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HOMOTOPY RINEHART COHOMOLOGY OF HOMOTOPY
LIE-RINEHART PAIRS

LARS KJESETH

(communicated by Larry Lambe)

Abstract
We define homotopy Lie-Rinehart pairs and the associated
homotopy Rinehart algebra in the context of coalgebras. We
define homotopy Lie-Rinehart resolutions and present condi-
tions under which the associated homotopy Rinehart algebra
is a cohomological model for the Rinehart algebra of the re-
solved Lie-Rinehart pair.

1. Introduction

The Rinehart cohomology of homotopy Lie-Rinehart resolutions of Lie-Rinehart
pairs arose from the study of the BFV (Batalin, Fradkin and Vilkovisky, [FV75],
[BV77], [BF83], [BV83] and [BV85]) formulation of classical BRST cohomol-
ogy (Becchi, Rouet and Stora [BRS75] and, independently, Tyutin [Tyu75]). The
classical BRST algebra (A, D) (see, for example, [Kim92b], [Kim93], [Sta92],
[Kim92a), [FHSTS89], [Sta88], [Sta96], [KS87] and [HT92]) is a differential
graded Poisson algebra which, in certain cases, is a cohomological model for the
Rinehart algebra (Altg(g,B),dg) of alternating B-multilinear functions from a Lie
algebra g into the associative algebra B [Rin63]. The Rinehart complex is a sub-
complex of the Chevalley-Eilenberg complex ([CE48)]) precisely when (B, g) is a
Lie-Rinehart pair satisfying certain Lie-Rinehart relations (see below).

In homological algebra, a traditional strategy is to replace both B and g in
Altg(g,B) with free or projective resolutions Rg and Ry which have the same or
similar algebraic structures, at least up to homotopy. The new object Altg (Rg,RB)
is a cohomological model for Altg(g, B) if Altg (Rg, Rp) is a differential graded
commutative algebra (a dcga) with the same cohomology as Altg (g, B). In contrast,
the BFV construction of the classical BRST algebra (see, for example, [Kim93])
begins by replacing B with the Koszul-Tate resolution [Tat57], but side-steps re-
placing g with a suitable resolution, opting instead to adjoin formal (ghost) variables
to the Koszul-Tate resolution. They then exploit a graded Poisson bracket to con-
struct a differential. Attempting to construct the dega Altg (R4, Rp) fails if we
resolve B and g without preserving (as far as possible) the Lie-Rinehart structure of
the pair (B, g). Our view in this paper is that a model for a Rinehart complex should
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be Rinehart-like. But to resolve a Lie-Rinehart pair with a new pair (Rg, Rg) which
is Lie-Rinehart, we must give up a strictly Lie structure on Ry in favor of a strongly
homotopy Lie structure.

In its earliest incarnation (see [Sul77] and [SS]) a strongly homotopy Lie (shLie)
algebra was defined on the tensor coalgebra T°L of a graded module L. In [LM95]
and [L.S93], the shLie structure was shifted (almost by brute force) onto the graded
symmetric coalgebra on the suspension of L, that is, on A(sL). This transition
seemed inelegant and we felt there must be smoother means and more satisfying
motivations for making the move. By taking a close look at choices of grading and
specific actions of the symmetric group on a graded vector space, we discovered we

could identify a subcoalgebra ()L of T¢L, which is isomorphic to A(sL) and on
which an shLie structure can be defined as it was on T°L in [LM95] and [LS93].

Grading and Sign Conventions

In order to understand the language of this paper, we must first establish our grading
and sign conventions.

All vector spaces, algebras and coalgebras in this paper are over a field k of
characteristic zero. All tensor products are over k. All maps are at least k-linear or
k-multilinear.

Let V = {V,}§° be a graded vector space over k or, more generally, a graded
module over an algebra A over k. There are four distinct gradings on the tensor
module @V = {V®"}°° . the external, internal, combined and total gradings. We
shall denote v; ® - -+ ® vy, € V@™ by w1 1 ). The external degree, ed(vpy 1o n)) is
given by the number n of tensor components. The internal degree, id(v); ¢o »)) comes
from the internal grading on V; each tensor component v; is an element of Vj, for
some p;. The internal degree is the sum ) " p;. The combined degree ||vp 1o |
is the vector <ed(v[1 to n))» (V)1 to n])> Finally, for any bigraded object, the total
degree td(vpy 1o n)) is the sum ed(vy 1o n)) + id(v] 4o n))-

A function f: @V — QV is of homogeneous degree r with respect to a specific
grading if f ((Q V)p) C (Q V)p+r for all p. For each of the four gradings, the degree
of the homogeneous map f is the difference between the degree of vj; o o] € RV
and the degree of its non-zero image under f.

The Koszul sign convention states that exchanging two objects of homogeneous
degrees p and ¢ (whether elements or maps) introduces a factor of (—1)??. In this
paper, we apply the Koszul sign convention consistently, no matter which grading.
In the case of the combined grading, the product of p and ¢ will be the dot product
of the degree vectors.

Since an shLie algebra Ry which resolves a Lie algebra g is defined on a graded
coalgebra, it is convenient to realize the Lie algebra g on a graded colagebra as well.
To do this, we must decide what degree to assign to each element of the Lie algebra.
If each element of g is assigned an external degree of one and an internal degree
of zero, we have essentially three choices for describing g as a coalgebra. In each
case, the skew-commutativity of I appears as the result of applying the Koszul sign
convention. If we select the natural bigrading on T¢g, the element z has bidegree
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(1,0), which we treat as a vector, and
Loy = (D020 ) = ~l(y® ).

We might instead choose the total degree, in which case the element z has degree
0+ 1 =1. Here again,

I (IL' &® y) = (—1)1'112(11 & IL‘) = —lz(y & IL')

Finally, if we consider the tensor coalgebra on the suspension of g under the in-
ternal grading, then the element = again has degree 1 and I, again appears skew-
commutative, but is actually graded commutative.

When it resolves a Lie algebra g, an shLie algebra Ry must operate as a differen-
tial object, i.e., its differential must have degree —1 with respect to a single grading.
So the shLie algebra resolution Ry of g must be graded either with respect to the
total degree or with respect to the suspended internal degree. Since the differential
graded commutative (dgc) algebra Rp which resolves B is graded by internal de-
gree, the suspended internal grading for the shLie algebra resolution is the preferred
choice. Therefore, we will also view the Lie algebra g in its suspended form sg.

Background

For any smooth manifold M, the set of smooth functions, C*°(M), is an asso-
ciative commutative algebra and the set of smooth vector fields on the manifold,
I'(TM), forms a Lie algebra. Both C*°(M) and I'(T'M) are modules over each
other. Moreover, the the module actions satisfy the equations (fX)-g = f(X - g)
and [X, fY] = fIX,Y]+ (X - /)Y for all f,g € C*(M) and X,Y € T(TM). A
Lie-Rinehart pair is a couple (B, g) which admits the analogous structure, where g
is a Lie algebra (we will suspend it later), B is an algebra, and both are modules
over each other.

Definition 1.1. [Rin63] We denote the left B-module action u on g by pla®@a) :=
ac. Let w: g® B — B (or, alternatively, w : g — Der(B)) denote the g-module
action on B. The pair (B,g) is a Lie-Rinehart pair, provided the Lie-Rinehart
relations (LRa) and (LRb) are satisfied for all a,b € B and z,y € g:

LRa: w(az ® b) = a - w(z ® b), where - indicates the multiplication on B.

LRb: [z, ay] = a[z,y] + w(z ® a)y.

