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A stochastic differential equation with a sticky point
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Abstract

We consider a degenerate stochastic differential equation that has a sticky point in
the Markov process sense. We prove that weak existence and weak uniqueness hold,
but that pathwise uniqueness does not hold nor does a strong solution exist.
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1 Introduction

The one-dimensional stochastic differential equation
dXtZU(Xt)th (11)

has been the subject of intensive study for well over half a century. What can one say
about pathwise uniqueness when ¢ is allowed to be zero at certain points? Of course, a
large amount is known, but there are many unanswered questions remaining.

Consider the case where o(x) = |z|* for a € (0,1). When a > 1/2, it is known there
is pathwise uniqueness by the Yamada-Watanabe criterion (see, e.g., [6, Theorem 24.4])
while if & < 1/2, it is known there are at least two solutions, the zero solution and one
that can be constructed by a non-trivial time change of Brownian motion. However, that
is not the end of the story. In [7], it was shown that there is in fact pathwise uniqueness
when a < 1/2 provided one restricts attention to the class of solutions that spend zero
time at 0.

This can be better understood by using ideas from Markov process theory. The
continuous strong Markov processes on the real line that are on natural scale can be
characterized by their speed measure. For the example in the preceding paragraph, the
speed measure m is given by

m(dy) = 1yz0) |yl > dy + vo(dy),
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A SDE with a sticky point

where v € [0, 00] and dy is point mass at 0. When v = oo, we get the 0 solution, or more
precisely, the solution that stays at 0 once it hits 0. If we set v = 0, we get the situation
considered in [7] where the amount of time spent at 0 has Lebesgue measure zero, and
pathwise uniqueness holds among such processes.

In this paper we study an even simpler equation:

dXt = 1(Xt;£0) th7 XO = O, (12)

where W is a one-dimensional Brownian motion. One solution is X; = W;, since Brow-
nian motion spends zero time at 0. Another is the identically 0 solution.

We take v € (0, 00) and consider the class of solutions to (1.2) which spend a positive
amount of time at 0, with the amount of time parameterized by v. We give a precise
description of what we mean by this in Section 3.

Representing diffusions on the line as the solutions to stochastic differential equa-
tions has a long history, going back to It6 in the 1940’s, and this paper is a small step
in that program. For this reason we characterize our solutions in terms of occupation
times determined by a speed measure. Other formulations that are purely in terms of
stochastic calculus are possible; see the system (1.5)-(1.6) below.

We start by proving weak existence of solutions to (1.2) for each v € (0,00). We
in fact consider a much more general situation. We let m be any measure that gives
finite positive mass to each open interval and define the notion of continuous local
martingales with speed measure m.

We prove weak uniqueness, or equivalently, uniqueness in law, among continuous
local martingales with speed measure m. The fact that we have uniqueness in law not
only within the class of strong Markov processes but also within the class of continuous
local martingales with a given speed measure may be of independent interest.

We then restrict our attention to (1.2) and look at the class of continuous martingales
that solve (1.2) and at the same time have speed measure m, where now

m(dy) = 1(y0y dy + vdo(dy) (1.3)

with v € (0, 00).

Even when we fix v and restrict attention to solutions to (1.2) that have speed mea-
sure m given by (1.3), pathwise uniqueness does not hold. The proof of this fact is the
main result of this paper. The reader familiar with excursions will recognize some ideas
from that theory in the proof.

Finally, we prove that for each € (0, 00), no strong solution to (1.2) among the class
of continuous martingales with speed measure m given by (1.3) exists. Thus, given W,
one cannot find a continuous martingale X with speed measure m satisfying (1.2) such
that X is adapted to the filtration of WW. A consequence of this is that certain natural
approximations to the solution of (1.2) do not converge in probability, although they do
converge weakly.

Besides increasing the versatility of (1.1), one can easily imagine a practical applica-
tion of sticky points. Suppose a corporation has a takeover offer at $10. The stock price
is then likely to spend a great deal of time precisely at $10 but is not constrained to stay
at $10. Thus $10 would be a sticky point for the solution of the stochastic differential
equation that describes the stock price.

Regular continuous strong Markov processes on the line which are on natural scale
and have speed measure given by (1.3) are known as sticky Brownian motions. These
were first studied by Feller in the 1950’s and It6 and McKean in the 1960’s.

A posthumously published paper by Chitashvili ([9]) in 1997, based on a technical re-
port produced in 1988, considered processes on the non-negative real line that satisfied
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the stochastic differential equation
dXt = 1(Xt750) th + 91(Xt:0) dt, Xt Z 0, XO = Xy, (14)

with 6 € (0, 00). Chitashvii proved weak uniqueness for the pair (X, W) and showed that
no strong solution exists.

Warren (see [23] and also [24]) further investigated solutions to (1.4). The process
X is not adapted to the filtration generated by W and has some “extra randomness,”
which Warren characterized.

While this paper was under review, we learned of a preprint by Engelbert and Peskir
[11] on the subject of sticky Brownian motions. They considered the system of equations

dXt = ]-(XfyéO) th, (15)

1
Lix,—0) dt = B di?(X), (1.6)

where p € (0,00) and £9 is the local time in the semimartingale sense at 0 of X. (Local
times in the Markov process sense can be different in general.) Engelbert and Peskir
proved weak uniqueness of the joint law of (X, W) and proved that no strong solution
exists. They also considered a one-sided version of this equation, where X > 0, and
showed that it is equivalent to (1.4). Their results thus provide a new proof of those of
Chitashvili.

It is interesting to compare the system (1.5)-(1.6) investigated by [11] with the SDE
considered in this paper. Both include the equation (1.5). In this paper, however, in
place of (1.6) we use a side condition whose origins come from Markov process theory,
namely:

Xis a continuous martingale with speed measure (1.7)
m(dx) = dx + vop(dz),

where ¢y is point mass at 0 and “continuous martingale with speed measure m” is
defined in (3.1). One can show that a solution to the system studied by [11] is a solution
to the formulation considered in this paper and vice versa, and we sketch the argument
in Remark 5.3. However, we did not see a way of proving this without first proving the
uniqueness results of this paper and using the uniqueness results of [11].

Other papers that show no strong solution exists for stochastic differential equations
that are closely related include [1], [2], and [15].

After a short section of preliminaries, Section 2, we define speed measures for local
martingales in Section 3 and consider the existence of such local martingales. Section
4 proves weak uniqueness, while in Section 5 we prove that continuous martingales
with speed measure m given by (1.3) satisfy (1.2). Sections 6, 7, and 8 prove that
pathwise uniqueness and strong existence fail. The first of these sections considers
some approximations to a solution to (1.2), the second proves some needed estimates,
and the proof is completed in the third.

