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Introduction

Let $R$ be aring with 1-element. Aleft $R$-module $M$ is called linearly
compact if every finitely solvable system of congruences $x\equiv m_{\alpha}$ (mod $M_{a}$),
$\alpha\in I$, where $m_{\alpha}\in M_{\alpha}$ and $M_{\alpha}’ s$ are submodules of $M$, is solvable. Linearly
compact modules play an essential role in Morita duality without chain con-
ditions. ([9], [12], [14]).

Let $RP$ be afinitely generated projective left $R$-module and $RQ$ be a
cofinitely generated $injective^{1)}$ left $R$-module. We say that the $\{P, Q\}$ is an
$RZ$-pair if every simple homomorphic image of $RP$ is isomorphic to asub-
module of $RQ$, and every simple submodule of $RQ$ is ahomomorphic image
of $RP$. It should be noted that $\{P, P\}$ is an $RZ$-pair if and only if $RP$ is
afinitely generated projective and cofinitely generated injective RZ-module
(cf. [11]). Let $S$ and $T$ be the endomorphism rings of ${}_{R}P$ and $RQ$ , respec-
tively. The main purpose of this paper is to show the following

THEOREM (THEOREM 2). Suppose that the pair $\{P, Q\}$ is an RZ-pair
and both $RP$ and $RQ$ are linearly compact. Then both ${}_{S}Hom_{R}(P, Q)$ and
$Hom_{R}(P, Q)_{T}$ are injective cogenerators, and, $S$ and $T$ are naturally is0-
morphic to the endomorphism rings of $Hom_{R}(P, Q)_{T}$ and ${}_{S}Hom_{R}(P, Q)$,
respectively.

Aring $R$ is called aleft Morita ring following [14], if $RR$ and the
injective envelope of every simple left $R$-module are linearly compact. A
right Morita ring is defined similary. Then we have the following

COROLLARY A(COROLLARY 2to THEOREM 2). Let $R$ be a left Morita
ring. Then the endomorphism ring of every finitely generated projective
left $R$-module is a left Morita ring, and, the endomorphism ring of every
cofinitely generated irtjective left $R$-module is a right Morita ring.

The first half of the corollary was announced by R. W. Miller and
D. R. Turnidge [7].

Further, we have the following corollaries.
COROLLARY B (COROLLARY 3to THEOREM 2). Let $R$ be a ring such

1) Amodule $Q$ is cofinitely generated if and only if the socle of $Q$ is finitely generated
and an essential submodule of $Q$ (cf. [12, 13]).
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that $RR$ is linearly compact. Let $RQ$ be a lirtearly compact, cofinitely gener-
ated injective left $R$-module, and $T$ be the endomorphism ring of $RQ$ . Then
the right $T$-module $Q_{T}$ is a linearly compact cogenerator, and the left $R’-$

module $n\prime Q$ is cofinitely generated and injective, uzhere $R$’is the double
centralizer of $RQ$ , $R’=End(Q)$ .

COROLLARY $C$ (COROLLARY 4to THEOREM 2). Let $R$ be a ring such
that $RR$ is linearly compact. If there is $a$ (faithful) lirtearly compact, c0-

finitely generated injective andflat left $R$-module, then there exists $a$ (faithful)
finitely generated projective and injective right R-module.

These corollaries afford some useful generalizations in the study of QF-3
rings (cf. [3, 8]).

\S 1 Apairing of modules

Throught the present paper, $RP$ and $RQ$ denote left $R$-modules, and, $S$

and $T$ denote always the endomorphism rings of ${}_{R}P$ and $RQ$ , respectively.
$s^{Hom_{R}}(P, Q)_{T}$ is then a $S-T$-bimodule in the following way:

(sgt) $(p)=g(ps)t$ , $g\in Hom_{R}(P, Q)$ , $s\in S$ , $t\in T$ , $p\in P$ .
Let $s^{P_{R}^{*}=Hom_{R}}\backslash (P, R)$ be the $R$-dual of $RP$ there is amapping $(, )$ of $P^{*}\cross Q$

into $Hom_{R}(P, Q)$ which is defined by

$(f, q)(p)=f(p)q$ , $f\in P^{*}$ , $q\in Q$ , $p\in P$ .
It is easy to see that the following identities hold :

$(f_{1}+f_{2}, q)=(f_{1}, q)+(f_{2}, q)$ . $(f, q_{1}+q_{2})=(f, q_{1})+(f, q_{2})$