The term Lie-Rinehart pair is not widely used. More often, g has been called a
(B, k)-Lie algebra, [Rin63] [Pal61] and [Her72]. More recently, Lie-Rinehart pairs
have appeared as Lie algebroids (see [dSW]).

We will suppose that g is finitely generated over B, that is to say, with respect
to a generating set {X,}, every element z of g can be expressed as the sum b* X,
where b* € B. (We use the Einstein summation convention throughout.) The first
Lie-Rinehart relation (LRa) states that w is B-linear in g. We can use the second
Lie-Rinehart relation (LRb) and its skew-symmetric counterpart to show that the
bracket must have the form

b X, 0P X 5] = 097X o, X5] + w(b®* Xy V)X —w (P X5 20X, (1)
B B B B
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for any element b X, ® bP X s of g® g. In the rest of the paper, we will replace the
second Lie-Rinehart relation (LRb) in 1 with this equivalent, but more symmetric
form.

For any Lie algebra g and g-module B, an n-multilinear function f, : g** - B
is alternating if

Fr(@1y ey Ty T 1y ooy T) = — frr (@15 ooy Tijp1, Ty ooey Ty)-

The Chevalley-Eilenberg complex is the set of all alternating multilinear functions
Alt,(9,B), graded by n, and equipped with a degree +1 differential dcp
Alt}(g,B) — AltzJrl (g,B) given by

n

Scm fr(@0s s Tn) = D (1w (@i ® fr(T0, -0 Tir-orr Tn)

=0

z+ 1
_E 7= fn IL'za:L']] Toy .- axza ax]a axa(n—i-l))

i<j
()
where Ty, indicates that z should be omitted. The image under o g of any element
b€ B = Alt}(g,B) is defined by setting ¢ pb(z) = w(z®b). When B is an algebra,
the Chevalley-Eilenberg complex is a differential graded commutative algebra. For
fn and gp, in Alt, (g, B), the product f, — g, is given by

(fn ~ gm)(xla RE xn+m) = Z fn(xa(l) 53 La(n) )gm(xa(n—i-l) PR xa(n+m))'

(n,m)

unshuffles

An (n,m)—unshuflle is any permutation ¢ in the symmetric group ¥4, such that

g(1)<~-<cr(n)J and g(n+1)<---<a(n+m)z

~~

first ¢ hand second ¢ hand

where o(j) is the element of the set {1,...,n +m} moved to the j*® position under
o. The differential dcg acts as a derivation with respect to this multiplication.
The cohomology of this complex with respect to dcg is the Chevalley-Eilenberg
cohomology of g with coeflicients in B [CE48].

Suppose (B,g) is a Lie-Rinehart pair and the alternating function f, is B-
multilinear, i.e., fp(a121, ..., Gn%n) = a1+ - @nfn(z1,..., 2, ). Because the Lie action
map w maps g into the derivations of B and as a result of the Lie-Rinehart re-
lations, the image of f, under the Chevalley-Eilenberg differential écg is again
B-multilinear, despite the fact that the bracket is not B-multilinear. The Rine-
hart algebra R = Altg(g,B) with differential g = dcg is a subcomplex of the
Chevalley-Eilenberg algebra and the cohomology with respect to g is the Rinehart
cohomology of g with coefficients in B [Rin63].

Summary

First, we define the Lie algebras of subordinate derivation sources, resting coderiva-
tions and shared Lie modules (§2). Following the lead of [LM95] and [LS93], we
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define both homotopy and non-homotopy Lie algebras, Lie algebra modules, Lie-
Rinehart pairs and Rinehart cohomology, all in the coalgebra setting (§§3 and 4).
We piece together homotopy Lie-Rinehart resolutions for Lie-Rinehart pairs and
present conditions under which the homotopy Rinehart algebra for a homotopy
Lie-Rinehart resolution is a model for the Rinehart cohomology complex for a Lie-
Rinehart pair (§5).

We have omitted all sign arguments from the proofs in this paper, as they are
not generally instructive.

2. Subordinate derivation sources, resting coderivations and
shared Lie modules

Motivation
The following brief and not unduly precise reexamination of the Lie-Rinehart rela-
tions and the Rinehart differential provides motivation for why coalgebras are an
appropriate setting for both the homotopy and the non-homotopy versions of Lie
algebras, Lie modules, Chevalley-Eilenberg cohomology and Rinehart cohomology.
In particular, the discussion below highlights why we define subordinate and resting
coderivations, as well as shared Lie modules.

The underlying module structure for the tensor coalgebra T°g on g is &) g, which
is the collection {g®"}22 .

With malice aforethought, we rename the bracket as I and extend Il to a map
from g®" — g®"~1 for any n > 2 by setting (up to sign)

n—1
B 1o m) =9 % (177 @1 @ 12"~ (a1 4, ), 3)

i=1
where (12771 @ I, ® 12"~ (D) (g 4 ) =
1201 10 i-1] ® 12(2i @ Tiy1) O Tpit2 to n-
The bracket Iy is now a coderivation on T¢g ([Lad99] and [GL89]), although it has
lost its skew-commutativity. We regain the symmetry of the bracket by passing to
an appropriate subcoalgebra @g, which we define below. We will denote elements

of this coalgebra by z1® -+ @z, oOr x[@ {1 In this context, the Jacobi identity
¢

1ton
is the fact that I3 olo = 0. Or, since the set of coderivations on a coalgebra forms a

Lie algebra, the Jacobi identity is equivalent to [l2,l2] = 0.
Similarly, we rename the Lie action map w as ms and extend my as a coderivation

on (Ng ® B which is subordinate to ly by setting mo (x[@to n ® b) =

ly (x[@to n)®b E Z xgqa to n1] ® M2(Ts(n) ® b) (4)

(n—al,l)

for any n > 1. The symbol xUQPI to 1] is shorthand for z,(1)® - ® Ts(n), Where
o(i) is the element of the ordered set {1,...,k} which moves to the i*" position



Homology, Homotopy and Applications, vol. 3, No. 7, 2001 144

under the (n — 1, 1)-unshuffle . The condition any Lie action must satisfy becomes
mz o mg =0 or [mg,m2] = 0.

For the Lie-Rinehart pair (B,g), the Lie algebra is a module over B, but the
bracket [» is not B-linear. Rather, the second Lie-Rinehart relation states that

lz(ax @ by) consists of a B-linear piece, ablz(z @ y), and two other terms, mo(az ®
b)y — ma(by ® a)x (compare with equation 1). Any coderivation which shares this
property with a specific subordinate coderivation is called a resting coderivation. In
particular, l2 rests on ms.

Finally, any alternating function f : g®"® — B is a linear function on g@". We

extend f, to a function from (g into (Ng ® B by setting fn(x[@to 5 +n]) =

Z ixaqu to k] © fn(w}?k—i—l to k+n]) (5)

(kin)

on g ®%+n and setting f, = 0 on g @* for i < n. Using equations (3), (4) and (5),
the Chevalley-Eilenberg differential (and hence, the Rinehart differential) becomes

6CEfn = Mmgz 0 fn =+ fn ols,

which looks remarkably like some sort of commutator bracket action, whence the
definiton of a shared Lie module given below.

In our more rigorous discussion of these ideas, we focus on the following algebraic
objects.

1. The graded Lie algebra Coder}y, (A(sV)) is the set of all coderivations on the
free graded commutative algebra A(sV'), each of which rests on its own specific
subordinate coderivation in the Lie algebra Coderjy (A(sV) @ W) (see 2).

