively. The second
fundamental form h is a symmetric F'(M)-bilinear form on I'(T'M) with
values in I'(¢r(T'M)) and the shape operator Ay is a linear endomorphism
of I'(T'M). From (2.5) and (2.6), for any X,Y € I'(T'M), N € I'(ltr(TM))
and W € T'(S(TM™)), we have

VxY =VxY +h(X,Y)+h*(X,Y), (2.7)
VxN =—-AnxX + V4N + D*(X, N), (2.8)
VxW = —AwX + VW + D' (X, W), (2.9)

where h'(X,Y) = L(h(X,Y)), h*(X,Y) = S(h(X,Y)), DX, W) =
L(VEW), D*(X,N) = S(V5§N). L and S are the projection morphisms
of tr(TM) on Itr(TM) and S(TM™) respectively. V! and V* are linear
connections on ltr(TM) and S(T M=) called the lightlike connection and
screen transversal connection on M respectively.

Now by using (2.5), (2.7)—(2.9) and metric connection V, we obtain
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GDY(X,N), W) =g(N, AwX).  (211)
Denote the projection of TM on S(TM) by P. Then from the decomposition

of the tangent bundle of a lightlike submanifold, for any X,Y € T'(T'M) and
¢ € I'(RadT' M), we have

VxPY = V%PY + h*(X,PY), (2.12)
Vx€=—A{X + V¥E. (2.13)

By using above equations, we obtain

g(h (X, PY),&) = g(A; X, PY), (2.14)
g(h*(X,PY),N) = g(ANX, PY), (2.15)
(Rl (X,€),€) =0, AfE=0. (2.16)

It is important to note that in general V is not a metric connection. Since
V is metric connection, by using (2.7), we get

(Vxg)(Y,Z2) =g(h"(X,Y), Z) + g(h'(X, 2),Y). (2.17)

A semi-Riemannian manifold (M,g) is called an e-almost contact metric
manifold [5] if there exists a (1, 1) tensor field ¢, a vector field V called
characteristic vector field and a 1-form 7, satisfying

X =-X+n9X)W, n(V)=¢ nop=0, ¢V =0, (2.18)
9(¢X,9Y) =g(X,Y) — en(X)n(Y), (2.19)

for all X,Y € T'(TM), where ¢ = 1 or —1. It follows that

gV, V) =ge, (2.20)
9(X,0Y) = —g(¢X,Y). (2:22)

Then (¢, V,n,7) is called an e-almost contact metric structure on M.
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An e-almost contact metric structure (¢,V,n,g) is called an indefinite
Sasakian structure if and only if

(Vxo)Y =g(X,Y)V —en(Y)X, (2.23)

for all X,Y € I'(T'M), where V is Levi-Civita connection with respect to g.
A semi-Riemannian manifold endowed with an indefinite Sasakian struc-

ture is called an indefinite Sasakian manifold. From (2.23), for any X,Y €
[(TM), we get

VxV = —6X. (2.24)

Let (M,g,¢,V,n) be an e-almost contact metric manifold. If e = 1, then M
is said to be a spacelike e-almost contact metric manifold and if e = —1, then
M is called a timelike e-almost contact metric manifold. In this paper, we

consider indefinite Sasakian manifolds with spacelike characteristic vector
field V.

3. Screen Semi-Slant Lightlike Submanifolds

In this section, we introduce the notion of screen semi-slant lightlike sub-
manifolds of indefinite Sasakian manifolds. At first, we state the following
Lemma for later use:

Lemma 3.1 Let M be a 2q-lightlike submanifold of an indefinite Sasakian
manifold M of index 2q such that 2q < dim(M) with structure vector field
tangent to M. Then the screen distribution S(TM) of lightlike submanifold
M is Riemannian.

The proof of above Lemma follows as in Lemma 4.1 of [9], so we omit it.

