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Geometric characterization of Monge-Ampére equations
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Abstract. It is well known that a Monge-Ampeére equation can be expressed in
terms of exterior differential system—Monge-Ampere system, which is the ideal gen-
erated algebraically by a contact form and a 2-form and its exterior derivatives on a
5-dimensional contact manifold, and the system is independent of the choice of coor-
dinate system. On the other hand, a single second order partial differential equation
of one unknown function with two independent variables corresponds to the differ-
ential system on a hypersurface of Lagrange-Grassmann bundle over a 5-dimensional
contact manifold obtained by restricting its canonical system to the hypersurface. We
observe relations between Monge characteristic systems of Monge-Ampeére equation
and those of Monge-Ampere system and particularly analyze structure equations of
those systems. This observation leads to the result—to characterize Monge-Ampére
equation by the property that the certain differential system defined from the Monge
characteristic system drops down to the contact manifold.

Key words: differential system, exterior differential system, partial differential equa-
tion, Monge-Ampere equation, Goursat equation, Monge characteristic system.

1. Introduction

An exterior differential system on a manifold ¥, or called EDS for short,
consists of a differential ideal Z on X, that is, an algebraic ideal of the differ-
ential algebra of differential forms on ¥ closed under exterior differentiation.
Let 7 = {1/}1, ey 1/)"} qi denote an EDS algebraically generated by differ-
ential forms !, ..., 9™ and its derivatives di', ..., dy™. For a point p € X,
V' is an integral element of an EDS 7 on X if V is a subspace of T, such
that ¥|y = 0 for all ¢» € Z. An integral manifold of an EDS Z on ¥ is an
immersed submanifolder ¢ : M <—— ¥ such that ") = 0 for all ¢ € 7.

For a (classical) Monge-Ampere equation in coordinates description

Azgy + 2Bzay + Czyy + D + E(2002yy — 22,) =0, (1.1)

where each capital letter indicates a function of variables x,y, 2, 2, 2y, we
consider the following EDS
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T= {07 \Il}diﬁv
where 0 = dz — pdx — qdy and

U = AdpAdy+ B(—dp Adzx + dq A dy)
—CdgNdz+ Ddx Ndy+ EdpAdg. (1.2)

Then a 2-dimensional integral manifold of Z on which dx Ady is nonvanishing
is locally the graph of a solution of the Monge-Ampeére equation (1.1).

Let J be a 5-dimensional contact manifold with contact form 6 and ¥
a 2-form on J and suppose ¥ Z 0 (mod 6, df). Then the EDS

1= {97 \Ij}diﬂ

is called a Monge-Ampére system on J. By Darboux’s Theorem, there exists
a coordinate system (z,v, 2, p, q) of J such that § = dz — pdz — qdy and (1.2)
holds (see [ILO03]). Locally, a 2-dimensional integral manifold of a Monge-
Ampere system on which dz A dy is nonvanishing is the graph of a solution
of a Monge-Ampere equation (1.1).

We study regular single second order partial differential equations

F(x,y,z,zm,zy,zm,zzy,zyy) =0 (13)

of one unknown function with two independent variables. We regard them
geometrically as differential systems (R, D) where R is a hypersurface in the
Lagrange-Grassmann bundle L(J) over a contact manifold J of dimension
5 and D is the restriction of the canonical system E on L(J) to R.

In this article, we give a geometric characterization of the class of Monge-
Ampere equations in terms of Monge characteristic systems, in both hyper-
bolic and parabolic cases.

Here, a hyperbolic (resp. parabolic) PDE is an equation (1.3) which sat-
isfies AC — iBz < 0 (resp. AC — %B2 = 0) at any point, where A = 821,
B=2F and ¢ =2

O0zzy Ozyy *
From the structure equations in each case we define the Monge charac-

teristic systems M, for PDE (R, D), and the Monge characteristic systems
H; for Monge-Ampere system Z in Section 2. We denote by Ch(0D) the
Cauchy characteristic system of the first derived system 0D of D.
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We observe relations between Monge characteristic systems M; and H;
and particularly analyze structure equations of those systems: If (R, D) is
hyperbolic PDE, the first and second derived systems OM;, 0°M; of D are
regular and of rank 4 and 5, and OM; + Ch(9D) coincides with pullbacks
of H; (Theorem 3.3 and Corollary 3.4). We observe also in parabolic case
(Theorem 3.11).

This observation leads to main results in this paper.

One of main results is stated as follows: Suppose a regular second order
partial differential equation (R, D) of one unknown function with two inde-
pendent variables is hyperbolic and suppose one of the differential systems
on R, 9M; 4+ Ch(9dD) or 0Msy+ Ch(9D) drops down to J. Then (R, D) co-
incides with the Monge-Ampere equation associated with a Monge-Ampere
system Z on J. Moreover OM; +Ch(0D) and 0My + Ch(9D) are pullbacks
of the Monge characteristic systems H; of Z.

We give a characterization of Monge-Ampere equations also in parabolic
case (Theorem 4.6).

There are some earlier researches for Monge-Ampere equation. For ex-
ample, V. V. Lychagin ([Lyc79]) discussed non-linear second-order differ-
ential operator and a generalization of Monge-Ampére equations by using
non-linear second-order differential operators.

Especially, R. B. Gardner and N. Kamran ([GK93]) investigated invari-
ants which characterized Monge-Ampere equation in hyperbolic case and
R. L. Bryant and P. A. Griffiths ([BG95]) did in parabolic case. They call
these invariants Monge-Ampere invariants.

R. L. Bryant and P. A. Griffiths described the structure equation of non-
Goursat system ([BG95, p.556]) and showed that a non-Goursat parabolic
system is locally equivalent to an equation of Monge-Ampere type if and
only if the Monge-Ampere invariant W = Sy w3 A w4 vanishes.

In Section 2 we recall our notations and definitions, and describe the pro-
longation of Monge-Ampere systems. Separating hyperbolic and parabolic
cases, in Section 3 we mention relations between the Monge characteristic
systems of Monge-Ampere systems and those of the corresponding Monge-
Ampere equations (Lemma 3.1, Theorem 3.3 and Corollary 3.4 in hyperbolic
case and Lemma 3.9 and Theorem 3.11 in parabolic case). Additionally, we
look at relations between numbers of independent first integrals of Monge
characteristic systems of Monge-Ampere systems and those of the corre-
sponding Monge-Ampere equations (Corollary 3.2 and 3.5 in hyperbolic case
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and Corollary 3.10 in parabolic case). Section 4 deals with characterizations
of Monge-Ampere equations (Theorem 4.1 in hyperbolic case and Theorem
4.6 in parabolic case).

