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Automorphic forms on the 5-dimensional complex ball
with respect to the Picard modular group over Z][i]

K. MarsumoTo, T. MINOWA and R. NISHIMURA
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Abstract. We represent the 105 automorphic forms on the 5-dimensional complex ball
B® constructed by Matsumoto-Terasoma as the products of four linear combinations of
the pull backs of theta constants under an embedding of B® into the Siegel upper half
space of degree 6. They were used to describe the inverse of the period map for the family
of the 4-fold coverings of the complex projective line branching at eight points.
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1. Introduction

The period map for the family of the 4-fold coverings of the complex
projective line P! branching at eight points is studied in [MT]. Its inverse
is given by 105 automorphic forms f; on the 5-dimensional complex ball
B5 with respect to the monodromy group of the period map, where J are
(2, 2, 2, 2)-partitions {j1jo; j3ja; jsje; j7js} of {1, ..., 8}. The automorphic
form fy, for J; = (12;34;56;78) is given by the pull back of the product
of four theta constants under the embedding + of B into the Siegel upper
half space S8 of degree 6 induced by the period map. The symmetric group
Sg of degree 8 transitively acts on the set of (2, 2, 2, 2)-partitions, and it is
represented in the symplectic group Spg(Q) (not in Spg(Z)) by the period
map. The group Sg represented in Spg(Q) acts on f, as the transformation
of theta constants on S% and this action yields all f; from fy,. Actually,
few f; are explicitly given in terms of theta constants in [MT] since trans-
formation formulas of theta constants for some elements of Spg(Q) were not
known.

In this paper, we represent all f; as the products of four linear combi-
nations of the pull backs of theta constants under the embedding 2: B> —
S8. The set of (2, 2, 2, 2)-partitions can be regarded as the quotient G\ Ss,
where G is the isotropy subgroup of Sg for the partition J;. The group
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G is represented in Spg(Z) by the period map, and the double quotient
G\Ss/G consists of five elements: the unit o1, o9 = (23), 03 = (23)(45),
o4 = (23)(67) and o5 = (23)(45)(67), where (jk) is the transposition of
j and k. We give transformation formulas of the theta constants for the
elements of Spg(Q) corresponding to (23), (45) and (67), which yield the
explicit forms f;; of the actions of o; on f;. We can obtain all f; by
acting G represented in Spg(Z) on fy,, ..., fr,. We have to study the con-
stant k(o) in the transformation formula of the theta constants in [I] for
the elements in Spg(Z) corresponding to generators of G in order to give
linear relations among f;. Some linear relations among f; yield quadratic
relations among pull backs of theta constants under .

Another expression of fourteen linearly independent f; in terms of lift-
ings is given in [K].

2. Automorphic forms on B®

2.1. 105 polynomials

Let J be a (2, 2, 2, 2)-partition of the set {1, ..., 8}:
J=(j1j2; J3ja; JsJe; JrJs)
{jl) ey ]8}:{1) DRI 8}7 jl < j2a j3 < j47 j5 < jﬁv j7 < jS'
The cardinality of the set J of (2, 2, 2, 2)-partitions of {1, ..., 8} is

OO s-see

For each element of J € J, we define a polynomial

Tj = ($j1 - sz)(sz - xj4)(xj5 - xjﬁ)(xj7 - xjg)

of variables x1, ..., xg.

The symmetric group Sg acts on x = Yz, ..., 13) € C® from the left
as the transposition of coordinates, which can be represented as the left
multiple ¢ - x, where ¢ € Sg and we regard Sg as naturally embedded in
GLg(Z). Note that

(123) -z =((12)(23)) -z =(12) - (=1, a3, B2, ...) = (3, 21, T2, . ..),
(132) 2= ((23)(12)) -z = (23) - (2, 21, 23, ...) = (2, 23, 21, ...),

where (j1, ..., ji) denotes a cyclic permutation. If we regard o € Sg as a
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map o: {1, ..., 8} 3k o(k) € {1, ..., 8}, this action is equivalent to

g - t(xl, ceey .%'8) = t($071(1), ey 1’071(8)).

The group Sg acts on x; from the right as its pull-back under o € Sy,
i.e., 25 = o*(z;). Note that 257 = (0/)*(2%). For examples,

(12)(23)

T =(w3 — 21)(22 — 74) (25 — 26)(T7 — T8) = —T(13,:24;56:78)
w5213)(12)=($2 — x3) (w1 — xa) (25 — 26) (07 — T8) = T(23,14;56;78),

where J; is the (2, 2, 2, 2)-partition (12;34;56;78). We define a subgroup
G of Sy as

G={o¢€S|2% =+x;},
which is generated by
(12), (34), (56), (78), (13)(24), (35)(46), (57)(68).

Note that G is a maximal subgroup of order 24 . 4! and that the set J can
be regarded as the quotient G\ Ss.

2.2. Theta constants
Let S" be the Siegel upper half space of degree r, which is the set
of symmetric r X r complex matrices whose imaginary parts are positive

o, Yu=(, )}

M-7=(Ar+B)(Cr+D)"', reS, M= (g g) € Sp.(Q),

definite. The symplectic group

Spr(Q) = {M € SLx(Q)

acts on S” as

where I, denotes the unit matrix of degree r.
Theta constants with half characteristics a,b € Z" on S™ are defined as

Do) = 3 exp(ri(n 2 (n+ ) +2wi(n+ ) ).

nezr
Tef§.
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They satisfy

Vatoppt2q(T) = exp(wiatq)ﬁmb(ﬂ

for p, ¢ € Z". The following transformation formula for theta constants by
the action of Sp,(Z) = Sp,(Q) N SLy,(Z) is a basic material of this paper.

Fact 1 (Corollary in p. 176 [I]) For M = (é g) € Spr(Z), put

M - (av b) = ((1, b)M_l + ((CtD)Uv (AtB)O)a
1
Gap(M) = —g(atDBta —2a'BC + b'C A')

+ %(atD ) H(A'B),,

where Ag is the row vector consisting of the diagonal components of a square
matrix A. We have

Inr.(a,0) (M - 7) = k(M) exp(27igqp(M))+/det(CT + D)Jq p(T),
where x(M)? is +1 or +i depending only on M.

2.3. An embedding of B® into S®
We put B° = {y € P° | y*H 'y < 0}, where

2 -1+
—1—1 2 -1+
—1—3 2 -1+
—1—1 2 -1+
—1—1 2 -1+
—1—1 2

Since the signature of H is (5, 1), B® is isomorphic to the 5-dimensional
complex ball {(z1, ..., 25) € C% | |21/ +- - + |25]> < 1}. We define discrete
subgroups acting on B® as follows:
I'={g€GL(Zli]) | g"H 'g=H "}
={9 € GLe(Zli]) | gHg" = H},
I'l—i)={geTl|g=Is mod (1—1)}.
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It is shown in [MY] that the quotient group I'/I'(1 — 7) is isomorphic to Sg
and that I is generated by seven unitary reflections of order four:

g; = Is — (1 — i) Hvjv;/(v; Hvj),
where

v1=(1,0,0,0,0,0), wve2=(0,1,0,0,0,0),
U3 = (07 07 17 07 07 0)7 Vg4 = (07 07 07 17 07 0))
Us = (Oa 07 Oa Oa 1> 0)7 Ve = (Oa 07 Oa 07 Oa 1)7

=

vr=(1,1—1i, —i, 0,1, 1—4).