Definition 3.1 Let M be a 2¢-lightlike submanifold of an indefinite
Sasakian manifold M of index 2¢ such that 2¢ < dim(M) with structure vec-
tor field tangent to M. Then we say that M is a screen semi-slant lightlike
submanifold of M if following conditions are satisfied:

(i) RadT'M is invariant with respect to ¢, i.e. ¢(RadT'M) = RadT M,

(ii) there exist non-degenerate orthogonal distributions Dy and Dy on M
such that S(T'M) = D1 ©orth D2 @oren {V'},

(iii) the distribution D; is an invariant distribution, i.e. ¢D; = D,
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(iv) the distribution D5 is slant with angle 6(s 0), i.e. for each z € M
and each non-zero vector X € (Ds),, the angle 6 between ¢X and the

vector subspace (Ds), is a non-zero constant, which is independent
of the choice of x € M and X € (Ds),.

This constant angle 0 is called slant angle of distribution Ds. A screen semi-
slant lightlike submanifold is said to be proper if Dy # {0}, Dy # {0} and

0 # m/2.

From the above definition, we have the following decomposition
TM — RadTM @orth Dl @orth .D2 @orth {V}' (3.1)

In particular, we have

(i) if D1 =0, then M is a screen slant lightlike submanifold,

(ii) if Dy = 0, then M is an invariant lightlike submanifold,

(iii) if D; =0 and § = 7/2, then M is a screen real lightlike submanifold,
(iv) if D1 # 0 and 6 = /2, then M is a contact SCR-lightlike submanifold.

Thus above new class of lightlike submanifolds of an indefinite Sasakian
manifold includes invariant, screen slant, screen real, contact screen Cauchy-
Riemann lightlike submanifolds as its sub-cases which have been studied in

([6], [8], [9]).
Let (]R%;”“,g, ¢,n,V) denote the manifold R%’;H with its usual
Sasakian structure given by

1 S
77:2<dz—;ydx), V =20z,

— 1 ! 7 7 7 7 S 7 7 7 7
g=n®7]+4(—2daz ®da’ +dy' @dy' + Y da’ @ da’ +dy ®dy>,

i=1 i=q+1

¢ ( > (Xidz; + Yi0y:) + Zaz> = (Yidw; — X;0p:) + > _ Yiy' 0z,

i=1 i=1 i=1

where (z°,y¢, ) are the cartesian coordinates on R%Z”l. Now, we construct
some examples of screen semi-slant lightlike submanifolds of an indefinite
Sasakian manifold.
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Example 1 Let (R}?g,¢,n7,V) be an indefinite Sasakian manifold,
where g is of signature (—, +, +, +, +, +, —, +, +, +, +, +, +) with respect to
the canonical basis {0x1, 0xa, 0x3, 0xy, Ox5, 06, OY1, OY2, AYs3, OYs, Y5, Y,
dz}. Suppose M is a submanifold of Ri3 given by 2! = uy, y! = uo, 22 =

3:

w1 cosa — us sin oy, y? = uy sina 4 us cos a, —yt =g, 2t = y® = wy,

x® = us sinug, y° = us cos ug, 2% = sinus, y® = cosus, z = ur.

The local frame of T'M is given by {Z1, Za, Z3, Z4, Z5, Zs, Z7 }, where

Z1 = 2(dx1 + cos adxo + sin adys + y 0z + cos ay?0z),

(
Zy = 2(dy1 — sin adzy + cos adyy — sin ay?0z),
Z3 = 2(0x3 — Oys +1y302), Zy = 2(0x4 + Oys +y*02),
Z5 = 2(sin ug0xs5 + cos ugdys + cos usdrg — sin us0ye

+ sinugy® 0z + cos usy®0z),

Zs = 2(us cos ug0xs — us sin ugdys + us cos ugy°0z),

Z7 =V =20z

Hence RadTM = span{Zi,Z>} and S(TM) = span{Zs,Z4,Z5, Zs,V'}.
Now Itr(T'M) is spanned by N; = —0x1 + cos adzy + sinadys — y'dz +
cos ay?0z, Ny = —0y; — sin adzy + cos adys — sinay?dz and S(TM*) is
spanned by

Wy = 2(0x3 + Oys + y202), Wo = 2(0x4 — Oys + y*02),

W3 = 2(sin ugOxs + cos ugQys — cos uz0xg + sin us0ys

+ sinugy® 0z + cos uzy°0z),

W, = 2(us sin usOxg + us cos usdys + us sin uzy®0z).

