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Abstract

The exit time and the exit location of a non-Markovian diffusion is analyzed. More
particularly, we focus on the so-called self-stabilizing process. The question has been
studied by Herrmann, Imkeller and Peithmann in [6] with results similar to those
by Freidlin and Wentzell. We aim to provide the same results by a more intuitive
approach and without reconstructing the proofs of Freidlin and Wentzell. Our argu-
ments are as follows. In one hand, we establish a strong version of the propagation
of chaos which allows to link the exit time of the McKean-Vlasov diffusion and the one
of a particle in a mean-field system. In the other hand, we apply the Freidlin-Wentzell
theory to the associated mean-field system, which is a Markovian diffusion.
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Introduction

The questions that we address in this paper are about the pathwise asymptotic be-
havior of a particular class of inhomogeneous diffusions:

t
X::Xo-f-\/gBt—/ be(S,Xse)dS.
0

We study here the so-called self-stabilizing process. The term “self-stabilizing” comes
from the fact that each trajectory is attracted by the whole set of trajectories in the
following sense:

be(t,x) == VV(z) + E{VF (z — X{)} .

The model is detailed subsequently. Let us present what we denote by exit problem. We
consider a domain P ¢ R¢ and we introduce

S(e):=inf{t >0 | X;eD}
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Exit problem

the first hitting time of X € in the domain D. Then, we define
T(e) :==inf {t > S(e) | X ¢ D}

the first exit time of X ¢ from the domain D. The exit problem consists of two questions.
What is the exit time? What is the exit location?
In the small-noise limit, the questions become:

1. What is the exit time 7(¢) for € going to 0?
2. What is the exit location Xj(g) for € going to 0?

The subject of this article is to study these questions. They have been solved by Freidlin
and Wentzell for homogeneous difffusions. See [5, 4] for a complete review. Let us
briefly present their results. We study the diffusion

t
a:jzxo—l—\ﬁﬂt—/ VU (z5)ds.
0

U is a C*™-continuous function from R* (¢ > 1) to R and § is a Brownian motion in
R*. ag is a minimizer of U and G is a domain which contains ag. Under easy to check
assumptions (which are detailed in Appendix A), for all 6 > 0, the following Kramers’
type law holds:

li_r)I%)IP{eXp [i (H—é)} < 7(€) < exp [Z(H—&-é)]} _1.

€

Here, the exit cost is H := i%fg U(z) — U(ap). We immediately remark that H =
zE

1
3 1ir% € log {7(€)}. Moreover, the exit location is near the points of the boundary which
e—

minimize U. Indeed,
e—0

if N C 0D is such that 1é1/{[ U(z) > H.

Let us note that we also have results if we replace Brownian motion by a Lévy pro-
cess, see [11, 10].

Let us present more precisely the model studied in the article. Let X be an element
of R%, d > 1. We consider the McKean-Vlasov diffusion

{ X§ = Xo+/eB, — [y VW (XE) ds (0.1)

W=V +Fxul =V +FxL(Xf)

The star in the previous line corresponds to a convolution and u; is the own law of the
diffusion X ¢ at time ¢. Let us point out that E {VW{ (X5)} is not equal to E{VV (X{)}.
Itis equal to E{VV (X;) + VF (X7 — Y,*)} where Y* is an independent version of X¢.

Since the own law of the process intervenes in the drift, this equation is nonlinear,
in the sense of McKean. Three terms generate the dynamic. The first one is a Brownian
motion B in R? with intensity 5d. It allows X€ to visit the whole space. The second
force describes the attraction between one trajectory ¢ — Xf(wo) and the whole set of
trajectories. Indeed, we notice: VF * uj (Xf(wo)) = [ cq VF (Xf(wo) — X (w)) dP (w)
where (Q, F,P) is the underlying measurable space. Consequently, we say that F' is the
interaction potential. The last term is V/, the so-called confining potential. It forces the
diffusion to move to the minimizers of V. These three forces are concurrent.

As a first observation, we note that the future of the couple (X¢; u€) is independent
of its past if its present is known. However, the diffusion X ¢ is not Markovian since the
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past intervenes in the drift VW through the law wug. This kind of processes were intro-
duced by McKean. The reader is referred to [14]. X corresponds to the hydrodynamic
limit of the interacting particle system:

ZiN = Xo + /eB; — / VvV (ZeN) ds — %Z/ VF (25N — 259N) ds
0 =170

forall 1 < i < N. The N Brownian motions are supposed independent and B! = B.
Each particle is attracted by the whole set of particles. We call this a mean-field system.
The drift which intervenes in each diffusion Z<** can be written similarly to the one of
the self-stabilizing diffusion (0.1):

N
. 1
WeN =V 4 F« (Nzcszf,m) : (0.2)
=1
1
Heuristically, the empirical law N Z i~ of the system converges to u; as N tends
i=1

to 0. This phenomenon is called propagation of chaos.
Under some hypotheses on V' and F, the self-stabilizing diffusion X¢ corresponds to
the limit for large N of the first particle Z¢!"V in the following sense:

2
lim E< sup HXt6 — Zte’l’NH =0
N—oo0 te[0;T)

forall T € Ry. See [15, 1, 12, 13, 3]. Proofs of the classical results on propagation
of chaos are in Appendix B. The mean-field system is Markovian. Indeed, by denoting
zelN = (ZzeWN ... ZeNN) BN = (B',.-- ,BY) and 2§ := (Xo, -+, Xo), equation
(0.2) can be rewritten

t
zeN = zZV 4 \JeBN — N/ VYN (28N) ds (0.3)
0

where the potential TV is defined by
1 ;] NN
N — , 7.
™ (2) .7N;V(Zj)+2N2;;F(Zl Z;) (0.4)

for all Z := (Z1,---,2n) € (Rd)N. Then we can apply Freidlin-Wentzell results to
the homogeneous diffusion Z5~. We note that the exit problem of Z¢"" from D is
equivalent to the one of ZV from D x R¥™~1)_ A strong version of the propagation of
chaos allows then to link the exit time of X¢ from D and the one of Z¢"V from D.