The reflections g; satisfy g? € I'(1 — i) and the braid relations gjg;+19; =
gj+1gjgj+1' We put gj’jJrl = gj and

Gik = (Gr—1" " Gj+295+1)95 (k-1 - Gj+29i+1) "

for k> j + 1. There exists a homomorphism s: I' — Sg such that s(g;) is
the transposition (j, k).

The domain B® is embedded into the Siegel upper half space S8 of degree
6 as follows:

) (Ty)"(Ty) 6
B oy r=0|U—-2——2 " | e85,
Ty)U(Ty)
where T' = N; — iN,
1 00 0 0O 0O 00O 0 O0°@0O0
1 1.0 0 00 01 0 0 00
1 1.0 0 00 01 1 000
M=11 102100 ™T|o11100]|
1 10 0 1 0 01 1 000
110 0 11 01 1 001
I
-1
U= -1
I

This embedding 2 induces a homomorphism

Re(g) —Im(g)

phogm N (Im<g> Re(g)

) N"" € Spo(@),
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Ny No

h N =
where <UN2 UN,

) . Note that

(g) = A B
M) =\-vBU vAU)
where 6 x 6 real matrices A, B are given by TgT~! = A +iBU, and that

(TgT~YHYU(TgT~1)* =U.
The maps ¢ and j satisfy

W(gy) = (Au(y) + B)(Cu(y) + D)~

for g e I' and y(g) = (g g) € Spe(Q).

We put U(M, 7) = det(CT + D) for M = <é g) € Sps(Q) and

T € S5,
5 B
Lemma 1 ForyeB°, geT and j(g D € Spe(Q), we have
(Tgy)U(Tgy)

V(1(g), o(y)) = det(Culy) + D) =

Proof. We have

det(g) (Ty)U(Ty)

det(Ci(y) + D) = det(U(—BUTU + A)U) = det(—BUTU + A)

where 7 = 1(y), g € I and TgT ' = A+iBU. We put X = —BUTU + A,
and z = T'y. Since

t
22U
TU =1|lg—2
[ 6 tzUz]’
we have TUz = —iz, and TUw; = 1w, where wy, ..., ws span the subspace

W = {w e C®| 2Uw = 0}. Thus

Xz=—BU(—iz) + Az =TqgT™ !
Xwj=—BU(iw;) + Aw; = TgT~ 1wj (G=1....5)

We express Xz as the linear combination of T¢gT 'z and TgT'w; (j =
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1,...,5):

5
Xz=cTgT 1z + Z ;TgT " w.
j=1

Note that det(X) is equal to cdet(TgT—1) = cdet(g) = ¢/ det(g). Multiply
t2U(TgT—1)~! from the left of this linear combination, then we have

LU(TgT1) " 'Xz = c2Uz
since zUw; = 0. The left hand side of this equality is
LU(TgT-1) "N TgT ™Yz =2UUYTgT U (TgT ™)z

=(Tgy)U(Tgy),
since (TgT~Y)*U(TgT~ 1) =U. O
We put
(A BiY_( A Bi N _ o
for j=1,...,7 and M, = 5(gji) for 1 <j <k <8.

Fact 2 The (1, 1)-block A; and the (1, 2)-block B; of M; = j(g;) are
given as follows:

A4 = 12 -A ) B4 = A )
I 0o
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1 0
1 0
1 0
As = 11 -1 » Bs= 11 ’
1 0 11
1 0

(14 _ (Oy4
e () me ()
I o)
A7—<5 0), B7—( o 1>,

where Oy is the zero matrix of degree k and

1/1 -1
A_2<—1 1)'

Remark 1 If g belongs to I'(1—1¢) then j(g) belongs to Sps(Z). Moreover,
J(g) belongs to Spg(Z) for g € T' if and only if s(g) belongs to G C Sg.

We put
[(G)=sG)CT, Sps(G)=3T(G)) C Sps(Z).

2.4. 105 automorphic forms fj
A holomorphic function f on B? is called an automorphic form of weight
k with respect to a finite index subgroup IV of T" if f satisfies

fla-y) =v(g. v)fy)

for any g € I, where
(Tgy)U(Tygy)

Note that (g, y) = det(g)¥(y(g), ¢(y)) by Lemma 1.
We construct automorphic forms on B® by using the pull-back 9, 4(y)
of theta constants ¥, () on S® under the embedding 2: B> — S°.

Fact 3 The function H?:o Orm,m,u(y) is an automorphic form on B® of
weight 2 with respect to I'(1 — 4), where

mo=(0, 0, 0, 0,0,0), my =(0,0,1,1,1, 1),
me=(1,1,0,0,1,1), ms=(1,1,1,1,0,0).
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We define an action of I' on an automorphic form f on B® of weight k
with respect to I'(1 — 4) by

) =v(g. y) " Flg-y).

Fact 4

(1) If mU'm # 0 mod 4 then ¥y, mu(y) = 0 for m € Z5.

(2) (Corollary 4.11 in [MT]) The functions ¥, mu/(y) satisfy the quadratic
relation

i
exp (5'01 tUo) 19111,v1U(y)79v2,v2U(y) + o, ....0(y)%us,0,(y) =0,

where Uy = (1, 1,0, 0,1, 1), vo = vy — Up, (0, ..., 0) # vy € Z5 and
viU%; = 0 mod 4. Especially, we have

Vimg,mo (y)ﬂmg,mz (y) = Yy my (y)ﬁms,ms (y)-

(3) By Fact 1, the set of theta characteristics {(mo, mop), ..., (ms, ms)}
may change by the action of M € Spg(G). In spite of this situation,
the function fi(y) = H?:o VUm;m,u(y) is invariant modulo sign under
the action g € I'(G) by (2).

Since I'/I'(1 — i) is isomorphic to Sg, we have 105 automorphic forms
fs(y) by acting I" on the function fy, (y), where J is a (2, 2, 2, 2)-partition
corresponding to an element G'\Sg represented by s(g) € Sg for g € I'. The
following is a main result in [MT].

Fact 5 The polynomials z; and automorphic forms f;(y) are Sg-equiva-
riant. The vectors (..., zy, ...) and (..., fs(y), ...) are proportional and
the functions f;(y) satisfy the same algebraic relations those z; satisfy.

Few f;(y) are explicitly given in terms of ¥44(y) in [MT], since 3(g)
does not belongs to Spg(Z) for a general g € I'. We give representations of
fr(y) in terms of ¥4 (y) for any J € J in Section 5.