$(sf, q)=s(f, q)$ , $(f, qt)=(f, q)t$

$(fr, q)=(f, rq)$

$f$, $f_{1},f_{2}\in P^{*}$ , $q$, $q_{1}$ , $q_{2}\in Q$, $s\in S$, $t\in T$, $r\in R$ .
Here we consider the following conditions:

(A) $(f, q)=0$ for all $f\in P^{*}$ implies $q=0.2$ )

(B) $(f, q)=0$ for all $q\in Q$ implies $f=0$ .
If these two conditions are fullfiled, then we say that the pair $\{P, Q\}$ is a
regular pair. It is easy to see that if ${}_{R}P$ is agenerator, then $\{P, Q\}$ satisfies
the condition (A) for every left $R$-module $Q$ .

LEMMA 1. Let $\{P, Q\}$ satisfy the condition (A) and $RM$ be a left R-
module. Then, for any submodule $X$ of ${}_{S}Hom_{R}(P, M)$ and for any S-

2) Condition (A) is equivalent to say that $Q$ is $P$-distinguished in the terminology of [6].
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homomorphism aof $X$ into ${}_{S}Hom_{R}(P, Q)$ , the following mapping,

$X(P) \ni\sum_{finite}f_{i}(p_{i})arrow\sum$ a $(f_{i})(p_{i})\in Q$ , $f_{i}\in X$ , $p_{i}\in P$ ,

is an well defined R-homomorphism.
PROOF. By assumption, it suffices to show that if $\sum f_{i}(p_{i})=0$, then

$(f, \sum\delta(f_{i})(p_{i}))=0$ for all $f\in P^{*}$ . Let $s_{i}$ be the element of $S$ which is defined
by $p_{S_{i}}=f(p)p_{i}$ , $p\in P$. Then we have $\sum s_{i}f_{i}=0$, because $( \sum s_{t},f_{i})(p)=\sum f_{i}(ps)$

$= \sum f(p)f_{i}(p_{i})=0$ for all $p\in P$. Now, $(f, \Sigma\delta(f_{i})(p_{i}))(p)=\sum f(p)(\delta(f_{i})(p_{i}))=$

I $a(f_{i})(f(p)p_{i})=Ia(f_{i})(ps_{i})=$ $\sum$ a $(s_{i}f_{i})(p)= a(\sum s_{i}f_{i})(p)=0$ for all $p\in P$. Thus
$(f, \sum\delta(f_{i})(p_{i}))=0$ . Since $f$ is arbitrary element of $P^{*}$ , we have obtained
our assertion.

COROLLARY. Let ${}_{R}P$ be a generator. Then, for any left R-modules
$RA$ and $RB$, $Hom_{S}$ $(Hom_{R}(P, A)$, $Hom_{R}(P, B))$ is naturally isomorphic to
$Hom_{R}(A, B)$ .

PROOF. Let abe an element of $Hom_{S}$ $(Hom_{R}(P, A)$, $Hom_{R}(P, B))$ . Then,
by Lemma 1, the mapping

$g:A=Hom_{R}(P, A)(P)\in\Sigma f_{i}(p_{i})arrow\Sigma\delta(f_{i})(p_{i})\in B$, $f_{i}\in Hom_{R}(P, A)$, $p_{i}\in P$,
finite

is an well defined $R$-homomorphism. This implies that $\delta(f)=gf$ for all
$f\in Hom_{R}(P, A)$ . On the other hand, if $g$ is an element of $Hom_{R}(A, B)$ and
$gf=0$ for all $f\in Hom_{R}(P, A)$, then $g=0$, because ${}_{R}P$ is agenerator. Thus
$Hom_{S}$ $(Hom_{R}(P, A)$, $Hom_{R}(P, B))$ is naturally isomorphic to $Hom_{R}(A, B)$ .

LEMMA 2. Let $\{P, Q\}$ satisfy the condition (A), and $RM$ be a left R-
module. Then the following conditions are equivalent.