It follows that ¢Z; = —Z5 and ¢Zs = Z;, which implies that RadT M is
invariant i.e., ¢Radl'M = RadT'M. On the otherhand, we can see that
Dy = span{Zs,Z4} such that ¢Z35 = —Z4 and ¢Z, = Zs, which implies
that D, is invariant with respect to ¢ and Do = span{Zs, Zs} is a slant
distribution with slant angle 7 /4. Hence M is a screen semi-slant 2-lightlike
submanifold of R3.
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Example 2 Let (R}*,g,¢0,n7,V) be an indefinite Sasakian manifold,
where 7 is of signature (—, +, +, +, +, +, —, +, +, +, +, +, +) with respect to
the canonical basis {9x1, 0za, 0x3, 0xy4, x5, 026, OY1, OY2, OY3, OYs, OYs5, OYs,
0z}. Suppose M is a submanifold of R}® given by 2! = —y? = wuy,

22 =yl =g, 23 =yt = us3, 2* = —y = w4, % = uscosb, y> = ugcosb,
2% = ugsinf, y8 = ussiné, z = uy. The local frame of TM is given by

{Z17 Z27 Z37 Z47 Z57 Zﬁu Z7}7 where

20021 — Oys +y'02),  Zy = 2(0xo + Oy1 + y202),

71 (
Z3 = 2(0x3 + Oys + y302), Zy = 2(0x4 — Oys + y102),
Zs = 2(

2(cos 005 + sin 00yg + 3° cos 0z),

Zs = 2(sin 00z + cos Bdys + y° sin 00z),
Ty =V =202

Hence RadTM = span{Zy,Z>} and S(TM) = span{Zs, Zy, Z5, Zg, V }.
Now Itr(TM) is spanned by N; = —0x1 — Oys — y*0z, No = —0z5 +
Oy1 — 420z and S(T M) is spanned by

Wy = 2(0z3 — Oys + y302), Wy = 2(dz4 + Oys + y02),
W3 = 2(sin 805 — cos 00ys + 3° sin 0z),
Wy = 2(cos 0z — sin 00ys + y° cos 0z).

It follows that ¢Z; = —Z5 and ¢Zs = Z;, which implies that Radl M is
invariant i.e., ¢Radl'M = Radl'M. On the otherhand, we can see that
Dy = span{Zs,Z4} such that ¢Z5 = Z, and ¢Z, = —Z3, which implies
that D, is invariant with respect to ¢ and Dy = span{Zs, Zs} is a slant
distribution with slant angle 2. Hence M is a screen semi-slant 2-lightlike
submanifold of R33.

Now, for any vector field X tangent to M, we put ¢ X = PX + FX,
where PX and F X are tangential and transversal parts of ¢ X respectively.
We denote the projections on Radl M, D, and Dy in TM by P, P, and
P;5 respectively. Similarly, we denote the projections of tr(T'M) on ltr(TM)
and S(TM+) by Q; and Q- respectively. Then, for any X € T'(TM), we
get,
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X = PLX + PyX + PsX +n(X)V. (3.2)
Now applying ¢ to (3.2), we have
60X = ¢P X + dPoX + ¢P3 X, (3.3)
which gives
60X = 6P, X + 6PoX + fP3X + FP3X, (3.4)

where fP3X (resp. FP3X) denotes the tangential (resp. transversal) com-
ponent of P3 X. Thus we get 9P, X € I'(RadT' M), pPoX € I'(D1), fPsX €
['(Ds) and FP3X € T(S(TM+1)). Also, for any W € I'(tr(TM)), we have

W = QW + Q,W. (3.5)
Applying ¢ to (3.5), we obtain
OW = ¢ W + ¢Q2 W, (3.6)
which gives
OW = ¢Q1W + BQuW + CQ,W, (3.7)

where BQoW (resp. CQ2W) denotes the tangential (resp. transversal)
component of pQ2W. Thus we get pQ1W € I'(ltr(T'M)), BQW € I'(D5)
and CQaW € T(S(TM1)).