2. For a graded commutative algebra W, the Lie algebra Coderyy (A(sV) ® W)
is the set of all coderivations, each of which is subordinate to a specific resting
coderivation and is also a W-derivation source. A W-derivation source m is
the extension as a coderivation onto A(sV) of a map m on (V)" @ W which
acts like a Lie module structure map, i.e., m: (sV)"* — Der(W).

3. The graded commutative algebra Homp (A(sV), A(sV) ® W) is the set of all
W -linear maps on A (sV') with coefficients in A(sV)®@W and it admits a shared
Lie module structure over both Coderyy, (A(sV) ® W) and Coderyy (A(sV)).

We begin our more formal treatment with a return to the basics.

Coalgebras and Subcoalgebras

A graded coassociative coalgebra is a pair (C,A), where C is a graded module
over k together with a 0-degree coassociative comultiplication A : C - C® C. A
function f with degree |f| =r is a coderivation on Cif Af = (f ® lc + 1 ® f)A.

The set of all coderivations on a coalgebra C, denoted Coder(C), is a graded
Lie algebra under the graded commutator bracket, that is to say, [f,g] = fg —
(=1)Ifllslg f for all f and g € Coder(C), where |f| and |g| are the degrees of f and g.
For a graded module V, the tensor module @ V = {V®"} is a graded coassociative
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coalgebra. We will denote an element of V®" by U1 to n]- Lhe coalgebra TV is
equipped with the standard comultiplication A : TV — TV ® TV given by

n

AW to n) = P01 to 1) ® W41 to )

=0

where V@0 x k. The terms with j =0 and j =n are 1 ® U[L to n] AN U1 1o o] ® 1,
respectively.

Actions of the symmetric group %, on TV
An action p, of the symmetric group X, on V®" is any homomorphism

nt Sn — End(VO").

An action p = {pp}22,; of {£,}22, on T°V is defined in the obvious way. The
p-invariant subspace of T¢V forms a subcoalgebra. The two actions and associated
subcoalgebras which play a role in this paper are listed below. The first one is the
familiar graded commutative coalgebra A V. The other one helps place this paper
in its historical context.

1. The internal graded action p” recognizes only the internal grading on V®" and
is given by o+ (vp1 to o)) = Kid(0)Vs[1 to n) for alln, o € By and vy 44 ») € VO™
Since ¥, acts transitively on itself, the p-invariant subspace AV in T¢V is
the internal graded symmetric coalgebra on V and is generated by elements of

the form
Z B:id(c")va[l to nj»
geEX,

which we will denote by U[Al ‘o n] For all Uﬁ ton € VA" and 0 € %, we

have the commutation relation v} Kia (cr)vg[1 to n]" The coassociative

[l ton] —
comultiplication on AV is given by

U[1 to n] Z Z Kia(p) (Uﬁu to j]) ® (Uﬁ[jﬂ to n]) .
(] n—j)— unshuﬂ:le
2. The combined graded action p® is given by o - (V11 to n)) = K 11(0)Vo[1 to n)-

The p @ -invariant subcoalgebra is the combined graded symmetric coalgebra
@V, generated by elements of the form

> Ky (0)01 t0 -

geEX,

The commutation relation is v
cation is given by

AwPr ) Z Z By i(p (pﬂ?tc,])@(vpﬁ%ﬂton]),

(Jn 7)

[i@to n] = B (@ ?1 to n]’ and the comultipli-
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where it is understood that the second sum is over all (§,n — j)-unshuffles.

Let sV be the suspension of V, that is to say, (sV), = Vp—1 for all p. The
subcoalgebra ()V of the tensor coalgebra T¢V is isomorphic to the subcoalgebra
A(sV) of T¢(sV). This isomorphism replaces the bigrading on (JV with its total
grading, allowing it to function more easily as a differential object. The coalgebra
A(sV) is graded by internal degree, which will be the preferred setting when looking
at graded maps from A(sV) into a differential graded commutative algebra, which
are traditionally graded by internal degree.

The coalgebra isomorphism S : PV — A(sV) is not of homogeneous degree;

each map S : VO™ — (sV)"" increases the internal degree of an element by
n. Exchanging a map f with S" will produce a sign of (—1)(n)(ed(£).id(f)) —
(=1)»14(f) | The inverse isomorphism of S™ shall be denoted by S~". The map S
respects the appropriate actions of X.

Although we work with maps on T¢(sV), the definition of action invariant maps
applies to maps on T¢V as well. Let W be a graded module.

Definition 2.1. A map of graded modules I, : (sV)®" — W is py-invariant if,
for all svpy 1o n) and 0 € T, 1(0 - (SV)1 to n))) = In(8V]1 1o n))- Similarly, a map
71: T¢(sV) — W is p-invariant if T(cr (801 to n]) = T(sv[l to n)) for all n and
o€,

If7 : T¢(sV) = W is p-invariant, then { restricted to the p-invariant subcoalgebra

is well-defined because ¥,, acts transitively on itself. The maps of greatest interest
to us in this paper are either suspended internal graded symmetric (p"-invariant)

or combined graded symmetric (p ? -invariant). The map l;: is suspended internal

graded symmetric if Kia(0)ln(5Vo[1 to n)) = {n($V[1 to n)) and I, is combined graded
symmetric if K| |(0)n (Vo1 to n]) = In(V]1 to n]) for all vj1 o ») and o € ;. We do

not lose any information if we restrict the map I, to (sV)"" (or restrict I, to V@ ™)
because

l;:(svﬁ to n]) = In ( Z Kid (0)8Us[1 to n])
ocX,

o~

= Z Hid(C")ln(SUo[l to n])

gEY,

= Z [;L(SU[I to n])

gEY,
= n!l/r\z(sv[l to n])

So whenever we consider collections of maps on T°V with the same invariance, we
pass to that invariant subcoalgebra. The isomorphism S implies that any map [, :

V@®n -V induces a map I, : (sV)" = (sV) by setting i, = (—1)~id(=)§1], g—n,

This process is invertible, so the set of all maps I, : V@™ — V is isomorphic to the
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set of all maps I, : (sV) " — sV. Therefore, whatever we define and prove in the
suspended internal graded setting has its analog in the combined graded setting,
e.g., all Lie algebras and graded commutative algebra defined in the remainder of
this section.

The graded Lie algebra Coder(A(sV))
Following [Lad99] and [GL89], one can extend any map In: (sV)®" — (sV) to a
coderivation I, : T¢(sV) = T¢(sV) by setting I, =0on (sV)®* for k < n and, for
k 2 n, setting
In(svp to 1) = Y (%7 @1, @ 19K (50 4 ).

i=1
Here, (1201 @ [, ® 12k=H1=9) (g 4, ) =

—_—— —~

Kida (In; SUN to i—l])SU[l to i—1] ® ln(SU[i to i+n—1]) & 8V[i4n to k>

where I{id(l;:; 5U[1 to 4—1]) is the sign introduced by exchanging l:t with svj1 ¢ 4—1]-
Extending any p”-invariant map [, as a coderivation on T¢(sV) does not preserve

its invariance. However, we can extend (rather elegantly) the restriction of [, on
(sV)A™ to a coderivation on the p"-invariance subcoalgebra A(sV) by setting

W o) = D, Eial@n(Uh 1o n) A SUinta to ) (6)

(n,kp—n)

The reader is left to verify that extending a map l;: as in equation (6) produces a
well-defined map on A(sV). The restriction of the coderivation [, on T¢(sV) to the
p-invariant subcoalgebra A (sV) is equal to the coderivation in equation 6. The set
of all coderivations [, on A(sV) generate the Lie algebra Coder(A(sV)).

