On conformal Killing tensors of a Riemannian

manifold of constant curvature

By Hidemaro Kojv6

Introduction. Recently S. Tachibana [2]" has introduced a notion of
a conformal Killing tensor field of degree 2 in a Riemannian manifold and
T. Kashiwada has given the definition of a conformal Killing tensor
field of degree p (p=2) in a Riemannian manifold. They discussed such
the tensor fields and obtained many interesting results.

In this paper, the author proves by the mathematical induction that a
Riemannian manifold of constant curvature admitting a conformal Killing
vector field admits necessarily a conformal Killing tensor field of degree p.
§1 is devoted to give some preliminaries on a general Riemannian manifold
R* admitting a conformal Killing vector field. In §2 we give the definition
of a conformal Killing tensor field of degree p=2.

Let us denote by M™ an n-dimensional Riemannian manifold of constant
curvature which admits a conformal Killing vector field. We prove that M™
admits a conformal Killing tensor field of degree 2 in §3. Making use of
the results in §3, in the last section §4 we shall show that M” admits a
conformal Killing tensor field of general degree.

The present author wishes to express his very sincere thanks to Pro-
fessor Y. Katsurada for her many valuable advices and constant guidances.

§1. Preliminaries on a Riemannian manifold admitting a con-
formal Killing vector field. Let R” (n>2) be an n-dimensional Riemannian
manifold whose metric tensor is given by g,;.

Let & be a vector field in R* such that

(1.1) fgu = &4+ 5= 2004

where ¢ is a scalar field in R* and the symbol £ and “;” denote the
¢

operator of Lie derivation with respect to & and of covariant differentiation
with respect to the Riemann connection determined by g¢,; respectively.

‘Then & is called a conformal Killing vector field. If ¢ vanishes identically
n (1.1), then & is called a Killing vector field.

1) Numbers in brackets refer to the references at the end of the paper.
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If P;; is a covariant tensor field, then we have

£(Pij;k)_(‘5£PM);k == (£ {klz-}>sz'— (f‘ {klj})Pu (cf. [6]:

§ é

where {]z/e} denotes the Christoffel symbol of the first kind.

Applying the above formula to the metric tensor g,;, we obtain

1.2 () =0 [(€o+ (E0u—(E0.].

Substituting (1.1) into (1.2), we find
(1. 3) ‘f {jlk} = 0j0s+ 020, — g 349*

where ¢,=¢.,, ¢*=g"¢, and ¢% denotes the Kronecker deltas.

Substituting (1. 3) into
¢ ] _ 1
£R%=(8{ 1))~ (£{)),
where R?;,, is the curvature tensor, we obtain
(1- 4) fRijkz = —5§¢J;k + 52¢j;1_g5k¢¢;l + gjl¢¢;k .

By contraction with respect to 7 and [/, it follows from (1.4) that
(1. 5) ‘%Rﬂc = —(n—2)bx ;918"

where R, is the Ricci tensor.
Transvecting (1.5) with ¢?*, we find

(1. 6) £R = —2(n—1)¢",—29R

where R is the scalar curvature.

When R" is an Einstein space, that is,
Rjk=§gj,‘, R=const.,
we have, for a conformal Killing vector field &, |

Consequently, from (1.5) and (1.6), we get
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gnﬁgﬁgﬂc =—(n—2)pr;—9ud%, @©—1)¢";+Rs=0,

respectively. From these relations, it follows that

(1.7) by = —kpgey, k= —2 .
nn—1)
Thus if an Einstein space of dimension 72>2 admits a conformal Killing vec-
tor field, then it admits a non-zero scalar function ¢ which satisfies the above
equation.
A space of constant curvature (z>2) is a Riemannian manifold satisfying

(1. 8) R j4; = k(9 1407 — 049 12)
R

and then % is a constant given by k= —— .
n(n—1)

A space of constant curvature is necessarily an Einstein space.

§ 2. Conformal Killing tensor field. In this section, as the gener-
alization of a conformal Killing vector field we shall show the definition
of a conformal Killing tensor field which is given by S. Tachibana and T.
Kashiwada.

We shall call a skew symmetric tensor 7;; a conformal Killing tensor
field of degree 2 in R™ if there exists a vector field #, such that

(2- 1) Tij;/c+ Tlcj;'ll = 2pjgik_plc 9:5— 0459 5z -

The vector P, is called the associated vector field of 7;;,. If @, vanishes
identically in (2. 1), then T3, is called a Killing tensor field of degree 2.

Furthermore, we shall generalize it to the case of degree p (p=2). A
skew symmetric tensor field T;..s, is called a conformal Killing tensor field
of degree p in R, if there exists a skew symmetric tensor field #;..;, such
that

. y
(2.2) Tz’,-.-¢p;qz + Twz--w:p;zl = 2P¢z...¢pg¢)¢ — 2 (=17 (pz‘,-.?,,---ipgw,, + pmz---ﬂ---z'pgi,z,,) ’

h=2

where 7, means that i, is omitted. We call Oty the associated tensor
field of Ty,..,. If @,.,, , vanishes identically in (2.2), then T} .., is called
a Killing tensor field of degree p.

Especially, if R™ is a space of constant curvature, then the associated
tensor field of conformal Killing tensor field of degree p is a Killing tensor

field (cf. [3]).
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§ 3. Conformal Killing tensor field of degree 2. In the following
sections, let M™ be an n-dimensional Riemannian manifold of constant
curvature. ’

LEmMA 3.1. Let R* (n>2) be an Einstein space which admits a con-
formal Killing vector field &. Then R* admits a Killing vector field.

