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Abstract

We prove a conjecture of Lalley and Sellke [Ann. Probab. 15 (1987)] asserting
that the empirical (time-averaged) distribution function of the maximum of branching
Brownian motion converges almost surely to a double exponential, or Gumbel, distri-
bution with a random shift. The method of proof is based on the decorrelation of the
maximal displacements for appropriate time scales. A crucial input is the localization
of the paths of particles close to the maximum that was previously established by the
authors [Comm. Pure Appl. Math. 64 (2011)].
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1 Introduction

Branching Brownian Motion (BBM) on R is a continuous-time Markov branching pro-
cess which plays an important role in the theory of partial differential equations [6, 7,
29], in particle physics [30], in the theory of disordered systems [10, 18], and in mathe-
matical biology [21, 24]. It is constructed as follows on a filtered space (2, F, (F;):>0, P).
Consider a standard Brownian motion z(t), starting at 0 at time 0. We consider z(t) to
be the position of a particle at time ¢. After an exponential random time 7T of mean
one and independent of z, the particle splits into k£ particles with probability p,, where
Sk =1, Y00 kpe = 2, and ), k(k — 1)pr, < oo. (The choice of mean 2 is arbi-
trary and is fixed to lighten notation.) The positions of the k particles are independent
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Ergodicity of branching Brownian motion

Brownian motions starting at z(7"). Each of these processes have the same law as the
first Brownian particle. Thus, after a time ¢ > 0, there will be n(t) particles located at
x1(t),. .., 2y)(t), with n(t) being the random number of offspring generated up to that
time (note that En(t) = e!).

An interesting link between BBM and partial differential equations was observed by
McKean [29]. If one denotes by

u(t,x):IP{ max  zy(t) <4 (1.1)

1<k<n(t)

the law of the maximal displacement, a renewal argument shows that u(¢,z) solves
the Kolmogorov-Petrovsky-Piscounov equation [KPP], also referred to as the Fisher-KPP
equation,

1 o0
Ut = iuwc + Zpkuk —u,
k=1

. (1.2)
w(0,2) = {17 if x>0,

0, ifz < 0.

This equation has raised a lot of interest, in part because it admits traveling wave
solutions: there exists a unique solution satisfying

u(t,m(t) + ) = w(z), uniformly in z, ast 1 oo, (1.3)

where the centering term, the front of the wave, is given by

m(t) = V2t — 21\/5 Int, (1.4)
and w(x) is the unique solution (up to translation) of the o.d.e.
1 oo
§wm—|—\/§ww+2pkwk —w=0. (1.5)

k=1

The leading order of the front has been established by Kolmogorov, Petrovsky, and Pis-
counov [25]. The logarithmic corrections have been obtained by Bramson [11], us-
ing the probabilistic representation given above. (See also the recent contribution by
Roberts [26] for a different derivation through spine techniques).

Equations (1.1) and (1.3) show the weak convergence of the distribution of the re-
centered maximum of BBM.

Let
M(t) = — 1.
(t) ax, z(t) —m(t) , (1.6)
ye(t) = V2t — 2(t), 2k(t) = yr(t)e @), (1.7)
and finally
Y(t) = Z e V() and  Z(t) = Z 2(t) . (1.8)

In 1987, Lalley and Sellke [27] proved that

ggl) Y(t) =0a.s. and })1&1) Z(t) =Zas., (1.9)

where 7 is a strictly positive, almost surely finite random variable (with infinite mean).
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Ergodicity of branching Brownian motion

This paper is concerned with the large time limit of the empirical (time-averaged)
distribution of the maximal displacement

1 T
FT(.%') = 7/ IL{M(s)gm} ds, x € R. (1.10)
0

T
The main result is that Fr converges almost surely as T 1 co to a random distribution
function. The limit is the double exponential (Gumbel) distribution that is shifted by the
random variable % In Z:

Theorem 1 (Ergodic Theorem). For any z € R,

lim Fr(2) = exp (—Oze*ﬂz) . as., (1.11)

where C' > 0 is a positive constant.

The derivative martingale Z encodes the dependence on the early evolution of the
system. The mechanism for this is subtle, and we shall provide first some intuition in
the next section.

Theorem 1 was conjectured by Lalley and Sellke in [27]. They showed that, despite
the weak convergence (1.3), the empirical distribution Fr(z) cannot converge to w(x)
in the limit of large times (for any = € RR), and proved that the latter is recovered when
Z is integrated, i.e.

w(z) =E [exp (—CZe_\@”)} . (1.12)

(A similar representation for the law of the branching random walk has been recently
obtained by Aidékon [1]). The issue of ergodicity of BBM has also been discussed by
Brunet and Derrida in [15]. Ergodic results similar to Theorem 1 can be proved for
statistics of extremal particles of BBM other than the distribution of the maximum. This
will be detailed in a separate work.

A description of the law of the statistics of extremal particles has been obtained in a
series of papers by the present authors [3, 4, 5] and in the work of Aidékon, Berestycki,
Brunet, and Shi [2]: it is now known that the joint distribution of extremal particles
re-centered by m(t) converges weakly to a randomly shifted Poisson cluster process;
the positions of the clusters is a random shift of a Poisson point process with exponen-
tial density, and the law of the individual clusters is also known, but has a different
description in each work. We refer the reader to the aforementioned papers for details.

We point out that the interest in the properties of BBM stems also from its alleged
universality: it is conjectured, and in some instances also proved, that different mod-
els of probability and of statistical mechanics share many structural features with the
extreme values of BBM. A partial list includes the two-dimensional Gaussian free field
[8, 9, 13], the cover times of graphs by random walks [19, 20], and in general, log-
correlated Gaussian fields, see e.g. [17, 22].

2 Outline of the proof

Consider a compact interval D = [d, D] with —oc0o < d < D < oo. It is clear that
almost sure convergence of the empirical distribution on these sets implies almost sure
convergence of the distribution function Fr(z). As a first step in the proof of Theorem
1, we introduce a “cutoff” ¢ > 0 and split the integration over the sets [0, T¢] and (Ts, T):

1 T 1 eT
FT(D) — FT(d) = T /T H{M(S)GD} ds + T/O ]l{JW(s)GD} ds. (21)
€
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The second term on the r.h.s. above does not contribute in the limit when 7" 1 oo first,
and ¢ | 0 next. It thus suffices to compute the double limit for the first term.

To this aim, we introduce the time Ry > 0, which will play the role of the early
evolution. For the moment we only require that Ry T oo, but RT/\/T $0,asT T oo. A
particular choice will be made later. We rewrite the empirical distribution as

1 [T 1 [T
f/ Lim(syepyds = T/ P[M(s) € D| Fr.lds (2.2)
eT eT

1 T
+ T/ (]]-{JV[(S)G'D} B [M(S) eD | ]:RT] )dS .
eT

We now state two theorems which immediately imply Theorem 1: Theorem 2 below
addresses the first term on the r.h.s of (2.2), while Theorem 3 addresses the second
term.

Theorem 2. Let Ry 1 oo as T 1 oo but with Ry = o(v/T). Then for any s € [e, 1],

Jm PM(T-5) €D | Fr,] = / d (exp (—cze—ﬁz)) ,a.s.. (2.3)

D
The above statement is an improvement of [27, Theorem 1], where the probability
was conditioned on a fixed time that only subsequently was let to infinity. The proof
closely follows this case and relies on precise estimates of the law of the maximal dis-
placement obtained by Bramson [12].
Theorem 2 together with a change of variables and using dominated convergence

imply

T
lim lim l/ P [M(s) 6D|]—'RT]ds:/ d(exp—cze*ﬂx) a.s., (2.4)

el0 T1Too T D
which is the r.h.s. of (1.11).
The integrand of the second term on the r.h.s of (2.2) has mean zero. Therefore, to
prove Theorem 1 we need only the following strong law of large numbers.