Acknowledgment. We would like to thank Prof. H. Farnsworth for suggesting a math-
ematical finance interpretation of a sticky point.

2 Preliminaries

For information on martingales and stochastic calculus, see [6], [14] or [22]. For
background on continuous Markov processes on the line, see the above references and
also [5], [13], or [16].

We start with an easy lemma concerning continuous local martingales.

EJP 19 (2014), paper 32. ejp.ejpecp.org
Page 3/22


http://dx.doi.org/10.1214/EJP.v19-2350
http://ejp.ejpecp.org/

A SDE with a sticky point

Lemma 2.1. Suppose X is a continuous local martingale which exits a finite non-empty
interval I a.s. If the endpoints of the interval are a and b, a < x < b, and Xo = = a.s.,
then

E(X),, = (@ —a)(b-2),

TI

where 77 is the first exit time of I and (X), is the quadratic variation process of X.

Proof. Any such local martingale is a time change of a Brownian motion, at least up
until the time of exiting the interval I. The result follows by performing a change of
variables in the corresponding result for Brownian motion; see, e.g., [6, Proposition
3.16]. O

Let I be a finite non-empty interval with endpoints a < b. Each of the endpoints may
bein I orin I¢. Define g;(z,y) by

2@ —a)(b—y)/(b—a), a<z<y<b
gf(xvy) -

Let m be a measure such that m gives finite strictly positive measure to every finite
open interval. Let

Gi(z) = / g1 (z, ) m(dy).

If X is a real-valued process adapted to a filtration {F;} satisfying the usual condi-
tions, we let
r=inf{t >0: X; ¢ I}. (2.1)

When we want to have exit times for more than one process at once, we write 7;(X),
77(Y), etc. Define
T,=inf{t >0: X, =z} (2.2)

A continuous strong Markov process (X,P?) on the real line is regular if P*(T}, <
o0) > 0 for each z and y. Thus, starting at z, there is positive probability of hitting y
for each = and y. A regular continuous strong Markov process X is on natural scale if
whenever [ is a finite non-empty interval with endpoints a < b, then

b—=x T—a
= P*(X, =0b) =
b_a7 ( I ) b_a/

P (XTI = a’)

provided a < x < b. A continuous regular strong Markov process on the line on natural
scale has speed measure m if for each finite non-empty interval I we have

EzTI = G](J))

whenever z is in the interior of I.

It is well known that if (X,P¥) and (Y, Q%) are continuous regular strong Markov
processes on the line on natural scale with the same speed measure m, then the law of
X under IP* is equal to the law of Y under Q* for each z. In addition, X will be a local
martingale under P? for each =.

Let ; be a one-dimensional Brownian motion and let {L7} be the jointly continuous
local times. If we define

ap = /LZ{ m(dy), (2.3)

then a; will be continuous and strictly increasing. If we let 3; be the inverse of a; and
set
XM = xg + Wp,, (2.4)
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then X™ will be a continuous regular strong Markov process on natural scale with
speed measure m starting at xg. See the references listed above for a proof, e.g., [6,
Theorem 41.9]. We denote the law of X started at zo by P39.

If (Q, 7, P) is a probability space and G a o-field contained in F, a regular conditional
probability Q for P(- | G) is a map from 2 x F to [0, 1] such that
(1) for each A € F, Q(-, A) is measurable with respect to F;
(2) for each w € 2, Q(w, -) is a probability measure on F;
(3) foreach A € F, P(A | G)(w) = Q(w, A) for almost every w.

Regular conditional probabilities do not always exist, but will if 2 has sufficient
structure; see [6, Appendix C].

The filtration {F;} generated by a process Z is the smallest filtration to which Z is
adapted and which satisfies the usual conditions.

We use the letter ¢ with or without subscripts to denote finite positive constants
whose value may change from place to place.

3 Speed measures for local martingales

Leta: R — R and b : R — R be Borel measurable functions with a(z) < b(z) for all
z. If S is a finite stopping time, let

Ty = nf{t > 5: X, ¢ [a(Xs),b(Xs)]}-

We say a continuous local martingale X started at z( has speed measure m if Xy = zg
and
E[rjay — 5 | Fs] = Gaxe)pixs)(Xs),  as. (3.1)

whenever S is a finite stopping time and a and b are as above.

Remark 3.1. We remark that if X were a strong Markov process, then the left hand
side of (3.1) would be equal to EXs70 . where Ty = nf{t > 0: X; ¢ [a,0]}. Thus

[a.b]

the above definition of speed measure for a martingale is a generalization of the one for
one-dimensional diffusions on natural scale.

Theorem 3.2. Let m be a measure that is finite and positive on every finite open inter-
val. There exists a continuous local martingale X with m as its speed measure.

Proof. Set X equal to X M a5 defined in (2.4). We only need show that (3.1) holds. Since
X is a Markov process and has associated with it probabilities IP* and shift operators
0;, then

Tl = 5 = Tla(Xo),b(X0)] © b5
where o, (x,),b(x0) = inf{t > 0: X; ¢ [a(Xo),b(Xo)]}. By the strong Markov property,
E [T[‘va] -5 | .7:5} = ]EXSO[a(XO),b(XO)] a.s. (32)

For each y, oa(x0),b(x0)] = Tla(y).b(y)] Under PY, and therefore

EY0a(x0),b(x0)] = Glaty) b)) ()-
Replacing y by X¢(w) and substituting in (3.2) yields (3.1). O
Theorem 3.3. Let X be any continuous local martingale that has speed measure m and
let f be a non-negative Borel measurable function. Suppose Xy = x, a.s. Let I = [a, b

be a finite interval with a < b such that m does not give positive mass to either end
point. Then

E / " p(X)ds = / gr(,9) () m(dy). (3.3)
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Proof. It suffices to suppose that f is continuous and equal to 0 at the boundaries
of I and then to approximate an arbitrary non-negative Borel measurable function by
continuous functions that are 0 on the boundaries of I. The main step is to prove

71 (X) TI(XIW)
E/ f(X,)ds = E/ f(XM)ds. (3.4)
0 0

Let e > 0. Choose 6 such that |f(z) — f(y)| <eif |r —y| < § with z,y € I.
Set Sy = 0 and