(1) $RQ$ is $M- injective^{3)}$.
(2) ${}_{S}Hom_{R}(P, Q)$ is ${}_{S}Hom_{R}(P, M)$-injective and $Hom_{S}(Hom_{R}(P, M)$,

$Hom_{R}(P, Q))$ is naturally isomorphic to $Hom_{R}(M, Q)$ .
PROOF. $(1)\subset>(2)$ . Let $X$ be asubmodule of ${}_{S}Hom_{R}(P, M)$ and abe a

$S$-homomorphism of $X$ into ${}_{S}Hom_{R}(P, Q)$ . Then, since $RQ$ is M-injective,
by Lemma 1, there exists an element $g\in Hom_{R}(M, Q)$ such that $\delta(f)=gf$

for all $f\in X$. It follows that $SHom_{R}(P, Q)$ is ${}_{S}Hom_{R}(P, M)$-injective, and, by
taking ${}_{S}Hom_{R}(P, M)$ as $X$, $Hom_{S}(Hom_{R}(P, M),$ $Hom_{R}(P, Q))$ is homomorphic
to $Hom_{R}(M, Q)$ . It remains to show that if $g$ is an element of $Hom_{R}(M, Q)$

such that $gf=0$ for all $f\in Hom_{R}(P, M)$, then $g=0$ . Let $m$ be an element
of $M$. Then we have $(h, g(m))(p)=h(p)g(m)=g(h(p)m)=0$ for all $h\in P^{*}$,

3) $Q$ is called $M$-injective if every homomorphism of asubmodule of $M$ into $Q$ is ex-
tended to that of $M$ into $Q$ (cf. [1]).
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and for all $p\in P$. This implies, by assumption, that $g(m)=0$ . Since $m$ is
an arbitrary element of $M$, we have $g=0$ . This proves our assertion.
$(2)\subset>(1)$ . Let $M’$ be asubmodule of $M$ and $\varphi$ be an $R$-homomorphism of
$M’$ into $Q$ . Then, by assumptions, there exists an element $g\in Hom_{R}(M, Q)$

such that $\varphi\cdot f=g\cdot f$ for all $f\in Hom_{R}(P, M’)$. Then we have $\varphi(m’)=g(m’)$ for
all $m’\in M’$ , since $(h, \varphi(m’)-g(m’))(p)=(\varphi-g)(h(p)m’)=0$ for all $h\in P^{*}$ , and
for all $p\in P$. Thus $Q$ is M-injective.

COROLLARY 1. Let $\{P, Q\}$ satisfy the condition (A). If $RQ$ is injective,
then ${}_{S}Hom_{R}(P, Q)$ is injective, and the endomorphis ring of $RQ$ is naturally
isomorphic to that of $s^{Hom_{R}(P,Q)}$ .

PROOF. Setting $M=P$ in Lemma 2, we see that ${}_{S}Hom_{R}(P, Q)$ is injec-
tive, and, setting $M=Q$ we obtain the latter half of our assertions.

COROLLARY 2. $(Pah1)^{4)}$. Let $RP$ be a generator and $S$ be the endomor-
phism ring of ${}_{R}P$. Then the following conditions are equivalent.

(1) ${}_{R}P$ is quasi-injective.
(2) $SS$ is injective.
(3) $RP$ is injective.
PROOF. Since $\{P, P\}$ satisfies the condition (A), the equivalence $(1)\Leftrightarrow(2)$

follows direct from Lemma 2by setting $M=Q=P$, while the equivalence
$(1)\Leftrightarrow(3)$ is well known.’

\S 2 RZ,pairs

Let $RP$ be afinitely generated left $R$-module and $RQ$ be acofinitely
generated injective left $R$-module. We say that the pair $\{P, Q\}$ is an RZ-
pair if every homomorphic image of $P$ is isomorphic to asubmodule of $Q$,
and every simple submodule of $Q$ is ahomomorphic image of $P$.

LEMMA 3. If the pair $\{P, Q\}$ is an $RZ$-pair, then it is a regular pair.
PROOF. Let $(P^{*}, q)=0$ , $q\in Q$ . Suppose $q=0$ , and let $Rq_{0}$ be asimple

submodule of $Rq$. Then, since $Rq_{0}$ is ahomomorphic image of ${}_{R}P$ and ${}_{R}P$

is projective, there exists an element $f\in P^{*}$ such that $f(P)q_{0}=Rq_{0}$ . But this
means that $(f, q_{0})=0$ , and we have acontradiction. Next, let $(f, Q)=0$,
$f\in P^{*}$ . Suppose $f=0$, and, let $Rq_{0}$ be asimple homomorphic image of $f(P)$ .
Then, since $RQ$ is injective, there exists an element $q_{1}\in Q$ such that $Rq_{0}=$

$f(P)q_{1}$ . But this means that $(f, q_{1})=0$ , and we have acontradiction.
Following lemma is easy to show and we omitt here the proof for it.