3. k(M) for some M € Spe(Z)

Lemma 2 Let k(M) be the eighth-root of unity in Fact 1 for M € Spg(Q)
C Spe(Z). The map

Sps(G) 3 M — r(M)* € {£1}
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is a homomorphism.

Proof. Note that ¢, (M) in Fact 1 becomes 0 for any M € Spg(Z) when
(a, b) = (0, ..., 0), and that the function ¥(M, 7) = det(CT + D) satisfies

U(LM, 7) = W(L, M - 7)U(M, 7).
Since we have
K(LM)"W (LM, 7)*9; ()
= 9(1ary0,..0)(EM) - 7) =97 ar0, oy (L~ (M - 7))
= r(L)* eXp(QWM)M-(o,...,0)(L))4‘I’(Lv M- 7')219%4.(0,,,.,0)(]\/[ - T)
= r(L)'R(M)" exp(2migns.(o, .. 0)(L))"
xW(L, M -7)*U(M, 7)*95 __o(T),

we show that 4¢yr. (o, .., 0)(L) belongs to Z for any L, M € Spgs(G). Let
A B

(a, b) be M - (0, ..., 0) for M = <—UBU AU

) . Note that

b= —(UB'AU)y = (UA'BU) = (A'B)oU = aU mod Z°.

C

The four times of ¢q o7 (L) for L = (—UDU Uou

> is congruent to

%(at(UC’U)Dta + (@) (~UDU)CHall)) = 0
modulo Z. O

Proposition 1 Let g be an element of I'(1—14). Then the constant x(M)*
for M = 3(g) € Sps(Z) is 1.

Proof. 1t is shown in [MY] that the group I'(1 —4) is generated by unitary
reflections of order 2. We show that x(M)* = 1 for any element M € Spg(Z)
of order 2, which satisfies

A By . ., (D -B
(e o)== = (e )

Since we have

79(2),...,0(7') = 79?\42-(0,..,,0)(]\42 T) = 19%\4‘(M.(0,,,.,0))(M (M -7))
= r(M)* exp(dmidpr.(o,..0)(M))IG. _ o(T),
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it is sufficient to show that 2é,/.(o, ... 0)(M) € Z. We put M - (0, ..., 0) =
(a, b), which is ((C''D)g, (A'B)g). Note that M? = I, and

M - (a, b)=(a, )M~ + (a, b) = (0, ..., 0) mod 2Z'2,
(a, )M~ = (a'D — b'C, —a'B + b'A) = (a, b) mod 2Z'2.
Since ‘BC —'DA = B'C —A'D = —Igby ‘B= —B, 'C = —C and 'D = A,

we have

2¢a,5(M)
1 1
:_Z(atDBta—2atBCtb+thAtb) + 5(cﬁD—zatC) Y(A'B)g
1
=3 [(@'D—b'C) (—a'B+b'A)+a(*BC —'DA)"+2(a'D —b'C)"]
R S S TR
_4(a b—a b)+2a b—2a b mod Z.
By the action of M € Sps(Z), the characteristic (0, ..., 0) should be trans-
formed into an even characteristic (a, b), which satisfies a’b € 27Z. O

Remark 2 If Mfk € Sps(Z) keeps the theta characteristic (0, ..., 0) in-
variant then the constant /1(Mj2k)2 is —1. Otherwise, K(Mij)Q may take £1.
For examples, M ]2 41 = M jz keeps the theta characteristic (0, ..., 0) invari-
ant, the constant /<c(]\4j2)2 is —1. The elements M%, M%, M2 and Mi do
not keep (0, ..., 0) invariant. By computational evaluations of both sides
of

Drzqo,....0) (M - (i16)) = B(MG) U (M, il6)9 G, o (i6),
we have k(ME)? = k(MZ%)? =1 and k(M%)? = k(M%)? = —1.

Remark 3 We have x(M)* = (—1)" for any element M = (é g) €
Spr(7Z) satisfying M? = —Is,, since

det(C(M - 7) + D) det(Ct + D) = det(—1,) = (—1)"
for 7 € S".

Lemma 3 The constant k(M)? is i for M = My, M3, My and My.
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Proof. We have M- (0, ...,0)=(0,...,0), M, -7, =7, and det(Cyj, +
Dy) = —ifor k=1, 3,5, 7, where 71 = 74 = ils and

1 1
3 2 2 1
=i 2 21 o= 2 1 2
2 1 2 1 2 2
1 2 2 3
1 1

By Fact 1, we have
Do, ...,0(17,) = K(My)V =i, .., 0(73,),

for k = 1, 3,5, 7. Since dg, .. o(i7}) are positive real numbers, £(g)v—i
should be 1 for g = My, M3, M5 and M. O

Lemma 4 The constant k(M)? is —1 for M = MiyMa3, M3gMys and
MssMez7, where My, = 3(gjk)-

Proof. For M = Mi4Mss = <A B), we put g = A+ iBU. Its eigenval-

C D
ues are 1 and ¢; the eigenspaces of 1 and ¢ are four and two dimensional,
respectively. The element Ty = (1, 1, 1+4, 1+14, 0, 0) satisfies g(Ty) = Ty
and y € B®. By Lemma 1, det(C1(y) + D) = 1/det(T~1gT) = —1. By the
property of the embedding 1: B® — S°, we have (Au(y)+B)(Ca(y)+ D)~ =
(T~ 1gTy) = 2(y). Fact 1 implies that

0,00 W) = Iiro.0) (M - 1(y)) = £(M)*(=1)31. 0.0 ((9))-
We show that Yo o(2(y)) does not vanish by computational evaluations.
Since
7 O
w=(p 5) e
we have

9o....0(t(y)) = Vo,...0(7' )95 o (0)-

The partial sum of the defining series of 1907__70(7’ ) for n € 7Z* satisfy-
ing Im(na(y)'n) < 10 is about 1.433725975 + 0.3384567922i, and e~ 197 is
about 0.2271101059 x 1013, 1.69170970440.39978557314 and e~ ™ is about
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0.3487342337 x 107°. These evaluations imply Yo,..0(¢(y)) # 0. Thus we
have x(M)? = —1.
For M36M45 and M58M67, take Ty as

“0,4,1+4,1414,1,0), %0,0,1—4,1—14,1,1),
respectively. O
Lemmas 2, 3 and 4 imply the following.
Proposition 2 For g € I'(G) and y € B>, we have

det(g)® = r(y(9))* = sign(s(g)),
£((9)* T ((9), w(y)? = v(g, v)*.