Si+1 = inf{t > S;: |Xt — XS,,| > 5}

Then
TI o Si+1/\7'1
E [ fx)as-EY) F(X.) ds
0 i=0 SiNTT
differs by at most <E 7; from
E Z J(Xsar ) (Sig1 A1 — Si A1) (3.5)

=0

=E [Zf(XSi/\TI)]E [Si+1 AT — S; N7 | f'.si/\-,—l]]

=0

Let a(z) = a Vv (x — §) and b(z) = b A (z + 0). Since X is a continuous local martingale
with speed measure m, the last line in (3.5) is equal to

E Z f(XSi/\TI)G[(L(XSi/\TI)1b(XSi/\TI)] (XSi/\TI)‘ (3.6)

=0

Because E7_y,n) < oo for all NV, then X is a time change of a Brownian motion. It
follows that the distribution of {Xg, 1+, (x),? > 0} is that of a simple random walk on the
lattice {z + kd} stopped the first time it exits I, and thus is the same as the distribution
of {X f;” nrr(xys b 2 0}. Therefore the expression is (3.6) is equal to the corresponding

expression with X replaced by X . This in turns differs by at most Eer;(X*) from

TI(XJVI)
E / F(XM)ds.
0

Since ¢ is arbitrary, we have (3.4). Finally, the right hand side of (3.4) is equal to the
right hand side of (3.3) by [5, Corollary IV.2.4]. O

4 Uniqueness in law

In this section we show that if X is a continuous local martingale under P with
speed measure m, then X has the same law as X*. Note that we do not suppose a
priori that X is a strong Markov process. We remark that the results of [12] do not
apply, since in that paper a generalization of the system (1.5)-(1.6) is studied rather
than the formulation given by (1.5) together with (1.7).

Theorem 4.1. Suppose P is a probability measure and X is a continuous local martin-
gale with respect to IP. Suppose that X has speed measure m and Xy = xy a.s. Then
the law of X under P is equal to the law of X under P7).

EJP 19 (2014), paper 32. ejp.ejpecp.org
Page 6/22


http://dx.doi.org/10.1214/EJP.v19-2350
http://ejp.ejpecp.org/

A SDE with a sticky point

Proof. Let R > 0 be such that m({—R}) = m({R}) = 0 and set I = [-R,R]. Let

X = Xinr(x) and Yt Xt/\TI(XM) the processes X and X stopped on exiting I. For
f bounded and measurable let

7'1(?) -
Hyf=E / e Mf(X,) dt
0

and
M

(X)) -
HYf@) =B [ M
0
for A > 0. Since X and X are stopped at times 77(X) and TI(YM), resp., we can

replace 77(X) and 77 (YM) by oo in both of the above integrals without affecting H) or
H} as long as f is 0 on the boundary of I.
Suppose f(—R) = f(R) = 0. Then H} f(—R) and H{! f(R) are also 0, since we are
working with the stopped process.
We want to show
Hyf =H f(z0), A>0. (4.1)

By Theorem 3.3 we know (4.1) holds for A = 0. Let K = E77(X). We have E*7;(XM) =
K as well since both X and X have speed measure m.

Let A=0and y < 1/2K. Lett > 0andletY, = YSH. Let Q; be a regular conditional
probability for P(Y € - | F3). It is easy to see that for almost every w, Y is a continuous
local martingale under Q;(w, -) started at X; and Y has speed measure m. Cf. [5, Section
1.5] or [7]. Therefore by Theorem 3.3

Eo [ (Y. ds=HYf(X).
0
This can be rewritten as
E [/ F(Xore)ds | ]—"t] —HM{(X,), as. 4.2)
0

as long as f is 0 on the endpoints of I.
Therefore, recalling that A = 0,

H#Hiwf:]E/ e M HM f(X,)dt (4.3)
0

E / eil'LtE |:/ 67/\8f(ys+t) ds | ]:t:| dt
0 0

e e “/ e f(X,)ds dt

?),

= //““ Vit e f(X,) ds
=)
1

o)
1

—(r=XN)s

_ - - 7)\5
b [Tl e
“As p(¥ 1 T s (X
E/O e M f(Xs)ds M—)\E/o e M f(Xs)ds.
1 e —
= )\Hiwf(xo) ﬁE/o e " f(X5)ds.

We used (4.2) in the second equality. Rearranging,

Hyf = HY f(wo) + (A — p) Hu(HY' f). (4.4)
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Since X and X are stopped upon exiting I, then H} f = 0 at the endpoints of I.
We now take (4.4) with f replaced by H/I\”f, use this to evaluate the last term in (4.4),
and obtain

Hyf = HY' f(z0) + (A = ) HY' (HY' f) (o) + (A — p)* Hu(HY' (HY' ).

We continue. Since
|Hp.g] < gl E17(X) = llg|| K

and
IHY gll < [lglE7(X™M) = |lg| K

for each bounded g, where |g|| is the supremum norm of g, we can iterate and get
convergence as long as 4 < 1/2K and obtain

Huf = B f(wo) + 3 (A= HY) Y f(eo)
i=1
The above also holds when X is replaced by X", s0 that
HyY' f(xo) = HY f(w0) + > (A= wHY ) HY f (o).
i1

We conclude H, f = Hé”f(mo) as long as 4 < 1/2K and f is 0 on the endpoints of 1.

This holds for every starting point. If Y, = X,.; and Q; is a regular conditional
probability for the law of Y; under P given F;, then we asserted above that Y is a
continuous local martingale started at X; with speed measure m under Q;(w,-) for
almost every w. We replace zo by X;(w) in the preceding paragraph and derive

E [/ €1 F(Xgie) ds | ft] —HY (X)), as.
0
if 4 <1/2K and f is 0 on the endpoints of I.
We now take A = 1/2K and p € (1/2K,2/2K]. The same argument as above shows

that H,f = nyf(xo) as long as f is 0 on the endpoints of I. This is true for every
starting point. We continue, letting A = n/2K and using induction, and obtain

H.f = Hyf(xo)

for every p > 0.
Now suppose f is continuous with compact support and R is large enough so that
(=R, R) contains the support of f. We have that

T[—R,R] (Y) - T[—R,R] (YM) —M
E / e (X)) dt = B / et f(XM) di
0 0
for all > 0. This can be rewritten as

E /O eiutf(XtAT[fﬂ,R](X)) dt =E* /0 eimf(XtA/{T[R,R](XM)) dt. (4.5)