Theorem 3. Fore > 0, D as above, and Ry as in Theorem 2,

T
’II’ITI?o % /ET (]]‘{M(S)ED} —P [M(S) eD | fRT]) ds = O, a.s. (2.5)

The short proof of Theorem 2 is given in Section 3. The proof of Theorem 3 turns
out to be quite delicate. Due to the possibly strong correlations among the Brownian
particles, it is perhaps surprising that a law of large numbers holds at all. Let T" be large
and consider two times s, s’ € [0,T]. It is clear that if the distance between s and s’ is of
order one, say, then the extremal particles at s are strongly correlated with the ones at
s’, since the children of extremal particles are very likely to remain extremal for some
time. Therefore, s and s’ need to be well separated for the correlations to be weak. On
the other hand, and this is the crucial point, it is generally not true that the correlations
between the extremal particles at time s and s’ decay as the distance between s and s’
increases. As shown by Lalley and Sellke [27, Theorem 2 and corollary], “every particle
born in a branching Brownian motion has a descendant particle in the lead at some
future time”. Hence, if s and s’ are too far from each other (for example, if s is of order
one with respect to T' and s’ is of order T'), correlations build up again and mixing fails.
Therefore, weak correlations between the frontiers at two different times only set in at
precise time scales. It turns out that if s and s’ are both of order T, s,s’ € [¢T,T] and
well separated, i.e. |s — s'| > T¢ for some 0 < ¢ < 1, then the correlations between
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Figure 1: Leaders and their ancestors.

the frontiers are weak enough to provide a law of large numbers. By weak enough,
we understand a summability condition on the correlations that lead to a SLLN by a
theorem of Lyons, see Theorem 8 below. See Figure 1 for a graphical representation.
A precise control on the correlations is achieved by controlling the paths of extremal
particles in the spirit of [3] (see Section 4 below for precise statements).

3 Almost sure convergence of the conditional maximum

We start with some elementary facts that will be of importance. First, observe that
for ¢,s > 0 such that s = o(t) for ¢ 1 oo, the level of the maximum (1.4) satisfies

3 t—s
m(t) = m(t —s) + V2s + Tﬂ In (t) G1)

=m(t—s)+v2s+ o(1).

Here and henceforth, we write z(t) for the position of particle k at time ¢ shifted by
the level of the maximum, i.e. z(t) = xx(t) — m(t).

Second, let {z;(s),j < n(s)} and, for j = 1...n(s), {z (t — ),k < n@(t — s)} be all
independent, identically distributed BBMs. The Markov property of BBM implies

{zi(t),k < n(O)} "2 {a;(s) + 2 (t = 5),5 < n(s), k <nD(t - s)}, (3.2)

In particular, if F; denotes the o-algebra generated by the process up to time s, the
combination of (3.1) and (3.2) yields for X € R

P [v,@(t) L () < X | fs] = Il r [ngn(t_s) 7t —5) < X +ap(s) +o(1) | fs} .
k<n(s)
(3.3)
We will typically deal with situations where only a subset of {k : k = 1,...,n(t)} ap-
pears. In all such cases, the generalization of (3.3) is straightforward.

A key ingredient to the proof of Theorem 2 is a precise estimate on the right-tail of
the distribution of the maximal displacement. It is related to [5, Proposition 3.3], which
heavily relies on the work by Bramson [12].
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Lemma 4. Considert > 0 and X (t) > 0 such that lim;1, X (t) = +00 and X (t) = o(v/t)
in the considered limit. Then, for X (t) and t both greater than 8r,

Cy(r) X (1) VEXO (l ) X@) <PM(1) > X(1)] < Oy(r) X (e VX0 (3.0)

t—r
for some v(r) | 1 asr 1 oo and C as in (1.12).

Proof. Let us denote by u(t,x) = 1 — u(t,x), with u the distribution of the maximal
displacement defined in (1.1). We define

(rtx—l—\[tz t—r/ Ty—i—\[r) ey’ V2

3_Int / 2 (3.5)
2v2 (y —x)
X {1 — exp (—Qy t—) } exp (_Q(t—r)) .

According to [5, Proposition 3.3], for ¢t > 8, and = > 8r— % In(t), the following bounds
hold:

Y(r)TMp(r e 4+ V2E) <tz + V2E) < y(r)p(rtx+ V2t (3.6)

for some v(r) | 1 as r 1 oo.

As V2t = m(t) + 2\3[ In(t), by putting 7 = = + \3f In(t), we reformulate the above as

Y(r) (e, 6, T 4+ m(t)) <t T 4+ m(t)) < y(r)(rt, T + m(t)). (3.7)

(The bounds in (3.7) hold for © > 8r).

Setting

'~ T+ - Int
G(t,r;T,y) = (ry—l—\fr) exp(—(y ’ 2\[11)), (3.8)

we can rewrite (3.7) as

$3/2o=TV2 oo .
- z ~{1fe—2y =} G rTy)
Vi—r 0o V2m (3.9)

o d ) =
_xf Y = T
=t(1+0(1) \/% } G(t,r;T,y).

By a dominated convergence argument [12, Prop. 8.3 and its proof], one shows that

G(r,t, T + m(t) =

. dy’'
C(T)_}%Io% 2yG(t7‘9L‘y)\/ﬂ
exists, uniformly for T in compacts. In fact, Bramson’s argument easily extends to
the case where T = o(+/1) (to see this, one simply expands the quadratic term in the
Gaussian density appearing in the definition of the function G). Moreover, C(r) — C
as r T oo, with C as in (1.12), see [12, p. 145-146]. An elementary estimate on the
exponential function yields

(3.10)

_ ) N\2=2 . / I = x
;) (v)°z +f(t,7“,x,y)<1_e_2y = <2y .

Qyt—r_(t—r)Q G—rp = S, (3.11)
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for some function f(¢,r;x,y’) which is integrable with respect to G(¢,r;T,y')dy’. Insert-
ing (3.11) into (3.9), we get the bounds

dy’

oo
_ _j\/i/ / =
ze 2y'G(t,r;T, (3.12)
o ( y )\/ﬂ
> a(t, T + m(t))
= z = dy’ _
> e TV? 1—|—)/ 20'G(t,r;x,y +O0((t—7)7?),
272 (14 ) [T oGtnay) S s ol -0
for large enough ¢. The assertion of the Lemma follows by taking Z = X (¢) in (3.12) and
using(3.10). O

Proof of Theorem 2. The proof of Theorem 2 is a straightforward application of Lemma
4 and the convergence of the derivative martingale. First we write

P[M(T-s)€D| Fr,]=P[M(T-5)<D|Fr,]-P[M(T-s)<d|Fr,]. (3.13)

We show only the almost sure convergence of the first term, the treatment of the second
is identical. Since s isin (g,1), we have Ry = o(T - s) for T 1 co. Therefore, by (3.1) and
(3.2),

P[M(T-s)<D| Fgr,| =

= ] PIM(Ts-Rr)<D+uy(Rr)| Fr,)
k<n(Rr)

H {1 =P [M(Ts— Rr) > D +yx(Rr) | Fre]} (3.14)
k<n(Rr)

= exp Z In(1—-P[M(Ts— Rr) > D+ yx(Rr) | Fry))
k<n(Rr)

By (1.9), limp,too Ming<pn(ry) Yx(Rr) = 400 a.s. Therefore, we may use Lemma 4 to
establish upper and lower bounds for the probability of the maximum being larger than
D + yi(Rr), namely

<

Cy(r)"H{D+ yk(RT)}eXP{ - V2(D + yk(RT)} <1 - m)

<P[M(Ts—Rr)>D+yp(Rr) | Fr,] < (3.15)
< OY(r){D + y(Rr)yexp { = VD + yu(Rr) |
for T's — Ry > 8 > 0. Now write (3.15) as