In this paper we assume all objects are of class C'*°.

2. preliminaries

We recall some definitions and fix our notations, following [IL03] and
[Yam82].

In order to comsider partial differential equations as geometrical sub-
jects, we utilize differential systems and exterior differential systems.

A differential system D on a manifold R is a subbundle of the tangent
bundle TR of R. A differential system D is locally defined by linearly

1

independent 1-forms w",...,w" as follows:

D={w=-=w =0},

where r is the corank of D. The Cauchy characteristic system Ch(D) of D
is defined by

Ch(D)(z) ={X € D(z) | X2dw' =0 (mod w?,...,w")}

at each point x € R. For a point € R, v is an integral element of the
differential system D if v is a subspace of T, R such that w*|, = 0 and
dw*|, = 0 for all 1 < k < r. An integral manifold of the differential system
D is a submanifold M of R such that w*|p; = 0 and hence dw”|y; = 0 for
all 1 < k<r.

The first derived system 0D of a differential system D is defined by, in
terms of sections,

oD =D + [D, D]

where D is the space of sections of D and [,] is Lie bracket for vector fields.
Furthermore, the k-th derived system XD is defined inductively as follows:
if 9*~1D is a differential system, then

okD = 9(9"* ' D)
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where we put 9D = D for convention. A differential system D is completely
integrable if 0D coincides with D. A function f on a domain of R is a first
integral of D if df = 0 (mod D+), where D+ is the set of annihilators of
D, and then we say that D has a first integral f.

Let J be a manifold of dimension 2n + 1 and C a differential system
on J of corank 1, which means that, at each point u € J, there exists a
nonvanishing 1-form 6 around w such that C = {6 =0}. Then (J,C) is
called a contact manifold if 6 A (df)™ is nonvanishing. The notation (J,C)
is often shortened to J in this paper.

Starting from a (2n + 1)-dimensional contact manifold (J,C), we now
construct Lagrange-Grassmann bundle L(J) over (J,C) and the canonical
system E on L(J) as follows: let L(J) be the space consisting of all n-
dimensional integral elements of C, that is,

L(J) = |J L)y ——J
ueJ

where L(J), is the Grassmannian of all Lagrangian subspaces of the sym-
plectic vector space (C(u),df,) and 7 is the canonical projection. The
canonical system E on L(J) is defined by

E(v) =7, (v) C T,(L(J)) forwv e L(J).

We now take a coordinate system of L(J) as follows: let us fix a point v, €
L(J). By Darboux’s Theorem, there exists a canonical coordinate system
(z1,...,%n, 2,D1,- -, py) around u, = m(v,) such that § =dz— 3", pida’.
We may assume that dz! A--- Adx"|,, # 0. Taking a neighborhood V of v,
such that dz' A -+ Adz"|, # 0 around v € V, we define functions p;; on V/
by

dpl‘v = pll(’l))dxl‘v 4+ +P1n(v)dm”|v,

dpn|v = pnl(v)d$1|v + - +pnn(v)dfc"|v

Since df|, = 0, we have p;; = p;;. Thus we have obtained the coordinate
system (2%, z, p;, pij) (1 <i < j <n) of L(J). Then E is locally defined by
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E={wy=w1 = =w, =0}

where wp =dz — ) ., pidx’ and w; = dp; — 2?21 pijdad fori=1,...,n
Let us consider a single second order partial differential equation of one
unknown function with two independent variables

F(x,y, 2,22, 2y, 2za, 2oy, Zyy) = 0. (2.1)
Assuming that partial derivatives BZF , 8‘? and 82 of F' are never si-

multaneously zero, we define a hypersurface R of the Lagrange Grassmann
bundle L(J) over a contact manifold (J,C) and a differential system D on
R as

R= {F(:U,y,z,p,q,r,s,t) :0} C L(J)>
D:{WO:wl :’ZEQ:O},

where (z,y,z,p,q,7,5,t) is a coordinate system of L(J) taken above and
@y = (dz —pdz —qdy)|r, w1 = (dp—rdx — sdy)|r, w2 = (dg— sdz —tdy)|g.
Generally, let (R, D) be a single second order PDE and p the canonical
projection from R to J. Namely R is a hypersurface of L(J) and D is the
differential system on R obtained by restricting the canonical system E to
R. Then a 2-dimensional integral manifold of D transverse to fibers of p is
locally the graph of a solution of the single second order PDE.

Let (R,D) be a single second order PDE and we may write D =
{wy = w1 = w2 = 0}. Let us assume p is a submersion.

It is well-known that the structure equation of D is expressed as follows:
let us fix a point v, € R. If the equation R is hyperbolic around v,, the
structure equation is

dwg=w! Ay +w? Ay (mod wy),
dwo =wl! N T11 (HlOd w07w17w2)7

dWQ = w? N a2 (Il’lOd wo, W1, w2)7

where {wy, @1, w2, w!, wW?, T, Mo} is a coframe around v, € R
([BCG191, p.277]). If the equation R is parabolic around wv,,
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dwo=w' ANwy +w? Awe  (mod @y),
dwo = w2 Ame  (mod wg, w1, @),

dwy =w' Ams +w? Ay (mod @y, w1, @2),

where {wy, @1, @, w!, w? w2, Mo} is a coframe around v, € R
([BCG+91, p. 275)).

Then, if R is hyperbolic or parabolic, the Monge characteristic system
M, of (R, D) are defined as

Mi:{?m)zaq:wQ:wi:mi:O} fori=1,2,
or
M:{w02w12w2:w2:ﬂ12:0}7

respectively ([ILO03, p.213]).

Let Z = {6, ¥}qix be a Monge-Ampere system on J. For a point u € J,
if Z,, has two, one or no independent decomposable 2-covector, modulo 6,
then 7 is called hyperbolic, parabolic or elliptic at u, respectively. Because
the dimension of J is five, a 2-covector (¥ + A\df), is decomposable modulo
0, if and only if (¥ + Adf)2 =0 (mod 6,). Then the relation

(U + \dB)2 = U, AU, + 20T, A db, + N\2dO, Adf, =0 (mod 6,) (2.2)

yields a quadratic equation in a variable A. Because a root of the quadric
equation satisfies (2.2), Z is hyperbolic, parabolic or elliptic at u € J if the
quadratic equation has two, one or no real roots, respectively. If 7 has a
decomposable 2-form w A w, modulo 0, then a Monge characteristic system
H of 7 is defined as

H={=w=m=0},

which is a differential system of rank 2 on J.