If we hold p fixed and let R — oo in (4.5), we obtain
o0 o0
E / e M f(Xy)dt =B / e M (XM dt
0 0
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for all 4 > 0. By the uniqueness of the Laplace transform and the continuity of f, X, and
XJW’
E f(X;) = E™ f(X{")

for all t. By a limit argument, this holds whenever f is a bounded Borel measurable
function.
The starting point zy was arbitrary. Using regular conditional probabilities as above,

E(f(Xets) | Fi] = E™[f(X},) | F].
By the Markov property, the right hand side is equal to
EX:MJC(XS) = Psf(Xzf]\/I)a

where P, is the transition probability kernel for X
To prove that the finite dimensional distributions of X and X agree, we use induc-
tion. We have

n+1

E H fj(th) = Ei Hfj(th)Ei[fn+1(th+1) | ]:tn]
j=1 j=1

=B, [T f5(Xe)) Prosimto frra (Xe,).

j=1
We use the induction hypothesis to see that this is equal to
n
E* [ £(X2 Pt fua (X2,
j=1
We then use the Markov property to see that this in turn is equal to

n+1

E* T £(xM).

j=1
Since X and X™ have continuous paths and the same finite dimensional distribu-
tions, they have the same law. O

5 The stochastic differential equation

We now discuss the particular stochastic differential equation we want our martin-
gales to solve. We specialize to the following speed measure. Let v € (0, 00) and let

m(dx) = dx + v (dzx), (5.1)

where ¢y is point mass at 0.
We consider the stochastic differential equation

t
Xy =x0+ / 1(X5¢0) dWs. (5.2)
0

A triple (X, W, P) is a weak solution to (5.2) with X starting at z if P is a probability
measure, there exists a filtration {F;} satisfying the usual conditions, W is a Brownian
motion under P with respect to {F;}, and X is a continuous martingale adapted to {F;}
with Xy = z¢ and satisfying (5.2).
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We now show that any martingale with Xy = x¢ a.s. that has speed measure m is the
first element of a triple that is a weak solution to (5.2). Although X has the same law
as XM started at xy, here we only have one probability measure and we cannot assert
that X is a strong Markov process. We point out that [12, Theorem 5.18] does not apply
here, since they study a generalization of the system (1.5)-(1.6), and we do not know at
this stage that this formulation is equivalent to the one used here.

Theorem 5.1. Let P be a probability measure on a space that supports a Brownian
motion and let X be a continuous martingale which has speed measure m with Xy = xg
a.s. Then there exists a Brownian motion W such that (X, W, P) is a weak solution to
(5.2) with X starting at xy. Moreover

t
X: = xo —I—/ 1(X57£O) dXs. (5.3)
0
Proof. Let

t
Wt/:/ 1(X<¢0) dXS
0

Hence
d(W'), = 1(x,20) d{X),.

Let 0 < np < 0. Let S = inf{t : |X;| > 6}, T; = inf{t > S; : |Xi| < n}, and
Sip1 =1inf{t > T; : | X¢| > 6} fori =0,1,....

The speed measure of X is equal to m, which in turn is equal to Lebesgue measure
on R\ {0}, hence X has the same law as X* by Theorem 4.1. Since X behaves like
a Brownian motion when it is away from zero, we conclude 1(g, 1,; d(X), = 1|s, 1,) dt.

Thus for each N,

t t
/0 x5y () d(X), = / 1x 5um(5) ds.

Letting N — oo, then n — 0, and finally § — oo, we obtain

t t
/1(Xs¢o>d<X>s=/ Lix,20) ds.
0 0

Let V; be an independent Brownian motion and let

t
Wy = / lix.=o) dVs.
0
Let W; = W/ + W/'. Clearly W' and W" are orthogonal martingales, so
d<VV>75 = d<W’>t + d<W”>t = l(Xﬁ,go) dt + l(Xt:O) dt = dt.

By Lévy’s theorem (see [6, Theorem 12.1]), W is a Brownian motion.
If

t
Mt:/ 1(x,=0) dXs,
0

by the occupation times formula ([22, Corollary VI.1.6]),

1), = [ e 1), = [ 10y @ (X)dx =0

for all ¢, where {{{(X)} are the local times of X in the semimartingale sense. This
implies that M, is identically zero, and hence X; = W;.
Using the definition of W, we deduce

Lix,20) Wi = 1(x,20) dXy = dW] = d Xy, (5.4)
as required. O
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We now show weak uniqueness, that is, if (X, W,P) and ()?,ﬁ//,llg) are two weak
solutions to (5.2) with X and X starting at ¢ and in addition X and X hale speed
measure m, then the joint law of (X, W) under P equals the joint law of (X, W) under
P. This holds even though W will not in general be adapted to the filtration of X. We
know that the law of X under P equals the law of X under P and also that the law of
W under P equals the law of W under IP but the issue here is the joint law. Cf. [8]. See
also[11].

Theorem 5.2. Suppose (X,W,P) and (X, W ,P) are two weak solutions to (5.2) with
Xo = XO = x¢ and that X and X are both continuous martmgales w1th speed measure
m. Then the joint law of (X, W) under P equals the joint law of (X, W) under P.

Proof. Recall the construction of X™ from Section 2. With U, a Brownian motion with
jointly continuous local times {L7} and m given by (5.1), we define «; by (2.3), let §; be
the right continuous inverse of «,, and let X}¥ = z, + Up,. Since m is greater than or
equal to Lebesgue measure but is finite on every finite interval, we see that o4 is strictly
increasing, continuous, and lim;_,., a; = co. It follows that (; is continuous and tends
to infinity almost surely as t — oc.

Given any stochastic process {N;,t > 0}, let FX be the o-field generated by the
collection of random variables {Nt,t > 0} together with the null sets.

We have 3, = (X > and U; = X — xo. Since 3; is measurable with respect to }'X
for each t, then «; is also, and hence so is U;. In fact, we can give a recipe to construct a
Borel measurable map F : C[0,00) — C|[0, 00) such that U = F(X™). Note also that X}
is measurable with respect to F{ for each ¢ and there exists a Borel measurable map
G : C[0,00) = C[0,00) such that X = G(U). In addition observe that (X)_ = oo a.s.

Since X and XM have the same law, then (X) = oo a.s. If Z; is a Brownian
motion with X; = x¢ + Z({;) for a continuous increasing process ¢, then (; = (X), is
measurable with respect to ]—'O)g, its inverse p; is also, and therefore Z; = X,, — zg is as
well. Moreover the recipe for constructing Z from X is exactly the same as the one for
constructing U from X*, that is, Z = F(X). Since X and X have the same law, then
the joint law of (X, Z) is equal to the joint law of (X U). We can therefore conclude
that X is measurable with respect to 7Z and X = G(Z).