Let us briefly recall some previous results on McKean-Vlasov diffusions. The exis-
tence and the uniqueness of a strong solution X€ on R, for equation (0.1) has been
proved in [6] (Theorem 2.13). The asymptotic behavior of the law has been studied in
[3, 2] (for the convex case) and in [16, 18] in the non-convex case by using the results
in [7, 8, 9] about the non-uniqueness of the stationary measures and their small-noise
behavior.

The exit problem of self-stabilizing processes has already been solved if both V and
F' are uniformly strictly convex, see [6]. The authors follow and extend the method of
Freidlin and Wentzell. The difficulty is the lack of Markov property. Indeed, in inho-
mogeneous diffusions, the first exit time and the second exit time can not be identi-
fied up to a shift. However, if V and F' are uniformly strictly convex that is to say if
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inf Hess V(z) > 6> 0and inf Hess F(z) > a > 0, they prove a Kramers’ type law. The
zeR® zeR

exit time 7(e) of X from a domain D satisfies the limit:

E%P{exp E (= —5)} < 7€) < exp E (H+6)]} —1

for all § > 0. Here, H := iarg (V 4+ Fxd,,) — V(ag) where ag is the unique minimizer of
V. They also provide a result on the exit location which is similar to the one of Freidlin-
Wentzell. They also give an example of the influence of self-stabilizing term on the exit
location.

This paper proposes a new simpler and more intuitive approach of the problem.

The article is organized as follows. First, we present the assumptions on the poten-
tials and the definitions. Then, the uniform boundedness of the moments is established.
This justifies the assumptions on the domain D. The main results are written in the
end of Section 1. In the second section, the exit problem of the particle Z¢"" is ad-
dressed by applying classical Freidlin-Wentzell theory. The third section deals with a
new version of the propagation of chaos. Finally, the main results are proved.

The article contains also two appendixes. One deals with the results and the hy-
potheses of the Freidlin-Wentzell theory and the other one presents the classical results
on the propagation of chaos, including the proofs.

1 Preliminaries and main results

First, let us denote by || .|| the euclidian norm on R%: |[z||* := Zle 22 for all z =
(w1,--- ,24) € R The associated distance is d.
We assume the following properties on the confining potential V:

(V-1) V is a smooth function from R? to R.
(V-2) V is uniformly strictly convex: HessV > 6 > 0.
(V-3) The unique minimizer of V' is 0 and V(0) = 0.

We would like to point out that the aim of the hypothesis (V-3) is just to simplify the
writing. Indeed, if the point of the global minimum is ag # 0, it is sufficient to consider
the diffusion X := X — ao and the potential V := V(. + ag) — V(ap). An immediate
consequence of (V-1)-(V-3) is the following inequality:

(z: VV(z)) > 0|z]> forall z e R%. (1.1)
Let us now present the assumptions on the interaction potential F':
(F-1) There exists a function G from R to itself such that F(z) = G (||z]]).
(F-2) @ is an even polynomial function such that deg(G) =: 2n > 2.
(F-3) G is convex.
(F-4) G(0) =0.
Let us note that (F-1)-(F-4) imply

/ n o ~(2k)
_ G =) G (0) PSS

22k — 1)
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Since the initial law is a Dirac measure, we know that there exists a unique strong
solution X°€ to the equation (0.1), see Theorem 2.13 in [6] for a proof. Moreover:

sup E{||Xﬂ|2p}<oo (1.2)
teR 4

for all p € IN*. We immediately deduce the tightness of the family (u§)t€R+.

. . N
We now present some notations concerning the space (R%)" =: R4,

Definition 1.1. 1. Forall Z = (Z,,--- , Zy) € R?, we define the following norm:

L b
Zl|| =4 = ZiIP s
N2 {Niz_;ll | }
2. For all k > 0, we introduce the ball:
BY .= {ZeRdN’ A <m}.

3. Finally, for all z € R, the vector (z,--- ,z) € R is denoted by 7.

We remark that |||Z]|| = ||z|| for all z € R%. In order to simplify the writing, we use
the following terminology in the whole article:

Definition 1.2. Let G be a subset of RF and let U be a C*°-continuous function from R*
to R. For all z € R*, we consider the dynamical system

V() = —/0 VU (¢s(z)) ds.

We say that the domain G is stable by —VU if the orbit {i;(z); t € R4} is included in G
forallx € G.

We now establish an important result about the moments of X¢. Indeed, since these
moments intervene in the drift, the asymptotic behavior (deterministic) of the law uy is
related to the asymptotic behavior (probabilistic) of the trajectories. Moreover, it allows
to understand what are the relevant sets from which we shoud study the exit problem.

Proposition 1.3. 1. The 2n-moment is uniformly bounded:

n n 2n —1\" n
sup 1E{||X;||2 }gmax{||X0|2 ;< - > ¢ } (1.3)

teR 4

2. For all kK > 0 and ¢ > 0, we introduce the deterministic time
T.(€) := min {t >0 \ E {||X;||2”} < n%} .

k20
2n—1"

Fore < we have the inequality:

1 n
T.(e) < | Xol|*" . (1.4)

— nlk2n |

3. Moreover, for allt > Ty (¢), E {|\Xf||2"} < K™,

EJP 17 (2012), paper 76. ejp.ejpecp.org
Page 5/26


http://dx.doi.org/10.1214/EJP.v17-1914
http://ejp.ejpecp.org/

Exit problem

Proof. 1. After applying the It6 formula and integrating, we obtain
t
e112n 2n e(12n—2 €
I = 10l + 2 [ (X207 (X s )
t
— o [P { X OV (00) + (X8 VF s (X0) s
0
t
+n(2n — 1)6/ |XE|)*" 2 ds.
0
We put &.(t) :=FE {||X§||2"}. The previous equality implies:

€)= —2nB {IXEIP2 (X5 5 vV (X)) |
— 20 {|| X717 (X7 5 VE i (X0) | + 20— DeB {1 X707}
=: ac(t) + be(t) + ce(t).
By definition, the second term b.(¢) can be written as
be(t) = B [IXEIP" 2 (X7 5 VF (X) = ¥9)]

where Y€ is a solution of (0.1) independent from X€¢. We can exchange X°¢ and Y°.
Thereby, by using (F-1)-(F-4), we get:

G (1% = Y1) /e
b(t) = E{ — 2t ~ 2 [V /) xe X&: XE—Y¢
(0= { S (a2 e xe - ve)

e (S ¥

_ bedlb e 2n—2_Ye ye 2n—2 | Xe_y6> )
S Ty X I e X -

This last term is nonnegative. Indeed, the Cauchy-Schwarz inequality implies
2n—2 2n—2 2n—1 2n—1
(allzlP" 7 =yl 2 = ) = (el = [y (el = [yl = 0

for all z,y € R?. Therefore, we obtain b.(t) = E {|\X§||2"71 VF xug (Xf)} > 0.
Moreover, inequality (1.1) implies

ac(t) = B{Ilx;1P" 2 (x5 vV (X0)] = 0B {|1X1P" ) = 06

Hence, by using Jensen inequality, we deduce c.(t) < n(2n — 1)e€.(t)'~ 27 . By combining
results on a(t), b.(t) and c.(t), we obtain

€L(t) < —206.(t) + n(2n — ()~

< 2o, 0+ {0t - B 2Ded (1.5)

AN

Inequality (1.3) is an obvious consequence of (1.5).

2. From now on, we take € < 2’;‘12_01. This implies %z > (2”27;1)5. Consequently, for all
t < T,;(e), we have
1 2n — 1)e
A
We obtain from (1.5):
—&(t) > nbr>".
EJP 17 (2012), paper 76. ejp.ejpecp.org
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By definition, if £ (0) = E {||X0||2"} > k20,

T,{(e) TH(E) 9
/ nOk*"dt < / —EL(t)dt = £.(0) — k2™ < || Xo[*" .
0 0

(1.4) immediately holds.

2n —1 "
3. Finally, for all T > 0, (1.5) implies sup & (t) < max {fé(T) ; <(n29)6> } Then, for
t>T

all t > Tp(e),

E {I\Xt||2n} < max{ge (Tie(€)) ; <(2”2_91)6>"} < K2

O

This means that the self-stabilizing process tends to be trapped in a ball with center
0. This result concerns the law u{ and not the trajectories t — X¢(w). But it points out
the importance of §; in the study. Indeed, Proposition 1.3 implies

lim lim sup I {||Xf||2"} = 0.
=0 {00 )

Consequently, the relevant sets for the exit problem of the McKean-Vlasov diffusions
are the ones which contain the attractive point 0.

Remark 1.4. In Proposition 1.3, we established the uniform boundedness of the mo-
ment of degree 2n. We would like to point out that we can prove

2p —1\?
sup E{||X§||2p}§max{|X0|2p; < p29 ) ep}
tGIR,+

for allp € IN.
We now give the assumptions on the domain D.

Assumption 1.5. We consider the dynamical system

t
v = Xo —/ VV (¢s)ds
0

where X)) is introduced in (0.1). There exists Ty > 0 such that {¢ 1,1+ ; t > 0} is included
in D and the orbit {¢; ; 0 <t < Ty} is included in D°.

We point out that the domain D is not necessary stable by —VV.
In order to heuristically understand this assumption, let us consider the dynamical
system

t
zN :XT)*N/ VYN (2Y) ds (1.6)
0

where TV is defined in (0.4). We remark that Z is equal to @; for all + > 0. Then, by
Assumption 1.5, the orbit {Z} ,,; t € Ry} is included in DV € D x R¥V -1,

Let us note that this assumption is weaker than Assumption 4.1.i) in [6]. We now
present the other hypothesis:

Assumption 1.6. The open domain D is stable by —VV — VF =: —=VW.

This hypothesis is natural according to Proposition 1.3. Indeed, the law uj is as close
as we want to Jp. Consequently, the drift VV +V Fxus is close to VV+V %y = VV+VF.
Next, we define the exit cost.
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Definition 1.7. The exit cost of a bounded domain D which contains 0 is
= W
with W(z) :=V(2) + F(z).
We now give an example of a domain satisfying both Assumptions 1.5-1.6.

Lemma 1.8. For all H > 0, the domain Ky := {z € R? | V(z)+ F(z) < H} satisfies
Assumptions 1.5-1.6. Moreover; its exit cost is H.

Proof. Assumption 1.6 is obviously verified since Ky is a level set of the potential V + F
and its exit cost is H by definition.

Let us prove the first hypothesis. We take any = € R¢ and we consider the dynamical
system

sﬂt(w)zx—/o VV (ps(x))ds.

Since V is convex, ¢:(x) converges to 0 so there exists 7; > 0 such that the orbit
{pi(x) ; t <Tp} is included in K. Let us show {p(z) ; ¢t > Tp} C Ky. For this, it is
now sufficient to establish that Ky is stable by —VV:

%W(%(x)) = —(VV(pe(2)); VV(pi(2))) — (VV(pe()) ;s VF(p1(2)))
_ NP — N - o () @ Ulee(@)])
— 9V (DI = (V¥ (o) ule) LA
< —[VV(gi(@)I]* = 0G" ([lee()]]) [|e(2)]| < 0.
This finishes the proof. O

Before giving the main results of the paper, we recall a simple fact.

Lemma 1.9. YV admits exactly one critical point: 0. Moreover, it is the point of the
global minimum.

The proof is similar - up to some details due to the dimension d - to the one of
Proposition 2.1 in [19]. Thereby, it is left to the reader.

Let us now provide the two main results.
Theorem: We consider a function V which satisfies (V-1)-(V-3), a function F' which
satisfies (F-1)-(F-4). Under Assumptions 1.5-1.6, for all ¢ > 0, we have the limit:

lim P {exp E (H_g)] < 7(e) < exp E <H+5)H —1

with H := ir(lst W (z) where the potential W is defined as W (z) := V(z) + F(z). Let N
z€
be a subset of 0D such that inf W(z) > inf W (z). Then:
zeN z€0D

lim P { X2, € N} =0.

e—0
Let us note that this result is stronger than the one in [6] since we do not assume that
the domain D is stable by —VV.
Theorem: We consider a function V which satisfies (V-1)-(V-3), a function F' which

satisfies (F-1)-(F-4). Let H and p be two positive real numbers. For all § > 0, there exist
Ns € IN* and €5 > 0 such that:

sup sup P sup HXffo’l’NH >ps <6.

