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Hormander’s type conditions for evolution in spaces
of (small) Gevrey functions
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Abstract. We give Hormander’s type necessary and/or sufficient conditions for the
existence of solutions of the Cauchy problem for (overdetermined) systems of linear partial
differential operators with constant coefficients, in spaces of (small) Gevrey functions.
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Introduction

In this paper we continue the study of the Cauchy problem for (overde-
termined) systems of linear partial differential operators with constant co-
efficients in spaces of (small) Gevrey functions, as considered in .

We split RY ~ RF x R” and consider either the class v(9) of (small)
Gevrey functions of order s > 1 in both variables ¢t and z, or, allowing
different scales of regularity in ¢ and z, the topological tensor products (%)
and (™%, the first not requiring ultradifferentiability in the t-variables, the
second requiring ultradifferentiability of order 7 > 1 in t and s > 1 in z.

For a pair K1 C K3 of closed convex subsets of R with K, C RZ, let
us denote by Yk, and Yk, one of the above spaces of (ultra)differentiable
Whitney functions on K; and K respectively.

Then, for an a; x ap matrix Ag(D) of linear partial differential operators
with constant coefficients, we are concerned with the following (overdeter-
mined) Cauchy problem:

given f € (vk,)* with A;(D)f=0,and g € (Vg )
such that Ao(D)g = f|k,, (0.1)
find u € (vj,)® such that Ag(D)u = f and ulg, =g,

where the rows of A;(D) give a basis for the integrability conditions for

Ao(D) (see §1; cf. also [ANT], [N2], [BN1], [BN2]).

1991 Mathematics Subject Classification : 35N05, 32F05, 58G05.




2 C. Boiti

As in [BN2], we shall say that the pair (K1, K>) is of evolution (resp.:
of causality, hyperbolic) for Ag(D) in the class v* if the Cauchy problem
(0.1) admits at least a solution (resp.: at most one solution, one and only
one solution).

In this paper we obtain necessary and/or sufficient conditions for evolu-
tion, generalizing a result of Hérmander in [H63], where he gave a necessary
and sufficient condition for evolution for the pair consisting of a hyperplane
of RY and one of the half-spaces it bounds, in the scalar case (ag = a; = 1)
and in the space of C*° functions.

In we generalized this result of Hérmander to the case of overde-
termined systems and initial data on an affine subspace ¥ of RV of arbitrary
codimension, always in the C* class. We obtained a necessary condition
for evolution (H), which naturally generalizes the one of [H63|, and which
is equivalent to it when X is a hyperplane and Ay(D) is a scalar opera-
tor. We obtained then a stronger condition (H’) which turns out to be
sufficient, but not necessary, for evolution, and which coincides with the
previous condition (H) in the hyperplane case.

Here we generalize these results of to the case of (small) Gevrey
functions, obtaining a necessary condition (H)*® for evolution (see §2.1),
and a sufficient stronger condition (H')*, which coincides with (H)® when
¥ is a hyperplane (see §2.3). When n = 1 the characteristic varieties are
algebraic curves, and we then obtain a condition (h)® which is necessary
and/or sufficient for evolution, according to the s > 1 for which (h)° is
satisfied (see §2.2). In particular, for s € Q, when k = 1 or n = 1 we
find that Hormander’s type condition (H)?® is necessary and sufficient for
evolution.

We finally give some examples of applications of the above results.

1. Preliminaries and notation

We briefly collect here some basic notion and results that we shall need
in the following. We also refer to [N2], [BN1], [BN2], [B] for more details.

1.1. Algebraic setting

We denote by P = Clf, ..., x| the unitary commutative ring of poly-
nomials with complex coefficients in N indeterminates.

Given then a C-linear space F of (ultra)differentiable (Whitney) func-
tions defined on a subset of RY, we consider F as a unitary P-module by
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letting p(f) € P act on f € F as

p(0)f = fp(0) = p(D),
by the formal substitution §; — D; =
an F a differential P- module.
Given an a1 X ap matrix Ag(D) of linear partial differential operators

in RV with constant coefficients, and given a differential P-module F, we
consider the system

{uefao (1.1)
Ao(D)u =feFn,

8_6_ for j =1,...,N. We call such

In order to solve the system above, we must take into account the
necessary integrability conditions that f must satisfy. To this aim we insert
the P-homomorphism *Ay(6) : P4 — P into a Hilbert resolution

0 — P tAd_‘l,(G) PU-1 __, ... __, P2 t‘ﬂ?) pa t%) Ppao
— M —0

of the unitary finitely generated P-module M = coker®Ay(6), where the
rows of the matrix A;(D) give a system of generators for the module of all
the integrability conditions for f that can be expressed in terms of partial
differential operators.

The existence of a non-trivial map *A1(6) : P*2 — P4 guch that the
sequence

tA;1(0) t Ay (0)
— —

P pe P

is a complex, means that the system (1.1) is overdetermined.
From the isomorphisms

Ext) (M, F) ~ {f € F% : Ay(D)f = 0}

ker (A;(D) : F% — Fai+1)
Image (A;_1(D) : F%-1 — Fa)

Ext%(./\/l,f) ~ for j>1

we thus obtain that uniqueness and/or existence of solutions of (1.1), for ev-
ery right hand side f € F*! satisfying the integrability condition Al( )=
0, are strictly related to the vanishing of the cohomology groups Extp (M, F)
and/or Extp(M, F).
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By means of duality, the Fourier-Laplace transform and the Ehrenpreis
fundamental principle this will lead the study of the Cauchy problem for
overdetermined systems to the study of the validity of a Phragmén-Lindelof
principle (see Theorems [.4 and [.5)).

For this purpose we first need some further algebraic notion related to
the Cauchy problem. Let

S={(tz)eRF xR"~RY :t =0} ~R? c RY

and denote by 8 = (7,¢) = (11,.. ., Tk, C1, - - -, ) € CF x Ct ~ CY the dual
coordinates of z = (t, x) = (t1,...,tk, T1,...,2Tn) € RF x RZ.
We can consider P, = [Cl,...,g“n] as a unitary subring of P =

Clri,---, Tk, C1s -« -, Cn)- Given then a P-module M we denote by (M),
the set M considered as a P,-module by change of base ring.

We say that: ¥ is formally non-characteristic for M if (M), is a Pp-
module of finite type; ¥ is quasi-free for M if (M), is a torsion free P,-
module.

To every prime ideal p of P we associate the affine algebraic variety

V(p)={0=(r,{) e C* x C": p(d) =0 Vp € p}.

We denote by Supp(M) and Ass(M ) respectively the support of M and
the set of all prime ideals associated to M. Then we recall that a necessary

and sufficient condition in order that ¥ is formally non-characteristic and
quasi-free is that the following conditions are satisfied (cf. [BN2], [B]):

i) there exists real constants X, b such that
7 SAA+[CN° Y(1,¢) € V(p), Vp € Supp(M), (1.2)
ii) the natural projection maps
T V(p) — C¢
(1, Q) —¢

are surjective, finite and dominant, for all p € Ass(M).
The smallest number b such that is valid for some A > 0 is called
the reduced order of ¥ for M, and is denoted by p, (this number exists and
is rational by the Tarski-Seidenberg theorem).
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1.2. Spaces of (small) Gevrey functions

We shall be concerned, in the following, with spaces of (small) Gevrey
(Whitney) functions. In the study of evolution from the affine subspace ¥ it
is natural to consider also spaces of (Whitney) functions satisfying different
regularity requirements in the ¢t and the z variables. This can be done by
considering topological tensor product spaces. We briefly recall here the
main notions, referring to for more details.

For an open subset Q of RY, the space of (small) Gevrey functions of
order s > 1 in € is defined by

7(5)(Q)={f€5(9):VKCCQ Ve>03c>0:
sup |[Df| < cel®l(|a))® Va e NN},
K

where £(€2) is the space of complex valued smooth functions on .