Now, by using (2.23), (3.4), (3.7) and (2.7)-(2.9) and identifying the
components on RadT'M, Dy, Do, ltr(TM), S(TM~) and {V}, we obtain

P (Vx¢PY)+ P (Vx¢pPY)+ Pi(Vx fPY)

=P (Arp,y X))+ 0PIVxY —n(Y)P X, (3.8)
PQ(VX¢P1Y) + Pg(ngbPQY) + Pg(va.PgY)
= PQ(AFPSYX) 4+ ¢pPoVxY — U(Y)PQX, (39)

P3(Vx¢PY) + Ps(Vx¢pPoY) + Ps(Vx fPY)
= P3(App,y X)+ fPsVxY + BR*(X,Y) —n(Y)Ps X, (3.10)
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KX, P Y) + h (X, ¢pPY) + bl (X, fPsY)

= ¢h'(X,Y) — DY(X, FP3Y), (3.11)
he(X,pPY) + h* (X, oPY) + h¥ (X, fP3Y)

= Ch*(X,Y) — V4 FPY + FP;V Y, (3.12)
N(VxoPY) +n(VxoPY) +n(Vx fPY)

=n(Arp,y X) + (X, Y)V. (3.13)

Theorem 3.2 Let M be a 2q-lightlike submanifold of an indefinite
Sasakian manifold M with structure vector field tangent to M. Then M
is a screen semi-slant lightlike submanifold of M if and only if

(i) {tr(T'M) and D, are invariant with respect to ¢,
(ii) there exists a constant X € [0,1) such that P2X = —)\X.

Moreover, there also exists a constant p € (0,1] such that BFX = —uX,
for all X € T'(D3), where D1 and D2 are non-degenerate orthogonal distri-
butions on M such that S(TM) = Dy ®orth D2 Doren {V} and X\ = cos? 6, 6
is slant angle of Ds.

Proof. Let M be a screen semi-slant lightlike submanifold of an indefinite
Sasakian manifold M. Then distributions D; and RadT M are invariant with
respect to ¢. Now for any N € I'(ltr(TM)) and X € T'(S(TM) —{V}), us-
ing (2.22) and (3.4), we obtain g(¢N, X) = —g(N,¢X) = —g(N,pPo X +
fPsX + FP;X) = 0. Thus ¢ N does not belong to I'(S(TM) — {V}). For
any N € ['(ltr(TM)) and W € T'(S(TM)), from (2.22) and (3.7), we have
J(N, W) = —g(N, ¢W) = —g(N, BW+CW) = 0. Hence, we conclude that
#N does not belong to I'(S(TM~)). Now suppose that ¢N € I'(RadTM).
Then ¢(¢pN) = ¢>N = —N +n(N)V = —N € I'(ltr(TM)), which contra-
dicts that RadT'M is invariant. Thus ltr(TM) is invariant with respect to
¢. Now for any X € I'(Ds) we have |PX| = |¢X| cos 6, which implies

[PX]

cosl = )
¢

(3.14)

In view of (3.14), we get cos? 0 = |[PX|?*/|¢pX|? = g(PX, PX)/g(¢X, ¢pX) =
g(X, P2X)/g(X,¢*X), which gives
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g(X, P?X) = cos? 0 g(X, $*X). (3.15)

Since M is a screen semi-slant lightlike submanifold, cos? § = A(constant) €
[0,1) and therefore from (3.15), we get g(X,P?X) = M\g(X,¢°X) =
(X, \¢?X), which implies

9(X, (P? = \p?)X) = 0. (3.16)
Since X is non-null vector, we have (P? — A\¢?)X = 0, which implies

P2X = A\’ X = —)X. (3.17)
For any vector field X € I'(D3) , we have

¢X = PX + FX, (3.18)

where PX and F'X are tangential and transversal parts of ¢.X respectively.
Now, applying ¢ to (3.18) and taking tangential component, we get

—X = P2X + BFX. (3.19)
From (3.17) and (3.19), we get
BFX = —sin? 6 X, (3.20)
where sin? @ = 1 — X\ = p(constant) € (0,1]. This proves (ii).
Conversely suppose that conditions (i) and (ii) are satisfied. We can

show that RadT'M is invariant in similar way that l¢tr(TM) is invariant.
From (3.19), for any X € I'(D2), we get

—X = P2X — uX, (3.21)
which implies

P?X = —cos?0 X, (3.22)
where cos?f = 1 — u = M constant) € [0,1). Now cosf = g(¢X,PX)/

0X[IPX| = —g(X,¢PX)/|¢X||PX| = -—g(X, P?X)/|$X||PX| =
—Ag(X,¢°X)/|¢X||PX]) = Mg(¢X,¢X)/|¢X]||PX]). From above equa-
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tion, we get

[¢X]|

6050:A|PX|.