Next, we examine maps my, : (sV)"*"1@W — W (the Lie action map 3 is such
a map) and ﬁ : (sV)M — W (elements of Alt,(g,B) are of this form), where W
is a graded commutative algebra. We will denote the degree of any element w € W
by |w|. Elements of W have no external degree, at least not with respect to A(sV).

Subordinate coderivations and Coder(A(sV) ® W)
We begin with maps m,, : (sV)"" 1 @ W — W. Let l,, : (sV)"® — sV be any map
of degree id(l,,) and let I be any coderivation on A(sV) of degree id(l).

Definition 2.2. A map my, : (sV)" 1@ W — W is an l,-subordinate map if the
degree of iy, and l,, agree. A map i : A(sV)@W — A(sV)@W is an l-subordinate

coderivation if id(m) = id(l) and (A @ Iy )M = ([ @ Ipav)ew + Ipv) @M)(A®
1w).

Just as the map l;: extends to a coderivation on A(sV), so too, the l;—subordina,te
map m, may be extended to an l,-subordinate coderivation on A(sV) @ W. On
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(sV)M @ W, we set 7y, = 0 for k < n— 1 and we set /iy, = I ® lyy + 1+ @ 7,
for all k > n — 1.

The set of all subordinate coderivations Coder(A(sV) ® W) forms a graded Lie
algebra under the graded commutator bracket. The bracket respects subordination,
that is to say, if m; and m; are l and l -subordinate coderivations respectively, then

[m;,m;] is a coderivation subordinate to [lz,lj]. (Of course, the suspension map S
respects subordinate maps and coderivations.)

The graded commutative algebra Hom(A(sV), A(sV) @ W)
We can extend any map f,, : (sV)"* — W to a function from A(sV) into A(sV)@W
by setting f, = 0 for k < n and, for k > n, setting fn(sv[A1 to k]) =

Y Eia(0) Kia(Fai 5001 0 k—n)) 0001 to hon] @ Fa(SV00k—ntt o 1) (7)
(k—n,n)

The set of all such maps is Hom(A (sV), A(sV) @ W).

Suppose my € Coder(A(sV) ® W) is subordinate to l;, € Coder(A(sV)). The
map

(ip, ) :Hom(/\(sV), \(sV) @ W) = Hom(/\(sV), \(sV) @ W),

given by setting

g Fn ) = T Jn = Kia (s fu) b
(.72

on (sV)""*P~! and extending <n’7,\p,};> to all of A(sV) as in equation (7) is well-
defined. This map exposes an unusual type of graded Lie module structure on
Hom(A(sV), A(sV)®W). It is, in a sense, a Lie-module over both Coder(A(sV)Q@W)
and Coder(A(sV)) simultaneously in the sense that
([mi, m5), ) = (M, (mj, ) — Kia(mg;my) (Mg, (i, ).

We will call such a Lie module shared.

When (B, sg) is a Lie-Rinehart pair, the Lie module map m5 : g® B — B should
be a map from sg into Der (B). With this in mind, we introduce the following notion.

Definition 2.3. An lA subordinate map my,, is a W-derivation source if for every
3”[1 to n—1] (sV) "1, the map mn(SU[l to n—1] ® () :W = W is a graded
derivation on W.

In other words, a W-derivation source my, is a map from (sV)\"~1 into Der (W).
In practice, we will work with 7y, as a {,-subordinate coderivation on A(sV)®@ W,
where the characterization of i, as a map into Der(W) is somewhat obscured.
The subset of all W-derivation sources in Coder(A(sV) ® W) forms a graded Lie
subalgebra denoted by Coder"” (A(sV) ® W).

The subset of all coderivations I, € Coder(A(sV)) which admit a subordinate
W-derivation source i, forms a graded Lie subalgebra which we will denote by

Coder" (A(sV)).
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The algebra structure on W extends to a graded commutative algebra structure
on A(sV) ® W, which provides Hom(A(sV), A(sV) ® W) with a cup product. If

fn and g, are maps in Hom(A(sV), A(sV) ® W). Then f, — §; is given by setting
(fn ~ @)(SUG to n+s]) =

—

Z Kid(p) Kia(Js; 3“;?[1 0 n])fn(svf/)\[l 0 n]) ‘@(Svﬁ[nﬂ 0 n+s])
()

on (sV)""+¢ where - represents the the multiplication on W (henceforth, the - will

be supressed). The map }; — §; is then extended to all of A(sV) as in equation
(7). The map (mnp, ) acts as a derivation with respect to the cup product, so long
as my is a W-derivation source.

W-linear maps and resting coderivations
For a Lie-Rinehart pair (B, sg), the Rinehart complex of B-linear alternating maps
is a subcomplex of the Chevalley-Eilenberg coln\plex without modifying the differ-
ential. This is due to the B-linearity of any f, in Altg(sg,B), the Lie-Rinehart
relations, and the fact that the Lie module map M5 is a B-derivation source.

If the graded module V is a module over the graded commutative algebra W, then
the tensor coalgebras TV and T¢(sV) are modules over TW. We will follow our
general convention and denote w1v1 ®- - - Q@ Wy vy by w1 1o n) and, in the suspended
setting, denote wisv1 ® -« - ® wpsVy by WSV 1o n)- The unraveling map

U:T(sV) = W @ T¢(sV)

WSV[1 to n] F? u([1 to "])w[1 to n] © SU[L to n]>
where U([1 to n]) is the sign produced when moving the w;’s past the v;’s. The map
U respects the coalgebra structure of T¢(sV).
Definition 2.4. A map fn : (sV)"* = W is W-linear if

fn(wsvﬁ to n]) = ﬁ([l to n]) Hid(fmw{l to n])wil to n]fn(svﬁ to n])

Likewise, a map my, : (sV)\"""1 @ W — W is W-linear if
@(wsvﬁ to ne1] W) =

u([1 to n —1]) Hid(@Swﬁ to n—1])w[1 0 n—1]77/7f\n(3U[A1 to n—1] ® w).

For a map m,, : (sV)"" ! @ W — W, we define the sV -extension map m,° :
(sV) " — sV by setting

n/fne(wsvﬁ to n]) = Z Hid(p)@(wsvp[l to n—1] ® wp(n))svp(n)'

(n—pl,l)

Definition 2.5. Given iy, € Coder” (A(sV) ® W), an W -linear, W -derivation
source which is subordinate to I, € Coder™ (\(sV)), the map I, is said to rest on
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M, ifl/,:(wsv[A1 to n)) =

——

u([1 to n]) Kia(ln; W1 4o n])w[1 0 n]ln(svﬁ 0 'n,]) + ﬁﬁf(wsvﬁ 0 n])'

The subset of Coder" (A(sV)) of all coderivations l;, which rest on W-linear W-
derivation sources my, forms a graded Lie subalgebra. This subalgebra is denoted

by Coderyy (A(sV)). Similarly, the subset of Coder” (A(sV) ® W) consisting of all
W-linear W-derivation sources i, subordinate to maps [, which in turn rest on
mp, forms a graded Lie subalgebra, denoted by CoderlV (A(sV) @ W).

PROPOSITION 2.6. Let }; 2 (V)N — W be a W-linear map and suppose the map
mp @ (SV)"PL@W — W is a W-linear, W -derivation source subordinate to the

map l;, 2 (V)" — V., which in turn rests on my,. Then <@,ﬁ> = ﬁfp}; _

Kid (Myp; };)};l; is W-linear.