Then we split RN ~ Rf X RZ and consider, as topological tensor product
spaces (cf. [BN2], [B]), the classes 7(*) of smooth functions which belong
uniformly, with their ¢-derivatives, as functions of the z-variables, to the
(small) Gevrey class of order s > 1, and v(™*) of (small) Gevrey functions
oforder r > 1int and s > 1 in z:

'7(5)(9):{fe£(9):VKCCQ Ve>0 VBeNF3e>0:
sup |DtﬁDgf(t, z)| < cell(jalt)® Va e N"},
K

Y @) ={f € £Q) VK cCQ Ve>03e>0:

sup | D' DZ (¢, 2)| < e**1A1((])"(|alt)* ¥ € N* va e N

We have Paley-Wiener-type theorems (cf. [K1], [K2], [BN2]):

Theorem 1.1 Let K be a compact conver subset of RY.
A necessary and sufficient condition for an entire function U € O(CN)
to be the Fourier-Laplace transform of an element u € ((4)(RM))" (resp.:

u € (y(mI(RN )),) with support contained in K is that there exists constants
¢, L,L' > 0 such that

U(7,0)] < e(1+ |7))* exp{LI¢[* + Hk (Im 7, Im ()}
¥(r,¢) € C* x C* ~CVN
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(resp. : |U(1,Q)| < cexp{L’|T|1/’" + L|C|1/s + Hg(Im7,Im{)}
V(r,¢) € CF x C™),

where Hy () = sup,eg(z, ) is the supporting function of K.

We finally consider, for a locally closed subset F' of RY, the spaces of
small) Gevrey Whitney functions on F' : 'y(s), ’y(s) and ’y(r’s), defined by
F F F

the exact sequence
0 — IZ(F, Q) Nvy*(Q) — v* () — v — 0,

where  is an open neighbourhood of F in RV and Z(F,) is the space of
smooth functions in € which vanish with all their derivatives on F' (here
v*() and v} denote one of the spaces ~7&)(Q), 74)(Q), ¥{9)(Q) and, re-

spectively, 112, 7%, 7o)

These spaces are endowed with the natural quotient space topology.

1.3. The overdetermined Cauchy problem and the Phragmén-
Lindelof principle for evolution

Let K; C K> be a pair of closed convex subsets of RY ~ RF x R? with
Ki C ¥ ~ R?, and Ap(D) an a; x ag matrix of linear partial differential
operators with constant coefficients.

If v* is one of the classes of (small) Gevrey (Whitney) functions previ-
ously considered, we are interested in the following (overdetermined) Cauchy
problem:

find u € (vg,)™ s.t.
Ao(D)u = f € (v,)™ (1.3)
ulg, = g € (vk,)*

for all initial data (f,g) € (vk,)® X (vk,)™ satisfying the compatibility
conditions

{Ao(D)g = flr

Ai(D)f =0. 44

Such a set of initial data satisfying (1.4) will be called compatible.

Definition 1.2 We say that the pair (K7, K2) is of evolution (resp.: of
causality, hyperbolic) for Ag(D) (or for M = coker‘Ap(6)) in the class v*,
if the above Cauchy problem (1.3) admits at least a solution (resp.: at most
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one solution, one and only one solution), for each set of compatible initial
data.

Remark 1.3 By Whitney’s extension theorem every datum g € (Vi)
extends to an element § € (7k,)*, and hence we can reduce to the Cauchy

problem (1.3) with zero initial data (g = 0). In this case the compatibility
conditions (1.4) reduce to:

{f € (Vi) NI(Ky, Ko)
Al(D)f = 0>

where (K7, K3) is the ideal of Whitney functions on K, which identically
vanish with all their derivatives on Kj.

In [BN2] we proved the following:

Theorem 1.4 Let M be a unitary finitely generated P-module and con-
sider, for p € Ass(M), the associated affine algebraic varieties

V=V(g)={0cCN:p(-0) =0Vpep} (1.5)

Let K1 C K3 be a pair of closed conver subsets of RY ~ RF x R? with
K1 C ¥~ R?, and fiz two increasing sequences {Kfa)}aeN and {Kéa)}aeN
of compact conver subsets of RN with K| = Us Kfa) and Ko =, Kéa).
Then the following statements are equivalent:
(1) the pair (K1, K») is of evolution for M in the class 3®) with s > 1;

(2) the pair (K1, K3) is of evolution for P/p in the class 75 with s > 1,
for all p € Ass(M);

(3) Exth(M,7%) NI(K), Ky)) = 0;
(4) Exth(P/p, 7 NI(K1, K2)) =0 for all p € Ass(M);
(5) the homomorphism
Extp(M, 7)) — Exth(M, 7))
18 onto;

(6) the homomorphisms

Ext}(P/p, 7)) — Ext$(P/p, 7))
are onto for all p € Ass(M);
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the dual homomorphism
!/ !/
(Bxtp(M.AD) — (Exth(M, 7))
has a closed image;

the dual homomorphisms

! /
(Bxth(P/3D) — (Exth(Plo.K) (1.6
have a closed image, for all p € Ass(M);

the following Phragmén-Lindelof principle for evolution holds on V =
V (), for all p € Ass(M):

—_ N (S)

(Ph— L)

’VaENEﬂEN, c > 0 such that
if fe O(V) satisfies, for some af €N, cp > 0:
£(O)] < (1 + 7)) exp{al¢|V* + Hy (@ (Im6)} V8 = (r,() € V
[£(O)] < er(1+ |7])*s exp{ay|¢|te + HKiaf)(Im 0)}
Vo= (r,{) eV

N

then it also satisfies :
| 1£(O)] < (U + )P exp{BIC"/* + H o (Im6)} VO = (7,0) €V

(10) the following Phragmén-Lindeldf principle for plurisubharmonic func-

tions holds on V =V (), for all p € Ass(M):
(Va e N3B €N, ¢>0 such that
if u€ P(V) satisfies, for some a,, €N, ¢, >0
[[u(6)] < alog(1 +|7]) + || + H o (Im0)
V9= (r,()eV
8] u(8)] < cu+ aylog(l + |7]) + on|¢|Y® + HKgau) (Im@) (1.7)
V= (r,() eV

\
then it also satisfies :

[u(6)] < ¢+ Blog(1+ |]) + BIC/® + H oo (Tm6)
\ Vo = (1,¢) € V.
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Theorem 1.5 Let M be a unitary finitely generated P-module and con-
sider, for p € Ass(M), the associated affine algebraic varieties V = V()
defined by (1.5).

Let K1 C Ky be a pair of closed convez subsets of RY ~ RF x R? with
K; C ¥ ~RZ, and fiz two increasing sequences {K%a)}aeN and {Kéa)}aeN
of compact convex subsets of RN with K1 =, K{a) and Ko =, Kéa).
Then the following statements are equivalent:

(1) the pair (K1, Ka) is of evolution for M in the class ™) of (small)
Gevrey functions of orderr > 1 int and s > 1 in z;

(2) the pair (K1, K3) is of evolution for P/ in the class ~(9) with r,s >
1, for all p € Ass(M);

(3) Exth(M,vw? NI(K1, K2)) = 0;
(4) Exth(P/p, ’y%’;) NZI(K1, K2)) =0 for all p € Ass(M);
(5) the homomorphism

Ext%(M, ,yggs)) —s ExtH(M, vﬁgf))

18 onto;

(6) the homomorphisms
Ext$(P/p,7,”) — Bxth(P/p,7i.”)
are onto for all p € Ass(M);
(7) the dual homomorphism
!/ /
(Extop (M, vﬁg;s))) — (Extop(M, vg;s)))

has a closed image;

(8) the dual homomorphisms

!/ /
(Bxtb(P/p.75)) — (Extb(P/o, i) (18)

have a closed image, for all p € Ass(M);

(9) the following Phragmén-Lindelof principle for evolution holds on V =
V(©), for all p € Ass(M):
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(VaENBﬁEN, c >0 such that
if f€ O(V) satisfies, for some ay €N, ¢f > 0:
[ 1£(6)] < explalr]"/" +al(]V* + H, o (Im0)}
V= (r,{) eV
|£(0)] < cgexp{ay|rV/ + agl¢[V/ + Hyap(ImO)}

\ V= (1,{) eV
then it also satisfies :

| £(0)] < cexp{B|7|*/" + BI¢|M/* + H ) (Im )}
Vo = (7,{) e V;

(Ph— L) |

\

(10) the following Phragmén-Lindeldf principle for plurisubharmonic func-
tions holds on V =V (), for all p € Ass(M):

(Va € N 38 €N, ¢>0 such that
if uwe P(V) satisfies, for some a, €N, ¢, >0 :
[w(8)] < |7 + al¢|Ms + Hy@(Imb) V0 =(1,0) €V
¢S u()] < cu + a7V + a5 + H (e (Im ) (1.9)
V= (r,{)eV
then it also satisfies :
| [u(®)] < e+ BV + BI¢IMe + Hyw(Im) V9= (r,()eV.