Cy(r) e V2P o (Ry) + wi(Rr) < P[M(Ts— Ry) > D+ ye(Rr) | Fryl

< Cy(re V2P (Ry) + Q(Ry) | (3.16)

where

D R
wk(RT) = CD ’y(r)*lef\/iDef\/iyk(RT) (1 — M) (3.17)
_ —1,-v2D D + yx(Rr)
C o) e V2 sy () e
and

Qu(Rr)=C D ’y(r)e_‘/gDe_ﬁyk(RT) . (3.18)
EJP 18 (2013), paper 53. ejp.ejpecp.org
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Using that —a < In(1 — a) < —a + @?/2 (valid for 0 < a < 1/2) together with the bounds
(3.16), we obtain

exp | —Cy(n)e™V2PZ(Rr) — > Qu(Rr) | <P[M(T-5) <D | Fg,]
k<n(Rr)

< exp (—C’fy(r)_le_‘/iDZ(RT) — Z wi(RT)
k<n(Rr)

1 _\3D 2
+§ k<nZ(RT) {Cv(r)e zk(Rr) + Qk(RT)} ) (3.19)

Next we show that the only contribution in the limit of large times in the above upper
and lower bounds comes from the Z-terms. Regarding the terms involving Q4 (R7r) in
the lower bound, we note that

0< Y QuRr) =CDy(r)e V2PY (Ry),
k<n(Rr)

(3.20)

which is indeed vanishing by (1.9) in the limit 7" T oo To control the term involving
wi(Rr) in the upper bound, we first observe that

> Wk(RT)’§ > ’Wk(RT)’

k<n(Rr) k<n(Rr) (3.21)

supe(D + yi(Br))

< CDy(r) ™ e™VEP{Y (Rr) + Z(Rr)} ==

But this term vanishes in the large time limit, since Y(Rr) — 0 and Z(Rr) — Z, a.s., as
T 1 o0, again by (1.9). Moreover, one easily sees that one can choose x < co such that
supy, |yx(Rr)| < klog(Rr), a.s., and therefore

supy, (D + yx(Rr))

— 0. 3.22
Te — RT —Trr ( )

Thus, the wi(Rr) term in the upper bound vanishes in the limit T 1 co.
It remains to control the third term in the exponential on the r.h.s. of (3.19). Using
that (a + b)? < 2a% + 2b%, one gets

% > {Cvr)e 2Pz (fr) + ﬂk<RT>}2
k

< (C’Y(T)E*\/iD)2 (Z 2o(Rp)? JrZeQﬁyk(RT)) '
k

k

(3.23)

Clearly,

3 z(Rr)? < sup (yk(RT)%*ﬁyk(RT)) Y (Rr), (3.24)
k& k

which vanishes by (1.9). A similar reasoning shows that ), e~ 2V2ur(Rr) _ 0,

To summarize, the non-trivial contributions in (3.19) come from the terms involving
the random variable Z: taking the limit 7' 1 oo first and r 1 oo next (so that y(r) { 1),
implies that

lim PM(T-5) < D | Fry] = exp (-cze ), as. (3.25)
oo

This concludes the proof of Theorem 2. O
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4 The strong law of large numbers

This section is divided into two subsections. In Subsection 4.1 we analyse localiza-
tion properties of the paths of extremal particles. Localization of the paths has played
a fundamental role in [3] in the context of the genealogies of extremal particles. The
details of the proof of the law of large numbers are given in Subsection 4.2.

4.1 Preliminaries and localization of the paths

The following fundamental result by Bramson [11] provides bounds to the right tail
of the maximal displacement. (See also Roberts [26] for a different derivation). These
bounds are not optimal (in fact, Lemma 4 is an improvement), they are however suffi-
cient for our purposes here, and simpler.

Lemma 5. [11, Section 5] Consider a branching Brownian motion {z;(t)};<n(:. Then,
for0<y<t'/?andt>2,

PM(t) > y] <Ay +1)% v, (4.1)
where v is independent of t and y.

Next we recall a property of the paths of extremal particles established in [3]. This
requires some notation. For ¢t € R, and v > 0, we define

s 0<s<t/2
= 4.2
fr(s) {(t _97 ta<s<t. (4.2)

Choose
O<a<l/2<p<l, (4.3)

and introduce the time-t entropic envelope, and the time-t lower envelope respectively:

Foz,t(s)

+ | »

m(t) = fau(s), 0<s<t, (4.4)

and
m(t) — fau(s), 0<s<t, (4.5)

+ | »

Fg.1(s)

(m(t) is the level of the maximum of a BBM of length ¢). By definition,
Fgi(s) < Fau(s), 0<s<t, (4.6)

and
Fﬁ’t(o) = Fa,t(o) = O, Fﬁ,t(t) = Foéyt(t) = m(t) (47)

The space/time region between the entropic and lower envelopes will be denoted through-
out as the time-t tube, or simply the tube.

Given a particle k < n(t) which is at position x(¢) at time ¢, we denote by x4 (¢, s) the
position of its ancestor at time s € (0,¢). We refer to the map s — xx (¢, s) as the path of
the particle k. We say that a particle k is localized in the time ¢-tube during the interval
(r,t — r) if and only if

Fp.(s) <ap(t,s) < Fuu(s),Vse (rt—r). (4.8)

Otherwise, we say that it is not localized. The following proposition gives strong bounds
on the probability of finding particles which are, at given times, close to the level of the
maximum, but not localized.
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: regions with no control on paths

eT T

Figure 2: Maxima at different times 7, J are localized. The first shaded region is the
interval (0, rr), the second is (I — rr, I), the third is (J — r7, J).

Proposition 6. Let the subset D = [d, D] be given, with —co < d < D < oo. There exist
ro,0 > 0 depending on «, 5 and D such that forr > r,
sup P [3p<n(r) 7x(t) € D but 4(s, t) not localized during (r,t —r)] < exp (). (4.9)
t>3r
Proof. The bound (4.9) is obtained combining equations (5.5), (5.54), (5.62) and (5.63)
in [3, Corollary 2.6]. O

What lies behind the Proposition is a phenomenon of “energy vs. entropy" which
is fundamental for the whole picture. This is explained in detail in [3], but for the
convenience of the reader we briefly sketch the argument here.

As it turns out, at any given time s € (r,¢ —r) well inside the lifespan of a BBM, there
are simply not enough particles lying above the entropic envelope for their offspring to
make the jumps which eventually bring them to the edge at time . On the other hand,
although there are plenty of ancestors lying below the lower envelope, their position is
so low that again none of their offspring will make it to the edge at time ¢. A delicate
balance between number and positions of ancestors has to be met, and this feature is
fully captured by the tubes.

Take 0 = §(«, 3, D) as in Proposition 6. We pick r > r,(«, 3, D): we choose
rp = (20InT)Y/? . (4.10)

We now consider the maximum of the particles at a given time s € (Rr,T) that are also
localized during the interval (rr,s — r7). See Figure 2 for a graphical representation.
We denote this maximum by M. (s). With this notation, by Proposition 6 and the choice

(4.10),
1
0<P[M(s) € D] —P[Myc(s) € D] < T20" (4.11)
We pick Ry = 40 - rp, with r7 as in (4.10). This choice clearly satisfies Ry = o(\/T)
as required in Theorem 2. The choice of the prefactor is arbitrary: we only need that
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Rr > rp (for the localization of path on [Ry,T — Ry]) and a choice of Ry that ensures
summability in T' (as seen, e.g. in (4.11)). We assume henceforth without loss of gener-
ality that both 7" and T are integers.

4.2 Implementing the strategy
Recall that Theorem 3 asserts that

1 T
RestS’D(T) = T /T (]l{JVI(s)ED} —P [M(S) €D | ]:RT]) ds (4.12)

tends to zero a.s. for T' 1 oco. In order to prove the claim, we consider Restlso’%(T),
defined as Rest. p(7T) but with the requirement that all particles in D are localized:
1 e
Rest;j%(T) = T /T (]l{fwloc(s)ED} - P [M]OC(S) eD | FRT]) ds . (4-13)
g
We now claim that the large T-limit of Restle(fcp(T) and that of Rest. p(T') coincide
(provided one of the two exists, but this will become apparent below).