Let

t
Y;:/ l(XS:O) dWs.
0

Then Y is a martingale with

t
<Y>t = / 1(Xs:0) dS =t — <X>t
0

Observe that (X,Y), = fo L(x,20)l(x.=0)ds = 0. By a theorem of Knight (see [17]
or [22]), there ex1sts a two-dimensional process V' = (Vi, V%) such that V is a two-
dimensional Brownian motion under IP and

(XhY;f) = (.%‘0 + ‘/1<<X>t>7‘/2(<y>t)> a.s.

(It turns out that (Y) _ = oo, but that is not needed in Knight’s theorem.)

By the third paragraph of this proof, X; = x¢+V:1((X),) implies that X is measurable
with respect to F¥1, and in fact X = G(V4). Since (Y), = t — (X),, then (X, Y;) is
measurable with respect to F, for each t and there exists a Borel measurable map H :
C([0,00),R?) — C([0,00),R?), where C([0,00), R?) is the space of continuous functions
from [0,00) to R? and (X,Y) = H(V). Thus (X,Y) is the image under H of a two-
dimensional Brownian motion. If (X W, ]l~3‘) is another weak solution, then we can define
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Y analogously and find a two-dimensional Brownian motion V such that (X,Y) = H(V).
The key point is that the same H can be used. We conclude that the law of (X,Y) is
uniquely determined. Since

(X7 W) = (XaX +Y — :CO);
this proves that the joint law of (X, W) is uniquely determined. O

Remark 5.3. In Section 2 we constructed the strong Markov process (X ,P%,) and
we now know that X started at z is equal in law to X* under P3%. We pointed out in
Remark 3.1 that in the strong Markov case the notion of speed measure for a martingale
reduces to that of speed measure for a one dimensional diffusion. In [11] it is shown
that the solution to the system (1.5)-(1.6) is unique in law and thus the solution started
at z( is equal in law to that of a diffusion on R started at z(; let m be the speed measure
for this strong Markov process. Thus to show the equivalence of the system (1.5)-(1.6)
to the one given by (1.5) and (1.7), it suffices to show that m = m if and only if (1.6)
holds, where m is given by (5.1) and v = 1/u. Clearly both m and m are equal to
Lebesgue measure on R \ {0}, so it suffices to compare the atoms of m and m at 0.

Suppose (1.6) holds and v = 1/u. Let A; = fot 103(Xs)ds. Thus (1.6) asserts that
A = %Eto. Let I = [a,b] = [-1,1], o = 0, and 7; the first time that X leaves the interval
I. Setting ¢ = 77 and taking expectations starting from 0, we have

1
E°A,, = -E°%2,.
i

Since /) is the increasing part of the submartingale |X; — z¢| — |7o| and X, is equal to
either 1 or —1, the right hand side is equal to

1 1

7]E0|XTI| =

H H
On the other hand, by [5, (IV.2.11)],

1
B4, = [ 91(0.)10) ) ) = ({0})
-1
Thus m =mify=1/p.

Now suppose we have a solution to the pair (1.5) and (1.7) and v = 1/p; we will
show (1.6) holds. Let R > 0, I = [—R, R], and 7; the first exit time from I. Set B; = %Eg
For any = € I, we have by [5, (IV.2.11)] that

1
E“Ar = [ ar(e.)1io)(0) m(dy) = 291(2,0). (5.5)
-1
Taking expectations,
1
E” By, = JE7[|Xr, — x| = lal ). (5.6)

Since X is a time change of a Brownian motion that exits I a.s., the distribution of X,
started at x is the same as that of a Brownian motion started at x upon exiting /. A
simple computation shows that the right hand side of (5.6) agrees with the right hand
side of (5.5). By the strong Markov property,

E°A, — A n | F)=EX A, =EXB,, =E°[B,, — B r¢ | Fi

almost surely on the set (¢ < 7;). Observe that if U; = E°[A,, — A,,»; | F;], then we can
write
Ur = E°[Ar, = Arpe | Fil = E°[Ar, | Fi] = Arne
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and
Ui =E°B,, — Byat | Fil = E°[B,, | Fi] — Bryas

for t < 77. This expresses the supermartingale U as a martingale minus an increasing
process in two different ways. By the uniqueness of the Doob decomposition for super-
martingales, we conclude A, s = B, A for ¢t < 7;. Since R is arbitrary, this establishes
(1.6). (The argument that the potential of an increasing process determines the process
is well known.)

Remark 5.4. In the remainder of the paper we prove that there does not exist a strong
solution to the pair (1.5) and (1.7) nor does pathwise uniqueness hold. In [11], the au-
thors prove that there is no strong solution to the pair (1.5) and (1.6) and that pathwise
uniqueness does not hold. Since we now know there is an equivalence between the pair
(1.5) and (1.7) and the pair (1.5) and (1.6), one could at this point use the argument of
[11] in place of the argument of this paper. Alternatively, in the paper [11] one could
use our argument in place of theirs to establish the non-existence of a strong solution
and that pathwise uniqueness does not hold.

6 Approximating processes

Let W be a Brownian motion adapted to a filtration {F;,t > 0}, let € <, and let X}
be the solution to
dXi = 0:(X7)dW,,  X§ = o, (6.1)

oul) = 1, |z > €;
: Vel lx) <e.

For each z( the solution to the stochastic differential equation is pathwise unique by
[20] or [21]. We also know that if P? is the law of X¢ starting from z, then (X, P?) is a
continuous regular strong Markov process on natural scale. The speed measure of X¢
will be

where

Y
ms(dy) =dy+ gl[—a,a] (y) dy.
Let Y¢ be the solution to
AYf = 00 (YE) AW, YE = 0. (6.2)

Since 0. < 1, then d<X€>t < dt. By the Burkholder-Davis-Gundy inequalities (see,
e.dg., [6, Section 12.5]),
E|X; — XZ|?P < ¢t — s (6.3)

for each p > 1, where the constant ¢ depends on p. It follows (for example, by Theorems
8.1 and 32.1 of [6]) that the law of X* is tight in C’[()N,to] for each tg. The same is of
course true for Y¢ and W, and so the triple (X¢,Y*, W) is tight in (C[0,#])® for each
to > 0.