Finally, we mention the relation between a Monge-Ampeére system 7
and its prolongation (R, D).

Let Z = {0, V}4ix be a Monge-Ampere system on J and let L(.J) denote
the Lagrange-Grassmann bundle over J. We obtain the prolongation (R, D)
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of 7 as follows: the prolongation of T (cf. [BCG191], [IL03]) is the differential
system (R, D) that R is the set of 2-dimensional integral elements of Z and
assume R is a smooth manifold, and D is the restriction of the canonical
system (Gr(2,TJ),E) to R. Here, m : Gr(2,TJ) — J is the Grassmann
bundle over J consisting of all 2-dimensional subspaces of all tangent spaces
to J and E is defined by E(v) = 77 (v) at each point v € Gr(2,7J). In
this case, by the definition of R, L(J) contains R.

Let us fix a point v, € L(J) and take a coframe {H,wl,w2,7r1,7r2}
around u, = 7(v,) such that

df = w' A 4+ W ATy (mod 6).

We may assume w! A w?|,, # 0. Taking a neighborhood V' of v, such that
w! Aw?|, # 0 at each point v € V, we can take fiber coordinate functions
a,b,c on V such that

1]y = a(v) wl|, + b(v) W2,
veV.
Taly = b(v) Wty + c(v) W?|,
Setting
U = Am /\w2+B(—7T1 Aw! + o /\w2)

— Cra Aw' + Dw' Aw? + Emy Ao (2.3)
where each capital letter indicates a function around u,, we have
|, = (Aa +2Bb+ Cc+ D + E(ac — b*))(v) w A w?|,.
Thus we set

R={veV|VY|, =0}
= {Aa+2Bb+ Cc+ D + E(ac — b*) = 0}, (2.4)
which is a subvariety of L(J). Around each regular points of R, we may

define D as the restriction of £ to R.
For a Monge-Ampere system Z, the prolongation (R, D) of Z is called the
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corresponding Monge-Ampere equation in this article. In fact, as mentioned
above, for a given Monge-Ampere system Z = {0, ¥}, we can take a
coordinate system (z, 3, 2, p, q) such that § = dz—pdx —qdy and set w! = dx,
w? = dy, m = dp, ™ = dq, and then we set given ¥ as in Equation (2.3).
Therefore we obtain the coordinate description (2.4) of the Monge-Ampeére
equation R.

For a Monge characteristic system H of Z, the corresponding Monge
characteristic system M means the Monge characteristic system of the cor-
responding Monge-Ampere equation. We show that

M C p;(H).
in the next section.

3. Relations Between the Monge Characteristic Systems of
Monge-Ampeéere Equation and Those of Monge-Ampeére Sys-
tem

We describe the structure equation of the corresponding Monge- Ampere
equation and investigate relations between the Monge characteristic systems
of Monge-Ampére systems and those of the corresponding Monge-Ampere
equations. Furthermore, this observation gives us a guideline for the char-
acterization of Monge-Ampere equations in Section 4.

3.1. Hyperbolic case

First, we choose a coframe adapted for a Monge-Ampére system: Let
T ={0,V} s be a Monge-Ampere system and let (R, D) denote the corre-
sponding Monge-Ampere equation. Let us fix a point v, € R. Assuming 7
is hyperbolic around u, = 7(v,), we can take different functions A; and Ao
around u, such that ¥ + A\df and ¥ + \odf are decomposable 2-forms, and

take 1-forms w!, w?, 7}, 7 around u, such that

W AT, =W 4+ Ndd  (mod 6) fori=1,2.

Since 0|, = df|,, = ¥|,, = 0, we have w! A 7}|,, = w? A7h|,, = 0 and may
thus assume w'|, # 0 and w?|,, # 0. Hence m|,, is a multiple of w!|,,
and ma/,, is of w?|,,. Since w! A 7] —w? Amh = (A — A2)df (mod 6) and
A1 — Az # 0, we have
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A =W A+ W Ay (mod 0)

where m; = ﬁﬂ'i, Ty = —ﬁwé. Since 6§ is a contact form, 6 A w! A

w? Ay A g # 0 around u,. Hence {0, w!, w? m,m} is a coframe around
Ug.

Secondly, let us take a neighborhood V of v, such that w! A w?|, # 0
at each v € V and functions a, b, c on V such that

T1le = a(v) wl|, + b(v) W2,
veV.
Taly = b(v) Wl + c(v) W?|,

Since w! A 1], = 0, we get b(v) = 0. Thus
D:{WOZ?D1:WQ:0},

where wg = p*0, @y = p*m — ap*w, wy = p*my — cp*w?.
For i = 1,2, we have
dm; =1 N (AZ‘TFQ + Biwl + Ciw2) + m A (Eiwl + Fiw2) + Giwl A w2,

dw' = m A (Hymo + Liw! + Jw?) + 7 A (Kjw' 4+ Liw?) + Njw' A w?,
(3.1)

modulo 0, where each capital letter with an additional character indicates
smooth functions around u, on J. Let us omit the pullback p* in what
follows. Then on R, we have
dm; — adw!
= (Ajac+ Cia — Eyc+ Gy — Hia*c — Jia® + Kqac — Nla)u)1 A w?
dmy — cdw?
= (Asac+ Cya — Eye+ Gy — Hyac?® — Jyac + Koc? — NQC)UJl A w?

modulo wy, w1, ws. Namely, from dwy = df, dowy = dmy — adw! — da A W?,
dwy = dry — bdw? — db A w?, we obtain the structure equation:
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dwo=w' ANwy +w? Awe  (mod @y),
do; =wt A (mod wy, w1, ws), (3.2)
dwy = w2 A e (mod wy, w1, @),
where
711 = da + (Ajac + Cia — Eic + Gy — Hia*c — J1a® + Kiac — Nya)w?
Tag = dc — (Agac + Cya — Eyc + Gy — Hyac® — Joac + Koc? — Noc)w'!

Lemma 3.1
M; C p7H(Hy) and OM; C pIt(Hy) fori=1,2.
Proof. As we use the coframe {wq, w1, @2, w!, w? m11,mea} taken above,

Mi:{wOIW1:WQ:wi:7TMZO},
p. (Hi) = {p*0 = p*w' = p*m; = 0},

:{wozwi:wizo}.