Proof of Proposition 2.6. In this proof and in the proofs to follow, we include only
those sign arguments which are instructive.

First we compute @ﬁ(wsv[l to p+n—1])- We break up the result into two sums.
The first one, (Lin m, fy,), consists of those terms in which all the w;’s can and have

been factored out. The remaining terms form the second sum (Nonlin ﬁz\pﬁ) The
first sum is over all (p — 1, n)-unshuffles o:

(Lin myp fn) = Z Twp ¢ p+n—1]77/7'\p(31’<¢[1 to p—1] ® fn(své’\[p to n+p—1])'
g

The second sum is actually a double sum over all (p — 1, n)-unshuffles ¢ and all
(1,n — 1)-unshuffles v acting on the second o-hand:

(Nonlin ﬁfpﬁ) = Z Z
g v
i@(své\[l to p—1] ® w;y[l to p—1] ° w;ycr[p to p+n—1]) ’ fn(SU,/Y\U[p to n+p—1])'

We compute ﬁl;,(wsvﬁ to p Jrn_l]) by again breaking it up into two sums: (Lin };l;,),
is a sum over all (p,n — 1)-unshuflles p, i.e.,

(Lin falp) = Z Twy ¢ p+n—1]fn(lp(31’<¢[1 to p]) A SUQ[pH to n4p—1])
P

and (Nonlin };l;,) is again a double sum over all (p,n — 1)-unshuffles p and all
(n — 1, 1)-unshuffles 7 acting on the first p-hand. In other words,

(Nonlin };l;\,) = Z Z
p T

o~ A . . e A
imp(svrp[l to p—1] ® pr[l to p] wp[p—i—l to p+n—1])fn(SUTP(P) A SUp[p+1 to n+p—1])'
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Recognizing that ||@ﬁ|| = ||ﬁl;,||, it follows that

[(Lin 5 fa) = (s Fa)(Lin Faly)] = %001 40 pincs) (s T ) (508} 10 )

Therefore, once we show that [(Nonlin @};) — K(mp; ﬁ)(Nonlin f;l;,)] =0, the
proof will be complete.

For every pair consisting of a (p — 1,n)-unshuffle ¢ and a (1,n — 1)-unshuffle v
acting on the second ¢ hand, there is a unique pair consisting of a (p,n—1)-unshuffle
p and a (p — 1, 1)-unshuffle 7 acting on the first p hand which produces the exact
same sequence of components, that is to say,

o[ltop—1] =7p[l to p—1],

vo(p) = 7p(p) and
yolp+ltop+n—1]=pp+1top+n—1].

Why should this be s0? A simple counting argument provides the answer. Either
combination produces an (p—1,1,n — 1)-unshuffle. There are (p;ff) distinct (p—
1,1,n — 1)-unshuffles which send j € {1,...,p+n — 1} to the p'" position because
once the pt? position is determined, the remaining p+n—2 terms must be unshuffled
into a hand of length p — 1 and a hand of length n — 1. How many distinct pairs
(0,7) send j to the p*" position? This question is equivalent to asking how many
distinct (p — 1,n)-unshuffles o send j to the second hand since, once j is in the
second hand, there is a unique (1,n — 1) unshuffle v which will send j to the pt!
position. The number of (p — 1, n)-unshuffles is (p+2_1) and (pZT_Lf) of them have
7 in the second hand. Since (pff_‘f) = (psz), we know there is a one-to-one
correspondence between (p — 1,1,n — 1)-unshuffles and pair (o,+) which send j to
the p" position. A similar argument shows that the number of (p — 1,1,n — 1)-
unshuffles which send j to the pt! position equals the number of (p,7) combinations
which do the same. We can show that the (o,7) term of (Nonlinﬁz\pﬁ) and the

corresponding (p, 7) term of (Nonlin};l;,) have opposite signs, so they cancel. O

Naturally, the graded commutative algebra Homvv,(/\(s‘/), AEV)@ W) is a
shared Lie module over the Lie algebras Codery (A(sV),A(sV) ® W) and
Coder¥ (A(sV)).

3. Lie algebras, their modules and cohomology in the coal-
gebra setting

Lie algebras and their modules

The most familiar definition of a Lie algebra g is as an ungraded k-vector space
(or, more generally, a module over a k-algebra A) equipped with a skew-symmetric
bracket l; = [, ] that maps g ® g into g and that satisfies the Jacobi identity, i.e.,
the equality

lz((L‘, lz(y,Z)) = lz(lz(flf,y),z) + lz(y,lz(flf,z))
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holds for all z,y,z € g. In the context of graded coassociative coalgebras, we can
consider g a graded vector space where all elements of g have combined degree (1, 0).
The bracket Iy becomes a degree (—1,0) coderivation on () g. No information is
lost in the process because

P oy =b(roy+ ()OO e )

=blzy)—Ly®)
= lz((L‘ & y) +12(IL' ®y)

But we can also define the Lie algebra on A(sg), where the bracket l; becomes an
internal graded symmetric coderivation of degree -1 on A(sg) with respect to the
internal grading. Again, no essential information is lost. We can therefore realize a
Lie algebra in three equivalent ways:

1. A Lie algebra is a vector space g over k with skew symmetric bracket I, which
satisfies the Jacobi identity (the original definition).

2. A Lie algebra is the subcoalgebra @g, together with a combined degree (—1, 0)
coderivation I, satisfying ls o ly = %[lz,lz] = 0, which is equivalent to the
Jacobi identity. Since the internal degree is zero, it can be ignored, so I can
be considered a degree —1 coderivation, i.e., a differential on @g.

3. A Lie algebra is a subcoalgebra A(sg) together with a suspended internal
degree -1 differential I5. This is our preferred setting.

The Jacobi identity is a result of the more general fact, true for all coderivations 7
with odd degree, that [l l] = 2001 and [l l] [l l] = 0. In other words, any degree
—1 coderivation [ is a differential on the coalgebra A(sg) and if the differential 1
has external degree —1, then it is the extension of a map T sgAsg — sgasa
coderivation, i.e., [ is a Lie bracket.

Suppose B is an ungraded Lie module over g, i.e., there is a map ms : sg®B — B
such that 3 (I (sz A sy) ® b) — M (sz @ Mz (sy ® b)) + m3(sy ® ma(sz ® b)) =
for all ,y € g and b € B. The map my is l;—subordina,te, and we can extend my
to an l>-subordinate coderivation on A(sg) ® B. The equation above can rewritten
as My 0 My = %[nﬁ},nﬁ}] = 0 and since the degree of 3 is -1, it is a differential on
A(sg) @ B. In the coalgebra setting, then, a g-module structure is any coderivation
2 on A(sg) @ B which is a differential and which is subordinate to the bracket b

Chevalley-Eilenberg Cohomology
Definition 3.1. A Chevalley-Eilenberg pair (B, g) is a Lie algebra g and Lie module
B over g.

For any Chevalley-Eilenberg pair (B, g), an n-multilinear function f, : g*” — B
is alternating if

fn(xo’(l)a () xo’(n)) = (_1)Ufn(x17 ceey :L"n)
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for all ¢ € T,, where (—1)7 is the sign of the permutation. The algebra of all
alternating multilinear functions Alt, (g, B) is graded by n and admits a degree +1
differential dc i : Alt? (g, B) — AltyT" (g, B) given by equation (2). The cohomology
of this complex with respect to dc g is the Chevalley-Eilenberg cohomology of g with
coefficients in B.