(3.23)

Therefore (3.14) and (3.23) give cos? § = A(constant). Hence M is a screen
semi-slant lightlike submanifold. O

Corollary 3.1 Let M be a screen semi-slant lightlike submanifold of an
indefinite Sasakian manifold M with slant angle 0, then for any X,Y €
I'(D3), we have

(1) g(PX,PY)=cos?0 (g(X,Y) — n(X)n(Y)),
(i) g(FX,FY) =sin®0 (9(X,Y) — n(X)n(Y)).

The proof of above Corollary follows by using similar steps as in proof
of Corollary 3.2 of [8].

Lemma 3.3 Let M be a screen semi-slant lightlike submanifold of an
indefinite Sasakian manifold M. Then for any X,Y € T(TM — {V}), we
have

(i) g(VxY, V) =7g(Y,9X),
(i) g([X, Y], V) = 29(X, ¢Y).

Proof. Let M be a screen semi-slant lightlike submanifold of an indefinite
Sasakian manifold M. Since V is a metric connection, from (2.7) and (2.24),
for any X, Y e I'(T'M — {V'}), we have

9(VxY, V) =g(Y, ¢X). (3.24)

From (2.22) and (3.24), we have g([X,Y],V) = 2g(X, ¢Y). O

Theorem 3.4 Let M be a screen semi-slant lightlike submanifold of an
indefinite Sasakian manifold M with structure vector field tangent to M.
Then RadT M is integrable if and only if

(i) h3(Y, 6P X) = h*(X,¢P1Y) and Po(Vx¢P,Y) = Py(Vy ¢ P X),
(il) P3y(VxpPY) = P3s(Vy¢P,X), for all X,Y € T'(RadTM).

Proof. Let M be a screen semi-slant lightlike submanifold of an indef-
inite Sasakian manifold M. Let X,Y € T'(RadTM). From (3.12), we
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have h*(X,¢P1Y) = Ch*(X,Y) + FP3VxY, which gives h*(X,pPY) —
h(Y, 0P X) = FP3[X,Y]. In view of (3.9), we obtain P,(VxoPY) =
¢PQVXY, which implies PQ(VX¢P1Y) — PQ(Vy¢P1X) = ¢P2[X, Y] Also
from (3.10), we get P3(VxoP1Y) = fPsVxY + Bh*(X,Y), which gives
P3(VxoPY) — P3(Vy¢pP, X) = fP3[X,Y]. This completes the proof. [

Theorem 3.5 Let M be a screen semi-slant lightlike submanifold of an
indefinite Sasakian manifold M with structure vector field tangent to M.
Then Dy @ {V'} is integrable if and only if

( 1 ) hs(Ya ¢P2X) = hS(Xa ¢P2Y); PI(VX¢P2Y) = Pl(VYCbPzX),
(ii) P3(Vxo¢PY) = P3(Vy¢PoX), for all X, Y € T(Dy @ {V}).

Proof. Let M be a screen semi-slant lightlike submanifold of an indefi-
nite Sasakian manifold M. Let X,Y € I'(D; @ {V}). From (3.12), we
have h¥(X,¢PY) = Ch*(X,Y) + FP3VxY, which gives h*(X,¢PY) —
R (Y, 0P, X) = FP3[X,Y]. In view of (3.8), we obtain P;(VxoPY) =
ngleY, which implies Pl(VX(Z)PQY) - Pl(quﬁPgX) = ¢P1[X, Y] Also
from (3.10), we get P3(VxoPY) = fPsVxY + Bh®*(X,Y), which gives
P3(VxoPY) — P3(Vy¢pPyX) = fP3[X,Y]. This concludes the theorem. [

Theorem 3.6 Let M be a screen semi-slant lightlike submanifold of an
indefinite Sasakian manifold M with structure vector field tangent to M.
Then Dy @ {V'} is integrable if and only if

(1) PI(VxfPY —Vy fP3X) =P (App,y X — App,xY),
(ii) PQ(VXfP?,Y — VnygX) = PQ(AFPSYX — AFPSXY),

for all XY € T'(Dy & {V}).