Remark 1.6 When K; or Ky are compact, we can take in Theorems .4
and the constant sequences K fa) =Kjor K éa) = Ko, respectively.

In we proved analogous theorems also for hyperbolicity and
causality. However, we consider here only the evolution case.

Using the Phragmén-Lindelof principles above we shall prove, in the
following sections, Hormander’s type necessary and/or sufficient conditions
for existence of solutions of the (overdetermined) Cauchy problem with
initial data on a formally non-characteristic and quasi-free affine subspace
of RV,

It will be usefull, to this aim, the following classical Phragmén-Lindel6f
principle:

Proposition 1.7 Let A, C, D, L be some fized non-negative constants.
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Then, if u is a plurisubharmonic function in CV satisfying, for some
positive constants By, my, L,

u(0) < Alf] + By + mq log(1 + 10]) + L,|0]Y/s Vo e CN
{u('ﬂ) < Clog(1+|9)) + LIY9|Y/*+ D v9 RN,

it must also satisfy:
u(g) < A|Tm6| +4NClog(1 + |0]) + €8]+ D Vo e CV,

where

2N
il
COS 5

= L.

The proof of this proposition follows from standard arguments, similar
to those we shall use in the proof of Proposition 2.10, and will therefore be
omited (see also [B], Theorem 3.5.8). The constants £ and C' = 4NC above
are not really the “best” constants, but we do not need sharper estimates
of them here.

2. The Cauchy problem with data on a formally non-character-
istic and quasi-free affine subspace of R

In [H63] Hoérmander proved a necessary and sufficient condition in order
that the pair consisting of a hyperplane of RN and one of the half-spaces it
bounds is of evolution, in the C* class, for a P-module of the form P/Z,
where 7 = (p) is a principal ideal generated by a polynomial p € P.

In we extended this result to the case of overdetermined sys-
tems and initial data on an affine subspace of R of arbitrary codimension,
showing how conditions generalizing the one in [H63] are related to the
Phragmén-Lindelof principle.

In this paper we give analogous results in the class of (small) Gevrey
functions.

Let ¥ ~R?” C RN ~ RF x R?, and I C R¥ a closed convex cone with
non-empty interior and vertex in 0.

The following lemmas will be usefull in the sequel:

Lemma 2.1 Let ¥ be formally non-characteristic and quasi-free for the
unitary finitely generated P-module M.
For each pair F1 C Fy of closed convex subsets of ¥, we have that if
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the pair (Fp,T' X Fy) is of evolution for M in the class 7®) (resp.: in ~y(T9)),
then also the pair (F1,T x F1) is of evolution for M in the class 7*) (resp.:
in v, for r,s > 1.

Proof. By the assumtpion that ¥ is formally non-characteristic and quasi-
free for M, all compatible data on F; and T x F} can be extended to
compatible data on Fy and I' x F; (cf. also [BN2], [B]). O

Lemma 2.2 Let ¥ be formally non-characteristic and quasi-free for the
unitary finitely generated P-module M, with reduced order p,.

For each closed convex subset F of ¥, we have that if the pair (F,T x
F) is of evolution for M in the class %), then the pair (F,T x F) is of
evolution for M also in the classes v(™%) for all r > pos (with r,s > 1).

Proof. Tt easily follows from the Phragmén-Lindeldf principle for evolution
(Theorems 1.4 and L.5)).

Let, indeed, {K,}aen be an increasing sequence of compact convex
subsets of RY with Uaen Ko = F, and note that the supporting function

of K{* = (TN Bk(0,)) x Ko = (TN {|t| < a}) x K, is given by
Hy o (Im7,Im() = Hy, (Im¢) + arr(r), (7,¢) € CF x C™,
2
where

kr(t) = sup(t,Im7), 7 e CF. (2.1)
tel’
t|<1

Fix p € Ass(M) and V = V(). Let 7 > p,s and u € P(V) satisfying
u(6) < ofr[V7 + (Y + Hi, (Im¢) + arr(r) V0= (r,¢)eV
{u(ﬂ) < cu+ a7V + ¢V + Hy, (Im¢) V8 =(r,() € V.
By assumption, is satisfied on V for b = p,, and hence
[TV < (U [¢1Me) ¥(r,Q) eV
for some ¢ > 0, if » > p,s. Therefore:

w(9) < a(l+ )¢V + Hg, (Im() + arp(r) +ac V0= (r,) €V
u(0) < (ey + @uc) + o (1 4 ¢)|¢|Y* + Hg, (Im¢) V0= (r,{)eV.
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Since the pair (F, T x F) is of evolution for M in 5(%) by assumption, by
the Phragmén-Lindelof principle for evolution (['heorem 1.4) v must then
satisfy an estimate of the form

u(9) < #'log(1+ |7]) + B'¢|/* + Hk, (Im¢) + ¢
< Brlr|"" + B¢V + Hi,,(Im¢) + ¢ V0 = (7,() €V,

for some 3’ € N and ¢’ > 0 depending only on « and c.
It follows that the pair (F,I' x F) is of evolution for M also in the class
~("3) with 7 > p,s, by Theorem 1.5. [J

Remark 2.3 The condition that ¥ is quasi-free is indeed not necessary
in Cemma. 2.2, since it can be proved that is equivalent to the only
assumption that ¥ is formally non-characteristic for M (cf. [BN2)).

2.1. A necessary Hormander’s type condition for evolution

We give in this subsection a necessary condition for evolution, which
naturally generalizes the one given by Hérmander in [H&3].

Let M be a unitary finitely generated P-module, and assume that ¥ ~
R” is formally non-characteristic and quasi-free for M. Then, as we already
recalled in §1.1, for each p € Ass(M) the natural projection map

T2 V(9) 3 (1,() — (e C"

is surjective, finite and dominant, and there is a smallest positive constant
P, such that, for some k£ > O:

7| < k@A +[CDP V(T e V =V(p). (2.2)

Moreover, there is a proper affine algebraic variety Z C C™ such that
V \ n71(Z) is smooth and

VAT HZ) 2 (1) v ¢eC"\ Z

is an m-sheeted covering of C™ \ Z.

For s > 1 we consider then the following Hormander’s type condition
on V:
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iR, c1,c2 > 0 such that for every p € R™

with By(p, R|p|"/*) = {|¢ — p| < Rlp|'/*} cC"\ Z

(H)* 4 and for every connected component w of 7 1(B,(p, R|p|'/%))
there is 6 = (7, () € w such that

k() < erl¢]V* + e

\

where kr(7) is defined by (2.1).

Remark 2.4 Comparing condition (H)° above with condition (H) in
for the C™° case, we note that for the class of (small) Gevrey functions
here we require not only a growth of the form |¢|Y/* for kp(7) (in (H) we
had bounded kr (7)), but also a growth of the form R|p|'/* for the radius of
the ball (in (H) we had a fixed radius R).

Remark 2.5 Note that condition (H)® implies condition (H)* for all 1 <
s’ < s.