Lemma 7. With the notation introduces above,
Jim (RestE’D(T) - Restls‘f%(T)) ~0, a.s. (4.14)

Proof of Lemma 7. We have

1 T
Rest. o(T) — Rest%(T) = / (Liatoyeny — L{Mios(s) € D}) ds
eT

T
_% /T (1P [M(s) €D | Fry] — P [Mioo(s) € D | Fry )ds
= (D)re — (2)re. (4.15)

The proofs that limpt (1)7,e = 0 and limpyo (2)7,e = 0 (almost surely) are identical
and relies on an application of the Borel-Cantelli lemma. We thus prove only the first
limit. Let € > 0. By Markov’s inequality,

T
P[()re > < /T (P [M(s) € D]~ P [Mige(s) € D] )ds < o
@10 1 — ) '

€

which is summable in 7" (recalling that we assume T' € IN). Therefore, by Borel-Cantelli,
P [{(1)71,e > €} infinitely often] = 0. (4.17)

As the above holds for all ¢ > 0 we have that (1), converges to 0 as T' 1 co almost
surely, and concludes the proof of Lemma 7. O

The following result is the major tool to establish the SLLN for the term Restlsf%(T).
(By Lemma 7, this will then imply that the same is true for Rest. p(T)). The result is a
small extension of a theorem of Lyons [28, Theorem 1], where the statement is given
for the sum of random variables.

Theorem 8. Consider a process {X,}scr, such that E[X,] = 0 for all s. Assume fur-
thermore that the random variables are uniformly bounded almost surely. If

x| oef] <
0
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then

1
lim — Xsds =0, a.s. (4.19)
Ttoo T Jg

Proof. We suppose without loss of generality that sup, |X;| < 1. The extension to inte-
grals is straightforward. By the summability assumption, we can find a subsequence
Ty € N of times such that

%) 1 Ty 9
ZEH— X, dt‘ } < 0o (4.20)
o Tk o

where T 1 oo and Tx4+1/Tx — 1. (In our case, the expectation in (4.18) will decay
faster than e~ "7)° for some ¢ > 0, see Theorem 9 below. In particular, one can take
the subsequence T}, = exp(k'/?). For the general case, we refer to [28, Lemma 2] and
references therein.) Therefore by Fubini, the sum without the expectation is almost
surely finite, and we must have

1 [T
lim o X, dt — 0 a.s. (4.21)

It remains to show this is true for all 7' € IN. This is easy since the variables are bounded.
For any 7, there exists k such that T}, < T < Tj4;. Thus

1 Tr+s
ﬁ/ X, dt‘ . (4.22)

1 T 1 T
— X dt‘ < '— X dt’ + sup
’T/o Tk Jo Ti

1<s<Tg 1Tk

The first term goes to zero by the previous argument. The second term goes to zero
since

sup
1<s<T}41—Tk

1 [Tets Try1— Tk
1 X dt’ < KA Tk (4.23)
T /Tk K T

and Tk+1/Tk — 1. O
Note that
1 e
Rest%,(T) = T/ (1{Mioe(s)<D} — P [Mioc(s) < D | Fry]) ds
eT

T
- %/T (]l{MloC(s) < d} — P [Mioe(s) < d | Fry] )ds (4.24)

€

1 /T 1 /T
= 7/ XS{D}ds——/ X% s,
T eT T eT

with obvious notations. The goal is thus to prove that both integrals satisfy the as-
sumptions of Theorem 8. We address the first integral, the proof for the second being
identical. By construction, |X ;{D}] < 2a.s. forall s, and

E [XS{D}] ~0. (4.25)

It therefore suffices to check the assumption concerning the summability of correla-
tions. Let

~

Or(s,s) = E {Xgm -Xg,m} . (4.26)
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Note that by the properties of conditional expectation

Cr(s,5) =B | (L atp(s)<Dy — P [Mioc(s) < D | Fi,))
X (L Miue(s) <D} = P [Mioc(s') < D | fRTD]
(4.27)
=K <IP [Mloc(s) < Dleoc(Sl) <D | ]:RT]
-P [Mloc(s) <D | ]:RT] x P [Moc(s/) <D | FRT]>‘|'
We claim that
I TX<D>d2— ! Td Td’é !
Zf ’T PR 5’ _2Zﬁ - s i s'Cp(s,s’) < 00 (4.28)
T T

In order to see this, and proceeding with the program outlined at the end of Section 2,
we now specify the concept of times well separated from each other. Choose 0 < ¢ < 1
and split the integration according to the distance between s and s':

1 T T 1 T s+T¢ 1 T T
/ , )
T3 /ET ds/5 ds'(-) = T3 /ET dS/S ds'(-) + 3 /ET ds /SJrT5 ds'(+). (4.29)

The contribution of the first term on the r.h.s. above is negligible due to the uniform
boundedness of the integrand and to the choice 0 < £ < 1. We are thus left to prove
that the contribution to (4.28) of the second term in (4.29) is finite. The following is the
key estimate.

Theorem 9. There exists a finite T, such that the following holds for T' > T,: for some
€ > 0 not depending on T’ (but on the other underlying parameters), the bound

Cr(s,s') < e T (4.30)
holds uniformly for all s, s’ such thateT < s < s' < T and s’ —s > T¢.

Theorem 9 controls the decay of correlations at specific timescales. We have not
tried to derive optimal bounds. There is in fact a certain freedom in the choice of the
timescales, and certain choices are likely to yield better estimates. For the purpose
of checking the conditions in Lyons Theorem, the bounds established are more than
sufficient: they imply that the second term in (4.29) is at most 7 'e~("7)°, which is
summable over T by comparing to (T'InT)~! (recall that 7' is assumed to be an integer).
Theorem 3 therefore follows as soon as we prove Theorem 9. The proof of the latter is
somewhat lengthy, and done in the next section.

5 Uniform bounds for the correlations.

We use here I and J to denote the two times s, s’ from the statement of Theorem 9.
Cr(I,J) is the expectation of the random variable

ér(L,J) =P [Myoc(I) < D, Myc(J) < D | Fryl

(5.1)
—IP[M]OC(I) <D | fRT] X ]P[MOC(J) <D | fRT]'
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We rewrite these conditional probabilities using the Markov property of BBM, consid-
ering independent BBM's starting at their respective position at time R7 and shifting
the time by Rr. This requires some additional notation. Take

ITEI—RT,JTEJ—PLT7

and note that m(I) = m(Ir)++v/2Ir+0(1) as T 1 co. We consider the collection {yx(Rr) =
V2Rr — 2 (Rr) }k<n(ry) Where the {z)(Rr)} are the positions of the particles of the
original BBM at time Ryp.