Proof. Let M be a screen semi-slant lightlike submanifold of an indefinite
Sasakian manifold M. Let X,Y € T'(Dy @ {V}). From (3.8), we have
Pl(vaP?,Y) = Pl(AFpayX) + ¢P1VxY, which gives Pl(VXfP:gY) —
Pl(va.PgX) - Pl(AFpst) + PI(AFPSXY) = QSPl[X,Y} In view of
(39), we obtain Pg(vaP;J,Y) = PQ(AFP3yX) + (ngVXY, which implies
Py (VxfPY)— P (Vy fP3X) — Po(Arp,y X) + Po(Arp,xY) = o[ X, Y.
Thus, we obtain the required results. U

Theorem 3.7 Let M be a screen semi-slant lightlike submanifold of an
indefinite Sasakian manifold M with structure vector field tangent to M.
Then the induced connection V is a metric connection if and only if
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(i) BR*(X,Y) =0,
(ii) A3} wvanishes on I'(T'M),

forall X e T'(TM) and Y € I'(RadT'M).

Proof. Let M be a screen semi-slant lightlike submanifold of an indefinite
Sasakian manifold M. Then the induced connection V on M is a metric
connection if and only if Radl M is parallel distribution with respect to
V ([6]). From (2.7), (2.13) and (2.23), for any X € I'(TM) and Y €
[(RadT M), we have Vx¢Y = ¢ViY — AL X + ¢h!(X,Y) + ¢h*(X,Y).
On comparing tangential components of both sides of above equation, we
get Vx oY = ¢ViY — A3 X + Bh®(X,Y). This proves the theorem. [

4. Foliations Determined by Distributions

In this section, we obtain necessary and sufficient conditions for folia-
tions determined by distributions on a screen semi-slant lightlike submani-
fold of an indefinite Sasakian manifold to be totally geodesic.

Definition 4.1 A screen semi-slant lightlike submanifold M of an indefi-
nite Sasakian manifold M is said to be a mixed geodesic if its second funda-
mental form h satisfies A(X,Y) =0, forall X € I'(D;) and Y € I'(D3). Thus
M is mixed geodesic screen semi-slant lightlike submanifold if 2'(X,Y) =0
and h*(X,Y) =0, for all X € T'(D;) and Y € I'(D»).

Theorem 4.1 Let M be a screen semi-slant lightlike submanifold of an in-
definite Sasakian manifold M with structure vector field tangent to M. Then
RadT M defines a totally geodesic foliation if and only if g(h'(X, PZ),¢Y) =
—g(DNX,FZ),¢Y), for all X,Y € T(RadTM) and Z € T(S(TM)).

Proof. Let M be a screen semi-slant lightlike submanifold of an indefinite
Sasakian manifold M. It is easy to see that RadT M defines a totally geodesic
foliation if and only if VxY € I'(RadT M), for all X, Y € I'(RadT M). Since
V is metric connection, using (2.7) and (2.19), for any X,Y € I'(RadT M)
and Z € T(S(TM)), we get G(VxY,Z) = —g(VxPZ + VxFZ,¢Y), which
implies g(VxY, Z) = —g(h!(X, PZ) + DX, FZ),¢Y). Thus, the theorem
is completed. O

Theorem 4.2 Let M be a screen semi-slant lightlike submanifold of an
indefinite Sasakian manifold M with structure vector field tangent to M.
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Then Dy @ {V'} defines a totally geodesic foliation if and only if

(ii) ApnX has no component in D1 @ {V'},

forall XY e '(Dy & {V}), Z € I'(D2) and N € T'(itr(TM)).