By (3.1) and (3.2), we have dwy = dw; = dw’ = 0 (mod wy, @1, @s, W',
7'('“) Thus

OM; C {wo =w; =w' =0} = p; ' (H,). O

Corollary 3.2 If'H; has two independent first integrals, then M; also has
at least two.

Here, “independent” means independence as function, that is, there
exists two first integrals f1, fo of H; such that df; A dfs # 0.

Though we obtain this corollary from the structure equation (3.2), to
obtain more information, we need to analyze the structure equation in more
detail:

Theorem 3.3 Let 7T be a hyperbolic Monge-Ampeére system on a 5-
dimensional contact manifold J and let H1 and Ho denote the Monge char-
acteristic systems of I, and let (R, D) denote the corresponding Monge-
Ampére equation and My and My the corresponding Monge characteristic
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systems. Then, fori=1,2, OM;, 0> M; and OH; are differential systems,
and it follows that codim 0°M; = 3 and

0*M; C p*_l (OH;).

Proof.  Let us choose the coframe {0, w!,w? 7,7} taken above. For i =
1,2, putting

dr; = m A (Aymy + Biw!' + Ciw?) 4 1o A (Bjw! + Fiw?) + Gaw! A w?
dwi =m A (Hﬂrg + Iiwl + Jiw2) + T2 A (Kiwl + Liw2) + Niwl A w2

modulo 6, where each capital letter with an additional character indicates
smooth functions on .J, we have

dm; = Ao N\ o+ A (Biw1 + (Aic+ Cy) WQ)
+2 A ((—Aia + ;) w! + Fiu?)

+(Asac+ Cia — Eic + Gy) w! A w?
‘ (mod wy)
dw' = H;mq A g+ A (Iiwl + (Hic + Jl) w2)

+w2 A ((—Hia + K;) wh + Liw?)
+(H;ac + J;a — Kic+ N;) wh A w?

and hence
dwy = w! A+ A ((Bl — La)w! + (Ajc+ Cy — Hyac — Jia) w2)

+wa A ((—Al(l + FEi + H1a2 — Kla) wl + (Fl — Ll(L) w2)
+(A1 — Hia) @y A w2 (mod o),

dwy = w2 A oo +wo1 A ((BQ — IQC) wl + (AQC + Cs — HQC2 — JQC) w2)
+zo9 A ((—Aga + Ey + Hyac — Koc) w! + (Fy — Lac) w2)
—|—(A2 — H2C) w1 A w9 (mOd ’(Do),

where
m11 = da + (Arac + Cra — Eic+ Gy — Hia?c — Jia? + Kqac — Nia) w2,
Tag = dc — (Agac + Cya — Eyc + Gy — Hyac? — Joac + Koc? — Nac) wh.
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By definition, one Monge characteristic system is
Hi={0=w'=m =0}.

Since the structure equation of H; is

df =w? Ay
do'=—Liw? Amy  (mod 6,w!, ),
dmy = —Fy w? A my

the first derived system of H; is

OH1 = {E)l :%120},
where @' = w! + L0, T = 7 + F10, and hence OH,; is a differential system
on J.

On the other hand, let us recall the corresponding Monge characteristic
system

Mlz{wozwl ZWQ:UJIZWHZO}.

Since the structure equation of M; is

dwog =0
dwo1 =0
dwos = w2 A a9 (mod g, w1, wa,w', T11),
dw' =
kdﬂ'n =—(Aja — By — Hia? + Kia) w? A o

the first derived system of M is
oM, = {LTJ() = w1 =w! =T11 :O},

where 711 = m1 + (A1a — By — Hya? + Kia)wsy, and hence OM; is a
differential system on R. Since
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dwo = w? A wo
dw) = —(F, — Lia)w? ANwy  (mod @y, @, w!), (3.3)

dw! = —Li w? A wo
the second derived system of M is
PM, c{m ="' =0}, (3.4)
where @, = w; + (Fy — Lia) @wo, @' = w! + Liwg. We have

p*(ful) =w! + Liwy = 0t

(3.5)
p*(F1) = w1 + aw' + Fiog = @1 + ad',
and hence 02 M satisfies the inclusion
PPM;y C py (OHy) = {p*@" = p*T1 =0} . (3.6)

Furthermore, since
di1y = (acdAy + adCy — cdEy 4+ dGy — a*cdHy — a*dJy + acd K1 — ad M) Aw?
modulo wy, w1, w!, T11, w? A we, and
dA; A w? = dCy Aw? =dE;] Aw? =dGy A w?
=dH Aw® =dJy Aw® =dK; Aw? = dMy Aw? =
modulo wy, @1, wa, w!, T11, we have
dr1 =0 (mod wy, wi,w!, T11,w? Aws).

Thus 92 M, is a differential system and codim 9 M; = 3.
Similarly, we can prove the claims in the case of Hy and M. O

The following Corollary is a key of characterization of Monge-Ampere
equation (see Theorem 4.1)
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Corollary 3.4
p:'(H;) = OM; + Ch(dD) fori=1,2.

From (3.3), (3.4), (3.5) and (3.6), we get the following corollary:

Corollary 3.5 If M, has three independent first integrals, then H; also
has two.

Remark 3.6 As it is seen in Corollary 3.2, if H; has two independent
first integrals, then M, also has at least two. However, it is not always true
that H; also has two independent first integrals if M; has two independent
first integrals. For example, let us consider the hyperbolic Monge-Ampere
equation ([Boob9], [Gou90], [For06])

n
r—t——p:(),
x

where n is an integer. The Monge-Ampere system is

{szz—pda:—qdy,\If:dp/\dy—kdq/\d:c—@dx/\dy}
T diff

and decomposable 2-forms are
np
U +df = <dp:F dg — dm) A (dy F dz).
x

Then we have

df = w' A 4+ w? A,

where w; = i(dz — dy), w2 = 3(dy + dz), m = dp — dg — “dx, 7 =
dq +dp — “Pdx.