Let {#;(Jr),! < n(Jr)} be a BBM starting at zero, of length .J;-, and of law P inde-
pendent of IP. We write ]\Zfloc(JT) for the maximum shifted by m(Jr) of this collection,
restricted to [’s whose paths (recall the notation introduced in Section 4.1) satisfy

/ !
ye(Br) + Sm(J) = fs(Re + ) < @(Jr.s) < yu(Re) + Fm(J) = fas(Br +5)
(5.2)
for 0 < s’ < Jr — rr, the “shifted" J-tube.
Similarly, M} (Ir) is the maximum shifted by m(Ir) of the positions of the particles
at time I with the localization condition

/ S/

yk(Rr) + Sfm(f) — fo.1(Rr + ') < &i(Ir,s") < yr(Rr) + Fm(J) = fa.s(Rr + s'),
(5.3)
for 0 < s’ < Iy — rp, the “shifted" I-tube.
(Note that the localization depends on k through the random variable yi(Rr)).
By the Markov property, the first conditional probability in ér (1, J) can be written in
terms of the shifted process just defined:

P [Mloc(l) < Dleoc(J) < D | ‘FRT}

= II P [#e(rr) < D+ yu(Ber), Mso(Jr) < D+ yi(Rr)]
k<n(Rr)

(5.4)

where the product runs over all the particles k’s at time R whose path is localized
in the intersection of the /— and J—tubes during the interval (rp, Rr). The restriction
to localized positions at time Ry is weaker and sufficient for our purpose: we thus
introduce the set of particles

A= {k: —1,...,n(Rr) : ys(Rr) € (R% O RE ¢ QT)} : (5.5)

(Here and henceforth, we will use Q21 to denote a negligible term, which is not neces-
sarily the same at different occurrences. In the above case it holds Q7 = O(InlnT) by
definition of the tubes). We thus get that (5.4) is at most

H P [Mllgc(IT) < D +yp(Rr), Mo (Jr) < D+ yk(RT)} . (5.6)
kEA

Let
plriy(Br)) = P | Miie(Ir) > D+ yu(Rr)| (5.7)

(analogously for Jr) and

oI, Jr;yi(Rr)) = P | Mo (I7) > D + yx(Rr) and Mioe(Jr) > D +yi(Rr)| . (5.8)
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Finally, define

Z(-iRr) = > ol ;u(Rr)), (5.9)
keA
2
R = 5 3 olripn(Be) + o(riu(Re) — oFr, Jrsye(Rr) ) 6.10)
kEA

Proposition 10. With the above definitions,
0 < ér(I,J) < Z(Ir, Jri Rr) + R, (5.11)
almost surely, for T' large enough.

P~roof. To simplify the notation, we drop here and henceforth the dependence on k in
M _. We have:

IIe [MIOC(IT) < D+ yr(Rr), Mioe(Jr) < D + yk(RT)}
keA
(5.12)

= exp{ 3" In[1 = p(Irsye(Br)) = o(Iri ye(Br)) + p(Irs Jrign(Rr))
keA

Note that forall k € A

o(Ir;yx(Rr)) <P { (Ir) > D+ yk(RT)} < ~y(1 +yr(Rr) + D)% ~V2(k(Rr)+D) | (5.13)

The first inequality holds by dropping the localization condition, the second follows from
(5). Therefore, this probability can be made arbitrarily small (uniformly in k) by choos-
ing T large enough. The same obviously holds for o(Jr;yx(Rr)) and p(Ir, Jr;yx(Rr)).
Choose T large enough so that

sup max{p(Ir;yr(Rr)), o(Jr; yu(R7)), o(I7, Jr; yx(Rr))} < 1/6. (5.14)

Coming back to (5.12) and using that

—a<In(l—a)<—a+a?/2 (0<a<1/2), (5.15)
(with a = p(I7;yr(R7)) + o(Jr;yn(Rr)) — 9o(I1; J7;yk(R7)), for k € A), we get that
(5.12) is at most

exp ( — /Z\(IT; RT) — Z(JT; RT) + Z(IT, JT; RT) + RT> . (5.16)

This is an upper bound for the first conditional probability in the definition of ér (I, J). A
similar reasoning, using this time the first inequality in (5.15), yields a lower bound for
the second term in ér (1, J), i.e, the product of the conditional probabilities. This gives

éT(I, J) S e—/Z\(IT;RT)—Z\(JT;RT) {eé(IT7JT§RT)+RT _ 1}7 (517)

almost surely for 7" large enough. Using that fora > 0, e* — 1 < a - €® shows that the
right-hand side of (5.17) is bounded from above by

¢~ Z(riRr)=Z(JriRr) (Z(IT, Jri Ry) + RT) 2, JriRr)+ R (5.18)

EJP 18 (2013), paper 53. ejp.ejpecp.org
Page 15/25


http://dx.doi.org/10.1214/EJP.v18-2082
http://ejp.ejpecp.org/

Ergodicity of branching Brownian motion

By construction, Z(Ir, Jr: Rr) < min { (Ir; Rr); Z(Ir: RT)}. This implies that

~ 1~ 1~
Z([T7 JT;RT) — §Z(IT,RT) — §Z(JT,RT) S O, (519)
and therefore
er(1,0) < (2(0r, Jr; By) + Ry ) R4 2Unikn =4 20nttn) (5.20)

To arrive at the claim of Proposition 10, it remains to get rid of the exponential on the
r.h.s. of the preceeding inequality. Using the bound (5.26) together with the definition
of Z and rearranging terms, we arrive at

Ry — %E(ITHRT) - %/Z\(JT§RT) < Y olriys(Rr)) (3@(IT;yk(RT)) - 1)

2
ke
1
+ kEZA JT,yk RT ) (3@(JT;yk(RT)) — 2)5.21)

In view of (5.13), there exists T' < oo such that for all kK € A:

<0. (5.22)

N | =

3p(Ir;yk(Rr)) — % <0, 3p(Jriyk(Rr)) —

Thus, for such T, all terms appearing in (5.21) are negative, and this implies that
ér(I,J) < Z(Ir, Jr; Rr) + R, (5.23)
concluding the proof of Proposition 10. O

Proof of Theorem 9. Taking expectation in Proposition 10, we first show that the expec-
tation of R by its expectation yields the the desired bound in Theorem 9. Indeed, using
that (a + b+ ¢)? < 4a? + 4b? + 4¢?, we get the upper bound

Rr =3 > (o(Ir; y(Rr) + o(Jr; ys(Rr)) — o(Ir, Jr; yr(Rr))?
hea (5.24)
<2Y " (p(r;yn(Rr))* + o(Jri ye(Rr))® + (Ir, Jr; yr(Rr))?) .
N
Moreover, ) )
pUr, Jriye(Rr)) < SoUriye(Br)) + 50(Jr; yr(Br))- (5.25)
Inserting this estimate into (5.24), we get
Ry < Z (3p(Ir; yk(Rr))” + 3p(Jr; yk(Rr))?) - (5.26)

ke

By (5.26), (5.13) and (5.5), and using the density of branching Brownian motion at
time Rr, we get that there is a constant x < oo such that for sufficiently large 7T,

E[Rr] < kE | Y yu(Rr)?e>/2e(0)

ke
RE4Q o 2 (5.27)
< RT/ N
< ke y“e e T
R%+QT \/2’/TRT
_ o _ /s
< kR%e V2RE — k(InT)?/ 0= rn D)7
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A particle (2)

particle (1)

ancestor

Ry

el

Figure 3: Time of branching before I. The first shaded region depicts the interval
(0,r7), the second (I —rp,I), etc.

It remains to prove similar estimates for E[Z(I7, Jr; Rr)] in order to prove Theorem 9.
Recall that

Z(Ir, Jri Rr) = Y o(Ir, Jri yr(Rr)), (5.28)
ke

and
o(Ir, Jr;yr(Rr)) = P | Mioo(I7) > D + yp(Rr) and Mioe(Jr) > D + yk(RT)] . (5.29)

By definition, (5.29) is the probability to find a particle of the BBM which has two
extremal descendants, particle (1) say, whose position is above m(It) + D + yx(Rr) at
time Ir, and particle (2), which lies above m(Jr) + D + yi(Rr) at time Jr. These two
particles also satisfy localization conditions on their paths. In other words, this is the
probability that the same ancestor &, with (relative) position yx(Rr), produces children
(1) and (2) which are extremal at time 7 and J. As these generations are well separated
in time, that is J — I > T (and thus also Jr — I > T¢), we may expect this probability
to be very small.

In order to see that this is indeed the case, split the probabilities according to
whether the most recent common ancestor of particles (1) and (2) has branched before
time It — rp (with r7 as in (4.10)), or after. We write this as

oI, Jriyr(Rr)) = o(Ir, Jr; yr(Rr); split before I — rr)
+ o(Ir, Jr; yi(Rr); split after I+ — rr).