4. Transformation formulas of the theta constants for some ele-
ments of Spe(Q)

Proposition 3 By the actions of My, My, Mg € Sps(Q), we have

( Vap(May - 7) >
19a+6[2k],b+6[2k] (MQk . T)

—aok—1 bop — bop—1\ 141
:\/det(CQk-T“FDQk) exp m’a% A2k—1 D2k 2k—1 t
2 2 2
( .a2k+a2k—1>
exp —m# 1
X 1 ( .a2k+a2k71)
— exp mf

% ﬁa’,b’—i—emk] (T) ’
19(1’-1-6[21@],17' (T)
where (a’, V') = —(a, b) Moy,
e =(1,1,0,0,0,0), eyq=(0,0,1,1,0,0),
6[6] = (07 07 07 07 17 1)7

and the branch of the square root is determined by the assignment of the
value at T = ilg € S° as

1—1

7

\/det(CQk(iI@') + Do) = V=i =
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In order to prove this proposition, we prepare the following translation
formula of theta constants for A = (1/2)( 4 71).

Lemma 5 Theta constants on the Siegel upper half space S* of degree 2

satisfy
79a,b(7— + A) - ﬁa,aA b(T)
(ﬁa,bJre(T + A)) = Vi) (ﬁa,aA+Z+e<T)> ’
where e = (1, 1), and
c1(a) 1+ (1 —1)cy ' (a)
v =23 () ),

2

Proof. Let A be the lattice {n = (n1, na) € Z? | ny +na € 2Z}. Note that
[Z%: A] =2 and Z%/A = {(0, 0), e; = (1, 0)}. We put

=S e(ni(ns 5)r(neg) vorilne5)g)

Since n('e/2) = (n1 +n2)/2 € Z for any n € A, we have

mia'e
O1.a(r) = oxp( g 08400

By definition, we have

Dan(T) = 004 (T) + O y2e, 4(7)

and
Vabte(T) :ﬁg,b—i-e( ) + 19(/1\+251,b+5(7_)
= (T2 Yoyt + e L o)
:Cz(a)(ﬁa,b( ) — 190,—&-261,( ))-

Thus we have

(2= (s o) (£21)
1
2

)
[a0) =51 fi:l(aiQ (omieh):
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We express 92, (7 + A) in terms of 92, ,, (7). Since

exp(m(n+g)At(n+ g)) |

. At
= exp(minA'n) exp(ma4 a) exp (2772' (n + Z)A;)

c1(a) exp <2m' (n + ;)A;) ifnel,
¢

19(11},17(7_ + A)

- (ni(u e ) +oni(u )3
o))
o Zen{rilo §)r(oe ) +anio5)3)

neA
a ta
2 ( —)A—
><exp< |\ n+ 5 2)

(7). Thus we have

=a (a)ﬁé\,aA+b(7')-

Similarly, 19a+261 W(T+HA) = icl(a)?99+261,aA+b

(ﬂﬁﬁfﬁ(ﬁf >A>> =@ (g ) (ﬂz‘i?;ﬁig >> '
Let us compute Jop(7 + A) and o pee(r + A):

(7)) - <c;a> ) (20 0)
—a0 (o o ) ) (o)
= () ) 0 D050 (o D).

which implies this lemma. O
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Proof of Proposition 3. It is sufficient to prove that

Dap(M-7) \ — az —ai by — b
<19a+e,b+€ (M ’ T)> B \/det(IQ A7 A) P <7” 2 2

S ) ()

where 7 € §%, e = (1, 1), (¢, V') = (a, b)M, c2(a) = exp(rwi(ar + a2)/2),

(L-A A o 1/1 -1
and the branch of \/det(Iy — AT — A) is determined by the assignment of

the value at 7 = ily as v/—i = (1 —1)/v/2.

Since we have

M = —PQPQP, P=—<I2 A>, Q=<02 ‘12),

02 IQ IZ 02

use Lemma 5 and Fact 1 for Q) repeatedly. In this calculation, it is convenient
to prepare formulas

19(1,1)(7_ + A) ﬂa,aAer(T)

ﬂa,bJre (T + A) _ (I)P[a b] ﬂa,aA+b+e (T)
190,Jre,b(7— + A) ’ ,l9a+6,CLA+b(T)
ﬁa—l—e,b—l—e (T + A) ﬁa—l—e,aA—i-b—Q—e (T)

79a,b<_7_71)1 ﬁb,fa(T)
Uq b+e(_T_ ) Uy *“Jre(T)

’ =P s b ’ )
19a—i-e,b(_7—_1) Q[a ] rl9b—i—e,—a(7—)

ﬁa—l—e,b—i—e(_T_l) ﬁb—l—e,—a—i-e(T)

where

®pla, 0] = (V(a)

Qgla, b] = k(Q)+\/det(T) exp<

Ta b)
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mate)

2

exp (

—m’bte)

eXp( 2

m’(a—b)te)

—exp(5

Since (a, b)P = (a,aA + b), we have

CI)P[G7 b](I)Q[(aa b)P](I)P[(aa b)PQ}(I)Q[(aa b)PQP](I)P[(aa b)PQPQ]

0 coa) 1 0
1| ca(a c3(a
= c(a, b)l—; 2(a) 8 8 _EQ((()Z) = ®_yla, b,

where co(a) = exp(mia'e/2) and

c(a, b) = H(Q)Q\/det(IQ — AT —A) eXp(m'm g ay be g b1>'

Note that the theta characteristic (a, b) is transformed into —(d/, b') =
—M (a, b) by PQPQP. We have

Vo p(M - T) Yo p(—M - T)
'lga b+e(M T) _ ’l9a b+e( M T)
19(1+eb M 7') 79a+eb( M - T)
ﬁa+e,b+e(M T) ﬂaJre b+e( M - T)
79fa/,fb’( )
Vo fb’+e( )
=d_ ) '
mla, b] O ey (1)
ﬁ—a’-l—e,—b’—&—e T)
0 ¢la) 1 0 Do,y (7)
o CQ(G) 0 0 1 a/ b’—l—e( )
—C(a, b) 1 0 O _Cgl(a) a+eb’( ) ’
0 1 _CQ(CL) 0 Vo +e,b’+e( )
since a'e = (a—(a+b)A)'e = a'e, and ¥y py—o(7) = exp(—mia’'e) Iy pr1e(T),

ﬁa’—e,b’(T) = '19a’+e,b’<7') a' —e,b —e ( ) = eXp( ﬂia’te)ﬂa/+e’b/+e(7). Espe—
cially,



160 K. Matsumoto, T. Minowa and R. Nishimura

<q9 Yap(M - 7) ) =k(Q)?\/det(I, — AT — A)

a+te,b+e (M : T)

X exp(%i(cm —a1)(be — bl))

X 1+: <021(a) 1 ) <79a’,b’+e(7')>
2 1 —ca)) \Vargep(r))
We have only to determine x(Q)?\/det(Iy — AT — A) explicitly. The
last equality for 7 = ily and a = b = (0, 0) becomes
Yoo 00(”2)) 2 S (1 1 ) <’l900 11(i12)>
ol _ Qpy n(ih))
(011,11(212) (@) 1 —1) \W11,00(il2)

since we have M - (ily) = il and det(la — A7 — A) = —i. Note that
1911,11(2']2) = 191 1(i)191 1(7,) = 0, WhiCh implies 1900711(1'12) = 1911@()(2]2) and

) )

1900’00(2']2) = /i(Q)z\/ji(l + i)ﬁll’go(ifg).