We have the following:

Theorem 2.6 Let M be a unitary finitely generated P-module, for which
Y ~ RZ s formally non-characteristic and quasi-free, with reduced order
Po-

Let F be a closed convex subset of ¥ with a non-empty interior in RY
and T a closed conver cone of RF with non-empty interior and vertez in 0.

Then a necessary condition in order that the pair (F,T x F') is of evo-
lution for M in the class ¥\, for r,s > 1 with r > p,s, is that condition
(H)? is satisfied on V() for all p € Ass(M) and g€ Q with 1 < ¢ < s.

Proof. Let F' denote the non-empty relative interior of F' in R7. It is not

restrictive to assume 0 € Ig , so that F' contains a closed ball B, (0, A) of R,
for some A > 0. By the assumption that ¥ is formally non-characteristic and
quasi-free and it is then no restrictive to assume F = B, (0, A).

The assumption that the pair (F,I" x F) is of evolution for M in the
class (™% is thus equivalent, by Theorem 1.5 (and Remark 1.6), to the
validity of the following Phragmén-Lindelof principle for plurisubharmonic
functions, for all p € Ass(M):

Va e NJdB €N, ¢ > 0 such that
if u € P(V(p)) satisfies, for some constants a,, € N and ¢, > 0
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{u(@) < a|t|V" + al¢|/* + arp (1) + Al Im (| VO = (1,¢) € V(p) (2.3)
u(8) < ey + a7V + au¢]* + AlIm¢| V8 = (1,() € V()

then it also satisfies:

() < e+ B[V + BICIV + AlIm(| V6 = (1,¢) € V(). (2.4)

Let us assume by contradiction that there exists ¢ € Q with 1 < ¢ < s
such that condition (H)? is not satisfied for some p € Ass(M).
Set V =V (p) and, for each o > 1:

Uy = {(p,r) € R" x R : By(p,7|p|"/?) c C"\ Z,
3 a connected component w of 71 (By(p, r|p|}/?))
in Vst sp(r)>rlC|Y+r V(r,() e w}.
This set U, is semi-algebraic if o € Q. We consider then

fo(t) = SUP{T eR: (p, T) € Uy, |p| = t}a

which is a semi-algebraic function when o € Q.

Condition (H)? is equivalent to the fact that f,(t) is bounded for ¢t —
+00. Assuming the contrary, applying the Tarski-Seidenberg theorem (The-
orem A.2.5 of [H63]) to the semi-algebraic function f,(t), we can find R > 0,
0<peQand tyg > 0 such that

fqo(t) =tP(2R+0(1)) for t > to. (2.5)
We can then find ¢; > ¢y such that
fs(t) > f,(t) =tP(2R+o(1)) Vt >t
and hence:
Vit > t; 3p € R® with |py] =t, Bn(pt,Rthr%) cC*"\Z

3 a connected component w; of 7. 1(B,(ps, Rtp+§)) s.t.
ke(7) > RP(CIY*+1) Y(r,¢) € wy. (2.6)

Let us now fix a (small) Gevrey function x € 4(¥)(R?) with suppx C
B, (0, %) and x(0) = 1, with s > 1 to be choosen in the following. Its
Fourier-Laplace transform is characterized by (cf. [K1]):
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Vh >0 3cp, >0: |x(Q)] < chexp{—%ldl/s/ + §|Im§|} V¢ e C™.
(2.7)
Consider then the plurisubharmonic functions
ute(6) =log|X(¢— po) | + L[+ €I¢]V°, 8= (r,() e CF x C”

fort > t;, £ e N.
Since suppxy C B(O, %) and x(0) = 1, we have that |g(¢)| <
exp {4|Im(|} for all ¢ € C" and hence

A
uee(9) < STm ] + 67+ 4¢1° V8 = (r,¢) e CF x C™.

Moreover, by the assumption on X, the inequality is valid for some
k > 0, and hence, if r > p,s, from [2.6):
VB >0 3dty >t s.t. V>t
ute(0) < AlIm(| + Brp(1) V(1,() € wy.
On the other hand, for r > p,s by (2.7) we can find h > 0 sufficiently

small and t3 > t3 such that for all t > t3 and (7, () near the boundary of
Wt

1 1 s’ A
ure(0) <logen — |pr + RtPTs 2 — py| M+ 7 Im(]
+0)py + RtPTs 2|V 1 0
< A|Im (|,

for z near the boundary of B, (0,1) C C" and for some ¢ € N, if 1 < s’ <
min{s, ps + 1}.
We define then on V the plurisubharmonic function:

max{ut ¢(0), A| Im(|} 0 € w;
'Ut,é(e) = {

(2.8)
A|Im | eV\w.
When t > t3 we have that v; o € P(V) satisfies:

v,0(0) < A|Im | + Bkp(7) Vo= (r,{) eV
vi,e(6) < AlTm | + €Y7+ £¢|He v = (1,0) €V,
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but (2.4) cannot hold true, since for every £ € N and t > t3 we can find
0: = (1, (¢) € wy with m,(6;) = p; and

vt,0(0:)> log [X(0)| + £|7e Y™ + £)Ge|Y® = £ | Y7 + £)¢|>.

This contradicts the validity of the Phragmén-Lindel6f principle (2.3)-
(2.4), and hence condition (H)? must be satisfied for all 1 < q < s, on every
V(p) for p € Ass(M). O

By and [Theorem 2.6/ we immediately obtain:

Theorem 2.7 Let M be a unitary finitely generated P-module, for which
Y~ R? 1s formally non-characteristic and quasi-free.
Let F be a closed conver subset of ¥ with a non-empty interior in R?
and T a closed convex cone of RF with non-empty interior and vertez in 0.
Then a necessary condition in order that the pair (F,T x F) is of evo-
lution for M in the class 3, for s > 1, is that condition (H)? is satisfied
on V() for all p € Ass(M) and q € Q with1 < ¢ < s.

Example 2.8 Let us consider the following system in R? x R,:

4 8 6 2
— —i=-1

<(9t1 (817 )
9, 0

\atz 8333,

andset ' = {t € R?: ¢; >0, t3 > 0}.
The associated affine algebraic variety is given by

V={(n,m{eC:mn=((—-1i? n=_}
For (7,() € V we have that

kr(t) = (Im7)" + (Im )"
= 2{Re((Im¢ — 1)}* + {Im ¢[3(Re()* — (Im ¢)*]} .

We can easlity see that condition (H)® cannot be satisfied for any s >
1, R,c1,co > 0 when %’/T < arg( < —gﬂ'. By Theorems and it thus
follows that any pair of the form (F,T x F), for a closed convex subset F

of ¥ ~ R, cannot be of evolution for the given system in any class 5(5) or
(r,5)
~y\TS),
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2.2. The case of algebraic curves

We take, in this subsection, the case n = 1. Then, for a unitary finitely
generated P-module M, for each p € Ass(M) the associated affine algebraic
variety V() is an algebraic curve.

We consider the following condition for p € Ass(M) and R’ > 0:

( Jcy, ¢1, R > 0 s.t. on every connected component of

{(r,¢) e V(§) : |Im¢| < R|Re(¢|*/?, |¢| > R'} there is a sequence
{(1y,¢) }ven with |(] — 400 for v — +oo and

| k() < ol | +e1 VreN,

(h)* 4

Remark 2.9 Condition (h)* implies condition (k)* for all 1 < s’ <'s.
We have the following:

Proposition 2.10 Let M be a finitely generated unitary P-module, for

which ¥ ~ R, is formally non-characteristic and quasi-free. Let K be a

compact conver subset of ¥ with non-empty interior in Ry, and I' a closed

convez cone of RE with non-empty interior and vertez in 0. Then:

i) if condition (h)® is satisfied for some s > 1 on V() for all p €

Ass(M) and for all R’ > 0, then the pair (K,I' x K) is of evolution
for M in the classes ’y(sl) for all & e R with1 < &' < s;

ii) if the pair (K,T x K) is of evolution for M in the class 5(8) for some
s > 1, then condition (h)? is satisfied for all p € Ass(M), R’ > 0 and
g€ Qwithl <qg<s.