We obtain the derived systems 0*H; for each i = 1,2 as follows: Since
the structure equation of H; = {9 =wl=m = 0} is

df = w? Ay

dwl =0 (mOd 07w177r1)7

n
dm = — w? Ay
2x
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the first derived system is
87’(1:{(4}1:77'/1:0},
where m) = m; — 5-6. Since the structure equation of OH; is

dw! =0
n(n +2) (mod w', 7}),
——w

OH, is completely integrable if and only if n = 0 or —2.
On the other hand, let us recall the corresponding Monge characteristic
system

Mlz{wozwlsz:wlzmlz()},

where wy = p*0, @, = p*m — ap*wl, wy = p*my — cp*w? and let us omit
the pullback p* in what follows. Then we have

dwozwl/\w1+w2/\wQ,

dw) = w' Ay — %wl A (W + w?) — %WQ A (wh +w?),

dWQ = w2 N o9 — %wl VAN (wl + w2) — %WQ A (wl +w2),

where w1 = da — n(gi;c)uﬂ, mToy = dc + n(gigc)wl. Since the structure
equation of M is

dWQEO
dwo1 =0
dwa = w? A oz (mod wy, w1, w2, w', T11),
dw! =0
n
d’ﬂ'll = —7(.412 A 292
2z

the first derived system is
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6./\/11:{@0:@1:001 :%11:0},
where 711 = 711 + 5-w2. Since the structure equation of OM; is

dwog = w2 A w2

n
dwoy = — w? A wo
2x

dw! =0

(mOd wo, whwla %11)7

n
d%ll = ——F w2 A w2
\ 22

the second derived system is
PM; ={w| =w' =7}, =0},

/ n / -~ n n 3 3
where @] = w1 — 5-wo, T = T11 + 552 W0 = 711 + 5.2 @0 + 55 w2. Since
the structure equation of 9> M; is

n(n + 2)
dw;_ = T CL)2 A wo
dw' =0 (mod @}, w!, 7)), (3.7)
_n(n+2)(n—4) ,
dri, = 5 w? A\ @

0%2 M is completely integrable if and only if n = —2 or 0.
Let us continue the calculation except for the case of n = —2 or 0.
Equation (3.7) implies

PM; ={w' =711 =0},

where 711 = 7, — ”2—;4@’1 = m1 + "(ZIZQ)WO — anwl + s-wy. Since we
have
~ 4 -2 4 -2
dﬂHE_n(n—k )(n )wz/\wo—l—wuﬂ/\wl (mod wl),
83 42

0% M is completely integrable if and only if n = —4 or 2. In the other cases,
PM; = {w =0}
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The case of Ho and Mo are as follows: OHy = {w2 =l = O}, where
Ty =Ty — 5= 0, and

2
drh = "(Zt)wlw.
T

On the other hand, we can obtain
My = {wé = w? =7hy = O},

n

where @y = ws — 5= @o, Ty = T2z + 55 W1 + 543 wWo, and

2x
2
de= ") s
42 ro2
(mod w5, w?, m5,).
, _nn+2)(n-4) |
dmh, = 33 w* A o

If n # —2 and 0, we have
63./\/12 = {w2 = Tog = 0} ,

= _ n—4_1 _ n(n—2) n n—4
where oo = Ty — "5 =w5 = Mag + — 13- @Wo + 5. W1 — 5, we. Then

4)(n—2 4)(n —2
_TL(TL +8:zgn )wl A o + (n_|_4)x(;l)w1 A w3y (I’IlOd w2).

dﬁQQE

For i = 1,2, we have obtained

Table 1. The Number of Independent First Integrals of Each Monge
Characteristic System

the number of independent | the number of independent

n
first integrals of M; first integrals of H,

-2,0 3 2

—4, 2 2 1

the others 1 1
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3.2. Parabolic case

First, we choose a coframe adapted for a Monge-Ampeére system: Let
T = {0, ¥}aig be a Monge-Ampere system and let (R, D) denote the cor-
responding Monge-Ampere equation. Let us fix a point v, € R. Assuming
that Z is a parabolic system around u, = m(v,), we can take a function
A around u, such that ¥ 4 Adf is a decomposable 2-form. Hence we may
suppose that ¥ = w A 7 is a decomposable 2-form. By definition, since the
quadratic equation in a variable A given by

(U + \dB)* = 20U A df + N2dh Adf =0

has the multiple root A = 0, we get

UAdI=wArANdO=0.
This implies
d)=w' Am+wAT (mod 6),

where w! and 7 are 1-forms around u,. Because 6 is a contact form, 6 A
W AT AwA Ty # 0. Hence {0, wh, w, 7, e} is a coframe around u,. If wl,,
and 7|, are simultaneously never zero, we may assume w|,, # 0. Since
d|,, = 0, it follows w! A wl,, must be non-zero.

Namely, we may suppose w! A wl,, # 0 except for the case that both
wly, and 7|, vanish (see Remark 3.8 below).

Secondly, let us take a neighborhood V' of v, such that w! Aw], # 0
at each v € V. Since ¥|, = 0 for any v € V, we can take fiber coordinates
a,b,c on V such that

7l = a(v) W, + bv) Wy
velV
Taly = b(v) Wy + c(v) Wy
Since w A 7|, = 0, we get a(v) = 0. Thus

D:{WO:’W1:WQ:0},

where wy = p*0, @, = p*1 — bp*w, wy = p*my — bp*w! — cp*w and let us
omit the pullback p* in what follows.
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Putting

drm =7 A (Amg + Bw! + Cw) + m A (Ew' + Fw) + Gw' Aw (mod 0)
mod 0),
dw=7 A (Hrmy + Iw' + Jw) + 12 A (Kw! + Lw) + Nw! Aw

where each capital letter indicates smooth functions on J, we have
dr —bdw = —(Ab? + Bb+ Ec— Fb— G — Hb> — Ib? — Kbe+ Lb? + Nb)w* Aw,

modulo wg, w1, @ws. Hence we obtain the structure equation:

Lemma 3.7

dog=w! AT +wAwy (mod @),

dwl

wAT2 (mod wy,w,ws),

dwy =w! Amis +w A e  (mod @y, w1, @),

where w13 = db+ (Ab*+ Bb+ Ec— Fb— G — Hb3 — Ib*> — Kbc+ Lb? + Nb) w'.

Remark 3.8 If both w|,, and 7|, vanish, it must satisfy w® A ma|,, # 0.
We consider a neighborhood V of v, such that w! Am |, # 0 at each v € V.

D:{wozwlsz:O},

where wy = p*0, @, = p*1 — ap*w! — bp*my, wy = prw — bp*w! — cp*my.
Since w A 7|, =0 forallv € V, RNV = {ac — b*> = 0} and hence v, is a
singular point of RN V. Thus we omit a point v, such that both w|,, and
7|y, vanish.