N>Ngs e<es OStSCXp[%]
This result establishes that - in the small-noise limit - the particle Z"" is a good ap-
proximation of the McKean-Vlasov diffusion, even in the long-time.
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2 Exit problem of the first particle

In this section, we study the exit problem of the diffusion Z¢'"V from the domain D
with large N and small . We recall the equation satisfied by each particle

ZoN =X + /eB! —/ VV (Z&9N) ds
0

N t
1 €,1,IN €,j,N
_NZ/O VF (25N — Z&3N) ds .
=1
And the whole system 2V := (Z&LN ... Z&N.N) verifies
¢
zoN = X+ VeBY —N/ v (20N ds
0

where the potential TN is defined in (0.4). We observe that the exit problem of ZeLN
from D is equivalent to the one of Z¢V from D x RUN-1_ Furthermore, the diffusion
Z4N is homogeneous.

The domain D satisfies Assumptions 1.5-1.6. However, nothing ensures us that the
domain D x R¥N-1) satisfies Assumption A.1, described in the appendix. Assumption
A.2 is obvious since the potential T is convex due to the convexity of both V and F.
It is then necessary and sufficient to prove the stability of D x R“Y-1) by —NVYTV for
applying the Freidlin-Wentzell theory. We recall that the notion of “stable by” has been
introduced in Definition 1.2.

As remarked previously, the drift term —VV — VF xu¢ is close to —VV — VF x§, for s
sufficiently large. The propagation of chaos implies that —VV — VF % (% Zjvzl (SZ;,J',N>
tends also to —VV — VF x §y. Heuristically, since D is stable by —VV — VF, we can
imagine that it is stable by —VV — VF x v for all the measures v sufficiently close to dg.
This would imply that (D x R*¥~1) BY is stable by —NVY¥ for x sufficiently small.

Of course, this does not have any reason to be true. Consequently, we consider two
sequences of sets which frame the domain and which satisfy Assumption 1.6. Let us
consider k > 0. We recall that 2n = deg(G), see (F-1)-(F-2).

Definition 2.1. 1. B> denotes the set of all the probability measures 1 on R¢ satisfying
Jra |l2]*" pl(dz) < K2m.

2. For all the measures ji, W, is equal to V + F x p.

3. Forallv € (]Bgo)]R+ =: M and for all z € R?, we also introduce the dynamical
system:

Vi (v) =2 — /0 VW, (W% (x))ds.

4. Let r be an increasing function from R to itself such that r(0) = 0. This function
is chosen subsequently, see Section 3. For all k > 0, we introduce the following two
domains:

D= {oeD |l inf 401D > (o) @.1)

and D, = {¢g(z) | £>0,ve M, d(z, D) < r(n)} . (2.2)

Obviously, for all £ > 0, and for all © € B°, the two sets D; ., and D, , are stable by
—-VW, = =VV — VF x 1. Moreover, we have the inclusions

D’i,HQ C Di,nl cDcC De,nl C De,nz )
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for all 0 < k1 < k9. More precisely:
d(Di; D°) > r(k) and d(D; Df,) >r(k).
Now we justify why the two sets frame the open D.

Proposition 2.2. The following limits hold:

lim sup d(z;D°) =1lim sup d(z;D)=0.

r—0 ZE@DLK, k—0 ZG@DS,K
Proof. Step 1. Let ;1 be a measure in B{°. We note that, by applying Lemma 1.1 in [17],
the drift VF x p is the product of = with a polynomial function of degree 2n — 2 of |||
and with a finite number of parameters of the form:

d
Cllarta,++ ) i= [ T] s )" Jall® utdo)
Re =1
where lp + Y%, l; < 2n. The definition of B implies C(lo,l1,--- ,la) < x*" for all
lo,--+,lg > 0suchthatly+---+14 < 2n. Thereby, for any compact set K which contains

D, there exists f(x) which tends to 0 when « goes to 0 such that

sup sup ||[VF # u(z) — VF(@)|| < f(x).
peEBX xe K

Moreover, (V-2) and (F-3) imply inf( ir}le Hess W, (z) > 6 for any compact set K as
zeK peBge

above.
Step 2. Let z( be an element of D. Let us prove that zy € D; , when « is small enough.
We introduce the dynamical system (xg):

Pi(x0) = x0 —/0 VV (s(xg))ds —/0 VF(1s(xo))ds.

We remark that ¢, (z¢) € K for all ¢ > 0. We recall

W (20) = 0 / YV (4 (o) )ds — / VEF s va(y (0))ds

Assumption 1.6 implies that d(zg) = gngd(wt(mo) ; D) > 0. From now on, we take

r(r) < 229 We introduce & (o) := ||v¥ (9) — 1:(0)||- Then, for all v € M, if ¥ (x) €
K, we get

Ealw)? == 2 (VW (0 (0)) — W (o) 91 (20) — wa(z)
== 2(VW,,(¢{ (z0)) — VW, (¥s(x0)) ; 1f (x0) — ¥¢(0))

= 2(VW,, (¢¥t(20)) — VW (¥ (0)) ; ¥f (z0) — tbe(20))
< — 208 (w0)* + 28 (o) Sup_sup IVF % p(z) — VF(2)]]

<26, (o) { £ (K) — 664(20)} - 2.3)

5(x

By taking « sufficiently small, d (¢y (zo) ; ¥:(x0)) < o) forall 0 < t < 7 with 7% =