Proor. We put
_ R
nn—1)"
Differentiating this covariantly, by means of (1.1) and (1.7) we get
(3 1) P.,;;_;+Pj;¢=0.
THEOREM 3. 2. If M™ admits a conformal Killing vector field &, then
M™ admits a conformal Killing tensor field of degree 2.

ProOF. Since M™ admits a Killing vector field ¢ by Lemma 3. 1, differ-
entiating (3.1) covariantly, we obtain

p¢=§z+%—¢u k=

‘oi;j;k + 045k = 0.
From the above equation, we have
PougetPpurtPsrstPrus—Psuret+Prs:)=0.
Then by virtue of Ricci’s identity, we get
20 54— P4 (R jis + R 5+ R5) = 0.
In consequence of Bianchi’s identity the above equation reduces to
OsgatOuRYu=0. |
Then by means of (1.8) the last equation turns to
Pissie =k(P;0r— 059 5) -

We put T,;=0,;, then the above equation is rewritten as follows:

(3- 2) Tz‘j;k = k(pjgki_pigjk) >
and hence we obtain
(3- 3) Tu;k‘f‘ Tkm = k(zpj Gri— 00— Ps gji) .

This equation shows that 7}, is a conformal Killing tensor field of degree
2 whose associated vector field is given by £o,.

§4. Conformal Killing tensor field of degree p=3. At the first,
we shall show that a conformal Killing tensor field of degree 3 can be con-
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structed by a conformal Killing tensor field of degree 2 and the vector ¢;..

By virture of [Theorem 3.2, we have shown that constant Riemannian
curvature' space M™ admits a conformal Killing tensor field 7;; of degree
2. Put

(4. 1) Tuk = Tu Or+ lec ¢¢ + Tlci ¢j .

Then it is clear that T3; is skew symmetric with respect to all indices.
Differentiating (4.1) covariantly, by means of (1.7) and (3.2) we have

szlc;z = k[(Pj¢)‘c_pIc ¢j—¢Tjk) gu—(pz Gr— O ¢¢"‘¢T¢Ic)gﬂ
+ (pz ¢j—Pj¢¢—¢T¢j)g“] .

Hence we put

Ci="P;0:—L1b;— 0T 11,

then the last equation turns to

(4. 2) Tisise = R(Os1 05— Por 05+ PisGra) »

and hence we get
Tisuse+ Tojuse = k(2051050 — Lo 95— P95+ Ps596+ P13 Gs) -

This equation shows that T}, is a conformal Killing tensor field of degree
3 whose associated tensor field is given by k9,;. Therefore we have

THEOREM 4.1. Let M™ be an n-dimensional Riemannian manifold of
constant curvature which admits a conformal Killing vector field &. Then
M™ admits a conformal Killing tensor field of degree 3.

Next, we prove that M” admits a conformal Killing tensor field of degree
p, under the assumption that M” admits a conformal Killing tensor field of
degree p—123.

We assume that M™ admits a skew symmetric tensor field 7. such

iy,

that
p
(4- 3) Tz,-‘--ﬁp_,;z =—k2 (—1)"{’5‘...;,‘,‘...%_](7%5 ’

where 0,,.,, , denotes a Killing tensor field of degree p—2.
Putting p=2 and p=3 in (4.3), we obtain (3.2) and (4.2) respectively.
Then we have

T.gl...,gp_l;i + T¢¢2...¢p_l;¢l = k * [Zp‘iz"'ip~1 gild

p-1
- hz_z( —1)* (pz,u-é}--'zp_ Gine PGy, gi,,z)] ’
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where 0,.,  denotes the associated tensor field of T, ., ,- Thus this
equation shows that T, , is a conformal Killing tensor field of degree

p—1L \
If we put

. »
(4. 4) T‘:"'ip = ],Z=1 ( - l)h Tq;l...{,:....gp ¢’I;h .

Then it is clear that T,l...zp is skew symmetric with respect to all indices.
Differentiating (4. 4) covariantly we have

T¢ “lpid =

i M*e

( Ty 5. z,,,z¢¢,,+2( 1 Tz,---z’;u-z'p@,,;z-

Substituting (1.7) and (4.3) into this equation, we find

Til--'ip;i = =2 (=1)%- Z (—1)* 0s...4 ---@,cmip%hgi,cnz

(heelc)

» .
—kg 2l (—1) Tzl---i’,:---zp Gips

k=1

P n R
=—k2 (— 1)h[ /CZI (— 1)/cpil...a...;,;...¢p s, + DT .55 p] Gips -

Hence if we put

then the last equation turns to
p
(4. 5) Tix""zp;'i = — k};l(— l)llp¢l...¢/,:...,;p Jipi»

and hence we get

Tix"'ip;'z + Tuz"‘ip;";x

P
=—k2 (-1 )hp¢,~-~¢,,---ng¢,,¢ kZ (—1) pii,mi’,\,---ipg'zhil

k=1
(ll.#l)

=—k [—prz,---ip gm"‘ (— l)h pi,---i//:"'ip gini]

- k [_pgz...ip g:51¢+ 2(‘—'1)’L pﬁz...{;...ip gi,‘,;‘]

4
=k [Zpi,mip 94— DX (“l)h'(piln-i,.-uip gz‘,ﬁ“‘puz---zﬁ---ng«z,,z,)]-

=2

This equation shows that T;,.s, is a conformal Killing tensor field of degree



242 H. Kéjys

P whose associated tensor field is given by 40;,.,,. Therefore we have

THEOREM 4.2. Let M™ be an n-dimensional Riemannian manifold of
constant curvature which admits a conformal Killing vector field &. Then
M™ admits a conformal Killing tensor field of degree p.
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Hokkaido University
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