Lemma 3.9
M C p;(H).
Proof. As we use the coframe taken above,

M={wy=w = wy =w = T2},

pit(H) = {p"0 = p*w = p*m = 0},
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and hence our assertion follows. O

Corollary 3.10 If'H has two independent first integrals, then M also has
at least two.

In the same way as in the case of hyperbolic system, let us analyze the
structure equation in more detail:

Theorem 3.11 Let Z be a parabolic Monge-Ampére system on a 5-
dimensional contact manifold J and let (R, D) denote the corresponding
Monge-Ampere equation. Then it follows that

pz (H) = (M + Ch(0D)) (3.8)

and the Monge characteristic system H of T is completely integrable if and
only if the Monge characteristic M of D is completely integrable.

Moreover, if M does not coincide with OM, and OM is a differential
system on R, then it follows that

*M = p; (H).

Proof.  Let us choose a coframe {wy, w1, w2, w!, w, T2, T2} taken above.
By definition,

Since

dw=—Ew' A1y (mod ,w,7),

dr = —Kw' Ao

‘H is completely integrable if and only if £ and K vanish locally.
On the other hand,

M:{?Do:wl:WQ:w:TﬁQ:O}.

Since
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dANwWw' =dBAw!' =dF AW =dEAW =dGAw' =dH A w!

=dINw' =dLAW =dK AW =dM AW =dbAw! =0,
modulo wy, w1, ws, w!, 711, we get
d7T12 E(Kb—E)wl/\ﬂ'QQ (mod wo,wl,wQ,w,ﬂlz).

Since dwy = dw; = dws = dw =0 (mod wy, w1, wa,w, T12) and b is one
of the fiber coordinates, M is completely integrable if and only if £ and K
vanish locally. Hence second assertion follows.

Since dwy = dwy = dw = 0 and dwy = w! Amp (mod wy, w1, w2, w),
first assertion follows.

Moreover, let us suppose that M does not coincide with M and oM
is a differential system on R. Then

OM = {wy =w; = ws =w =0}.
Since the structure equation of OM is

dwoz 0

dwl =0

J 1A (mod @y, w1, w2, w),
o = W T12

dw=0

(32./\/1:{@0:@1 :LL)ZO}
Consequently, we have obtained

pe (M) = {p*0 = p*w = p*r = 0} = &’ M. O

4. Geometric Characterization of Monge-Ampere Equations

The results in the previous section guide us to consider the geometric
characterization of Monge-Ampére equations. In fact, let M; be Monge
characteristic systems of a hyperbolic PDE (R, D). The corank 3 differential
systems OM; + Ch(0D) are candidate for Monge characteristic systems of
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a hyperbolic Monge-Ampere system. On the other hand, in parabolic case,
the corank 3 differential system 9(M + Ch(0D)) is candidate for Monge
characteristic system of a parabolic Monge-Ampere system.

We use the notation in Section 2 through this section. In this paper we
say that a differential system P on L(J) drops down to J if there exists a
differential system () such that the pullback of Q) by the canonical projection
p: R — L(J) coincides with P.

4.1. Hyperbolic case

Let (R, D) be a hyperbolic PDE and set D = {wy = w; = wy = 0}.
Let M; and My denote the Monge characteristic system of (R, D).

First of all, let us describe the structure equation of M; for each ¢ = 1, 2.
We recall the structure equation of D

dowo=w' ANw1 +w? Aws  (mod w@y),

dw1 Ewl/\ﬂ'n (mod wo,wl,wQ),

dwoo w2 A e (mod wy, w1, @),

and Monge characteristic systems M; = {wg = =w3 =w =7 = 0},
i = 1,2. Since M, is of rank 2 and dwy = dw; = 0, dwy = W2 A T
(mod @y, w1, we,w’, m11), OM; is of constant rank 3. Similarly, M, is
so. We can write dw! = w? A (hym11 + k1m22) (mod wo, w1, ws,w!), and
dw? = w' A (ham1 + komee) (mod @y, w1, @2, w?). Then since

0= d’w,
=_—w'A (dwy + wa A (homi1 + kamaz))  (mod wo, w1, w?),
0= d’w,
= —w? A (dwa + w1 A (hami1 + k1maz))  (mod wo, wa,wh),
we have
dwoy = w!' Ay — g A (homiy + komae)  (mod @y, @y, w! A wa, w2 A wa),

dw2 = w2 A T99 — W1 A (h17T11 + klﬁgg) (mod wo,wQ,wl A wl,wz A ’W1>.

Furthermore, since
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0= d2w1
= (—k1+h2)w2/\7T11/\7T22 (mod wo,wl,wQ,wl),

we have k; = ho. Replacing w! — kjws and w? — howy with w! and w?
respectively, we get

dwy = w! Ay + w? A wy mod wy),

dowy = w! A — ko g A Tag mod w, w1, w! A ws,w /\wz)

dw! = hy w? Am1q

(
(
dws = w? Amag —h1wy A (mod wo, wa, w! A @, w? A ws),
(mod @y, @1, wa, w?!),
(

dw? = kg w! A gy mod @, @1, wa, w?).

Then OM; 4+ Ch(0D) = {wo =w; =wt = 0} and we can write those struc-
ture equations as follows:

dwp = w? A ws

dw1 = —k‘z wa N\ T2 (mod wo,wl,wl) (41)
dwl = hl w2 A 11 + w2 A\ (A17T11 + B17T22)

dwp = w! A

dw2 = —hl w1 N\ 11 (mod wo, ’WQ,Q.)2> (42)

dw? = ko wl A oo + g A (Agﬂ'll -+ BQT['QQ)

As it is seen in Corollary 3.4, for a hyperbolic Monge-Ampere system,
pullbacks of Monge characteristic systems H; coincide with OM; + Ch(0D),
where M, is the corresponding Monge characteristic system of the corre-
sponding Monge-Ampere equation (R, D). Conversely, we obtain the next
theorem:

Theorem 4.1 Let (R, D) be a hyperbolic PDE and let My and My denote
the Monge characteristic systems of (R, D). If 9M; + Ch(9D) drops down
to J, or equivalently, OMs + Ch(OD) drops down to J, then there exists a
Monge-Ampére system I such that (R, D) coincides with the corresponding
Monge-Ampére equation locally. Moreover, OM; + Ch(0D) and OMs +
Ch(9D) are then pullbacks of the Monge characteristic systems of the system
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First, we prove the following lemma:

Lemma 4.2 Let (R, D) be a hyperbolic PDE and let My and My denote
the Monge characteristic systems of (R, D). If 0M;+Ch(9dD) drops down to
J for each i = 1,2, there exists a Monge-Ampére system I such that (R, D)
coincides with the corresponding Monge-Ampére equation locally. Moreover,
OM; + Ch(0D) and OMs + Ch(0D) are then pullbacks of the Monge char-
acteristic systems of the system T.