Proof. 1) Let us first prove i). By Remark 2.9 it is sufficient to prove

that for every fixed real s > 1 condition (h)® implies evolution in the class
2(s)
ALs),

Fix p € Ass(M) and let us make some remarks about the irreducible

affine algebraic curve V = V() in C¥! (cf. also [S], [BN1], [B]).

By assumption the natural projection map
7V — C;
(1,¢) — ¢

is surjective, finite and dominant.
The closure V of V in CP*t! is an irreducible projective curve, and m
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extends to a surjective, finite and dominant map
7:V — CP!' = CU {o0}.

We note that V' \ V = 771(c0).

The normalization V — V is an irreducible smooth projective curve
and the birational isomorphism o is regular. Let 07! o #71(0c0) =
{Py,..., P}. Then we can fix pairwise disjoint connected open neighbour-
hoods V1, ...,V of Py,..., P, respectively in V| in such a way that, setting
Vi=0(V;\{P;}) CV, forj=1,...,¢, we obtain:

(i) VinVp=0for1<j<h<{¥

(ii) o:V;\{P;} — V; is biholomorphic;

(iii) 7 :Vj — m(V;) C C¢ is an mj-sheeted covering for some integer m; >
L;

(iv) m(V;)U{oo} is an open neighbourhood of oo in CP!;

(v) foreach j € {1,...,£}, 71(R)NV; consists of 2m; connected compo-
nents.

We can also assume that for a fixed » > 1 and every j = 1,..., ¢ we have:

(V) ={¢CeC: || >r}.

For each j = 1,...,¢ we obtain a Puiseux parametric description of V;
of the form:
(=™
Th = Z Chjaz”, for h=1,... k.
a<v(h,j)

A) Let us first assume s € Q. Then the set
Epp ={(r,() €V :|Im(| < R|Re(|'*, |¢| > R’}

is semi-algebraic, and for R’ > r sufficiently large for each j =1, ... ¢ the
intersection V; N E'g g/ consists of 2m; connected components.

It is not restrictive to assume in the following R > 1.

For v sufficiently large, condition (h)® implies that for every j = 1,... ¢,
on each of the 2m; connected components of V; N Egp r we can find a
sequence {(7,, () }ven with |{,| — +oo for v — 400 and such that

kr(m) < colCull/S +c¢ VveN.
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Let us fix j € {1,...,¢} and omit the index j for simplicity.
Up to rotations, we can thus find 2m sequences {zl(,h)},,eN, for h =
0,...,2m — 1, such that:

(

A e C\ B(0,r), |Im(zPe=i )| < R|Re(aiM et )1/
YWwweN, h=0,...,2m—1

|z,/)l/'+oo for v —» +00, Vh=0,...,2m—1

| kr(7(2 z(/h)))Scolzu)lm/s+cl VVEN, h=0,...,2m— 1.

NG

Let
E={(t29,.. <2m—1>) € [r, +00) x <c2m : 2] >t
| Im (2 (h )| < R Re(zMe=im)| 12,
kr(T(z <h>)) < colz h>|m/s +c¢ Yh=0,...,2m—1}.
This set is semi-algebraic, and by assumption the projection map
7w FE — [r,400)

is onto for large t.

Then, by Theorem A.2.8 of [H63|, we can find 2m Puiseux series
2(t),...,23mI(t) converging for large positive ¢ and such that
(t,z0(t),...,z8m (t)) € E. We can next extend these curves up to
0 € C, in such a way to obtain 2m real analytic curves wp(t) which di-
vide the C,-plane into 2m connected components, and such that, for some
positive constants 06 and ¢}:

| Im (wp(t)e™ >|<R|Re<wh<> a|e,
kr(T(wh(t))) < chlwn(®)™® + ¢}, (2.9)

o< arg wp(t)e”hm < "o Vh= 0,...,2m—1, t>0,
m m
(2.10)

for 0 < 0 < 1/2 to be choosen in the following.

By assumption K is compact and hence contained in some ball B(0, A) C
R, for A > 0. By we can then assume, without loss of generality,
K = B(0,A) C R,, and prove the validity of the following Phragmén-
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Lindelof principle:

Vae NJB €N, ¢> 0 such that
if u € P(V) satisfies, for some o, € N and ¢, > 0:

(u(6) < alog(1+|7]) + a|¢|*/* + akp(r) + A] Im(]
YO =
< (noev (2.11)
u(f) < cu + aylog(l + |7]) + ayl¢|Y/* + A| Im(]|
\ V= (r,{)eV

then it also satisfies:
u(f) < c+ Blog(1+ |7]) + BI¢|V* + A|Im¢| VO = (1,¢) € V. (2.12)
To this aim it’s enough to prove the following, because of and
[2.9);
Vo e NJdBeN, ¢>0 s.t.
if u € P(C) satisfies, for some o, € N and ¢, > 0:
u(z) < A|Imz™|+ alz|™* for z=wp(t), h=0,...,2m — 1
{u(z) < Alz|™ + ay|2|™® 4 ¢, for z€C
then it also satisfies:
u(z) < A|Im 2™| + B|z|™* + ¢ for z € C. (2.14)

(2.13)

a) Let us first assume o, = 0. We want to apply the maximum
principle to each one of the 2m connected components in which C¢ is divided
by the curves wp(t). Since the arguments are the same on each of these
components, we give here the proof of the estimate in the component S ;
bounded by wg(t) and w(t).

Let us first work in the sector S bounded by wg(t) and the half-ray
{peizm : p > 0}.

Consider, for € > 0, the subharmonic function

Ve(2) = u(z) — e Re((2e7")™ ) — LRe(2™/*) — AImz™ — ¢,

for some L > 0 to be choosen in the following and k¥ > 0 and ¢ such that
for § = arg z, with z € S:

——g <(m+k)(0—p)< —g
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Note that by (2.10) we always have that —5 < 6 < 7 for 6§ = argz with
z€ S, sinces>1and 0 <o <1/2.
We shall then choose in the following

1-20 1-20

0<k< , =
1+20m 14

.
4dm

Then, for z = wo(t) = po(t)e®?) we have:
ve(z) = u(wo<t>> — e (1) cos[(m + k) (6o(t) — )]
— Lpy"*(t) cos Z60(t) ) — ATmuf(t) - e
< AlTmuf(t)] + apy”*(t) — Lpy”*(#) cos( 60(t) ) —Almwf'(¢)

< 24R|Rewf(t)"* + app*(8) — Lpg*(¢) cos -
m/s T
< — -
<po’ (1) (2AR+ a — Lcos 23)
<0
if
2AR
L> 2t (2.15)

Ccos —
28

For z = pe'am:
7r
ve(2) = u(z) — ep™* cos [(m + k) (2—77; — cp)]
—_ L™ (ﬂl)_Am_
prcos s 2m P
<Ap™+cy — Ap™ — ¢, =0.

Moreover, for z = pe’’ € S we have that
24|z|™ = 24p™ < ep™F cos|(m + k) (6 — )]

for

2A

e min cos[(m+ k)(6 — ¢)]
oel 2o

’Zm

|z =p > = R,
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and hence, for z = pe? € S with |z| > R.:
ve(2) = u(z) — ep™** cos|(m + k)(8 — ¢)]
— Lp™/* cos (m(?) —Almz™ — ¢,
S

< Al2|™ + cu — ep™* cos[(m + k) (6 — )] + Al2|™ -
<0.