Since both of Yoo 00(il2) and Y11 g0 (iI2) are positive real numbers, x(Q)?v/—i
should be (1 — i)/v/2. Thus if we choose the branch of the square root
V/det(Iy — AT — A) by the assignment of the value at 7 = ily as v/—i =
(1 —14)/+/2, then k(Q)? = 1. O

1+
2

5. Representations of fj(y)

In this section, we express f;(y) in terms of theta constants for all
(2, 2, 2, 2)-partitions J by acting Ss on f, (v). In subsection 5.1, we explain
an efficient method to get the representations for all forms f;(y), and in
Subsections 5.2, ...,5.5, we list them.

5.1. An efficient method to get the representations
The following elementary lemma is a key to give 105 representations of

fi().
Lemma 6 The double quotient G\Ss/G consists of five element, which
are represented by
o1 =1id, o9 = (23), o3 = (23)(45), o4 = (23)(67),
o5 = (23)(45)(67).

The cardinalities of the right G-orbits of o1,...,05 are 1, 12, 32, 12 and
48, respectively.
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We define an action of o € Sg on an automorphic form f(y) on B® with
respect to I'(1 — i) by f7(y) = f9(y), where g € T satisfies s(g) = 0. We
give fy by the action o € Sg on fj = H?:o ¥Um, (y) corresponding to the
polynomial x 7, , where m; are in the following table.

mo ma

# T o s
e 000000, 000000 001111, 001111
(12:345678) | 110011, 110011 111100, 111100

We put f.(y) = fjf (y) for j =2, ..., 5, which are

3 3
Fr@) = 1192 v @) = T Ommu (M2 2(y)) (92, 9)°,
j=0 J=0
3 3
F1s) = 11959, v @) = 1T Omymv (M2Ma) -o(y)) /9 (9294, ),
=0 j=0
3 3
fuy) =19, vw) = LT 9myam,v (M2Ms) - 2(y)) /4 (9296, )7,
7=0 3=0
3
fr) =] 0n o)
3=0

3
_ H Oy, (Mo MaMs) - 1(y)) /(9294965 y)*.

We express fj,(y) in terms of theta constants by Proposition 4. We can
express the rest one hundred f;(y) in terms of theta constants by the action
of G represented in Spg(Z) on fs,(y), ..., fr(y) by Lemma 6. In this
process, we have only to apply Fact 1.

The function fffj (y) for 0 € G is independent of the choice of g €
I'(G) such that s(g) = o, but its representation in terms of theta constants
Uab(y) depends on the choice of g. Different representations of ff]’j (y) imply
relations among U, 5(y).

At the end of this subsection, we give a lemma, which helps us to
simplify the representations of f;(y).
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Lemma 7 Fory € B® and a, b € Z5, we have

a'h
Vu,ar) (Y) = exp (—7”7) Yap(y)-

Proof.  Since 1(y) = u(ilgy) and j(ils) = (_y; V) =V, Fact 1 implies
Vu,av)(Y) = Vv,—av)(¥) = Fv.@a,0)(V - 2(y))
a'h
=r(V) exp(—m7> Vdet(=U(y))0qp(y).

Note that det(—U:(y)) = —1 and that Yo, o(y) is not identically zero.
Thus k(V')y/det(—=Uz(y)) should be 1. O

5.2. The G-orbit of f,(y)

Proposition 4 We have

f7.(y) = 49110000,000000(¥)P111111,001111 ()
x Yo00011,110011(¥)Y001100,111100(¥)-

Proof. Proposition 4 implies

19000000,000000 (M2 : 7_)

1+
= W (Ma, 7)[¥110000,000000(7) 4+ P000000,110000(7)]
9110000,110000(M2 - T)
1+
= W ( Mz, 7)[9¥110000,000000(7) — Yo00000,110000(7)]-

By Fact 4 (1), ¥110000,110000(y) is identically zero on B>, which implies

r19110000,000000 (y) = 79000000,110000 (y) .

Thus we have

%000000,000000(92 - ¥) = (1 + i)/ ¥ (M2, 2(¥))Y110000,000000(¥)-

Similarly, we have

(1 +19)\/ U (Ma, +(y))P111111,001111(Y),
(14 i)/ ¥ (Ma, 1(y))Joo0011,110011(Y),
(1 + 1)/ ¥ (Ma, 2(y))J001100,111100(Y)-

Note that det(g2) = ¢ and that ¥ (g2, y) = det(g2) ¥V (Ma, 1(y)). O

Yoo1111,001111(92 - ¥)

Y110011,110011 (92 - ¥)

Y111100,111100(92 - Y)
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By the action of o = (23) € Ss, the polynomial z;, = %(19,34:56:78)

changes into xj, = (13,24;56;78)- The group
GQZ{UEG‘Q'ZQ =:|:.%'J2}

is generated by (56), (78), (12)(34), (13)(24) and (57)(68). Since its order
is 2°, we have [G : Go] = 12. We express f9,(y) in terms of theta constants
for 0 € G2\G.

Theorem 1 By the action of o € Go\G, f1,(y) = H?:o Jy;(y) is trans-
formed into

3 3 3
AOEES | EEAOEEY JICTAMIERT | EMOE
Jj=0 Jj=0 J=0
where ug, ..., 143, €0, -- ., €3, the sign € = H?:o ej and g € I'(G) such that

5(g) = o are listed in the following table. In the table, gji. such that s(g;r) =

(4, k) are defined in the Section 2.3,

hi2 = 913924,
hos = 935946,

hi3 = 915926,
hoy = 937948,

his = 917928,
h34 = g57968,

and ¢ and ¢ stand for (1414)/v/2 and (1 —i)/\/2, respectively.

o . €0 &1 Ho H1

# |9 T@) T, &, €3 H2 13
) id erns |, L1 [ 110000, 000000 111111, 001111
(13:24:56;78) | T 11| 000011, 110011 001100, 111100
3 o | 4. 1,1 | 010000, 100000 011111, 101111
9 (23:14556;78) | 11| 100011, 010011 101100, 011100
4 5 ereo |4 ¢ C | 110110000110 110101,000101
23 (15:26:3478) | T/ /| 000101,110101 000110, 110110
5 S L. & ¢ | 010110,100110 010101, 100101
itz (@3:16:3478) | T3 1 100101,010101 100110, 010110
6 Bt srassnsy | + —i, —1 | 100001,011110 101110,010001
128;56; ’ —,1 | 010010,101101 011101, 100010
7| ghat | smssen | + —i, —1 | 000001,111110 001110,110001
+18;56; ’ —i,1 | 110010,001101 111101,000010
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sl & oo | 4. L@ [ 010010,011110 011101,010001
13 (35:46:12,78) | T ;| 100001,101101 101110, 100010