4) Cf. [5], Theorem 3.
5) Cf. [1].



Linearly compact modules and cogenerators Il 247

LEMMA 4. Let $RP$ be a projective left $R$-module. Then, for a simple
left $R$-module $RM,{}_{S}Hom_{R}(P, M).$.is either 0or simple.

THEOREM 1.6) Let $\{P, Q\}$ be an $RZ$-pair. Then ${}_{S}Hom_{R}(P, Q)$ is $a$

cofinitely generated injective cogenerator, and the endomorphism ring of $RQ$

is naturally isomorphic to that of ${}_{S}Hom_{R}(P, Q)$ .
PROOF. Let $Q_{0}$ be the socle of $Q$ . Then, by Lemma 4, ${}_{S}Hom_{R}(P, Q_{0})$

is asum of simple submodules. We show that ${}_{S}Hom_{R}(P, Q_{0})$ is an essential
submodule of ${}_{S}Hom_{R}(P, Q)$ . Let $f$ be anon-zero element of $SHom_{R}(P, Q)$

and $Q’$ be asimple submodule of $f(P)$ . Then $Hom_{R}(P, Q’)$ is asimple sub-
module of $Hom_{R}(P, Q_{0})$ which is contained in $Hom_{R}(P, f(P))=Sf$. Thus
$s^{Hom_{R}}(P, Q)$ is cofinitely generated. Next, we show that ${}_{S}Hom_{R}(P, Q)$ con-
tains an isomorphic image of every simple left $S$-module. For this purpose,
let Ibe amaximal left ideal of $S$. Then, since $RP$ is finitely generated and
projective, we have $P\mathfrak{l}\neq P$. Let $f$ be anon-zero $R$-homomorphism of $P/P\mathfrak{l}$

into $Q$ . Then $\tilde{f}=f\cdot\nu$ is an element of ${}_{S}Hom_{R}(P, Q)$ such that $S\tilde{f}\cong S/\mathfrak{l}$ ,
where 2is the natural homomorphism of ${}_{R}P$ onto $P/P\mathfrak{l}$ . Thus ${}_{S}Hom_{R}(P, Q)$

contains an isomorphic image of $S/\mathfrak{l}$ . Since ${}_{S}Hom_{R}(P, Q)$ is injective by
Corollary 1to Lemma 2, it is an injective cogenerator. The last assertion
of the theorem follows direct from Lemma 2.

COROLLARY. If $\{P, P\}$ is an $RZ$-pair, or equivalently, if ${}_{R}P$ is a finitely
generated projective and cofinitely injective $RZ$-module, then the endomor-
phism ring of $RP$ is a left injectiv cogenerator.

\S 3 Endomorphism rings of linearly compact modules
We begin this section with the following
PROPOSITION 1. Let ${}_{R}P$ be a finitely generated projective left R-module.

If $RQ$ is linearly compact, then $SHom_{R}(P, Q)$ is linearly compact.
PROOF. This is proved in [14]. But for the sake of completeness, we

give here the proof for it. Let $g\equiv g_{\alpha}$ (mod $\mathfrak{U}_{\alpha}$), $\alpha\in I$, where $g_{\alpha}\in Hom_{R}(P, Q)$

and $\mathfrak{U}_{\alpha}’ s$ are submodules of $sHom_{R}(P, Q)$, be afinitely solvable system of
congruences. Then, as is easily seen, for each element $p$ of $P$, the system
of congruences $x\equiv g_{\alpha}(p)(mod \mathfrak{U}_{\alpha}(P))$ is finitely solvable, and, because $RQ$ is
linearly compact, it is solvable. Let $K=1IQ/\mathfrak{U}_{\alpha}(P)a\in I$ be the direct product
of $Q/\mathfrak{U}_{\alpha}(P)’ s$ and $K_{0}$ be the submodule $\{\Pi(qmod \mathfrak{U}_{a}(P))|q\in Q\}$ of $K$. Let $h$

be the homomorphism of ${}_{R}P$ into $K$ wich is defined by,

$h(p)=\Pi$ ( $g_{\alpha}(p)$ mod $\mathfrak{U}_{\alpha}(P)$), $p\in P$ .