— 2
5
inf {t >0 | ¢} (x0) ¢ K}. We deduce: inf d (¥} (x0); D%) 2 (52”0) for all t < . This

implies 7x = oo and %g%d(zﬁi’(mo) : D) > r(2k) for all ¢ > 0 and for all v € M. This

means that zy € D, , for x small enough.
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Step 3. We now prove hn% sup d(z; D) = 0. Let ¢ be a point in R? satisfying
2€De,x
d(x0; D) < r(k). There exists yo € D such that d(zg,yo) <

< r(2k). We study the two
dynamical systems:

e(0) = 2o — /0 VW ($a(zo))ds and x(yo) = yo — /0 VIV (¢ (40))ds

Since HessW > 6, the function ¢ — d(¢:(z0),%+(yo)) is nonincreasing. This means
d((xo), ¥e(yo)) < r(2k) for all ¢t > 0. By proceeding like in Step 2, the distance
d(¢(o), V¥ (z0)) is less than f(K) . Hence:

v 1% f(l{/)
d (¢f (o), ¥e(yo)) < d (¥f (x0), ¥e(x0)) + d (Ve(20), ¥e(yo)) < 0 r(2k).
We deduce that sup sup d (¢¢(zo); D) — 0 as k goes to 0. It implies the conver-
d(z; D)<r(k)teR4+
gence of sup d(z; D) to 0 when & tends to 0. O
ZEDE,N

We define the two domains to which we will apply Freidlin-Wentzell theory:
DY i= (Die x RUVD) (\BY
and DY) = (Dm X RdW*U) NBY.
First, let us prove that the ball BY is stable by —NVY¥. It is not an obvious conse-

quence of the convexity of TV because the norm |||.||| does not derive from a scalar
product.

Lemma 2.3. The open domain lef is stable by —NVYXN. Moreover, its exit cost goes
to infinity when N goes to infinity:

lim  inf NTN(Z) = +4o0.
N—+oo ZcoBY

Proof. Step 1. We take 2’ := (Z{,---,Z{) € R and we consider the deterministic
dynamical system already introduced in (1.6)

t
ngzzéV—N/O VYN (2N)ds = (Z},---,2Z)) .

We recall that TV (Zy,--, Zy) = ¥ Zi\]:l V(Zi) + 532 vaﬂ Zjvzl F(Z; — Zj). By defini-
2n N 7 2n
ZN||™ =y X || ZE] [T Then:

d N2 _ 2 i2n=2 ;i i

a1z I == ol s wv (2
2n ; N i112n—2 ; ; i
WZZ |z 2zt vE (2 - 7))
M in2n—2 , i

=- 3 2Tz vV (2)
=1
n NN P A
ZZ<\|Z¢||2” z —HZJ Z§;VF(Z§—Z§)>
N’L:lj:l
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Like in Step 1 in the proof of Proposition 1.3, we can prove:

S (7 7 |z

i=1 j=1

g vE (z;‘-zg’)> > 0.

Hypothesis (V-2) implies 4 |||ZtN]H2n < —2nf|| |ZtN]H2n Consequently, the ball BY is
stable by —NVTV.
Step 2. We now compute the exit cost. Hypotheses (V-2) and (F-1) imply

n

o 0 1
N > 7 112> 2N» | = 2
NYN(Zy,--+,Zn) > 2§ 1Z:]I" = 5N NZ_EZII\ZlII

i=1
. N 6 1 9 . . .
Consequently, 115f N NYY (2) > §N =k~ which converges to infinity when N goes to
ZcHBY
infinity. O

(N

Before looking at the sets Dm) and Dﬁf}?, we compute the exit cost of a set of the

form O x RIWN-1),
Lemma 2.4. Let O be a bounded domain which contains 0. We have:

li inf NYN(Z) = inf .
N esompan—n 1 (D)= 1o V) + ()

Proof. We study the function ¢, from R* ™1 to R:

gz(x27"' ,JTN) = TN (Zaan"' 73;[\7) .
¢. is convex on R¥™~1 and the unique minimizer is (z{' (z), - ,z{’(2)) € RN ~Y where
z{Y (2) satisfies

VV (2 (2)) + %VF (z0'(2) —2) = 0.

This implies the existence of a continuous function f}V satisfying Nlim YV (2) =0 for all
—00

z € R% such that

N z
2 (2) = % (Hess V(0)) ") VF(2) + flT() .

Simple computations imply

N z

where f¥' is a continuous function satisfying Nlim ¥ (2) =0 for all z € R?. Then:
— 00

NYN(z, 20 (2), -+ 2 (2)) = W(2) + f3(2).

Let us note that A}im sup fa'(z) = 0 since A0 is bounded. This ends the proof. O
X0 200

Now we study the two sets D;JZ) and Dé{p.

Lemma 2.5. The two domains foz) and DY) are stable by —-NVYV.
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Proof. Let (Z3,---,Z{) be an element of DE,JZ)- By definition, it is in BYY. The stability
of the ball BY proved in Lemma 2.3 implies (Z},---,Z}) € BY for all ¢ > 0. Then,
plV = % Z;\;l 6,5 € B for all t > 0 which means p/¥ € M. However, by definition,
zh = (Z3). Since D, is stable by —VV — VF « p¥ for all ¢t > 0, we deduce that
Z} € D;, for all t > 0. This finishes to prove the stability of D(]Z) by —NVTY. We

Z?

proceed in the same way with Défﬁ’. O

We now define the exit times that we use. We recall that Assumption 1.5 is assumed.
Consequently, nothing forbides Xy to be an element of D¢. In this case, we introduce
the first hitting time.

Definition 2.6. By S, (¢) (resp. by SN (e)), we denote the first hitting time of the
diffusion Z5~ defined in (0.3)-(0.4) on the domain D; . x R“N~1 (resp. D, ,, x R*N-1),

We already know that these times are less than a deterministic time with high prob-
ability for € going to 0:

Lemma 2.7. For all k > 0, we have the limit

lim PP {S};jv(e) < Tp+ 1} =l P{SIN(e) <Ty+1} =1
’ €e—> ’

e—0

where Ty has been defined in Assumption 1.5.

Since 0 € D, this result is an obvious consequence of Assumption 1.5, Proposition
A.4 and Proposition 2.2. The proof is left to the reader.
We can now define the exit times.