Proof. Let M be a screen semi-slant lightlike submanifold of an indefinite
Sasakian manifold M. To prove the distribution D; @& {V'} defines a to-
tally geodesic foliation it is sufficient to show that VxY € I'(Dy & {V}),
for all X,Y € I'(D; @ {V}). Since V is metric connection, From (2.7),
(2.19) and (2.23), for any X,Y € I'(D; @ {V}) and Z € I'(D3), we ob-
tain §(VxY, Z) = —G(Vx0Z,¢Y), which gives G(VxV,Z) = G(ApzX —
VxfZ,¢Y). Inview of (2.7), (2.19) and (2.23), for any X, Y € I'(D; ®&{V'})
and N € T'(Itr(TM)), we have g(VxY, N) = —g(¢Y, Vx¢N), which implies
g(VxY,N)=g(¢Y, AynX). This completes the proof. O

Theorem 4.3 Let M be a screen semi-slant lightlike submanifold of an
indefinite Sasakian manifold M with structure vector field tangent to M.
Then Dy @ {V'} defines a totally geodesic foliation if and only if

(1) 9(VxfY,0Z) = g(Ary X, 9Z),
(ii) g(fY, Apn X) = g(FY, D*(X, ¢N)),

for all XY e (D2 ®{V}), Z € T'(D1) and N € T'(ltr(TM)).

Proof. Let M be a screen semi-slant lightlike submanifold of an indefinite
Sasakian manifold M. The distribution Dy @ {V'} defines a totally geodesic
foliation if and only if VxY € I'(Dy @ {V'}), for all X, Y € T'(Dy & {V'}).
From (2.7), (2.19) and (2.23), for any X,Y € I'(Dy @ {V'}) and Z € T'(D,),
we obtain §(VxY, Z) = §(Vx oY, ¢Z), which gives g(VxY, Z) = g(Vx fY —
ApyX,¢Z). In view of (2.7), (2.19) and (2.23), for any X,Y € I'(D2 &
{V})and N € T'(itr(TM)), we obtain g(VxY, N) = —g(#Y, Vx¢N), which
implies g(VxY,N) = g(fY, ApnX) — G(FY, D*(X,¢N)). This concludes
the theorem. (]

Theorem 4.4 Let M be a mized geodesic screen semi-slant lightlike sub-
manifold of an indefinite Sasakian manifold M with structure vector field
tangent to M. Then Dy @ {V'} defines a totally geodesic foliation if and

only if
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(1) Vx@Z has no component in Dy & {V'},

forall XY e '(Dy @ {V}), Z € I'(D1) and N € T'(ltr(TM)).

Proof. Since M is a mixed geodesic screen semi-slant lightlike subman-
ifold of an indefinite Sasakian manifold M, we have h®(X,¢Z) = 0, for
all X € I'(Dy ® {V}), Z € T'(Dy). The distribution Dy @ {V} defines
a totally geodesic foliation if and only if VxY € I'(Dy & {V}), for all
X,Y € T(Dy ® {V}). Since V is metric connection, From (2.7), (2.19)
and (2.23), for any X,Y € I'(Dy @ {V}) and Z € TI'(D1), we obtain
§(VxY,Z) = —g(Vx$Z,¢Y), which implies 5(V xY, Z) = —g(VxZ, [Y)
—g(h*(X,¢Z),FY). Now, from (2.7), (2.19) and (2.23), for any X,Y €
['(Dy®{V}) and N € TI'(litr(TM)), we have g(VxY,N) = —g(¢Y, VxpN),
which gives g(VxY,N) = g(fY,AenX) — g(FY,D*(X,¢$N)). Thus, we
obtain the required results. Il

Theorem 4.5 Let M be a mized geodesic screen semi-slant lightlike sub-
manifold of an indefinite Sasakian manifold M with structure vector field
tangent to M. Then the induced conmection V on Dy @ Do is a metric
connection if and only if

(1) A{X has no component in Dy,
(i) g(fW, AG Z) = g(FW, h*(Z, $5)),
for all X € I'(Dy), Z,W € I'(D2) and & € I'(RadT'M).

Proof. Let M be a mixed geodesic screen semi-slant lightlike submanifold
of an indefinite Sasakian manifold M. Then h!(X, Z) = 0, for all X € I'(D;)
and Z € I'(Dy). From (2.14), for any X,Y € I'(D;) and & € I'(RadT M),
we have g(h!(X,Y), &) = g(Y, A{X). Since V is metric connection, From
(2.7), (2.19) and (2.23), for any Z, W € I'(D3) and £ € T'(RadT M), we
have g(hY(Z, W), &) = —g(fW,Vz¢€) — g(FW,h*(Z, ¢¢)), which implies
g(hl(Z, W), &) = g(fw, A Z) — g(FW, h*(Z, ¢€)). This proves the theo-

rem. O
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