(Figure 3 illustrates the first case). The second probability is in fact zero. Indeed, the
condition (5.2) implies that the ancestor of (2) at time I — rr lies at height which is at
most the level of the entropic envelope associated with J. Since J — I > T¢ and this
is easily seen to be way lower than the lower envelope of particle (1) associated with
time I. In other words, the localization tubes of particles (1) and (2) are disjoint if their
ancestor split after I — rr. Hence, the splitting of the ancestor of particles (1) and (2)
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can only happen before time I — rp:

Z(Ir, Jr; Rr) = > o(Ir, Jr;ye(Rr); split before It — rr), a.s. (5.30)
ke

Proposition 11. For some ¢ > 0 and T' large enough,

o(Ir, Jr;ye(Rr); split before It — rr)
. (5.31)
< ef(lnT)’yk(RT)G*\/i(yk:(RT)7

uniformly for all k € A and Iy, Jr as considered, almost surely.

The proof of this proposition is technical and postponed to Section 5.1. We show
how this provides the last piece for the proof of Theorem 9. This is straightforward: by
similar computations as in (5.27),

E | yr(Rr)e V2R | < xRy = &/ In(T)/?, (5.32)
ke

for large enough ' > 0 and recalling that by definition Ry = 40(In T)l/ %, This, together
with (5.31) implies

E | > o(Ir, Jr; yx(Rr); split before I — rp) | < xe” 1", (5.33)
ke

where € has been adjusted to absorb the log-term. Combining this estimate with (5.27),
the claim of Theorem 9 follows. O

5.1 Proof of Proposition 11

The claim is that
o(Ir, Jr; yx (Rr); split before I+ — rr)
(5.34)

< eIy (Rp)em VA,
holds uniformly for k£ € /. In order to prove this, we use a formula by Sawyer [31]
concerning the expected number of pairs of particles whose ancestor branched in the
interval (0, I — r) and whose paths satisfy certain localization conditions, say 7") and
T®) respectively. The expected number of such pairs is given by

ITf’I“T
KeIT /0 ds - €JT_s/dMs(y)]P {.13 € T((Ol,)é) N T((O2,)s) I J’J(S) = y}

2
x P {x € T((S{)IT) | z(s) = y} x P [a: € T((SLT) | z(s) = y] .

(5.35)

Here the probability P is the law of a Brownian motion z, and K = >, p;j(j — 1)
(with {p;} the offspring distribution). The time s is the branching time of the common
ancestor, and pus is the Gaussian measure with variance s. T((;),b) denotes the condition
on the path during the time interval (a, b).

A proof of this formula is given in [31, p. 664 and 686]. Sawyer counts the pairs of
particles for the same time, whereas our case concerns particles for two different times:
particle (1) at time Ir, and particle (2) at time Jr. The generalization of Sawyer’s
formula is straightforward, although a formal derivation is somewhat involved. The
reader is referred to the intuitive construction of the formula provided by Bramson [11,
p. 5641].
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Dropping the condition 7 in the first probability of (5.35) yields a simpler bound:

Ir—rr
(535)§Akh14 ds'e%*ﬁ/duxyﬂPLf€1ﬁ3f>Ix@)=y]

2
x P [z € T((S’)JT) | z(s) = y] .

(5.36)

Note that p(I7, J7; yx (Rr); split before I — rr) is by Markov’s inequality at most the ex-
pected number of pairs {(1), (2)} of particles which satisfy their respective localization
conditions with the common ancestor branching before time I — rr. By (5.36), it holds

that
o(Ir, Jr; y(Rr); split before It — rr)

ITf’I“T
< Ke’T/O ds - e']T’S/dus(y)lP [x € Ty | 2(5) = y] (5.37)

2
x P [a: € T((&)JT) | z(s) = y]

with 7™ and 7 being the shifted tubes defined in (5.2) and (5.3).

The idea is now to bound the second probability appearing in (5.37) uniformly in
y. This procedure has been introduced in Bramson [11, Lemma 11], and proved useful
also in [3, Theorem 2.1].

Lemma 12. It holds that
2
P [m € T((s,)JT) | z(s) = y}

5 g 5 (5.38)
< Q2 U= oxp (V2 s (Rr+5) — ol [ “2—2) — 2 Zmgp ),
’ 2 Jr 2 Jr

where Qr = O((InT)'/?%) as T 1 oo.

For the proof of Lemma 12 some facts concerning the Brownian bridge are needed.
Denoting a standard Brownian motion by x, the Brownian bridge of length ¢ starting
and ending at zero, is the Gaussian process

50(5) = 2(s) — ;:c(t), 0<s<t. (5.39)
The Brownian bridge is a Markov process, and it has the property that 3:(s),0 < s <tis
independent of z(t). This construction generalizes to the case where the endpoints of

the bridge are a,b # 0; we denote by 5ta’b) (s) such a process. The following is also well
known:

(a,b) (d) 8 s e
30 Cals)+ (1-3)a+ (5)b 0<s<t, (5.40)

with equality holding in distribution.

We now recall [3, Lemma 3.4] which deals with probabilities that a Brownian bridge
stays below linear functions; the proof is elementary and will not be given here.

Lemma 13. Let z1,20 > 0 and ri,ro > 0. Then fort > ri + ro,

P[gt(s)g (17§)21+§22, rlgsgtfrz}

t
2 (5.41)
< — 2(1;) + /T
<o 1L G0V,
where z(r1) = (1 — %) 21 + B2 and z(r2) = 2221 + (1 — 22) 2.
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Proof of Lemma 12. We begin by first writing explicitly the underlying conditions on
the paths. For f : R, — R,t + f(t) a generic function, we denote by f°(:) = f(S +-)
its time-shift by S > 0. We also shorten y(s) = v/2s — z(s), where x(s) = y as in (5.37),
and Jr s = Jr — s. We also set Qr = O(lnlnT'). Elementary manipulations lead to

P [x eT?, | a(s) = y] =P [(E), (5.42)

where (FE) is the event

> 3 Jr s
(B) = [20re) ZmlTre) + () + s () + DB v (B
Fy(t) <a(t) < Fi(), 0<t<Jrs—rr (E2)
where F}, F, are the entropic (resp. lower) envelopes of (5.2) shifted by s:
Fi(t) = yu(R —m(Jr) + —=—1In(J. Rr+s () 4+ Q
1(t) = yk( T)+y()+JTm( Hsz n(Jr) — fo 57 (1t) + Qr, o)

Fy(t) = ye(Rr) + y(s) + —m In(Jz) — FRTE () + O,

7 (Jr) +

2\/5 TT
with Q7 = O(InlnT'). By the very same localization, we also have a condition on z(s).
This reads

2(s) € (= S55()s = F75()) + ye(Rr) + V25 = In(Jx). (5.45)

fJ

For later use, we reformulate (5.45) into a condition on yk(RT) + y(s), namely:

yr(Rr) +y(s) € (ff,?(S); fﬁ?(s)) In(Jr). (5.46)

Q\f JT
We now construct an event (E’) 2 (FE). First, we drop the condition that the Brown-
ian path is required to stay above F,. Second, we replace the condition on F; by the
condition that the z-path remains, on the interval (0, Jr s — rr), below the line seg-
ment interpolating between (0, F1(0)) and (Jr s, F1(Jr,s)), see Figure 4 for a graphical
representation. We consider

2(J1,5) = mTr) +y(s) + 525 (22) + D+ y(Re) + Qr (B

(B') = (5.47)
2(t) < (1 - —) Fi(0)+ 7= Fi(Jrs)  0<t<Jrs—rr (E)
By construction,
P(E)] <P[(E)]. (5.48)
Let us put
3 Jr,
X(s,Jr) =m(Jrs) +y(s) + —=1In + D+ yx(Rr) + Qr
2V/2 JT
3 3 Jr. (5.49)
= V2Jr, — 1an+{1 ( >+ +yi(Ry) +Q }
e o JT y(s) +ye(Rr) + Qr
We write o
P[(E")] :/ P [(Ey)|2(Jrs) = X(s,Jr) + X i(dX), (5.50)
0
where [ is a Gaussian with variance Jr , and mean —X (s, Jr), i.e
pe (X+X(57JT))2) dX
dX) = — . 5.51
pax) = oxp (TR ) @31
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) particle (2) inm(J)

branching 1 J

RT eT

Figure 4: The path of an extremal particle at .J stays below the linear interpolation.