0 , o 1,4 | 011000,011000 010111,010111
gz E6:4512:78) | 75 9 | 101011,101011 100100, 100100

10 h e + ¢, ¢’ | 001110,000001 111110,110001
14 (37:48:56:12) | T 7 | 111101,110010 001101, 000010

11 A e + ¢, ¢’ | 001111,000000 111111,110000
giia | E8a756:12) | T - 111100,110011 001100, 000011

12| hughas | wrentass |+ 1,1 | 000011,000000 001100,001111
168;12; 1,1 | 110000,110011 111111,111100

o Lo ] 1,1 | 001001,000110 000110,001001
giimaizd | TETS81230) | 75y q | 111010,110101 110101, 111010

5.3. The G-orbit of fj,(y)

Proposition 5 We have

2
f15 = (9711100,000000

Proof. We get f, by fg;

2 2 2
- 19110000,001100)(19000011,111111 - 19001111,110011)'

. Proposition 4 implies

9110000,000000(M4 - 7) = ¢(9110000,001100(T) + P111100,000000(7))
P111111,001111 (M - 7) = ¢(=V1111m1 000011(7) + Y110011,001111 (7)),
Boooo11,110011 (Ma - 7) = ¢(Foo0011,111111 (7) + Foo1111,110011 (7)),
B001100,111100 (M4 - 7) = ¢(=P001100,110000(T) + F000000,111100(7)) ;

where ¢ = ((1+1)/2)/¥(My, 7). Recall that det(gs) = i and that ¥ (g4, y)
= det(g4)V(Ma4, 2(y)), and use Lemma 7. O

By the action of o3 = (23)(45) € Ss, the polynomial x;, changes into
Tj, = T(132546;78)- Lhe group Gy = {0 € G | 29, = £x,,} is gener-
ated by (78), (13)(24)(56) and (12)(35)(46). Since its order is 12, we have
(G : G3] = 32. We express f9 (y) in terms of theta constants for o € G3\G.

Theorem 2 By the action of 0 € G3\G,

Fr(y) = Doy (4)? = 00, (9)*) (W00 (9)? — V0 (1)?)
is transformed into
5. (v) = (9%, (9)* = 95, (1)) (95, (v)* — 9, (y)°)
= [(0V0 ())* = (€191 (y ))2][(62?%2( )? = (e39%,(y))’]
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= (0%, (y) + 0%, (1) (0, (y) + €92, (1)),

where [1g, ..., U3, €0, -- -, €3, the signs €,¢' and g € T'(G) such that s(g) =
o are listed in the following table.
€ €0, €1 Ko H1
el x5 ;
# g (g) J3 6l 82, €3 ,u/2 MS
, T L1

14 id Tasasasrs | iy, | 111100, 000000 110000, 001100
T o1,

15 g Tuassers) | L3y, | 000011, 111111 001111, 110011
T L1

16 g1 Tosasaers) | o, | 011100, 100000 010000, 101100
T o1,

17| g5 | Tusasrs | L5, . | 100011 011111 101111, 010011
+ 1,1

18 gs x<13;26;45;78> _, 1. -1 110110, 000110 111010, 001010
T o1,

19 g33gs x<14;26;35;78) +, 1. —i 001001, 111001 000101, 110101
T L1

20 g1395 x<23;16;45;78) _; 1 1 010110, 100110 011010, 101010
T 14

21 g19395 x<24;16;35;78> +, 1 i 101001, 011001 100101, 010101
+ ¢ ¢

22 haa Tasarass) | e o | 111110,000001 110001, 001110
+ C: _CI

23 g3h34 x<14;27;38;56> +, CI —C 0000107 111101 0011017 110010
+ G ¢

24 g]_h34 x<23;17;4&56> _7€/ —C/ 0111107 100001 010001, 101110
+ Cv _C/

25| gugshss | Teuarasse) | | ¢ _¢ | 100010, 011101 101101, 010010
+ ¢ ¢

26| gshst | Sasasarse | o e | 111111, 000000 110000, 001111
+ <7 _C/

27 | gsgshss | Ssasarse | g _ | 000011, 111100 001100, 110011
+ GC

28 glg5h34 x<23;18;47;56> —,C/ —C/ 011111, 100000 010000, 101111
+, Ca _CI

29 glggg5h34 x(24;18;37;56) +, CI —C 100011, 011100 101100, 010011
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— =i, -1
30 hoa —(17,25:68:34) +;_Zl’ ;| 101010, 011010 101001, 011001
31| gshos | —zpsoseray | :Zi *12 011010, 101010 011001, 101001
32 glh24 _x<27;15;68;34> —i—’—?;l.’ i 001010, 111010 0010017 111001
33 | gigshes | —Tsaseray | :Zi *12 111010, 001010 111001, 001001
34 g5h24 _m(17;26;58;34> +,_7;|-’ i 100000, 011100 1000117 011111
35 | gsgshes | —Tasossran | __Zl _12 010000, 101100 010011, 101111
36 glg5h24 71’(27;16;58;34} +,_§j i 000000, 111100 0000117 111111
37 | g1g3gshas | —T(osaesmaey | __Zl _12 110000, 001100 110011, 001111
+, <7 7€

38 hia Tarssaenz) | 5 i oo | 000010, 000001 001110, 001101
+ ¢ ¢

39 | gshua Tarsssenz) | 45 o ¢ | 111101, 111110110001, 110010
+, (v 7C

40 | gihua Tassrasz) | 5y oo | 000011000000 001111, 001100
+. ¢ ¢

41| gigshia | Tussrasy) | "4} ¢ | 111100, 111111 110000, 110011
+ ¢ ¢

42 | gshua Tarasasiz) | L5 () e | 001000, 000111 000100, 001011
+ C? _C,

43| gagshia | Taresas | Ve ¢ | 110111, 111000 111011, 110100
+ ¢ ¢

U | gigshia | Teserasaz) | 5 0 | 001001, 000110 000101, 001010
+ C? _CI

45 | ;gsgshis | Tuserasz) | Ve ¢ | 110110, 111001 111010, 110101

5.4. The G-orbit of fj,(y)

Proposition 6 We have

— (492 2 2
fJ4 - (”9110011,000000 - 19110000,000011)(19001100,111111

Proof. We get fj, by f}. Proposition 4 implies

2
- ﬁOOllll,llllOO)'

19110000,000000(M6 : T) = 0(19110000,000011(7—) + 19110011,000000 (T))a
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Yr11111,001111 (Me - 7) = c(—P111111,001100(7) + P111100,001111 (7)),
Yo00011,110011 (M - 7) = c(—Y000011,110000(7) + P000000,110011 (7)),
Y001100,111100(Ms - 7) = ¢(Po01100,111111(7) + Poo1111,111100(7)),

where ¢ = ((1+i)/2) /¥ (Mg, 7). Use Lemma 7 and the equalities det(gg) =
i and ¥(gs, y) = det(gs) ¥ (Ms, 2(y)). O

By the action of o4 = (67) € Ss, the polynomial z;, = % (13,24:56:78)
changes into ., = x(13.24;57,68)- The group

Gy={oc€eG|zoy, ==+x,,}

is generated by (12)(34), (13)(24), (56)(78), (57)(68) and (15)(26)(37)(48).
Since its order is 32, we have [G': G4] = 12. We express f§ (y) in terms of
theta constants for o € G4\G.