6) Cf. [6], Theorem 4.
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Because ${}_{R}P$ is projective, there is ahomomorphism $k$ of ${}_{R}P$ in $RQ$ such that
$k(p)\equiv g_{\alpha}(p)(mod \mathfrak{U}_{a}(P))$ for all $p\in P$. Our proof is therefore complete if we
prove the following

LEMMA 5. Let ${}_{R}P$ be a finitely generated projective left $R$-module and
$RQ$ be a left $R$-module. Let $\mathfrak{U}$ be a submodule of $SHom_{R}(P, Q)$, and, $k$ be
a homomorphism of $RP$ in $RQ$ such that $k(P)\subseteq \mathfrak{U}(P)$ . Then we have $k\in \mathfrak{U}$.

PROOF. Let $P= \sum_{i=1}^{n}Rp_{i}$ and $k(p_{i})=u_{!}^{(i)}(p_{1}^{(i)})+\cdots+u_{\iota_{i}}^{(i)}(p_{i_{i}}^{(i)})$, $u_{j}^{(i)}\in \mathfrak{U}$, $p_{j}^{(i)}\in P$,

$i=1,2$ , $\cdots$ , $n$ . Let $t=l_{1}+\cdots+l_{n}$ and $\nu$ be the homomorphism of $P^{(t)}$ , the
direct sum of $t$-copies of $RP$ , in $Q$ which is defined by,

$P^{(t)}$ $(x_{1}, \cdots, x_{t})arrow u_{1}^{(1)}(x_{1})+\cdots+u_{l_{n}}^{(n)}(x_{t})\in Q$ .
It is clear that $k(P)\subseteq\nu(P^{(t)})$ . Since ${}_{R}P$ is projective, there exist $s_{1}$ , $\cdots$ , $s_{t}\in S$

such that $u_{1}^{(1)}(ps_{1})+\cdots+u_{l_{n}}^{(n)}(ps_{t})=k(p)$ for all $p\in P$ . It follows that $k=$

$s_{1}u_{1}^{(1)}+\cdots+s_{t}u_{l_{n}}^{(n)}\in \mathfrak{U}$ , as asserted.
COROLLARY. Let $RP$ be a linearly compact projective left R-module.

Then $SS$ is linearly compact.
$PROOF^{7)}$. It suffices to show that ${}_{R}P$ is finitely generated. Since $RP$ is

complemented, $Ra(P)$, the radical of $RP$, is small and $P/Ra(P)$ is semi-simple
artinian. It follows that $RP$ is finitely generated.

PROPOSITION 2. Let $RP$ be a generator and $RQ$ be a left R-module.
If the left $S$-module $sHom_{R}(P, Q)$ is linearly compact, then $RQ$ is lirtearly
compact.

PROOF. Let $x\equiv q_{\alpha}(mod \mathfrak{U}_{a})$, $\alpha\in I$, where $q_{\alpha}\in Q$ and $\mathfrak{U}_{\alpha}’ s$ are submodules
of $RQ$, be afinitely solvable system of congruences. Since $RP$ is agenerator,

there exist $f_{1}$ , $\cdots$ , $f_{n}\in Hom_{R}(P, R)$ and $p_{1}$ , $\cdots$ , $p_{n}\in P$ such that $\sum_{i=1}^{n}f_{i}(p_{i})=1$ . For

each $i$ and for each $\alpha$, let $g_{\alpha}^{(i)}$ be ahomomorphism of $RP$ in $RQ$ which is
defined by,

$g_{\alpha}^{(i)}$ : $P\ni parrow f_{i}(p)q_{\alpha}\in Q$ .
Then, as is easily seen, for each $i$ , the system of congruences $g=g_{a}^{(i)}$

$(mod Hom_{R}(P, \mathfrak{U}_{\alpha}))$ , $\alpha\in I$, is finitely solvable. Since ${}_{S}Hom_{R}(P, Q)$ is linearly

compact, the system has asolution $g^{(i)}$ . Let $q_{0}= \sum_{i=1}^{n}g^{(i)}(p_{i})$ . Then we have,

for each $\alpha\in I$, $q_{0}-q_{a}= \sum_{i=1}^{n}g^{(i)}(p_{i})-(\sum_{i=1}^{n}f_{i}(p_{i}))q_{\alpha}=\sum_{i=1}^{n}g^{(i)}(p_{i})-g_{a}^{(i)}(p_{i})=\sum_{i=1}^{n}(g^{(i)}-$

$g_{\alpha}^{(i)})(p_{i})\in \mathfrak{U}_{\alpha}$ . Thus our assertion is proved.