Proof. We show that, for each v € R, there exists a Monge-Ampere system
7 around p(v) € J and a neighborhood V' of v such that (R, D) coincides
with the prolongation of 7 on V.

Let us fix a point v, € R.

Since OM; + Ch(9D) drops down to J for each ¢ = 1,2, there exists
1-forms 7, O, T2, @2 around u, = p(v,) such that &' A &?|,, # 0 and

OM; + Ch(dD) = {p*0 = p*7; = p*&@' =0}, for eachi=1,2.

Let V be a neighborhood of v, such that &' A @?|, # 0 for each v € V.
Let denote Ay, Ay and B non-zero functions on V' such that for i = 1,2,
WAy = Aip*@t A p*m; (mod wg) and wy = Bp*f. Then we get

Ay, Ay ~
p*dl = flp*wl Ap*m + §2p*w2 A p*my  (mod p*0h).

This implies that there exists functions K 1, K 5 around u, such that p*f(i =
% for i = 1,2, and hence we have

do = (K1&") ARy + (K@?) ATy (mod 6).
Now let us consider the following hyperbolic Monge-Ampere system
1= {9’ o! A%l}diff = {9’ ny /\%2}diff
and its Monge characteristic systems are H; = {9 =T =0 = 0}. From

the definition of Z, each point of V is an integral element of Z. That is,
(R, D) coincides with the corresponding Monge-Ampeére equation locally. [
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Next, we show that, for a hyperbolic PDE (R, D), Ch(0M; + Ch(9D))
coincides with Ch(0D) if and only if Ch(0Ms 4+ Ch(9D)) coincides with
Ch(0D):

Lemma 4.3 Let (R, D) be a hyperbolic PDE and let My and Mz denote
the Monge characteristic systems of (R,D). Then, Ch(0M; + Ch(dD))
coincides with Ch(0D) if and only if Ch(0Mso + Ch(9D)) coincides with
Ch(oD).

Proof.  From the structure equation (4.1), if Ch(d.M; + Ch(9D)) coincides
with Ch(0D), we have hy = ka = 0. From the structure equation (4.2), if
Ch(0M3q + Ch(9D)) coincides with Ch(0D), we have hy = kg = 0.

As we assume h; = ko = 0, Equation (4.1) is

dowi = w! Ay mod @, @1, w! A we,w? A ws),

dog = w? A a9

(

dw! = @y A (A1711 + Bimes)  (mod g, wy,wl),
(HlOd WO,WQ,CUI A wl,wQ A WQ),
(

dw2 =wi A\ <A27T11 + Bgﬁgg) mod WO,Wz,wz).

Since dwy = dw; = d(w'Aws) = d(wW?Aws) =0 (mod wo, w1, w?Aws, w?),
0= d?w
= —Biws A1 ATe2  (mod wy, w1, w? A wQ,wl).
Since dwy = dw; = dw! =0 (mod wy, w1, w2, w?),
0 = d*w!
= AW AT AT (mod @, @y, wa,w?).
Therefore, we have A1 = B; = 0.
On the other hand, since dwg = dwy = d(w! A @) = d(w? Awy) =0
(mod @, s, w! A wy,w?),
0 = d*w?

= Aoy ATy ATay (mod wg, wa, wh A @y, w?).



Geometric characterization of Monge-Ampére equations 435

Since dwg = dws = dw? =0 (mod wy, w1, w2, w?),
0= d%w?
= Bow' A1 A (mod @y, w1, wa, w?).

Therefore, we have Ay = By = 0.
Consequently, our assertion follows. O

Proof of Theorem 4.1. From Equation (4.1), if OM; + Ch(dD) drops
down to J = R/Ch(dD), Ch(0M; + Ch(dD)) must coincides with
Ch(0D). Similarly, from Equation 4.2, if OMs + Ch(0D) drops down
to J, Ch(OMsy + Ch(9D)) must coincides with Ch(dD). Conversely, if
Ch(OM; + Ch(0D)) = Ch(9D), or equivalently, if Ch(9Ms + Ch(dD)) =
Ch(0D), then OM; + Ch(dD) drops down to J for each ¢ = 1,2. Thus
OM; + Ch(0D) drops down to J if and only if 9My + Ch(0D) drops down
to J. Consequently, our assertion follows from Theorem 4.2 and this argu-
ment. U

Remark 4.4 0OM; + Ch(9dD) and h;, ks in the above proof are corre-
sponding to the M;-characteristic vector field systems Char(Ir,dM;) and
Monge-Ampere invariants introduced in [GK93]. They characterize Monge-
Ampere equation by the invariants. On the other hand, we characterize
Monge-Ampere equation by the property that OM; + Ch(9D) should sat-
isfy and find that these differential systems coincides with pullbacks of the
Monge characteristic systems of the corresponding Monge-Ampére system
if (R, D) is a hyperbolic Monge-Ampeére system.

From Lemma 4.3, we can translate Theorem 4.1 into the following corol-
lary:

Corollary 4.5 Let (R, D) be a hyperbolic PDE and let My and My denote
the Monge characteristic systems of (R, D). If Ch(OM14+Ch(9D)) coincides
with Ch(0D), or equivalently, Ch(0Msz + Ch(0D)) coincides with Ch(0D),
there exists a Monge-Ampére system I such that (R, D) coincides with the
corresponding Monge-Ampére equation locally.

4.2. Parabolic case
In parabolic case, we obtain similar results to hyperbolic case. Unlike
hyperbolic case, as it is seen in Theorem 3.11, the regularity of the first
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derived system of the Monge characteristic system of a parabolic PDE does
not follow from the regularity of the Monge characteristic system. In order
to obtain a similar result to Theorem 4.1, we need a further assumption
of the regularity (see Theorem 4.7). The result for Goursat equation, i.e.
a parabolic equation whose Monge characteristic system is completely inte-
grable (hence the assumption is naturally satisfied) is particularly important.