Theorem 3 Foro € G4\G, f1,(y) = (Vuy (¥)> =00, (1)) (90, (y)2 =005 (v)?)

is transformed into

£5,(y) = (9%, (9)* = 95, (9)*) (95, ()* — 99, (y)?
= [(2090 (1)) = (e10py (1)) (2015 (1))? — (€399, ()]
= (02, (y) + €05, () (0}, (v) + €', (1)),
where g, ..., U3, €0, - - -, €3, the sign €' and g € T'(G) such that s(g) = o
are listed in the following table.
o 1. €05 €1 Mo %51
#|9el(@) s ey e 2 13
16 id Tt 1,1 | 110011, 000000 110000, 000011
2457; 1,1 | 001100, 111111 001111, 111100
47 hs — L. —Li | 111111, 001100 110000, 000011
(15:26:37:48) | T2 1 ;| 000000, 110011 001111, 111100
48 Bt titmassns) | — 1,1 | 110011, 000000 111111, 001100
128;35; 1,1 | 000011, 110000 001111, 111100
19 " e 1,1 [ 010011, 100000 010000, 100011
(Z31457:68) | ™ 9 1 | 101100, 011111 101111, 011100
50| gihes | omiear L. —L i | 011111101100 010000, 100011
(25:16:37:48) | T2 1 5| 100000, 010011 101111, 011100
51| gihos | Zemreas, 1,1 | 010011, 100000 011111, 101100
(27518:35:46) | ™ 9 1 | 100011, 010000 101111, 011100
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521 o | cusaresan | — 1,1 [ 110010, 000001 110001, 000010
(3:245867) | 7> 11 | 001101, 111110 001110, 111101
53| grhas | 2psmsssin L. —L | 111110, 001101 110001, 000010
126;38; 1,4 | 000001, 110010 001110, 111101
50| grhas | 2pmasinse 1, —1] 101011, 010100 100111, 011000
128;45; 1,1 | 011011, 100100 010111, 101000
5| gigr | wasmssen | 1,1 | 010010, 100001 010001, 100010
1458; 1,1 | 101101, 011110 101110, 011101
56 | grghs | Tpmmessin L. —L | 011110, 101101 010001, 100010
116;38; 1,4 | 100001, 010010 101110, 011101
57 | grghot | @pmasisse 1, —1 | 001011, 110100 000111, 111000
18;45; 1,1 | 111011, 000100 110111, 001000

5.5. The G-orbit of fj, (y)

Proposition 7 We have

Js ¥111111,000000 +U110000,001111 +Y001100,110011 +J000011,111100

- )
X (Y111111,000000 + ¥110000,001111 — P001100,110011 —P000011,111100)
X (¥111111,000000 — P110000,001111 +P001100,110011 —P000011,111100)

X (¥111111,000000 —¥110000,001111 —¥001100,110011 +T000011,111100 )

Proof. 'We get f,; by f:. Proposition 4 implies

¥110011,000000( M4 - 7) = c(V110011,001100(7) + Y111111,000000(7)),
9110000,000011 (M3 - 7) = ¢(¥110000,001111 (7) + Y111100,000011 (7)),
Yoo1100,111111 (M4 - 7) = c(—=Po01100,110011 (7) + Voo0000,111111(7)),
Yoo1111,111100( My - 7) = ¢(—Joo1111,110000(7) + Po00011,111100(7))>

where ¢ = ((1+4)/2) /¥ (My, 7). Use Lemma 7 and the equalities det(gs) =
i and (g4, y) = det(g4) ¥ (My, 2(y))- O

By the action of o5 = (23)(45)(67) € Ss, the polynomial x;, changes
into xj; = (13;25.47,68)- 1he group

Gs={0e€G |z} =+z}

is generated by (13)(24)(57)(68), (16)(25)(38)(47) and (17)(28)(34)(56).
Since its order is 8, we have [G : G5] = 48. We express f7 (y)
of theta constants for o € G5\G.

in terms
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Theorem 4 For o € G5\G, f7 (y) is

1
1(5019#0 + e, +eaty, +e30,,) (€00, + 10, — 22y, — e30y;)

)

X (€0 — €10y + €20, — 3Up5) (€00 pue — €194, — €20, + €30 15)
13

= 1(19#0 + 5/119M1 + 5/219@ + 6&19M3)(?9H0 + 61 B 6,219#2 - €gi9u3)

><(79/10 - 6/119/11 + 6,219#2 - 6&19#3)(19#0 - 5119H1 - 5/27%12 + 5%'19#3)’

where € = 5%, €0, 6;- =¢j/eo and po, . .., p3 are listed in the following table.

Ho
# | 0 € G5\G 7, g, €0; €Y, b, &b Z;