We now make some observations concerning the Gaussian density and the conditional
probability appearing in (5.50).

For the Gaussian density, we recall that Jr s = Jr —sfor 0 < s < Ip —rp < Ip.
Moreover, since Jr — It > T¢ and Jr > €T, we see that

—(1-&InT —Ine<In (JT) <0. (5.52)
Jr
And,
y(s) +yr(Rr) = o(Jr,s) (T 1 00), (5.53)

by (5.46). Therefore, combining (5.52) and (5.53) we have that X (s, Jr) = \/QJT,S +
o(Jr,s) as T 1 co. The Gaussian density can thus be developed as follows

[i(dX) = Jpee” /e e V2ATE) g (X)dX, (5.54)
where
Ar(s) = (8)—|—3ln(JT’S> +y(Rr) (5.55)
T =Y 2\/5 JT Yk T)» .
and
_XZ/QJT.S
gr(X) = eTe—ﬁ“WﬂX (1+Qp), (5.56)
T

wr =0(1)as T 1 oo, and Q7 = O(InlnT).
For the conditional probability appearing in (5.50), we observe that conditioning on
the event {x(Jr ) = X}, turns the Brownian motion involved in the definition of E, into

a Brownian bridge ending at the conditioning point:

P [(E}) | #(Jrs) = X(s,Jr) + X] = P[(E")], (5.57)
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where
144 t t
(B") = {VogthT,s—rT Cup,(t) < (1 Fi(0) + (FL(Jrs) — X(s,Jr) — X) }
T,s JT,S
= {Vo<t<J g 3 ()< 1= t Fi(0) + t (Qr — X)}
SUJT, s T T,s —_ JT’S JT’S b)

(5.58)
since by (5.44) one has Fi(Jr ) = Qr = O(InlnT'). We easily compute an upper bound
to the probability of the (E”')-event. By Lemma 13, putting there z; = F1(0) and 2o =
max{Qr — X;0}), it holds:

2
Jrs —rT

P((E")] < A0 (F2F0+ (1- 72 ) max{fn - X0} + vi7 )

JT’S JT,S
(5.59)

Since F1(0) = yi(Rr) + y(s) — fz,0(Rr + s) < Qr by the localization (5.53), and rp <«
Jrs =0(T), as T 1 oo,

2max{Qr — X;0} + /7
JT75 '

P[(E")] < (5.60)
Inserting the bounds (5.60) and (5.54) into (5.50), perform the integral over dX, we
immediately get that

P [(E')] < Qe JramV2Ar(s), (5.61)

for some Qr = O ((InT)¢). By (5.46) we may now bound Ar(s) from below, uniformly in
y(s): the upshot is

P[(E")] < Q%e /T exp | —V2fu,7(Rp +5) — §ln Jrs) 3.5 InJp ). (5.62)
’ 2 Jr 2 Jr

This is the uniform bound we were looking for and concludes the proof of Lemma 12. O
We finally give the

Proof of Proposition 11. Using the uniform bound provided by Lemma 12 in (5.37) and
integrating over u,(dy) we obtain

o(Ir, Jr; yr(Ryr): split before Iy — 1) < & - Qg - e!7 - P [m € T(%}T)}

ITf’I‘T 3 J _ 3 (5.63)
x/ ds - exp —\/ifaJ(RT—f—S)—*hl r—s _,ianT .

0 ’ 2 JT 2 JT

The term e/ P [33 € T((O1 )IT)} can be handled by considerations similar to those in the

proof of Lemma 12. The condition TV ) gives rise to the event

0,Ir
z(Ir) > m(Ir) + D + y(Rr), (5.64)
Fy(t) < z(t) < Fi(t), 0<t<Ip—rp. '
where ;
Fi(t) = yr(Rr) + I—m(IT) — 5+ Qr
r (5.65)

Fat) = el Br) + L-mlln) = £ () + .

(For some Q7 = O(InInT)). In particular, the probability of the event is bounded by the
probability that a Brownian motion stays below the linear interpolation of the points
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(0, F1(0)) and (Ir — rp, Fi(Ir — r7)) during the interval of time (0, I — rr) intersected
with the event x(I; — r1) > Fo(Ir — rr), that is:

t
P .f()(t) S T Fl(IT—TT)+ (1—

)F1(0)7 VOStSIT_TT7
T—Tr

It —rr
(5.66)

x([t — TT) Z FQ(IT — ’I“T)

t
Ir—rp

can be bounded above by P|x(I; — rp) > Fy(Ir — rr)| times the Brownian bridge prob-

Subtracting

(It — rr) and using the fact that z(l; — r7) > Fy(Ir — rr), the above

ability:

P dIr—rr (t) <

<7 (Fi(Ir —r7) — Fo(Ir — 7))
T =TT

t
+(1 )Fl(O),VOStSITT’T
Iy —rr

(5.67)
Now Fy(It — r7) — Fo(Ir — rp) < nR?, for some x > 0. Therefore the probability in
(5.67) can be bounded using Lemma 13 by
2K

RS Fy(0) = Y RS (yr(Rr) + D — R +Qr) . (5.68)
— It

2K
IT — Tt

Now, note that m(Ir) — m(Iz — rr) = v/2 rr + o(1). Therefore, for some « > 0,
FQ(IT — TT) — m(IT — ’I“T) > yk(RT) +Krr. (5.69)
A standard Gaussian estimate thus yields for some ¢ > 0,

P x(lt — ’I“T) — m(IT — ’I“T) Z FQ(IT — ’I“T) — m(IT — TT)]
(5.70)
< H(IT _ TT)e—\/iyk(RT)ef(lnT)‘.

A combination of the above equation and (5.68) gives a bound of the desired form (5.31).
It remains to provide a similar bounds for the integral in (5.63). We first write

Ir—rp IT/2 Ir—rr
/ - / + / . (5.71)
0 0 Ir/2

For the first integral, since s < I / 2, we have

Jr=8) (1o S L
ln( I )111(1 JT>ZIH<2> (5.72)

hence, up to irrelevant numerical constant, the contribution of the first integral is at
most

IT/2 [e% o0 [e% €

Q?p/ dse~V2(Br+s) < Q?T dse=V2s < e~ V2R% (5.73)
0 Rt

for some ¢ > 0 small enough. The contribution of the second integral is sub-exponentially

small (in 7). To see this, recall that Jr — Iz > T¢ and s € [I1/2, I7 — 7|, thus for some

k1 < 0 < Ko,
JT—S

K1 1nT§ln< > < kolnT (5.74)

T
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implying that the second integral is, for some x > 0, at most

Ir—rr (6) NG)
T"”"/ e V2fas(Brts) s < Tre=T" < =T (5.75)
IT/2

for some 6(6), e(M > 0. This is obviously much smaller than the first contribution (5.73).
Therefore, summing this up,

@(IT, JT; yk(RT); Spht before IT — TT)

. (5.76)
< (1nT)Ee*(1“T)'yk(RT)e*\/iyk(RT).

We can now adjust the value of ¢ to absorb the log-term. This concludes the proof of

Proposition 11.

O

References

[1] E. Aidekon, Convergence in law of the minimum of a branching random walk, Ann. Probab.,
to appear

[2] E. Aidekon, J. Berestycki, E. Brunet, and Z. Shi. The branching Brownian motion seen from
its tip, Probab. Theory Relat. Fields, DOI 10.1007/s00440-012-0461-0.