First of all, let us describe the structure equation of M. We recall the
structure equation of D

dowg=w! ANy +w? Ay (mod @),
dle 0.)2/\71'12 (IIlOd WO,wl,WQ),

dws = wh A Tig 4+ w? A mag (mod @y, w1, w2),

and the Monge characteristic system M = {wy = wy = wa = w? = mg =

0}. As we write dw? = w! A (hm2 + k) (mod wy, w1, @s, w?),
0= d’w,
= —w!' A (dwy + o A (hrrig + kmag))  (mod @y, @1, w?).
Thus we have
dw, = w? Amia — wa A (hmig + kmag)  (mod wo, w1, w! A wa,w? A wy).

Since dwy = dwy = d(w! A @2) = d(w? A ws) = 0 (mod @y, w1, w2, w! A

w?,w? A ms), we have

0= d2w1
= —2kw! A Aoy —w? Admy  (mod wo, @, wa, w! Aw? w? ATg)
and hence k = 0. Thus replacing w? — hwy with w?, we get

dowg=w! ANy +w? Ay (mod w@y),
dw15w2/\7r12 (rnod wo,wl,wl/\wQ,w2/\wQ),

dw?=0 (mod @y, @1, wa, w?).
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Then d(M+Ch(dD)) = {wo = w1 = w? = 0} and we can write its structure
equation as follows:

dwg=0
dwy = Ew! A @ (mod @y, w1, w?) (4.3)

dw? = wo N (A7T12 + Bmos + Cwl)
Furthermore, since

0= d2w1

= —w? A (drs — Ew' Amag)  (mod wy, w1, wa, w? ATia),

we have

dris = Ew' Amay  (mod wy, w1, w2, w?, T12). (4.4)

Therefore the regularity of M correspond to the regularity of the function
E.

As it is seen in Theorem 4.7, for a parabolic Monge-Ampere system,
the pullback of the Monge characteristic system H coincides with (M +
Ch(9D)), where M is the corresponding Monge characteristic system of the
corresponding Monge-Ampere equation (R, D). Conversely, we obtain the
next theorem:

Theorem 4.6 Let (R, D) be a parabolic PDE. Let M denote the Monge
characteristic system of (R, D). If 0(M + Ch(9D)) drops down to J, there
exists a Monge-Ampeére system I such that (R, D) coincides with the cor-
responding Monge-Ampére equation locally. Moreover, (M + Ch(9D)) is
then the pullback of the Monge characteristic system of the system I.

Proof. We show that, for each v € R, there exists a Monge-Ampere system
7 around p(v) and a neighborhood V' of v such that (R, D) coincides with
the prolongation of Z on V.

Let us fix a point v, € R. Since 9(M + Ch(9D)) drops down to J, there
exists 1-forms 7, @ around u, = p(v,) such that &|,, # 0 and

O(M + Ch(dD)) = {p"0 = p*% = p*D = 0} .
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Let denote A and B non-zero functions around v, such that w? A wy
Ap*@ A p*7t (mod @) and wo = Bp*0, then we have dwg A w? A w;
ABp*(dO NG AT) (mod wp). Since dwwg Aw? Aoy =0 (mod ), we have
d9ANG AT =0 (mod f). Therefore, there exists 1-forms &', 7 around u,
such that

d) ="' ANT+O ATy (mod 6).

Since @ is a contact form,  A©* AD AT ATy # 0, which means 0, &', ©, 7,
Tty are linearly independent. We may assume that @' A &}, # 0.
Let V be a neighborhood of v, such that &' A @|, # 0 for each v € V.
Now let us consider the following parabolic Monge-Ampere system

I={0,0AT}yg

and its Monge characteristic system is H = {# =7 =& = 0}. From the
definition of Z, each point of V' is an integral element of Z. That is, (R, D)
coincides with the corresponding Monge-Ampére equation locally. O

Theorem 4.7 Let (R, D) be a parabolic PDE. Let M denote the Monge
characteristic system of (R,D) and assume the first derived system OM
of M is also a differential system. If Ch(O(M + Ch(0D)))(v) contains
Ch(0D)(v) at each point v € R, there exists a Monge-Ampere system T
such that (R, D) coincides with the corresponding Monge-Ampére equation
locally.

Proof. 1t is sufficient to show that 9(M + Ch(9dD)) drops down to J if
Ch(0(M + Ch(dD)))(v) contains Ch(0D)(v) at each point v € R.

From Equation (4.4) and the assumption of the regularity of OM, E
uniformly vanishes or is not zero at each point of R. In the former case, M
is completely integrable, that is, R is a Goursat equation. In the latter case,
OM is of constant rank 3.

As FE uniformly vanishes, from dw; = w? A2, modulo @y, @, w? Aws,0

0= dQ’Zﬂl

= W29 VAN (—B7T12 AN 722 + Cwl VAN 7T12) (mod wo,wl,wQ).

Therefore B and C vanish on R. Additionally, because the structure equa-
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tion (4.3) is satisfied and Ch(9(M + Ch(dD)))(v) contains Ch(dD)(v)
at each point v € R, A is zero at each point of R. Consequently,
O(M + Ch(9D)) is completely integrable and hence drops down to J.

As F is not zero at each point of R, because the structure equation
(4.3) is satisfied and Ch(9(M + Ch(9D)))(v) contains Ch(9dD)(v) at each
point v € R, we get Ch(9(M + Ch(9D))) = Ch(9D). Consequently, O(M +
Ch(0D)) drops down to J. O

Particularly we note that

Corollary 4.8 Let (R, D) be a Goursat equation and M the Monge char-
acteristic system of (R,D). That is, M is completely integrable. Then,
(R, D) is a Monge-Ampeére equation if and only if 0(M + Ch(9D)) is com-
pletely integrable.

Proof. If a Goursat equation (R, D) is a Monge-Ampeére equation, from
Theorem 3.11, the Monge characteristic system H of the corresponding
Monge-Ampere system Z is completely integrable, and equivalently p;!(H)
= 0(M + Ch(0D)) is completely integrable. Conversely, if 9(M + Ch(9D))
is completely integrable, Ch(d(M + Ch(dD))) = O(M + Ch(dD)) =
{wo = @1 =w? =0} contains Ch(0D). Hence, from Theorem 4.7, (R, D
is a Monge-Ampére equation. O
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