H3
58 id T3254768) | o 151, 1,1 111111, 000000
59 gs Taas537m68) | s 16,0, 1 110000, 001111
60 gs Ta3264758) |+, L1, 0,0 001100, 110011
61 9395 T4263758) | s Lii, =14 000011, 111100
62 g1 T31s4res) |+, ;1,11 011111, 100000
63 g193 T(o4,1537568) | T 139, 4, 1 010000, 101111
64 9195 T3a64r58) | o L1, 0,0 101100, 010011
65 g19395 Ta63758) | s Lii, —1,4 100011, 011100
66 gr Tazesusery | . L1, 1,1 111110, 000001
67 g3gr $(14;25;38;67) =+, 1,’L, i, 1 110001, 001110
68 gsgr x(13;26;48;57> +, 1, 1, 7:, 1 001101, 110010
69 939597 T4:263857) | o 13, —1, 0 000010, 111101
70 9197 Tezasusery |+ 11,11 011110, 100001
71 919397 T(24,15:38,67) | s 137, 4, 1 010001, 101110
72 919597 T31648,57) |+ L1, 0,0 101101, 010010
73 g19339s537 $(24;16;38;57) =+, 1,Z, —1, 1 100010, 011101
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74 hsa —T139745068) | = G 1, 0, 4 110110, 000110
75 g3haa ~T(14.073568) | = G —L, i 111010, 001010
76 gshas —T 13084567 | —»C 1, —1, —1 | 000101, 110101
7 9395h34 —T(14;28;35:67) | —» G —1, —1 001001, 111001
78 g1h3a —T(23,1745:68) | —» Gy 0y 0 010110, 100110
79 9193h34 —T4173568) | —» G314, —1, 4 011010, 101010
80 glg5h34 —X 23;18;45;67) —, C; 1, —1, —1 100101, 010101
81 g1g395h34 —X 24;18;35;67) —, C;i, —i, -1 101001, 011001
82 grhaa —T(3274658) | —» G 1, —4, @ 111100, 000000
83 9397h34 —T(1427.3658) | —» G50y 1,0 110000, 001100
84 9597h3a —T(328u4e57) | — G111, —1 001111, 110011
85 939597hsa | —%(as3657) | —> Cid, 4, —1 000011, 111111
86 g197h3a —T3,174658) | —» G 1, =4, @ 011100, 100000
87 | g19397hsa | —%(241736;58) | —> Gy 1,0 010000, 101100
88 glg5g7h34 —X 23;18;46;57) —, C; 1, 1, -1 101111, 010011
89 | 91939597h3a | —T(24.18.36;57) | —» Ci & —1 100011, 011111
90 hou Tarosssas |+, i, —1, —i | 111000, 000100
91 g3haa Tasasarae, | T 1i—1, —i, —i | 110111, 001011
92 gs5has Tiraeasas) | T L, =4, 1 001011, 110111
93 93g5h24 x<18;26;37;45> +, 1, 1, 1, 1 000100, 111000
94 g1haa T(orasssasy |+, Lid, —1, —i | 011000, 100100
95 g193hoy T (28;15;37,46) +,1; -1, i, —¢ | 010111, 101011
96 G195h2a Tiaraeasasy |+ i, —4, 1 101011, 010111
97 glggg5h24 x(28;16;37;45) +, 17 1, 1, 1 100100, 011000
98 grhoa Tarosasss | s Lii, —1, 0 100000, 010000
99 ggg7h24 x<18;25;47;36> =+, 17 1, Z, 101111, 011111
100 g5g7hoy T (17,26:48,35) +, 1;, —z, —1 010011, 100011
101 g3g597hoy T (18,26;47;35) +, 1; — 1, 1, -1 011100, 101100
102 glg7h24 :c<27;15;48;36> +, 1,2, 1, 1 000000, 110000
103 | gigsgrhos | wgsasaras) |+ =1 —i i | 001111, 111111
104 g19597hoy T(27,1;48;35 +, 17Z, , —1 110011, 000011
105 glggg5g7hg4 x(28;16;47;35) =+, 17 1 1 —1 111100, 001100
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6. Some relations among 9,(y) on B®
6.1. Quadratic relations among 9,(y) on B®

Proposition 8 The functions 9,(y) on B® satisfy the following quadratic
relations:

(1) For ug, ..., u3 and € in Theorem 1,
79#0 (y)ﬁuz (y) = 519#1 (y)ﬁ,u:a (y),
(2) For ug, ..., u3 and €q, ..., €3 in Theorem 2,

€083 () Vs () = —€1820,, (4) 115 (y);

(3) For ug, ..., ug and €' in Theorem 3,
02 (y) + €92 (y) =92, (y) + €905, (v);
(4) For pg, ..., pg and €}, €h, €5 in Theorem 4,

-1
Do ()0 () = €185 €500, (1) 05 (y).

Proof. (1) Act g on the equality Uy, (¥)0m, (Y) = Umy (¥)Img (y) in Fact 4
(2). Then we have

Duao ()0 112 (Y) = Gy (4) 05 (y)

for pu; in Proposition 4. Act o € G2\G on this equality.

(2) Act g4 on the equality ¥, (y)0u, (y) = Vu, (¥)0us(y) for pj in #2 of
the table in Theorem 1. Then we have

(Puo (y) + Do () (D0 (y) + D5 (y))
= (19110 (y) =y, (y))(191,2 (y) — Doy (y))a
where v; are in #14 of the table in Theorem 2. This equality is equivalent

t0 Dy (Y) Vs (v) = =V, (y)V0, (y). Act o € G3\G on this equality.

(3) Act ge on the equality ¥, (y)0u, (y) = Vu, (¥)0us(y) for pj in #2 of
the table in Theorem 1. Then we have

02, (y) — 92, (y) = 97, (y) — 02, (y),

where v; are in #46 of the table in Theorem 3. Act o € G4\G on this
equality.
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(4) Act g4 on the equality

2 2 _ 92 2
19;10 (y) - 19,111 (y) - 19/12 (y) - 19;13 (y)7
for p1; in #46 of the table in Theorem 3. Then we have

(Vw0 (y) + Dy (y) + Dy (y) + D (1))
X (Vo (1) = Don (1) + Doy (y) — D ()
= (Vo (y) + 0y (y) = V0 (y) — Vs (1))
X (Vuo () = Doy (y) = Vo (y) + D05 (1)),

where v; are in #58 of the table in Theorem 4. This equality is equivalent
to Fuo (Y)W, (y) = D0y (¥)V0s (y). Act 0 € G5\G on this equality. O

6.2. Relations among f; corresponding to those among x j
The polynomials x; satisfy the relations

T (jyjosgajasisierivis) — Tlirdsijedaidsissinis) T Lljijasiodaidsieiinis) — 0,

where j; < jo < j3 < ja. Thus f;(y) satisfy the same relations. For
examples,
f<12;34;56;78>(y) - f<13;24;56;78> (y) + f<14;23;56;78) (y) =0,

and

f<25;68;14;37>(y) - f<26;58;14;37> (y) + f<28;56;14;37> (y) =0.

By #27, #59 and #61 in the tables in Theorems 1 and 4, the left hand side
of the second equality becomes

2V (¥)Vp12 (4) = Vs (¥)010 (1)),

where
140 111111, 000000
p1 | | 110000,001111
w2 | | 001100,110011
143 000011, 111100
Note that

Vo (¥) 012 () = Iy (4) 9115 (y) = 0

by Proposition 8.



[MT]

[MY]

Automorphic forms on B? 173

References

Igusa J., Theta Functions. Springer, 1972.

Kondo S., The moduli space of 8 points on P1 and automorphic forms. Algebraic
Geometry (ed. by J.H. Keum, S. Kondo), Contemporary Mathematics vol. 422,
89-106, A.M.S.

Matsumoto K. and Terasoma T., Theta constants associated to coverings of P*
branching at 8 points. Compositio Math. 140 (2004), 1277-1301.

Matsumoto K. and Yoshida M., Configuration space of 8 points on the projective
line and a 5-dimensional Picard modular group. Compositio Math. 86 (1993),
265-280.

K. Matsumoto

Department of Mathematics

Hokkaido University

Sapporo, 060-0810 Japan

E-mail: matsu@math.sci.hokudai.ac.jp

T. Minowa

Tajimi-Kita High-School
Kamiyama 2-49, Tajimi
Gifu, 507-0022 Japan

R. Nishimura

Sapporo Public Employment Security Office
Minami-10 Nishi-14, Chuo-ku

Sapporo, 064-8609 Japan