It follows, by the maximum principle, that
ve(2) <0 VzeS, Ve>O0.
For ¢ — 0 we thus obtain that
w(z) < L|z|™* + A|Imz™| + ¢, Vz € S.
Arguing in the same way in the other sectors, we have that
u(z) < A|Im 2™| + L|z|™* 4+ ¢, Vz e C. (2.16)

To eliminate now the constant c,, we consider, for z € Sp 1, the plurisub-
harmonic function

w(z) = u(z) — ATm 2™ — ML Re((ze™% )™/,

with L satisfying (2.15) and M > 1 to be choosen in the following, and ¢’
such that

Tl}
p1(t)e

T m T T
TcD9-9)< I ve [—— ul
2<s( )<2 < m0m+
To this aim we can take 6/ = ’r for0<0<m1n{

Then, for z = wy(t) = po(t) o) or z = w(t)

1% 5

w(z) = w(w;(t)) — Almwj*(t) — MLp;n/s(t) cos [?(Hj(t) — 0’)]
< Al Imwy*(t)) —I—apm/s( t) — Almwj*(t) — me/s( )COS%W

m/s 1+2
<p./(t) <2AR+a—Lcos -; U’l‘(’)

<0
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if
> 2AR + « >2AR+a
= 1+20 = COS__7T_ ’
cos 5T s

for0 <o < min{%, S—gl}
Moreover, for z = pe?? € Sy 1 we have that

m

s/m
cu < Lp™/* cos [ (60— 9’)} if p> [ Cu )] =R,.
T

s Lcos (1422

Therefore, for z = pe? € So,1 with |z| > Ry, by (2.16):

=(0-0)]

w(z) = u(z) — AIm 2™ — MLp™* cos [
s

< AlIm 2™ + Lp™* + ¢, — AIm 2™

1+2
— (M —1)Lp™* cos s J7T—L,om/5(:os [—?—(6—9')]
1+2
Spm/s 2AR+ L — (M — 1)L cos +s O-ﬂ':l
<0
if
M>14+ 2AR+ L
14+ 20
L cos T
2s

By the maximum principle we thus obtain that
w(z) <0 Vze S(),l,

and hence, arguing in the same way in the other sectors, we finally obtain
that

u(z) < A|Im2™| + ML|z|™* Vz e C.

b) Let us now consider the general case o, € R and prove the validity
of the Phragmén-Lindeldf principle (2.13)—(2.14).
Since s > 1, for every € > 0 there is B, ¢ > 0 such that

0 |2|™* < €|z|™ + B, VzeC.
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Then, if u € P(C) satisfies (2.13):
w(z) < AlTm 2™ + a|z|™*  for z=wy(t), h=0,...,2m —1
{ u(z) < (A+¢€)|z|™+ (cy + Bye) for z€C,
and hence, by step a):
w(z) < (A+¢)|Imz™| + ML|z|™* VzeC.

For ¢ — 0 we finally obtain the thesis with 8 = ML, for

M>14 2AR+ L > 2AR+ «

14+20 \’ - 1+ 20
L cos T Ccos T
28 2s

With0<a<min{%,% :

B) Let us now consider the general case s € R. For every € > 0 there
is p € Q such that

By assumption condition (h)° is valid, and hence also condition (h)ll"’ is
satisfied by Remark 2.9. By part A) we deduce that the pair (K,T x K)

with K = B(0, A) is of evolution in the class ’y(%).
Then the Phragmén-Lindeldf principle (2.11)-(2.12) is valid, since every
u € P(V) satisfying
u(8) < alog(1 + |7]) + al¢["/* + arr(r) + Al Im(]
<alog(l+|7]) + al¢|P + akp(r) + A|Im(|+a VO =(7,{) eV
u(6) < oy log(1 + |7]) + ewl([/* + A Im (| + ¢y
<ay log(l + |Tl) + O‘ulqp + Al ImCI +eutay V0= (Ta C) eV
also satisfies, because of the evolution in the class ’y(%),
u(f) < Blog(1+|7[) + BICIP + Al Im (| + ¢
< Blog(1+ |7) + BICI + Al Im¢| + ¢+ 8 V0 = (r,¢) € V.

For € — 0 we obtain (2.12) and hence evolution in the class 7(*).

2) Statement ii) easily follows from [Theorem 2.7] and the fact that
condition (H)*® trivially implies condition (h)®. O
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Corollary 2.11 Under the same assumptions of Proposition 2.10, if 1 <
s € Q, then a necessary and sufficient condition in order that the pair
(K,T x K) is of evolution for M in the class 7\) is that (h)*® is satisfied on
V() for all p € Ass(M) and for all R > 0.

Also, a necessary and sufficient condition in order that the pair (K,T x

K) is of evolution for M in the class ') is that Hérmander’s type condition
(H)® is satisfied on V(9) for all p € Ass(M).

Remark 2.12 As a consequence of [Corollary 2.11], conditions (h)* and
(H)® are equivalent when n =1 and s € Q.

Analogously, in the class v(™):

Proposition 2.13 Let M be a finitely generated unitary P-module, for
which ¥ ~ Ry is formally non-characteristic and quasi-free, with reduced
order p,. Let K be a compact convex subset of ¥ with non-empty interior
in Ry, and I a closed convex cone of Rf with non-empty interior and vertex
in 0. Then:

i) if condition (h)® is satisfied for some s > 1 on V(p) for all p €
Ass(M) and for all R’ > 0, then the pair (K,T' x K) is of evolution
for M in the classes ¥\"5) for all real r,s' > 1 with 1 < &' < s and
T2 posl;

ii) if the pair (K,T x K) is of evolution for M in the class 4% for
some r,8 > 1 with v > p,s, then condition (h)? is satisfied for all
p € Ass(M), R >0 and g€ Q with1 < ¢ < s.

Proof. Statement i) follows from [Proposition 2.10] and Lemma 2.2. The
proof of ii) follows from [Theorem 2.6. O

Corollary 2.14 Under the same assumptions of Proposition 2.13, if 1 <
s € Q, then a necessary and sufficient condition in order that the pair
(K,T x K) is of evolution for M in the class v\™%), for r > 1 with r > pos,
is that (h)® is satisfied on V() for all p € Ass(M) and for all R' > 0.

Equivalently, a necessary and sufficient condition in order that the pair
(K,T x K) is of evolution for M in the class (™), for r > 1 with r > p,s,
is that Hormander’s type condition (H)® is satisfied on V() for all p €
Ass(M).

Remark 2.15 We proved in (see Theorems 7.2 and 7.4) that a
sufficient condition in order that the pair (K,I" x K) is of evolution for M
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in the classes 7(®) or v(™®) (for r,s > 1 with 7 > p,s) is that the following
Petrowski-type condition for evolution is satisfied for some c;,cy > 0 and
for all p € Ass(M):

(P)*  kp(r) <clél*+e Y(r,0) €V(p) with (=€€R.

Clearly condition (P)* implies condition (h)®. However, condition (h)*
does not imply, in general, condition (P)°® (see Example 2.17 below).

Example 2.16 Let us consider, for some integers p,q > 1, the following
system in R? x Ry:

0 oP
 aptl 7
6t1 tr OxP
0 01

a9t
o, " Bz

The associated affine algebraic variety is given by
V= {(Tla 72, C) € (C3 ‘T = CP’ T2 = Cq}a

and the reduced order of the system is p, = max{p, q}. Clearly

(2.17)

Imm=Immnp=0 V(r,{) eV with (= €R,

and hence every pair of the form (K, R? x K), for a compact convex subset
K of Ry, is of evolution for the system (2.17) in the classes (8} and (™)
for all s > 1 and r > smax{p, q}.

In the example above, not only condition (h)*, but also condition (P)?*

was satisfied. Let us now consider an example of an evolution operator
satisfying (h)®, but not (P)*.

Example 2.17 Let us consider the following operator

3
% + (’a% + 1) (2.18)

in R;” x R,. The associated affine algebraic variety is given by
V={(r¢eC?: 7= (C+1)3},

and the reduced order of the system is p, = 3.
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Setting ' = R}, we thus obtain that
kr(t) =(Im7)t = (B2 - 1" VY(r,{) eV with ( = €R,

and hence the Petrowski-type condition (P)° cannot be satisfied for any
s > 1. However,

k(1) =0 VY(r,{) €V with Im(= -1,

and hence condition (h)* is satisfied for all s > 1.
By Propositions and it follows that, for every compact convex
subset K of R, the pair (K, Rzr x K) is of evolution for the given operator

(2.18) in (%) and 4("*) with s > 1 and r > 3s.