Let P; be the transition probabilities for the Markov process X*. Let Cj be the set
of continuous functions on R that vanish at infinity and let

L={feCy:|f(z) - fl <l|z—ylz,y € R},

the set of Lipschitz functions with Lipschitz constant 1 that vanish at infinity.
One of the main results of [3] (see Theorem 4.2) is that P maps L into L for each ¢
and each e < 1.
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Theorem 6.1. If f € Cy, then Pf f converges uniformly for each t > 0. If we denote
the limit by P, f, then {P;} is a family of transition probabilities for a continuous regular
strong Markov process (X, P*) on natural scale with speed measure given by (5.1). For
each z, P? converges weakly to P* with respect to C[0, N] for each N.

Proof. Step 1. Let {g;} be a countable collection of C? functions in L with compact
support such that the set of finite linear combinations of elements of {g;} is dense in Cj
with respect to the supremum norm.

Let ¢,, be a sequence converging to 0. Suppose g; has support contained in [ K, K]
with K > 1. Since X} is a Brownian motion outside [—1, 1], if |x| > 2K, then

1P g5(x)] = [E7g;(X7)| < llg; || P*(|X°] hits [z[/2 before time ¢),

which tends to 0 uniformly over € < 1 as |z| — oco. Here ||g;|| is the supremum norm of
g;. By the equicontinuity of the Pfg;, using the diagonalization method there exists a
subsequence, which we continue to denote by ¢,,, such that P;"g; converges uniformly
on IR for every rational ¢ > 0 and every j. We denote the limit by P, g;.

Since g; € C?,

Figj(x) = Pigj(z) = E7g;(X7) —E7g;(X)

t t
B [ 0. (X0)g5 (X0 W, + 7 [ (X)) (X ) dr

t
— 487 [ o (X029 (X7 ar
where we used Ito’s formula. Since o, is bounded by 1, we obtain
[Pt g;(@) — Psgj()] < ¢t — s,

where the constant ¢; depends on g;. With this fact, we can deduce that P g; converges
uniformly in Cj for every ¢t > 0. We again call the limit P,g;. Since linear combinations
of the g,’s are dense in Cj, we conclude that P;" g converges uniformly to a limit, which
we call P,g, whenever g € Cy. We note that P, maps Cj into Cj.
Step 2. Each X7 is a Markov process, so P;(Pfg) = P;,,g. By the uniform convergence
and equicontinuity and the fact that P¢ is a contraction, we see that Ps(Pg) = Psiig
whenever g € Cp.

Let 571 < s3 < ---s; and let fi,... f; be elements of L. Define inductively g; = f;,
gji-1 = fj—1(Ps;—s;_,95), gj—2 = fj—2(Ps;_,—s;_,gj—1), and so on. Define g5 analogously
where we replace P, by Pf. By the Markov property applied repeatedly,

EX[f1(X5,) - f5(X5)] = Fé, g1 ().

Suppose z is fixed for the moment and let fi,---, f; € L. Suppose there is a subse-
quence &, of &, such that X¢» converges weakly, say to X, and let P’ be the limit law
with corresponding expectation IE’. Using the uniform convergence, the equicontinuity,
and the fact that P maps L into L, we obtain

E,[fl(XS1)"'fj(X8j)] :Ps1gl(x)' (6.4)

We can conclude several things from this. First, since the limit is the same no
matter what subsequence {,/} we use, then the full sequence P? converges weakly.
This holds for each starting point x.

Secondly, if we denote the weak limit of the ]ngn by P%, then (6.4) holds with E’
replaced by E®. From this we deduce that (X, P*) is a Markov process with transition
semigroup given by P;.
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Thirdly, since P* is the weak limit of probabilities on C[0, o), we conclude that X
under P* has continuous paths for each x.
Step 3. Since P, maps Cy into Cy and P f(x) = E*f(X;) — f(z) by the continuity of
pathsif f € Cy, we conclude by [6, Theorem 20.9] that (X, IP?) is in fact a strong Markov
process.

Suppose fi,..., f;arein L and s; < s3 < --- < s; <t < u. Since X; is a martingale,

E: [Xi_]i[fi(Xi)} ~E° [Xf_]l[fi(X;)]

Moreover, X; and X, are uniformly integrable due to (6.3). Passing to the limit along
the sequence ¢,, we have the equality with X° replaced by X and E?Z replaced by E“.
Since the collection of random variables of the form [, f;(X,,) generate o(X,;r <1t), it
follows that X is a martingale under IP* for each z.

Step 4. Let 6,1 > 0. Let I = [¢,r] and I* = [¢ — §,r + §]. In this step we show that

Ern(X)= /Igj(O,y)m(dy). (6.5)

First we obtain a uniform bound on 77« (X°¢). If A =t A 77«(X*¢), then

E[AS, — A7 | Fy] = IE)thAiO <sup E%rp(X°).
The last term is equal to

swp [ g Geo) (1+ 211 ) o

x

A simple calculation shows that this is bounded by

c(r —q+20)* + cy(r — q + 26),
where ¢ does not depend on r, ¢, d, or . By Theorem 1.6.10 of [4], we then deduce that

Er-(X%)2 =E(A)* < ¢ < oo,
where ¢ does not depend on ¢. By Chebyshev’s inequality, for each ¢,

P(r-(X¢) > t) < ¢/t2.
Next we obtain an upper bound on E 7;(X) in terms of g;-. We have
P(r(X) > 1) = ]P(iglta | Xs| <, inf 1 Xs] > q)
< limsup Plsup | X5 < i [X.[° > )

en—0

< limsup P(r7- (X)) > t) < ¢/t2.

en—0

Choose 1o such that

oo

/OOIP(TI(X)>t)dt<17, / Plre (X*") > t)dt < n

0 0

for each ¢,,.
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Let f and g be continuous functions taking values in [0, 1] such that f is equal to 1
on (—oo,r] and 0 on [r + 4, 00) and g is equal to 1 on [g,00) and 0 on (—oc, ¢ — d]. We have

P(sup |X;| < rinf [Xs > q) < E[f(sup [X])g(inf | X])]
s<t s<t s<t s<t

— 15 En 3 En
= lm E [f(s;lilf | X5 g (inf 1X3 D]

Then

ug Uuo
/ P(ri(X) > t) dt = / P(sup| X < . inf | X,| > q) dt
0 0 s<t s<t

< / E [f (sup | X.|)g(inf |X.|)] dt
0 s<t s<t

ug

/ lim E[f(sup|X:" )] dt
0 En —0 SSt

ug

= lim [ E[f(sup X" |)g(inf [XS])] di
s<t s<t

en—0 0

Jg(inf | X3

uo
< limsup/ P(sup | X" <r+0, ugff | Xs| > q—0)dt
0 s<t

en—0 s<t
ug
< lim sup/ P(rp« (X)) > ) dt
en—0 Jo

< limsup E 77+ (X®").

en—0

Hence w
IETI(X)S/ P(r(X) > t)dt +n < limsup E 77« (X*") 4+ n.
0

en—0

We now use the fact that 7 is arbitrary and let n — 0. Then

E7(X) <limsup E 77« (X*")

en—0

—tiwsup [ - 0) (1+ 10(0)) dy

en—0
— [ 9 Opmiay).