7) cf. $[4, 15]$ .
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From Propositions 1and $\acute{c}^{\supset}$ we have direct the following

PROPOSITION 3. Let $RP$ be a progenerator. Then ${}_{s}Hom_{R}(P, Q)$ is lirte-
arly compact if and only if $RQ$ is linearly compact.

We have also the following
PROPOSITION 4. Let $RQ$ be an injective left $R$-module uzith essential

socle and ${}_{R}P$ be a linearly compact left $R$-module. Then the right T-module
$Hom_{R}(P, Q)_{T}$ is lirtearly compact.

PROOF. For each submodule $\mathfrak{U}$ of $Hom_{R}(P, Q)_{T}$ , we have
$Ann_{Hom_{R}(P,Q)}(Ann_{P}(\mathfrak{U}))=\mathfrak{U}^{8)}$. Let $g\equiv g_{a}$ (mod $\mathfrak{U}_{\alpha}$ ), $\alpha\in I$, be afinitely solvable
system of congruences, where $g_{\alpha}\in Hom_{R}(P, Q)$ and $\mathfrak{U}_{a}’ s$ are submodules of
$Hom_{R}(P, Q)_{T}$ . Then, as is easily seen, the mapping

$\sum Ann_{P}(\mathfrak{U}_{a})\ni\sum_{finite}p_{\alpha_{i}}-I$
$g_{\alpha_{b}}i(p_{a_{i}})\in Q$ ,

where $p_{\alpha}.\in Ann_{P}(\mathfrak{U}_{a_{i}})$, is an well defined $R$-homomorphism. Since $RQ$ is injec-
tive, there exists $g\in Hom_{R}(P, Q)$ such that $g(p_{a})=g_{a}(p_{\alpha})$ for all $p_{\alpha}\in Ann_{P}(\mathfrak{U}_{\alpha})$ .
It follows that, for every $\alpha\in I$, $g-g_{\alpha}\in Ann_{Hom_{R}(P,Q)}(Ann_{P}(\mathfrak{U}_{a}))=\mathfrak{U}_{\alpha}$ . This
proves our assertion.

14Main results

THEOREM 2. Suppose that $\{P, Q\}$ is an $RZ$-pair and both ${}_{R}P$ and $RQ$

are linearly compact. Then both $SHom_{R}(P, Q)$ and $Hom_{R}(P, Q)_{S}$ are injective
cogenerators, and, $S$ and $T$ are naturally isomorphic to the endomorphism
rings of $Hom_{R}(P, Q)_{T}$ and ${}_{S}Hom_{R}(P, Q)$, respectively, cvhere $S$ is the endO-
morphism ring of ${}_{R}P$ and $T$ is that of $RQ$ .

PROOF. By Theorem 1 $SHom_{R}(P, Q)$ is acofinitely generated injective
cogenerator and $T$ is isomorphic to the endomorphism ring of ${}_{S}Hom_{R}(P, Q)$ .
Further, by Proposition 1, both $SS$ and ${}_{S}Hom_{R}(P, Q)$ are linearly compact,
whence ${}_{S}Hom_{R}(P, Q)$ is balanced and $Hom_{R}(P, Q)_{T}$ is an injective coge-
$nerator.9)$

COROLLARY 1. Let $RP$ be a linearly compact, cofinitely generated, in-
jective and projective left $R$-module. If $\{P, P\}$ is an $RZ$-pair, then the endO-
morphism ring of ${}_{R}P$ is a twO-sided cogenerator ring.

Aring $R$ is called left Morita $ring^{0)}$
. if both $RR$ and the injective

envelope of every simple left $R$-module are linearly compact. Aright Morita

8) Cf. [12], Theorem 5. Here, $Ann_{X}(Y)$ denotes, as usual, the annihilator of $Y$ in $X$.
9) Cf. [12], Theorem 2, Theorem 7.

10) Cf. [7].
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ring is defined similarly. Then we have the following
COROLLARY 2. Let $R$ be a left Morita ring. Then the endomorphism

ring of a finitely generated projective left $R$-module is a left Morita ring,
and, the endomorphism ring of a cofinitely generated injective left R-module
is a right Morita ring.