[3] L.-P. Arguin, A. Bovier, and N. Kistler, The genealogy of extremal particles of branching
Brownian motion, Comm. Pure Appl. Math. 64: 1647-1676 (2011) MR-2838339

[4] L.-P. Arguin, A. Bovier, and N. Kistler, Poissonian statistics in the extremal process of branch-
ing Brownian motion, Ann. Appl. Prob., 22: 1693-1711 (2012). MR-2985174

[5] L.-P. Arguin, A. Bovier, and N. Kistler, The extremal process of branching Brownian motion,
Probab. Theory Relat. Fields, DOI 10.1007/s00440-012-0464-x.

[6] D.G. Aronson and H.F. Weinberger, Nonlinear diffusion in population genetics, combustion
and nerve propagation, in Partial Differential Equations and Related Topics, ed. J.A. Gold-
stein; Lecture Notes in Mathematics 446: 5-49, Springer, New York (1975). MR-0427837

[7]1 D.G. Aronson and H.F. Weinberger, Multi-dimensional nonlinear diffusions arising in popu-
lation genetics, Adv. in Math., 30: 33-76 (1978). MR-0511740

[8] E. Bolthausen, ]J.-D. Deuschel, and G. Giacomin, Entropic repulsion and the maximum of the
two- dimensional harmonic crystal, Ann. Probab. 29: 1670-1692 (2001) MR-1880237

[9] E. Bolthausen, J.-D. Deuschel, and O. Zeitouni, Recursions and tightness for the maximum of
the discrete, two dimensional Gaussian Free Field, Electron. Commun. Probab. 16: 114-119
(2011) MR-2772390

[10] A. Bovier and I. Kurkova, Derrida’s generalized random energy models. 2. Models with
continuous hierarchies. Ann. Inst. H. Poincare. Prob. et Statistiques (B) Prob. Stat. 40: 481-
495 (2004). MR-2070335

[11] M. Bramson, Maximal displacement of branching Brownian motion, Comm. Pure Appl. Math.
31: 531-581 (1978) . MR-0494541

[12] M. Bramson, Convergence of solutions of the Kolmogorov equation to travelling waves,
Mem. Amer. Math. Soc. 44, no. 285, iv+190 pp. (1983) MR-0705746

[13] M. Bramson and O. Zeitouni, Tightness of the recentered maximum of the two-dimensional
discrete Gaussian Free Field, Comm. Pure Appl. Math. 65: 1-20 (2012) MR-2846636

[14] E. Brunet and B. Derrida, Statistics at the tip of a branching random walk and the delay of
traveling waves, Eurphys. Lett. 87: 60010 (2009).

[15] E. Brunet and B. Derrida, A branching random walk seen from the tip, J. Stat. Phys. 143:
420-446 (2010). MR-2799946

[16] B. Chauvin and A. Rouault, Supercritical Branching Brownian Motion and K-P-P Equation in
the Critical Speed-Area, Math. Nachr. 149: 41-59 (1990). MR-1124793

EJP 18 (2013), paper 53. ejp.ejpecp.org
Page 24/25


http://www.ams.org/mathscinet-getitem?mr=2838339
http://www.ams.org/mathscinet-getitem?mr=2985174
http://www.ams.org/mathscinet-getitem?mr=0427837
http://www.ams.org/mathscinet-getitem?mr=0511740
http://www.ams.org/mathscinet-getitem?mr=1880237
http://www.ams.org/mathscinet-getitem?mr=2772390
http://www.ams.org/mathscinet-getitem?mr=2070335
http://www.ams.org/mathscinet-getitem?mr=0494541
http://www.ams.org/mathscinet-getitem?mr=0705746
http://www.ams.org/mathscinet-getitem?mr=2846636
http://www.ams.org/mathscinet-getitem?mr=2799946
http://www.ams.org/mathscinet-getitem?mr=1124793
http://dx.doi.org/10.1214/EJP.v18-2082
http://ejp.ejpecp.org/

Ergodicity of branching Brownian motion

[17] D. Carpentier and P. Le Doussal, Glass transition of a particle in a random potential, front
selection in nonlinear renormalization group, and entropic phenomena in Liouville and sinh-
Gordon models, Physical Review E63:026110 (2001); Erratum-ibid.E73:019910 (2006).

[18] B. Derrida and H. Spohn, Polymers on disordered trees, spin glasses, and travelling waves,
J. Statist. Phys. 51: 817-840 (1988). MR-0971033

[19] A. Dembo, Simple random covering, disconnection, late and favorite points, Proceedings
of the International Congress of Mathematicians, Madrid, Volume III, pp. 535-558 (2006)
MR-2275695

[20] A. Dembo, Y. Peres, J. Rosen, and O. Zeitouni, Cover times for Brownian motion and random
walks in two dimensions, Ann. Math. 160: 433-464 (2004) MR-2123929

[21] R.A. Fisher, The wave of advance of advantageous genes, Ann. Eugen. 7: 355-369 (1937).

[22] Y.V. Fyodorov and J.-P. Bouchaud, Freezing and extreme-value statistics in a random energy
model with logarithmically correlated potential, J. Phys. A 41 372001 (2008). MR-2430565

[23] S.C. Harris, Travelling-waves for the FKPP equation via probabilistic arguments, Proc. Roy.
Soc. Edin., 129A: 503-517 (1999). MR-1693633

[24] D. A. Kessler, H. Levine, D. Ridgway, and L. Tsimring, Evolution on a Smooth Landscape, ]J.
Stat. Phys. 87: 519-544 (1997).

[25] A. Kolmogorov, I. Petrovsky, and N. Piscounov, Etude de I’équation de la diffusion avec crois-
sance de la quantité de matiére et son application a un probleme biologique, Moscou Uni-
versitet, Bull. Math. 1: 1-25 (1937).

[26] M. I. Roberts, A simple path to asymptotics for the frontier of a branching Brownian motion,
Ann. Probab., to appear

[27] S.P. Lalley and T. Sellke, A conditional limit theorem for the frontier of a branching Brownian
motion, Ann. Probab. 15: 1052-1061 (1987). MR-0893913

[28] R. Lyons, Strong laws of large numbers for weakly correlated random variables, Michigan
Math. J. 35: 353-359 (1988) MR-0978305

[29] H.P. McKean, Application of Brownian Motion to the equation of Kolmogorov-Petrovskii-
Piskunov, Comm. Pure. Appl. Math. 28: 323-331 (1976). MR-0400428

[30] S. Munier and R. Peschanski, Traveling wave fronts and the transition to saturation, Phys.
Rev. D 69 034008 (2004).

[31] S. Sawyer, Branching diffusion processes in population genetics, Adv. Appl. Prob. 8: 659-689
(1976) MR-0432250

Acknowledgments. Nicola Kistler gratefully acknowledges discussions with Eric Brunet
and Bernard Derrida.

EJP 18 (2013), paper 53. ejp.ejpecp.org
Page 25/25


http://www.ams.org/mathscinet-getitem?mr=0971033
http://www.ams.org/mathscinet-getitem?mr=2275695
http://www.ams.org/mathscinet-getitem?mr=2123929
http://www.ams.org/mathscinet-getitem?mr=2430565
http://www.ams.org/mathscinet-getitem?mr=1693633
http://www.ams.org/mathscinet-getitem?mr=0893913
http://www.ams.org/mathscinet-getitem?mr=0978305
http://www.ams.org/mathscinet-getitem?mr=0400428
http://www.ams.org/mathscinet-getitem?mr=0432250
http://dx.doi.org/10.1214/EJP.v18-2082
http://ejp.ejpecp.org/

	Introduction
	Outline of the proof
	Almost sure convergence of the conditional maximum
	The strong law of large numbers
	Preliminaries and localization of the paths
	Implementing the strategy

	Uniform bounds for the correlations.
	Proof of Proposition 11

	References