We next use the joint continuity of g_, . (7,y) in the variables a,z and y. Letting
6 — 0, we obtain

Eri(X) < /I 910, ) m(dy).

The lower bound for IE 7;(X) is done similarly, and we obtain (6.5).

Step 5. Next we show that X is a regular strong Markov process. This means that
if x # y, P*(X; = y for some t) > 0. To show this, assume without loss of generality
that y < x. Suppose X starting from x does not hit y with positive probability. Let
z = x +4|r — y|. Since E¥y, .1 < oo, then with probability one X hits z and does so
before hitting y. Hence T, = 7}, .) < oo a.s. Choose t large so that P*(7(, .} > t) < 1/16.
By the optional stopping theorem,

E*Xp e > 2P%(T, <t) +yP*(T, >t) =2z — (z —y)P*(T, > t).
By our choice of z, this is greater than z, which contradicts that X is a martingale.

Hence X must hit y with positive probability.
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Therefore X is a regular continuous strong Markov process on the real line. Since
it is a martingale, it is on natural scale. Since its speed measure is the same as that of
XM by (6.5), we conclude from [5, Theorem IV.2.5] that X and X have the same law.
In particular, X is a martingale with speed measure m.

Step 6. Since we obtain the same limit law no matter what sequence ¢,, we started with,
the full sequence P; converges to P, and P? converges weakly to P* for each x.
All of the above applies equally well to Y and its transition probabilities and laws. O

Recall that the sequence (X°, Y, W) is tight with respect to (C[0, N])? for each N.
Take a subsequence (X°»,Ye~ W) that converges weakly, say to the triple (X,Y, W),
with respect to (C[0, N])? for each N. The last task of this section is to prove that X
and Y satisfy (5.2).

Theorem 6.2. (X, W) and (Y, W) each satisfy (5.2).

Proof. We prove this for X as the proof for Y is exactly the same. Clearly W is a
Brownian motion. Fix N. We will first show

t t
/ 1ix.20) X, = / 1(x.20) AW, (6.6)
0 0
ift<N.
Let § > 0 and let g be a continuous function taking values in [0, 1] such that g(z) = 0
if || < § and g(x) = 1 if |z| > 2§. Since g is bounded and continuous and (X¢», W)

converges weakly to (X, W), then (XE",W,Q(XE")) converges weakly to (X, W, g(X)).
Moreover, since g is 0 on (—¢,¢), then

t t
/ g(XEm) dVW, = / g(X5n) dXEr 6.7)
0 0

for €,, small enough.
By Theorem 2.2 of [19], we have

(/Otg(X.i")dWs,/Otg(xgn)ngn>

(/Otg(Xs)dWsa/Otg(Xs)dXs).

converges weakly to

Then
t t
EE arctan (’/ g(XS)dWS—/ g(XS)dX3>
0 0
t g t
= lim Earctan(‘/ g(Xs")def/ g(Xer)axin|) =o,
or

t t
/ g(X) dWy = / 9(Xs) dXs, a.s.
0 0

Letting 6 — 0 proves (6.6).
We know

t
XtM:/ Lix o) dX .
At

Since X™ and X have the same law, the same is true if we replace X by X. Combining
with (6.6) proves (5.2). O
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7 Some estimates

Let
- , | XE| € [—e,¢] or |YE| € [—2¢, 2¢] or both;
j*(s) = ;
0, otherwise.

t
Jf:/ Js ds.
0

7F = X; - Y7,

Let

Set

suppose Z§ = 0, and define ¢.(x,y) = o-(x) — 02:(y). Then
dZg = (X2, YY) dW,.
Let

Sy = inf{t : |ZF| > 6e}, (7.1)
T, =inf{t > S; : |Z;| ¢ [4e, 0]},

Siy1 =inf{t > T; : | Z;| > 6¢}, and
Uy = inf{t: |Z;| = b}.

Proposition 7.1. For each n,
2 n
P(S, < Uy) < (1 - f) .

Proof. Since X¢ is a recurrent diffusion, fot 1[—c,e)(X?) ds tends to infinity a.s. as ¢ — oo.
When = € [—¢,¢], then |¢).(z,y)| > ce, and we conclude that (Z°), — oo as t — oo.

Let {F;} be the filtration generated by w. Zi s, — Zg 1is a martingale started at 0
with respect to the regular conditional probability for the law of (X7, s Y s ) given
Fs,. The conditional probability that it hits 4¢ before b if Z5 = 6¢ is the same as the
conditional probability it hits —4¢ before —b if Z5 = —6e and is equal to

b — 6e 2¢

<1l-——.
b—4e — b

Since this is independent of w, we have

P (17, — 75, hits 4= before hitting b | Fs, ) <1 - %5
Let V,, = inf{t > S,, : |Z{| = b}. Then
P(Sh+1 < Up) < P(S, <Up, Th41 < Vi)

=E[P(Tht1 < Va| Fs,); Sn < Up)

< (1 - 2—5)1?(5,1 < Up).
Our result follows by induction. O
Proposition 7.2. There exists a constant ¢, such that

EJ7 <cine

for each n.
EJP 19 (2014), paper 32. ejp.ejpecp.org
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Proof. For t between times S,, and T;, we know that |Z;| lies between 4¢ and b. Then at
least one of X ¢ [—e,¢] and Y ¢ [—2e, 2¢] holds. If exactly one holds, then |¢.(X£,Yy)|
> 1—4/2¢/y > 1/2if € is small enough. If both hold, we can only say that d(Z¢), > 0. In
any case,
d(27), 2 §dJ;

for S, <t <T,.