In the coalgebra setting, any alternating n-multilinear function f,, can be realized
uniquely as a linear function f, : (sg)"® — B, which then can be extended as
a coderivation }; : A(sg) = A(sg) ® B. We extend b € B as a coderivation
b: A(sg) = A(sg) ® B by setting b(sga'[A1 to k) = sxﬁ to k) ® b. Any function Fe
Hom(A(sg), A(sg) ® B) is the sum >~ fn, where f,, (sg)"™ — B has degree
n. Hence, Hom(A(sg), A(sg) ® B) is graded by N and is isomorphic to Alt,(g,B).
The differential dcr on Hom (A (sg), A(sg) ® B) has the elegant form (3, ). This
formula works even for b € B, since dcgpb = (s, b) = Mmab + bi; and i; =0 on sg.
Since [my, Mz] = —[Mm2,mz] = 0, it is now simple to show that

PR |
dor o o = (3 5, ) = ( 3.l ) =0

If B is an algebra, then Hom (A (sg), A(sg) ® B) is also an algebra. The differential
dog acts as a derivation with respect to the multiplication.

Lie-Rinehart pairs and Rinehart cohomology

Suppose B is an algebra over k& which is also a g-module. The definition of a Lie-
Rinehart pair below has been modified from definition 1.1 to reflect the coalgebra
setting.

Definition 3.2. [Rin63] Let u: B ® (sg) — (sg) be a left B-module action on sg
denoted by p(a®a) := ac. Let s : (sg) @B — B be an I>-subordinate B-derivation
source, i.e., an sg-module action on B. The pair (B, sg) is a Lie-Rinehart pair,
provided the Lie-Rinehart relations (LRa) and (LRb) are satisfied.

LRa: m; is B-linear.

LRb: I, rests on 7y (definition 2.5).

Suppose ﬁ is in Homg(A(sg), A(sg) ® B). ;From proposition 2.6, we know the
image of }; under the Chevalley-Eilenberg differential dcp = (3, ) is again B-
linear. The Rinehart algebra R = Homg (A (sg), A(sg) ® B) with differential ég =
(M2, ) is a subcomplex of the Chevalley-Eilenberg complex and the cohomology of
R with respect to dg is the Rinehart cohomology of g with coefficients in B.

4. Strongly homotopy Lie algebras, their modules and coho-
mology

Strongly homotopy Lie algebras (shLie algebras) first appeared implicitly in
[Sul77] and explicitly in [SS] in the context of deformation theory. A concise in-
troduction to shLie algebras is found in [LM95]. The initial definitions below are
lifted directly from [LM95] and then modified to fit the language introduced in §2.
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Definition 4.1. [LM95] and [LS93] An L£L(m)-structure on a graded module L is
a system of linear maps {Ir : 1<k <m <00,k # oo}, where I, : ®kL — L has
combined degree (1 — k,k —2) and each map is combined graded symmetric in the
sense that

U(Vopt to0 1) = Epj 1(0)k (V)1 t0 &)

for all 0 € . Moreover, the following generalized form of the Jacobi identity, the
h Jacobi identity map, is satisfied for n < m:

T to n) = D D Ky 1@ (=D U0 to ) @ Volitt to n) =0,
iti=ntl o
4,521

where the second summation runs over all (i, — 1)-unshuffles. The graded vector
space L is a strongly homotopy Lie algebra (or shLie algebra) if L admits an £L(c0)-
structure.

We can rewrite this definition in terms of maps on ()L because the maps I
are combined graded symmetric. The Jacobi identity maps Jip,, should equal 0 on

@L, but it is not immediately evident that the maps Jip, can be extended as
coderivations on (A)L. Fortunately, we can rewrite the Jacobi identity maps using
the bracket on Coder(DL). Consider the bracket of I; with {; with respect to the
combined grading on ()L:

[, 1] = Ll — (=1)A=33=2-A=bi=2 1 — 11 4 (=1)7F ;.

Multiplying both sides by the desired sign for [;{; in the Jacobi identity map Jipn,
we find that

(DU, ] = (=)Dl + (-1) 0Dy,
= (=)D 4+ (=10 D g,
We therefore reformulate the definition of an £(m)-algebra and an shLie algebra:

Definition 4.2. An L(m)-structure on a graded module L consists of a system
of coderivations {ly : (DL — DL : 1 <k < m < o0,k # o}, where each Iy,
has combined degree {1 — k,k — 2). Moreover, the following generalized form of the
Jacobi identity is satisfied for n < m:
1 o
JiDn = 3 Z (=1)=D[1;,1] =0 (8)

itj=n+1

izl
on LO™, Again, if L admits an L(oco)-structure, then L is a strongly homotopy
Lie algebra (an shLie algebra).

Since the Jacobi identity maps are sums of coderivations, it follows that Jip,

can be extended to a coderivation on @L. Furthermore, since Jip,, =0 on L® ™,
we have proven the following proposition.
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PROPOSITION 4.3. Jip, =0 on (YL.

In both [LS93] and [LM95], this result was not achieved without first passing
to the suspended internal graded symmetric setting. Lada, Markl and Stasheff de-
fined strongly homotopy Lie algebras on the tensor coalgebra T¢L rather than on
@L, whose existence had not been recognized. The maps Jip,, cannot be extended
as coderivations on the tensor coalgebra while preserving the desired symmetry. So
instead, they suspended the maps [, changing the symmetry of the maps from com-
bined graded symmetric to suspended internal graded symmetric. They were then

in familiar territory, where the maps E could be extended as coderivations on
A(sL), even though they did not make explicit use of the bracket on Coder(A(sL)).

Modules over a strongly homotopy Lie algebra

Definition 4.4. [LM95] Let L = (L,l;) be an L(p)-algebra (0 < p < o0) and let
M be a differential graded module with differential my. Then a left L(k)-module
structure over L on M (for k < p) is a collection {m,, : 1 <n < k,n # x} of

I -subordinate coderivations my, on @L ® M such that the n*® action identity map

ACTIDn = Z (—l)i(j_l)mjmi
i+j=n+1
1 iG—1

=3 Z (=1 mz,m

iti=n41
4,321

=0

on @L ® M. The differential graded module M is a strongly homotopy Lie module
over L (or an L-shLie module) if L admits an L(o0)-structure and M is a module
with respect to that L£(oo)-structure.

Definition 4.4 implies that the differential m; on M must be [;-subordinate. It
is simple to verify that m; is a differential on (DL @ M.
When M is a differential graded commutative algebra, we require that the maps

m; be M-derivation sources, that is to say, for every U[@t 0i1) € L@%-1 the map
mi(V1 to i—1] ® () : M — M is in Der(M).

Since Coder((V)L) ~ Coder(A(sL)), it follows that if (L,1;) is a strongly homo-
topy Lie algebra, then (sL,[;), where l; is the coderivation on A(sL) induced by

the isomorphism S : ()L — A(sL), is also an shLie algebra. The suspended in-
ternal degree of each map Z; is —1, so the sum of the £(c0)-structure maps l: is a
differential on A(sL), first shown in [I.S93]. This is not the case for (L, ;) because
each [; is bigraded. In order for the sum of the [;’s to be a differential, one would
have to make sense of [; as a degree —1 map. Passing to the suspended internal
graded symmetric setting is a convenient way to accomplish this because degree of
l; is ed(l;) +id(l;) = —1, which is the total degree of I;. For (sL,[;), the n*" Jacobi
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identity map is

— 1 ~ o~
Jon=3 > [t (9
i+j=n41
hi=1

which is 0 on A(sL).