In the two examples above we had in fact evolution also in the C™®
class (cf. [BN1]). Let us now consider an example of operator which is of
evolution in some (small) Gevrey classes, but not in the C* class.

Example 2.18 The operator dy; — d; in R} x R, has associated affine
algebraic variety

V={rQe: =g}
and reduced order p, = 1/2. For (7,() € V we have that

1/2
(Im7)t = |§\|/; V(r,{) € V with {(=£€eR.
Setting I' = R;, we thus obtain that condition (P)* and hence (h)® are
satisfied for all 1 < s < 2.
Therefore, for every compact convex subset K of R, the pair (K, IR;" X
K) is of evolution for the given operator in the classes (9} and v(™ for all
l1<s<2andr>1(ps=s/2<1forl<s<2).
Note that the pair (K,R; x K) is not of evolution for the operator

Oyt — Oz in the C* class (cf. [BN1]).

We always considered r > p,s in the preceding results about evolution
in the class v(™®). Nevertheless, we shall see, by the following example, that
we can have evolution in the class v(™®) for s > 1 even if 1 < r < DoS.

Example 2.19 Let us consider the system
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> 0
o2 Oz
ot 02
98 97

in R? x R,, with associated affine algebraic variety
V={(rn,m,¢) eC: 72 =¢, 13 =(*

and reduced order p, = 1. For I' = R? we have that
rr(r) < [¢[V2+ [Im¢] ¥(r,Q) € V.

It follows (cf. [BN2], Theorem 8.1) that the pair (Ry, R? x R;) is hyper-

bolic, and hence of evolution, for the given system in the classes 7(s) and
~ms) foralll < s <2andr > 1.
We thus have evolution also for 1 < r < py,s =5 < 2.

In Examples 2.18 and 2.19 we had evolution and also hyperbolicity.
Let us now consider an example where we have evolution in some spaces of
(small) Gevrey functions (but not in the C* class), but not hyperbolicity.

Example 2.20 Let us consider the operator

LA
Ot? oto%x  Oxt or

in Ry x R;, with assocaited affine algebraic variety
V={(r¢eC: (r-¢)+¢=0}

For (7,¢{) € V we have that 7 = (% £ 4+/(, where £+/¢ denote the two
complex roots of (.
The reduced order of the system is then p, = 2 and

|Im 7| < |€]Y2 VY(r,¢) €V with (=€€R.

Therefore condition (h)® is satisfied for I' = R; and 1 < s < 2, and
hence for every compact convex subset K of R, the pair (K,R; x K) is of
evolution for the given operator in the classes 5(s) and ("%) for 1 < s < 2
and r > 2s.

Note that the pair (K,R; x K) is not of evolution in the C* class (cf.
[BNT]) and, moreover, it is not hyperbolic in any class of (small) Gevrey

functions (cf. [BN2]).
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Let us now show, by the following example, that condition (h)*® is suffi-
cient only for “local evolution”, i.e. for evolution of pairs of the form (K, T x
K) for a compact convex subset K of ¥, but not for pairs of the form (X, I" x
¥).

Example 2.21 Let us consider the following system in R} x R,:

(0 0%
ot, o2
1, H?
= 2.19
< 8t2 + 7’83:2 ( )
o 0
\ 8t3 8%2

The associated affine algebraic variety is given by
V={(nmnecC:n=C n=-C n=—i"}

and the reduced order of the system is p, = 2.
ForI'={teR3:t; > 0Vj=1,2,3} we obtain that

kr(t) =0 VY(r,{) eV with {(=£€eR,

and hence condition (h)*® is satisfied for all s > 1 (also condition (P)% is
satisfied), and for every compact convex subset K of R, the pair (K, x K)
is of evolution for the given system in the classes () and 4(™) for all s > 1,
r > 2s.

We shall see, however, that the pair (R, ' x R,) is not of evolution for
the given system in any class of (small) Gevrey functions.

Consider, indeed, the following sequence of plurisubharmonic functions
on C* ~ C3 x C¢:

0 if Im¢ <0
1
Un(7,¢) = ~Im¢( if 0<Im(<n

nIm¢+1—n? if Im¢>n.
Note that

wn(7,C) < (Im¢)? +1 < gmp(f) 1 V(RO eV



Hérmander’s type conditions for evolution in spaces of (small) Gevrey functions 31

since (cf. also [BN1)):

3
kp(r) = 3 (Imry)* = 2|Re(| - | Im¢| + ((Im()? — (Re()?)*

We can thus find constants A, ¢, > 0 such that

un(r, Q) < Sh(r) +1 V(rQ) €V
Un(7,¢) < Ap|Im (| +cn VY(1,() €V,
but we cannot find fixed constants A, L, c > 0 such that
Un(7,¢) < A|Im¢| + L7|Y" + LI¢)Y* + ¢ Y(1,¢) € V.

This means that the Phragmén-Lindelof principles for evolution (1.7)
and (1.9) are violated, and hence the pair (R;,T' x R;) is not of evolution
for the given system (2.19) neither in the class %(%) nor in the class (™),
for any r,s > 1.

2.3. A sufficient Héormander’s type condition for evolution
We use here the same notation as in §2.1, and consider the following
Hormander’s type condition:

(
IR, r,cy,c2 > 0 such that

for every p € R™ with |p| > r and By (p, R|p|'/*) c C"\ Z
(H')* { and for every connected component w of 77 (B, (p, R|p|'/*))
there is B, (C,,7) C Bn(p, R|p|'/%) such that

ke(r) <el¢]* + e W(7,¢) € 1 (Bn(Gpym)) Nw.

\

Remark 2.22 Condition (H')® implies condition (H')*" for all real 1 <
s’ <s.

Remark 2.23 Condition (H’)® is in general stronger than condition (H)?,
and it can be proved, as in Lemma 12.8.8 of [H63], that it is equivalent to
(H)*ifn=N—-1.

Theorem 2.24 Let M be a unitary finitely generated P-module, for which
Y. ~ R? is formally non-characteristic and quasi-free. Let K be a compact
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convez subset of ¥ with a non-empty interior in R} and T' a closed convex
cone of RE with non-empty interior and vertez in 0.

Then, if condition (I1')° is satisfied for some s > 1 on all V() for
p € Ass(M), it follows that the pair (K,T x K) is of evolution for M in
the classes 7) for all 1 < &' < s.

Proof. By Remark 2.22 it is sufficient to prove that condition (H')® is
sufficient for evolution in the class 4(%). Moreover, by it is not
restrictive to assume K = B, (0, A) for some A > 0, since K is compact.
Up to translations, we can also assume ¢y = 0.

Let us fix p € Ass(M), set V = V() and prove the validity of the
Phragmén-Lindelof principle for evolution (2.11)—(2.12).

Note that if condition (H’)% is valid for some R > 0, then it is also
satisfied for any larger R. This means that it will not be restrictive to
choose in the following R > r sufficiently large.