Z; is a martingale, and by Lemma 2.1 and an argument using regular conditional
probabilities similar to those we have done earlier,

E[J5, —J5 ] <AB[(Z%), — (Z°)g ] < 4(b— 6e)(2€) = ce. (7.2)

Between times T, and S,,+1 it is possible that ¢.(X¢, Y;®) can be 0 or it can be larger
than cy/e/vy. However if either X; € [—¢,¢] or Y7 € [—2¢,2¢], then ¢ (X[, YF) > ev/e/7y.
Thus

d(Z), > cedJ;
forT,, <t < S,41. By Lemma 2.1
E[J§

—J5 | < e 'E[(Z9) —(Z%)p ] < ce 1(26)(10¢) = ce. (7.3)

nt1 Sn+1

Summing each of (7.2) and (7.3) over j from 1 to n and combining yields the propo-
sition. O

Proposition 7.3. Let K > 0 and n > 0. There exists R depending on K and n such that
]P(J"E'[—R,R](XE) < K) S n, € S ]./2

Proof. Fix ¢ < 1/2. We will see that our estimates are independent of . Note

t
JtE 2 Ht :/ 1[_575](X§) ds.
0
Therefore to prove the proposition it is enough to prove that
PS(HTFR,R](XE) < K) <n

if R is large enough.
Let I = [—1,1]. We have

1

.
000> [ 0021wy > a1
1

On the other hand, for any « € I,

EgHTI(XE) - /Igf(xvy)gl[—a,e](y) dy < co.

Combining this with
E2H,, (xe) — Hy | Ft) <EX Hypp(xe

and Theorem 1.6.10 of [4] (with B = ¢ there), we see that
EH? x) <cs.

Let ag =0, B; = inf{t > «; : |X§| = 1} and ;41 = inf{t > 5, : X7 = 0}. Since X7 is
a recurrent diffusion, each a; is finite a.s. and 3; — oo as i — oo. Let V; = Hg, — H,,.
By the strong Markov property, under PY the V; are i.i.d. random variables with mean
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larger than ¢; and variance bounded by ¢4, where ¢; and ¢4 do not depend on ¢ as long
as e < 1/2. Then

k
Vi < ek/2) <P DV~ BVi) 2 eik/2)
=1 =1
_ Var(33), Vo)
(c1k/2)?
< 4ey/ k.

M=

]Pg(

Taking k large enough, we see that

k
]PS(ZV; < K) < /2.
i=1
Using the fact that X; is a martingale, starting at 1, the probability of hitting R
before hitting 0 is 1/R. Using the strong Markov property, the probability of | X| having
no more than k& downcrossings of [0, 1] before exiting [— R, R] is bounded by

1\ K
1- (1 - 7) ‘
R
If we choose R large enough, this last quantity will be less than /2. Thus, except for an
event of probability at most n, X§ will exit [—1, 1] and return to O at least k times before

exiting [—R, R] and the total amount of time spent in [—¢, ] before exiting [— R, R] will
be at least K. O

Proposition 7.4. Letn > 0,R > 0, and I = [-R, R]. There exists t, depending on R
and n such that
PUr(X%) > 1) <n,  e<1/2

Proof. Ife <1,

E0rn(X) = [ gi(o.y)m.(dy).

I
A calculation shows this is bounded by cR? + cR, where ¢ does not depend on ¢ or R.
Applying Chebyshev’s inequality,
Eor(X¢
PO(7/(X°) > to) < %
0

which is bounded by 7 if ¢y > ¢(R? + R)/n. O

8 Pathwise uniqueness fails

We continue the notation of Section 7. The strategy of proving that pathwise unique-
ness does not hold owes a great deal to [2].

Theorem 8.1. There exist three processes X,Y, and W and a probability measure P
such that W is a Brownian motion under P, X and Y are continuous martingales under
P with speed measure m starting at 0, (5.2) holds for X, (5.2) holds when X is replaced
byY, and P(X; # Y; for some t > 0) > 0.

Proof. Let (XS,YE,W) be defined as in (6.1) and (6.2) and choose a sequence ¢,, de-
creasing to 0 such that the triple converges weakly on C[0, N] x C[0, N] x C[0, N] for
each N. By Theorems 6.1 and 6.2, the weak limit, (X,Y, W) is such that X and YV are
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continuous martingales with speed measure m, W is a Brownian motion, and (5.2) holds
for X and also when X is replaced by Y.

Let b =1 and let S, T,,, and U, be defined by (7.1). Let A;(s,n) be the event where
T, < Uy. By Proposition 7.1

2 n
P(Ai(e,n)) = P(S, < Uy) < (1- f) .
Choose n > /¢, where § is large enough so that the right hand side is less than 1/5 for
all ¢ sufficiently small.
By Proposition 7.2,
EJ7 <cine=c18.

By Chebyshev’s inequality,
P(Jz, = 5c18) <P(Jg, >5EJg, ) < 1/5.

Let Az(e,n) be the event where J7. > 5¢10.
Take K = 10c; 8. By Proposition 7.3, there exists R such that

P(JE e < K) <1/5.

Let As(e, R, K) be the event where Ji[R,R](XE) < K.
Choose t; using Proposition 7.4, so that except for an event of probability 1/5 we
have 7_g r)(X®) < to. Let A4(¢, R, o) be the event where 7_g r)(X®) < to.
Let
B(E) = (Al(E, TL) U AQ(E, TL) U A?,(E7 R, K) U A4(€, R, to))c.

Note P(B(¢e)) > 1/5.
Suppose we are on the event B(e). We have

J%n S 5C1IB < K S Ji[fR,R](XE).

We conclude that T;, < 7_g g)(X®). Therefore, on the event B(e), we see that T;, has
occurred before time ty. We also know that U, has occurred before time ¢3. Hence, on
B(e),
P(sup | 25| > b) > 1/5.
s<tgo

Since Z°¢ = X° — Y converges weakly to X — Y, then with probability at least 1/5,
we have that sup,., |Zs| > b/2. This implies that X; # Y; for some ¢, or pathwise
uniqueness does not hold. O

We also can conclude that strong existence does not hold. The argument we use is
similar to ones given in [8], [10], and [18].

Theorem 8.2. Let W be a Brownian motion. There does not exist a continuous mar-
tingale X starting at 0 with speed measure m such that (5.2) holds and such that X is
measurable with respect to the filtration of W.

Proof. Let W be a Brownian motion and suppose there did exist such a process X. Then
there is a measurable map F : C[0,00) — C]0,00) such that X = F(WW).

Suppose Y is any other continuous martingale with speed measure m satisfying
(5.2). Then by Theorem 4.1, the law of Y equals the law of X, and by Theorem 5.2,
the joint law of (Y, W) is equal to the joint law of (X, W). Therefore Y also satisfies
Y = F(W), and we get pathwise uniqueness since X = F(IW) =Y. However, we know
pathwise uniqueness does not hold. We conclude that no such X can exist, that is,
strong existence does not hold. O
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