ProrosITION 4.5. [LS93] If (sL, Z;) is an shLie algebra, the map D, = ZOOIZ; 18

=

a differential on A\(sL), i.e. it is a map of degree -1 such that Dsz, 0 Dgp, = 0.

Proof of Proposition 4.5. A proof can be found in [LS93]. Here the proof is essen-
tially the same but takes advantage of the bracket of coderivations:

%) %) oo 00 %)
Dy oDy = E lj o E L) = E l]l@ = E E l]lz
j=1 =1 j=1i=1 n=1i4+j=n+1
Beps)

Using equation (9) in definition 4.2, we see that

%) o 1 %) R 1 ©
> Y B=LY Y G0=1Y =0
n=1i+j=n+1 n=1i+jij=n+1 n=1
4,521 1,521
Note also that Dy, is a degree —1 coderivation, so Dyz o Dyp, = %[DSL,DSL] and
the graded skew-commutativity of the bracket ensures that [Dsz,D,z] =0. O

Suppose (M, m;) is an shLie module over (L, [;). In the suspended internal graded
symmetric setting, the maps m; : A(sL) ® M — A(sL) ® M form an shLie module
structure on M over (sL, Z;) Again, the degree of m; is —1, the total degree of m;,
and the action identity map has the form

e 1 P

ACTw, = 3 Z [my, M), (10)
idi=nd1
st

which is zero on A(sL) ® M.

PROPOSITION 4.6. The map D = Y oo, m; is a differential on \(sL) @ M, i.e.,
DM o DM =0.

Proof of Proposition 4.6. Isomorphic to the proof of proposition 4.5. Notice that
Dy is D,z-subordinate and that Dy o Dy = 1[Dp, Dy} =0. O

It is only for historic reasons that we present shLie structures and shLie module
structures first in the combined graded symmetric setting first and then in the
suspended internal graded symmetric one. We will now use the suspended internal
graded symmetric setting exclusively.

Homotopy Chevalley-Eilenberg cohomology
Definition 4.7. A homotopy Chevalley-Eilenberg pair (M, L) consists of an shLie
algebra L and an L-shLie module M.
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A multi-linear alternating function F), : L*™ — M can be seen as a linear func-
tion F, : (sL)A — M. So the homotopy Chevalley-Eilenberg algebra Al¢, (L, M)
is 1somorphic to

Hom, (A (sL), \(sL) & M).

Any homogeneous map F splits into a sum o Fn, where F), : (sL)A" — M. The

map F is extended as a coderivation on A(sL) ® M. Any function FO is an element
a € M. The degree of a : (sL)"® — M as a map is the negative of its degree as an
element of M. The map a is extended as a coderivation on A(sL) ® M by setting

—

a(sv)) 40 5) = Kia(a; U] 1o 1)U 10 1) ® G-

Instead of N-graded, as was the case in the ungraded setting, the Chevalley-Filenberg
complez Hom, (A (sL), A(sL) ® M) is Z-graded by suspended internal degree. For

any F' € Hom (A(sL), A(sL) ® M) of degree 1/(\1(1:"\), we define
SnorF =Dy P = Ka(F)FD,;, = (Du, F),

which has degree id(F) + 1

PROPOSITION 4.8. §p0r © 0o = 0.

Proof of Proposition 4.8.

dnce °dnce = (Dum, (Da, )
1
=0. O

The cohomology with respect to dpop is the homotopy Chevalley-Eilenberg co-
homology of sL with coefficients in M.

When M is a differential graded commutative algebra, the homotopy Chevalley-
Eilenberg complex Hom,, ( /\(sL) /\(sL) ® M) is a differential graded commutative
algebra. Suppose F= > F,and G = Z 0 G are both elements of the complex,

where F; : N'(sL) = M and G /\](sL) — M. The product F — G = 3% (F —

G)n is given by (F — @), = D= nF — G The differential dpcp acts as a
derivation with respect to this multiplication.

Homotopy Lie-Rinehart pairs and homotopy Rinehart cohomology

The homotopy Rinehart complex is a straightforward generalization of the Rinehart
complex in the ungraded setting. Since the Rinehart complex is defined only for Lie-
Rinehart pairs (B,g), we must define what constitutes a homotopy Lie-Rinehart
pair (M,sL). The subset Alt,,(sL,M) of Alt,(sL, M) consisting of all M-linear
alternating functions is isomorphic to Hom ,(A(sL), A(sL) @ M).

Definition 4.9. A homotopy Lie-Rinehart pair (M, sL) consists of a differential
graded commutative algebra (M, m;) which is an shLie module over the shLie algebra
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(sL,Z;), which in turn is an M-module. Moreover, the following two homotopy Lie-
Rinehart relations must be satisfied for all i > 1:

(hLRa;): The shLie module structure map m; is M-linear.
(hLRb;): The shLie structure map I; rests on m; (definition 2.5).

An L(p)-Lie-Rinehart pair ((M,;), (sL,1;)) has maps i; and I; which satisfy
(hLRa;) and (hLRb;) for 1 <i < p.

PrOPOSITION 4.10. Ifﬁ is M -linear, then so is 6hoEﬁ.

Proof of Proposition 4.10. The image of F under dhog is

(0w F) =3 (7. 7).

The proof follows as a consequence of proposition 2.6. O

We conclude that the subset of all M-linear functions in Hom,(A(sL), A(sL) ®
M) forms a subcomplex R = Hom,;(A(sL), A(sL) ® M) with differential ér =
(Dar, ). The differential, together with the cup product, provides the homotopy
Rinehart complex R with the structure of a differential graded commutative algebra.
The cohomology of R with respect to dg is the homotopy Rinehart cohomology of
sL with coefficients in M.

5. Homotopy Lie-Rinehart resolutions of Lie-Rinehart pairs

It is often necessary to replace the components of a complex with resolutions of
those component in order to construct a model for a complex with the same basic
algebraic structure and precisely the same (co)homology as the original. (It is not
always necessary to replace all of the components, see [Sta92], for example.) When
building a model for the Rinehart cohomology for a Lie-Rinehart pair (B, sg) over
a k-algebra A, we replace the pair with a pair of resolutions (M, sL), which retain
as much of the algebraic structure of (B, sg) as possible. It makes sense, then, that
(M, L) should form a homotopy Lie-Rinehart pair.

Piecing together Lie-Rinehart resolutions

Let (B, sg) be a Lie-Rinehart pair over a k-algebra A with module structure maps
it : Bosg — sgand ms : sg®B — B. Let I denote the bracket on sg and g denote
the multiplication on B. (Henceforth, only maps associated with the Lie-Rinehart
pair will have hats.) The basic ingredients of a homotopy Lie-Rinehart resolution
for a Lie-Rinehart pair (B, sg) are (sL, ;) and (M, m;, 7pr) where Hy, (sL) = sg and
H,.,(M)=B.

Definition 5.1. A homotopy Lie-Rinehart resolution of a Lie- Rinehart pair (B, sg)
over an algebra A is a homotopy Lie-Rinehart pair (M, sL) over A, such that

(a) the shLie algebra (sL,l;), seen as the coalgebra N\(sL), resolves A(sg), i.e.,
H, (A (D) = \(s9), (11)
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where (following the physicists’ notation) H;, denotes the homology with re-
spect to the differential Iy,

(b) the differential graded commutative algebra (M, m;, ) satisfies

Ho, (A\(sD) @ M) = \(s9) @ B, (12)
(c) the dgca (M, m;, ) also satisfies
H,,, (M ®M)=BgB. (13)

Furthermore, the following conditions hold:

i. Hy, () = Iy on A(sa).
#. Hyy, (m2) = My on A(sg) @ B.
wti. Hyy, (7)) = 78 on B ® B.