Definition 2.8. We denote by

K

HN () := inf {t > SikN(f) | ZeN ¢ D, x Rd(Nfl)}
the first exit time of the diffusion 2" defined in (0.3)~(0.4) from D; ,, x R*N-1)

e,k

and 7! (e)i=inf {t> SEN(e) | 2N ¢ Do x RINDY

the first exit time of the diffusion ZV from D, ,, x RUN=1),

We remark that 7, (¢) (resp. ;N (¢)) is the exit time of the diffusion Z¢!" defined
in (0.2) from the domain D; , (resp. from the domain D, ).

We recall that we can not apply Freidlin-Wentzell theory directly to the two domains
D; . x RUN=1 and D, ,, x RN -1, Consequently, we introduce two other exit times.

Definition 2.9. We denote by

TN(e) =inf {t = 85N () | ZY ¢ DIV}

the first exit time of the diffusion 25" from D\ = D; . x RUN-D NBY
and TV, (c) := inf {t > SUN(e) | ZeN ¢ Dg{p}
the first exit time of the diffusion 2V from D{}) = D, ,. x RIN-D BN,

We have all the ingredients in order to obtain the exit times.
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Proposition 2.10. For all § > 0, there exists kg such that for all 0 < k < kg and for all
N large enough, the following limit holds:

2 2
lim PP {exp L (H - 5)] <7hN(e) <exp L (H + 5)} } =1 (2.4)
with H := ie%fD W(z) and W(z) =V (z)+ F(z).

Furthermore, we have information on the exit location. Indeed, for all N' C 0D, such
that inf W(z) > inf W(z), we have:
zeN 2€0D¢

lim P {Ze’&;év c Af} =0 (2.5)

e—0 Tl (€)
for k small enough and N large enough.

Proof. Outline First, we prove that the whole system Z%% enters with high probability
before a time T}, (finite, independent of IV, independent of ¢ and deterministic) in the
domain BY. Next, we prove that the system does not exit from D, , x R*¥~1) before
this time T, with probability close to 1.

The set Dé{p is stable by —NVY®Y. We apply Freidlin-Wentzell theory. Finally, we
prove that the diffusion 2"V exits from the domain D, ,, x R*Y~1) before exiting from
BY.

Step 1. We recall the dynamical system introduced in (1.6):

t
thZXT)—N/ VYN (2)) ds.
0

As ZY¥ = X, we deduce that for all t > 0, Z = 1;(X,) with

r(Xo) = Xo — /0 TV (1hs(Xo))ds -

Hypotheses (V-2) and (V-3) imply the convergence of Z N to 0 and there exists 7, deter-
ministic and independent from N such that

Zy eBY.

We assume without any loss of generality that T, > Tp+ 1 where Tj is defined in Lemma
2.7. Proposition A.4 and Lemma 2.7 allow to obtain the following limits:

lim P {TN () < T,} =0 and hm]P{z;N e]ij} ~1. (2.6)
€—0 ok 50
Step 2. From now on, we consider the new exit time:

ey =it {t> T, | 2N ¢ DY

e,k

The domain Dé{p is stable by —NVY?¥ according to Proposition 2.5. We apply Proposi-

tion A.3 to Dgﬁ? and we obtain

lim P {exp {2 (H;V - 5)} <nl.(€) < exp {2 <H}j - 5)]} =1 (2.7)
e—0 € 2 ’ € 2

with HY .= N inf TN (2).
2eoD)
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The limits in (2.6) and in (2.7) imply

. 2 N O N 2 N 0 B
E%P {exp L (H,i 2)} < T, (e) <exp L (H,i + 3 =1.

Step 3. We now compute the exit cost H ,iV . By definition,

HY =N inf TV (2)
zeaDtR)

:inf{N inf YN (Z); N inf TV (Z)}.
Z€0De,,, x RN 1) ZeoBN

Lemmas 2.3 and 2.4 imply that HY converges to g%)f W(z) when N goes to infinity.
z€ e,k

K

Finally, the continuity of the function W and Proposition 2.2 imply the convergence of

ia%f W(z) to H when « tends to 0. By taking  sufficiently small, then N sufficiently
2€0De, i

large, we obtain |HY — H| < ¢ which ends the proof of (2.4).
Step 4. We now prove that the two exit times 7., (¢) and 7Y (¢) are equal with proba-
bility close to 1 for N large enough and ¢ small enough. We just remark that

inf  NYN(Z)< inf NYN(Z)
zeopt) ZeoBY

for N large enough, and we apply (A.3) of Proposition A.3.
Step 5. By applying Lemma 2.4, we have

inf NYN(Z)> inf NYN(Z)
ZEN xRA(N~=1) ZE@DE:,{Y,}

if N C 9D, ,, such that {gfv W(z) > gr%)f W (z) for N large enough. Applying Proposi-
z zE ek
tion A.3 for N large enough leads to (2.5). O

An analogous result holds with D; .. We do not give the proof since it is similar to
the previous one.

Proposition 2.11. For all § > 0, there exists kg such that for all 0 < k < kg and for all
N large enough, the following limit holds:

€

lim P {exp [i (H — 5)] <7V (e) < exp [2 (H + 5)} } =1
with H := zie%fp W(z) and W(z):=V(z)+ F(z).

Furthermore, for all N' C dD; ,, such that in/i:/ W(z) > iang W (z), we have:
zZ€E z2€0D; n

lim P {ZE*LNE) € /\/} =0

e—0 Tilv‘,.cN(
if k is small enough and if N is sufficiently large.
Proposition 2.10 and Proposition 2.11 allow to obtain the results on D.