PROOF. Let $RP$ be afinitely generated projective left $R$-module. Since
$R$ is asemi-perfect $ring^{11)}$,there exists acofinitely generated injective left
$R$-module $RQ$ such that $\{P, Q\}$ is an $RZ$-pair. Further, since $R$ is aleft
Morita ring, both $RP$ and $RQ$ are linearly compact, whence, by Theorem 2,
$SS$ is linearly compact and ${}_{S}Hom_{R}(P, Q)$ is alinearly compact injective
cogenerator. Thus $S$ is aleft Morita ring. The latter half of the corollary
is also proved similarly.

COROLLARY 3. Let $R$ be a ring such that $RR$ is linearly compact. Let
$RQ$ be a lirtearly compact, cofinitely generated injective left $R$-module and
$T$ be the endomorphism ring of $RQ$ . Then $Q_{T}$ is a linearly compact coge-
merator, and, $R^{\prime Q}$ is a cofinitely generated injective left $R’$-module, uthere
$R’$ is the endomorphism ring of $Q_{T}$ .

PROOF. By assumption, there is afinitely generated projective left R-
module $RP$ such that $\{P, Q\}$ is an $RZ$-pair. Then, by Theorem 2 $Hom_{R}(P, Q)_{T}$

is an injective cogenerator. Since $Hom_{R}(P, Q)_{T}$ is isomorphic to adirect
product of $Q_{T}$ , $Q_{T}$ is acogenerator. By Proposition 4: $Q_{T}$ is linearly compact
and whence $R^{\prime Q}$ is $injective.12$ ) Further, $R^{\prime Q}$ is cofinitely generated by ([13],
Lemma $8$ ) $.13$ )

COROLLARY 4. Let $R$ be a tutO-sided cogenerator ring. Let ${}_{R}P$ be $a$

finitely generated projective left $R$-module. Then $P_{S}$ is a linearly compact
cogenerator and $R^{\prime P}$ is a faithful finitely generated projective and cofinitely
generated injective left $R’$-module, where $S$ is the endomorphism ring of ${}_{R}P$

and $R’$ is the double centralizer of $RP$.
PROOF. Since $RR$ , whence $RP$ is linearly compact, cofinitely generated

and injective, our assertion follows direct from the above Corollary 3.
COROLLARY 5. Let $R$ be a ring such that $RR$ is lirtearly compact. If

there is $a$ (faithful) linearly compact, cofinitely generated injective and flat
left $R$-module, then there exists $a$ (faithful) finitely generated projective and
irtjective right R-module.

PROOF. Let $RQ$ be alinearly compact, cofinitely generated injective and

11) Cf. [12], Corollary to Theorem 5.
12) Cf. [12], Corollary 1to Theorem 2.
13) Note that $T$ is asemi-perfect ring.
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flat left $R$-module, and, $T$ be the endomorphism ring of $RQ$ . Let $RP$ be a
finitely generated projective left $R$-module such that $\{P, Q\}$ forms an RZ-
pair. Then, by Theorem 2, both ${}_{s}Hom_{R}(P, Q)$ and $Hom_{R}(P, Q)_{T}$ are injective
cogenerators, and $S$, $T$ are naturally isomorphic to the endomorphism rings
of $Hom_{R}(P, Q)_{T},{}_{S}Hom_{R}(P, Q)$ respectively, where $S$ is the endomorphism
rings of $RP$. We show that the right $R$-module $P^{*}=Hom_{R}(P, R)$ is injective.
Since $Q_{T}$ is linearly compact and $\{P, Q\}$ is aregular pair, ${}_{S}P^{*}$ is isomorphic
to the $Hom_{R}(P, Q)$-dual of $Q_{T}$ , that is, ${}_{SR}P^{*}\cong Hom_{T}(_{R}Q_{T}, Hom_{R}(P, Q)_{T})^{14)}$.
It follows that $P_{R}^{*}$ is injective, because $RQ$ is flat and $Hom_{R}(P, Q)_{T}$ is injec-
tive. It is clear that $P_{R}^{*}$ is finitely generated and projective. Further, let
$RQ$ be faithful. Then $P^{*}r=0$ , $r\in R$ , implies that $0=(P^{*}r, Q)=(P^{*}, rQ)$ . It
follows that $rQ=0$ , whence $r=0$ . Thus $P_{R}^{*}$ is faithful. This completes
our proof.
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