By Hadamard’s three-circles theorem (cf. [H63], Lemma 12.8.6; [A]), we
can then fix Ry > 0 with Ry < R such that B,({,,7) C Bn(p, Ri|p|'/®) for
all |p| > 7, and find 6 = §(R) € (0, 1) such that for every plurisubharmonic
function u satisfying (2.11):

Wr(©), )< (1-8) s u+s swp u
Bun(p,R|p|Y/?) Bn(Cpr)

V¢ € Bn(p, Rilp|'®), (1,¢) € w. (2:20)
By assumption
[Tl S AA+[CDP =1 VY(r, () eV
for some A > 1, and hence from (2.11) we obtain, for |p| > R+1:

sup  u<  sup  {aylog(l+|7]) + awl¢|"® + Al Im (| + ey}
Bn(p,R|p|}#) Br(p,Rlp|'/#)
< sup  {aylog A+ ayp, log(1 + [(])
Bn(p,R 1/s
(p,Rlp|'/#) + aulql/s + A| ImC| + Cu}
< ay(pos + 1)(|p| + Rlp[l/s)l/s + AR|p|l/3 + ay log \ + ¢y
< [QI/SCXU(})OS + 1) + AR”)0|1/S + oy log A + ¢y, (7-, C) € w,

(2.21)
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and, by (H'):
sup u< sup {alog(l+ |7|) +al¢|V/® + arr(r) + A Im (|}
Bn(vaT) Bn(gpar)

< sup {alogA+apos|¢|'/* + al¢|'/* + ac[¢]/* + Al Im (|}
Bn((pﬂ‘)

a(pos + 1+ c1)(|p| + Rlp|/*)* + AR|p|'/* + alog A
[2°a(pos + 1+ 1) + AR]|p|"/* + alog A, (7,() € w.
(2.22)

<
<

For ¢ € B, (p, Ry|p|'/*) with |p| < R+, form (2.11) and [2.2):

u(7(¢), €)

< sup  {alog A+ a(pos + 1)[¢|/* + arr(r) + A Im(|}
CEBn(p,Ralp|'/*)
lp|<Rs-T

< sup_ {alogA+a(pos +1)(|p| + Rilp['/)"/?
lpl<Rs-T 1/5\po 1/s
+ ak(1+|p[ + Rilp|"/*)P + ARy|p|'/*}
<C(R), (1,¢)€w, (2.23)

for some positive constant C'(R) depending on R.

From (2.20), (2.21), (2.22) and [2.23) we finally obtain, for ¢ €
By(p, Rilp|'*), p € R™

u(r(¢),¢) < (1~ 5){[21/Sau(p03 +1)+ AR”pll/s + ay log A + ¢y }
+8{[2Y%a(pos + 1 + 1) + AR)|p|"* + alog A}
+ C(R).
This holds, in particular, for all § = (7,¢) € V with 1,(8) = p € R™,
and therefore the function p(n) = SUPpe = (1) u(0) satisfies:
p(n) <{(1-8)[2"°au(pos + 1) + AR]
+6[2Y%a(pos + 1 + c1) + AR]}|n|'/*
+ (1= 6)(aulog A+ ¢cy) + dalogh + C(R) Vn e R™
and, by the second inequality of (2.11):

o(n) < ay(pos + 1)|77!1/8 + AlImn| + aylogA+ ¢, VneC™
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It follows, by the classical Phragmén-Lindel6f principle (Proposition
1.7), that

o(n) < AlTmn| + £u|n|Y* + oy + 0 V¥neC",

where

by = 22 (1= 6)[2Y%u(pos + 1) + AR]

Cos 5.
+8[2Y%a(pos + 1 + ¢1) + AR]}

oy = (1 —0)(aylog A+ cy)
o =dalog A+ C(R).

Then v(0) = u(f) — o satisfies:

2n

v(0) < A|Im(| + {(1-6)[2"*au(pos + 1) + AR]

s
2s

+6[2%a(pos + 1+ ¢1) + ARJ}|¢)M/®
+(1—0)(aylogA+c,) VO=(r,()eV.

After ¢ steps we obtain that
v(8) < AlIm(| + Ml¢|° + X V= (1,0) €V,

with
(Mo = au(pos + 1)
M, = stngg {(1—0)[2"/°M,_, + AR) (2.24)
\ + 82 5a(pos + 1+ ¢1) + AR]}

{)\0 = oy log A + ¢y (2.25)

Ao = (1= 8)Ae_1.

It is now possible to take R sufficiently large to choose then § = §(R) €
(0,1) such that

9l+s cos 2-
"1-68) <1, ie 6>1——25
21+;n

s
COS 2s



Hérmander’s type conditions for evolution in spaces of (small) Gevrey functions 35

For such § the sequence {My}scn converges and, by (2.24),

lim M, =M = —"_{(1—6)2Y*M + (1 — 6)AR
{—+o00 COSs 75

+6[2Y%a(pos + 1+ ¢1) + AR]},

that is
_ 1/s
M= (1-6)AR+6[2 al(pos +1+c1)+ AR] < 400
21+gn s
1— —
Cos - ( )
Moreover, from (2.25) we have that limy_ o, A = 0.
For { — +00 we finally obtain that
w(6) < Allm(| + M(* +o Vo= (1,0)€V,
and hence (2.12), with 8 = M and c = 0. O

By Remark 2.23, from Theorems 2.7 and we have in particular:

Corollary 2.25 Let M be a unitary finitely generated P-module, for
which ¥ ~ RY-1 c R¥ s formally non-characteristic and quasi-free. Let
K be a compact convez subset of ¥ with a non-empty interior in Ri\"l and
I' a closed cone of R; with non-empty interior and vertez in 0.

Then, for 1 < s € Q, condition (H)*® is necessary and sufficient in
order that the pair (K,T x K) is of evolution for M in the class 3.

From [Lemma 2.2 and [Theorem 2.24 we immediately obtain:

Theorem 2.26 Let M be a unitary finitely generated P-module, for
which ¥ ~ RY is formally non-characteristic and quasi-free, with reduced
order p,. Let K be a compact conver subset of ¥ with a non-empty inte-
rior in R? and T a closed convex cone of RF with non-empty interior and
vertez in 0.

Then, if condition (H')® is satisfied for some s > 1 on all V(p) for
p € Ass(M), it follows that the pair (K,T x K) is of evolution for M in
the classes v\ for all real r,8' > 1 with 1 < s’ < s and r > DoS’ .

By Remark 2.23:

Corollary 2.27 Let M be a unitary finitely generated P-module, for
which & ~ RY=1 ¢ RY is formally non-characteristic and quasi-free, with
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reduced order p,. Let K be a compact convez subset of ¥ with a non-empty
interior in RY ! and T a closed cone of Ry with non-empty interior and
vertex in 0.

Then, for 1 < s € Q, condition (H)® is necessary and sufficient in
order that the pair (K,T' x K) is of evolution for M in the class ~(13) for
r > 1 with r > pys.

Example 2.28 Let us consider the heat operator J; — A, in Rf x R2.
The associated affine algebraic variety is given by

V= {(T,C)ECXC":Tz—iZC]z},
j=1

and the reduced order of the system is p, = 2.
Consider ' = {t e R: t > 0} = R}. For (1,{) € V with { = £ € R™ we
have that

kr(7) = (Im7)tT =0 V(r,{) € V with (=¢eR™

This means that condition (H)® with k¥ = 1 is satisfied for all s > 1.
Therefore, every pair of the form (K, R;” x K), for a compact convex subset
K of RZ, is of evolution for the heat operator in the classes 7(5) and ~(ms)
for all s > 1 and r > 2s.

Example 2.29 Let us consider the wave operator 0;; — A, in Ry x R7,
with associated affine algebraic variety

V= {(T,C)GCXC”ZT2:ZCJ2},

j=1

and reduced order p, = 1. If (1,{) € V and ¢ = £ € R", we have that
Im7=0.

Then condition (H)® with k = 1 is satisfied for I' = R; and s > 1, and
hence for every compact convex subset K of R} the pair (K,R; x K) is of
evolution for the wave operator in the classes (¥ and v(™) for all s > 1
and r > s.

We shall see by the following example that condition (H’)*® is sufficient,
but in general not necessary, for evolution.
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Example 2.30 Let us consider the following operator in R? x R,:

a . 02
ot; ' 0x?
i.{.iﬁ
8t2 81132.

The associated affine algebraic variety is given by

with reduced order p, = 2. Consider I' = {t € R? : ¢t; > 0, ty > 0}. By
Propositions and .13, for every compact convex subset K of R, the
pair (K,I' x K) is of evolution for the given system in the classes 5(*) and
v(™) with s > 1 and r > 2s, since

kr(7) = (Im7) " + (Im 7)™ = 2| Re(|-|Im(| =0
V(r,{) eV with (=€ €R.

However, condition (H')® is not satisfied for any s > 1.
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