The conditions above are quite reasonable, but satisfying them is far from auto-
matic. Consider any homotopy Lie-Rinehart pair (M, sL). Since m; is a derivation
on M, the multiplication on M is a chain map which induces a well-defined map
H,,, (war) from Hy,, (M @ M) into Hy,, (M). Both A(sL) and A(sL) @ M are com-
plexes with differentials I; and my, respectively. Since the maps Jip, and ACTp,
are both zero, it follows that both I, and mo are graded morphisms of complexes
and as such, induce well-defined maps Hy, (I2) and H,,, (m2) on their respective
homologies.

In the proposition below, we state conditions on the homotopy Lie-Rinehart pair
which guarantees it satisfies the conditions in definition 5.1.

PRrROPOSITION 5.2. Let (M,sL) be a homotopy Lie-Rinehart pair. Suppose the dif-
ferential graded algebra (M, m;,mp) is a projective resolution of B over A which
respects the algebra structure on B, i.e., condition i of definition 5.1 is satisfied.
Suppose (sL,l;) is a projective resolution sg. Furthermore,

(a) Hy (I2) = I on sg A sg and

(b) Hp, (m2) =Mz on sg® B.

Then (M, sL) is a homotopy Lie-Rinehart resolution of (B, sg).

SDR-Data

For the proof of proposition 5.2, we will use strong deformation retract data (SDR-
data). In general, SDR-data for two differential graded modules (M, dps) and (N, dy)
over a commutative ring R with unity consist of two degree 0 chain maps A: M — N
and p: N — M and a homotopy h : N — N such that

pA =1y and
Ap =1y +dyh + hdyn,

which guarantee an isomorphism of homology (or cohomology), that is to say,
Hg,, (M) =~ Hg, (N). SDR~data is succinctly described by

((M, dur) (N, dN),h) .

p
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When the inclusion map A\ and the projection map p also respect additional alge-
braic structure on M and N, then that structure is carried over to homology (or
cohomology).

Proof of Proposition 5.2. For the deleted projective resolution M of B, the non-
deleted projective resolution M+ : M ™M B 5 0is acyclic, so there exists a
contracting homotopy s; : (M*); — (M71);41 where s_; : B — Mj such that
1y+ = mis + sm] [Wei94)]. Setting Ay = s—1 and —(ha); = s; for i > 0, we
produce SDR-data

Am

((B,O) (M, my), hM) .

Pum

By construction, pasAar = 1g. On M; for ¢ > 0, the map Aypyr = 0 and 1y, =
—mahar —harma. For ¢ = 0, the identity map 1y, = —hpma +Aupay and mibhy =
0. Therefore Aprpyr = 1ar + mihar + haemy . Likewise, we can construct SDR-data

((s2.0) (sL, 1), b )

PsL
for sg and sL.

We will now repeatedly “tensor” SDR-data to produce new SDR-data, using the
Gugenheim tensor trick ([GLS91]) for defining the homotopy h. We illustrate this
technique by showing that

AM ® An
PM DM

(B2B.0 (M & M,mu), o),
is SDR-data, where setting hayronm = 1am ® har + har @ Aprpar was first proposed by
Gugenheim and Lambe in [GL89]. Clearly, (prpr ®par)(Am @A) = 1Bes and it is a
simple exercise to show that 1ygar +mihmenm +hpmerms = (Av @A) Py @par)-
We have verified that equation (13) and condition (7) in definition 5.1 hold.

The tensor trick can be extended to show that

T/\sL

((*(s9).0) (T(sL), ), Tha)

TpsL

is SDR-data, where TA,;, = A,z.%¢ on (sg)?¢, where Tp,z, = pp® on (sL)®* and
where Thy, = Y oo; Tihsr with Tihe = 22‘:1 19971 @ hyr, @ (Asrpsz)® ™7 on
(sL)®® (see [GLS91)). It is clear that Tp, TAs;z = lre(sq). We can show that
TAsTpsz = 1pe(or) +h Ther +Th,ply by induction on n. As aresult, Hy, (T¢(sL)) =
T¢(sg). Similarly, we can define SDR-data

TAm

(@) @B.0) (T°(sL) ® M,m1), Tha)

Tpym
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where Thy, = Zfil T;ha with

i1
Tiha = Z 19971 @ hyp, @ Nsrpsr) 2 @ Aypnr | + 1971 @ Ay
=1
=Ti_1hst @ Aupar + 197 @ hyy

on (sL)®~1 @ M.

Besides the inclusion map ¢ : A(sL) — T¢(sL), there is also a splitting map
j : T¢(sL) = A(sL) which sends sv[1 4 n) tO #svﬁ to nj- BOth ¢ and j are chain
maps, so the composition ji = 15,z induces an isomorphism between Hy, (A(sL))
and A(H;, (sL)), which equals A(sg). Similarly, using (i ® 1pr) and (j ® 1pr), we
can show that H,,, (A(sL) ® M) = A(sg) ® B. Having verified that equations (11)
and (12) in definition 5.1 hold, it is now straightforward to show that conditions (a)
and (b) in proposition 5.2 guarantee that conditions (z) and (u) are satisfied. O

We can use a spectral sequence argument to prove the following result.

THEOREM 5.3. If the pair (M, sL) is a projective homotopy Lie-Rinehart resolution
of the Lie-Rinehart pair (B,sg), then (R,(Dar, )) is a cohomological model for
(R, (M2, ).

Proof of Proposition 5.3. We have the following SDR-data:
((AGo,0 (NG, 1),k )

((A(s) @ B,0) (\(sL) & M,ma), b))

The Ey term of the spectral sequence is the algebra R, bigraded by the external
degree of a map and the difference between the internal degree and the external
degree, e.g, if the map F, has internal degree |Fy,|, then it has bidegree (n, |F,|—n).
The differential (Dps, ) splits up into the sum .2, (m;, ), each of which has
bidegree (i — 1,2 — ¢). The map (my, ) is the differential on Ey. If F,, is a cocycle,
then F, is a chain map between the complexes A(sL) and A(sL) @ M. So the
class of F, induces a map [F,] : A(sg) = A(sg) ® B. Therefore, the E; term is
contained in R and all elements [F,,] of Ey, have bidegree (n,0). It follows that the
cohomology of R is the cohomology of the F; term with respect to the differential
[(m2, )] given by sending [F,] to [(m2, F,)]. The square of [(m2, )]is zero precisely
because [{mgz, (ma, F,))] equals [— (m3, (m1, Fp)) — {(my, (mg, Fy,))]. The first term
{m3 {m1, F},)) is zero because (mq, F},) = 0. The second term is the coboundary of
{mg3, F},), so its class with respect to {(mq, ) is zero.

There is an algebra splitting from R to E; given by sending f, to [A2fnp1], so
E; =~ R as graded commutative algebras. Furthermore, since H,,, (ms) = 72 and
H;, (o) = 5, it follows that [(ma, )] = (M3, ). Therefore, ) and R are isomorphic
as differential graded commutative algebras and have the same cohomology. O

y4l
and

Constructing homotopy Lie-Rinehart resolutions for a Lie-Rinehart pair is no
easy task. In an upcoming paper, we construct a homotopy Lie-Rinehart resolu-
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tion for the Lie-Rinehart pair (A/Z,Z/I?) which arises in the BFV formulation of
classical BRST cohomology.
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