Corollary 2.12. By 75"V (e), we denote the exit time of the diffusion Z*" from the
domain D. For all p > 0, there exists Ny > 2 such that for all N > Ny, we have the
following limit:

2 2
lim IP {exp { (H - p)] <78V(e) < exp [ (H + p)] } =1 (2.8)
e—0 € €
EJP 17 (2012), paper 76. ejp.ejpecp.org

Page 15/26


http://dx.doi.org/10.1214/EJP.v17-1914
http://ejp.ejpecp.org/

Exit problem

where H is like in in Definition 1.7: H := i%fD (V(2) + F(2)).
ze
Furthermore, for all N' C 9D such that inj{/ W(z) > i%fD W (%), there exists Ny > 2
z€ z€
such that for all N > N, we have:

. e,1,N _
lim P {25513, e N} = 0. 2.9)

Proof. Step 1. For all k > 0, Z%%" needs to exit from D; . before exiting from D.
Consequently, for all p > 0, we have:

2 2
P {Tl’N(E) < exp { (H - p)] } <P {Til;iN(e) < exp [ (H - p)} } .
€ ? €
We apply Proposition 2.11 by taking s sufficiently small and N large enough. This
implies the convergence of P {Ti{kN(G) <exp[%(H - p)]} to 0 when € goes to 0 ; if N is
large enough.

Step 2. If Z51"N does not exit from D, it does not exit from D,... We apply Proposition
2.10 by taking « sufficiently small and N large enough. It implies

lim P {Tl’N(E) > exp E (H + p)] } =0

e—0

for N large enough.
Step 3. By definition of A/, there exists £ > 0 such that inj{[ W(z) = H 4 3£. In order to
zE

prove (2.9), we introduce the set
Kryoe :={zeR* | W(x) < H+2¢} .

By Lemma 1.8, the domain Ky o¢ satisfies Assumptions 1.5-1.6. Then, we can apply
(2.8) to Kpo¢. We denote Tg’N(G) the first exit time of Z¢%" from K o2¢. We immedi-
ately have:

2 2
lim P {exp L (H +2¢ — p)] < 7eM(e) < exp L (H +2¢ + p):| } =1 (2.10)
for all p > 0 and for N large enough. By construction of K¢, we have N C IC%H&.
This implies:
P{Z5,) e N} <P {Z50,) ¢ Kiryae |
<P {Tg’N(E) < Tl’N(E)}

<P {Tg”(e) < exp {H * 5] }

€

+P {exp {H:ﬂ < Tl’N(E)} .

The limit (2.10) with p = £ implies the convergence to 0 of the first term as ¢ going to 0.
By applying (2.8), the second term goes to 0 when € tends to 0. O

3 Strong propagation of chaos

It is well known that the two diffusions X¢ and Z¢%, defined by (0.1) and (0.2), are
close. Indeed, propagation of chaos holds: there exist K > 0 and M > 0 such that

2 K
sup E{HXE - Zf’l’NH } < =
teR4 N

2] MT
and E{ sup HX;—Z;LNH <27 forallT>0.
t€[0;T] N

EJP 17 (2012), paper 76. ejp.ejpecp.org
Page 16/26


http://dx.doi.org/10.1214/EJP.v17-1914
http://ejp.ejpecp.org/

Exit problem

See Appendix B for the proof of the first statement.

These two inequalities have strong restrictions. In the first one, the supremum is not
under the expectation. Consequently, if 7 is a (not necessary bounded) stopping time,
nothing tells us that the quantity IE { || Xe— zetN| |2} tends to 0 when N goes to infinity.
Note that this cannot be deduced from the second inequality since the supremum is
restricted to a fixed and finite interval.

However, by Proposition A.4, we know that the exit time of X°¢ from a domain D
which satisfies both Assumptions 1.5-1.6 goes to infinity when ¢ tends to 0.

From now on, we consider a compact convex set K C R? which contains 0 and Xo.
We introduce the following exit times.

Definition 3.1. By 7(¢) (resp. by 71" (¢)), we denote the first exit time of the diffusion
X¢ (resp. Z9“) from the compact set K. The first exit time of the whole system ZN
from the ball BY is denoted by 7 (¢), where x > 0.

We now introduce

7;N(e) = inf {T(e) ; Tl’N(€) ; Té\[(€)} . (3.1)
From now on, we use the function 7:
9 H
r(k) = {9 sup Sup||VF>|<,u1(x)VF>ku2(x)||} .
p1,p2€BEe zek

By Lemma 1.1 in [17], VF % p is the product of z with a polynomial function of degree
2n — 2 of ||x|| and with a finite number of parameters of the form:

d
Cllg s 1) = / I1 (s e 1ol u(dz),
R4 G0y

where [y + Zle l; <2n. If pisin B, |C(lo, Iy, ,14)] < Ck®" for some constant C' > 0.
Consequently, the quantity r(x) goes to 0 when « tends to 0.
The following result tells us that the propagation of chaos is uniform on [0; 7," (¢)].

Theorem 3.2. There exists kg such that for all k < kg, there exists Ny(x) € IN* and
€o(x) > 0 such that

P{ swp ||XF = 20| 2 (e p < (),
0<tSTN (e)

for all N > Ny(x) and for all € < eg(k).

Proof. Step 1. By Proposition 1.3, there exist ¢; > 0 and a time 7}, which is determinis-
tic and independent from N and e such that

IE{HX%NHHQ"} < K2 (3.2)

for all t > 0 and € < ¢;. Furthermore, by Proposition B.3, there exists e; > 0 such that

2 3
sup E{ sup HXt6 — Zf’l’NH } < r(x) (3.3)
0<e<er 0<t<T, 2

for N large enough. Note that (3.2) holds in the small-noise case, uniformly with respect

to N. Also, (3.3) is true for N large enough, uniformly with respect to e.
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Step 2. We denote p{" := + Zf\il d,cin. Recall that W, := V + F x p for all the

measures £ and that B2 denotes the set of all the measures x such that [ ||z *" p(dz) <
2n
K™

The assumptions on V and F imply Hess W, > 6 > 0. From now on, we put ¢V (¢) :=
HX; - Zf’l’NH. 1f X5, , 25N € K and 25" € BY then, for all T, < t < 7,V (¢), we have:

d

% ( VW N (Z?LN) : th _ Z:’l’N>

—2(vw

—2(vw, — W (ZN) s xp -z

<VF* (ZE WY = OF N (20N) 5 xp -zt

—20 (€N(1)” + 26N (1) e (), (3.4)

where we have set

0
fic(k):= sup  sup||VF xui(z) — VF % us(z)|| = 57"(,%)3.
p1,p2€BXR zeX

Inequality (3.4) directly implies:

3
sup ‘Xﬁ ElNH <maX{HXT fZelNH (H)},
T <t<TN (e) 2
which together with (3.3) yields
3
E{ sup ‘X€ Zf’l’NH r(e)” (3.5)
T, <t<TN (e) 2

From (3.3), (3.5) and the inequality max{a,b} < a + b for all a,b € R, we obtain

1N |2 :
E{ sup ‘Xf _ 7ot H < (k). (3.6)
0<t<TN (e)
The claim thus follows from the Markov inequality. O

This theorem links the exit time of X¢ with the one of Z"V. It also shows that
the McKean-Vlasov diffusion is a good approximation (even in the long time) of the first
particle in a mean-field system in the small-noise limit. Let us point out that the only

use of the convexity was in the inequality E {|\X§||2"} < K forall t > T,.

4 Exit problem of the McKean-Vlasov diffusion

In this section, we provide our main results: the exit time and the exit location of
the McKean-Vlasov diffusion.

Let us consider a domain D C R¢ satisfying Assumptions 1.5-1.6. By 7(¢), we denote
the first exit time of the diffusion (0.1) from the domain D. Let K be a compact set
which contains D and such that d (D; K£°) > 1

Theorem 4.1. Forall¢ >0
EE%IP {exp [i (H—ﬁ)] < 7(€) < exp E (H—!—E)}} =1

where H := mf W(z) with W (z) .=V (z) + F(z).

z€0
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Proof. Step 1. Let k > 0. According to Definition 2.1 and Proposition 2.2, there exist
two families of domains (D; and (D such that

. Z)Ln C:I)C:Z)&R.
* D, and D, , are stable by —VV — VF x p for all u € By°. The terminology “stable
by” has been introduced in Definition 1.2.

e sup d(z;D°+ sup d(z; D) tends to 0 when x goes to 0.
2€0D; 2€0D. .

)n>0 @“)R>O

Let us recall that Til);ﬁN(e) (resp. 72N (€)) is the first exit time of Z%"" from D; . (resp.
D..). Set 7N (e) to be the exit time of the diffusion Z%" from the domain BY. Finally,
we denote T,V (¢) := min {7(e); 72V (e) ; N (€) }.

Step 2. We prove here the upper bound:

P{r(e)zeXp [Hj5]}:
{r0z oe [ S0 2 e [ 1]
B {r0 2 o | TEE] ¥ (0 <o | ] (0 < N0}
{ ) > exp ng s e (€) < exp :H:rg ,rﬁ(e)>7§7=§(e)}
<p {r200> e [FEE] o 0 < o [ £2]
R e B R o RECE )

=:an(e) +bn(e) +en(e).
Step 2.1. By Proposition 2.10, there exists x; > 0 such that forall 0 < Kk < k1 and N

large enough

e—0

hmIP{ ()<exp[2(H+§)]}

Therefore, the first term ay (€) tends to 0 as € goes to 0.
Step 2.2. Let us look at the third term ¢y (€). For « sufficiently small, we have D, ,, C K.
On the event

{r0 20 |25 a0 <o | TE s 0> 0 )

we have 7. (¢) < 7(e) and 7. (¢) < 7 (). This implies 7}, (€) < T,V (e). We deduce
that

H H
P {7(6) Z exp [H} ;e (€) < exp [ +£} ;T (€) > Tel’,iv(tt)}
c :
Pql|XE zeL > 5(k); TEN(6) < TN
= N T ;,ff() T (€) ST (€)

<P{  sup —Zf’l’NHza(m ,
0<t<TN (€)

where §(x) denotes the distance between D and D¢ ,.. By construction, we have 6(x) >
r(k). According to Theorem 3.2, there exist Ny > 2 and ¢y > 0 such that

P sup
0<t<TN (e)
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for all N > Ny and € < €.
Step 2.3. Let us look at the second term by (¢). By Lemma 2.3,

lim inf NTN(Z) = +o0.
N—+o00 Z€dBN

Consequently, for N large enough, we obtain

hm]P{T,iV(e) < exp [HZFEH =0.

Step 2.4. Let £ > 0. By taking first x small enough and then IV large enough, we obtain

the upper bound
H
limIP{T(e) > exp { +§]} =0.
e—0 €

Step 3. Analogous arguments with Proposition 2.11 instead of Proposition 2.10 show
that
H—
limIP{T(e)<exp[ 5}}:0.
e—0 €

As an immediate application of Theorem 3.2 and Theorem 4.1, we obtain a good
approximation of the self-stabilizing process on unbounded family of intervals:

O

Corollary 4.2. Let H and p be two positive real numbers. For all § > 0, there exist
Ns € IN* and €5 > 0 such that

sup supP{ su HX ZiN|| = pp <6,
N2>Ns €e<es 0<t<exp

Proof. We introduce the set Kz, := {x eR? | V(z)+ F(z) < £ +1}. It satisfies As-
sumptions 1.5-1.6 by Lemma 1.8. For x > 0 suffficiently small, Inequality (3.6) gives
the existence of Ny € IN* and ¢¢ > 0 such that for all N > Ng and € < ¢,

E sup
0<t<T.N(e)

where 7,V () := inf {7(e); 7"V (e); 7Y (¢) }. Here 7'( ) (resp. 71"V (¢)) is the first exit time
of the diffusion X¢ (resp. Z<1%) from IC%Jrl and 7 (¢) is the first exit time of the whole
system Z¢" from the ball BY. For N large enough, Lemma 2.3 implies

2 )
‘Xte *Xtéyl’NH } < 3

hmIP{ ()<exp[ﬂ}=o. (4.1)

e—0

The domain K o) satisfies Assumptions 1.5-1.6 so we can apply Theorem 4.1 and Corol-
lary 2.12 to deduce that for all &E>0,

l%P{T(G) < exp [i <Z+1—§)H =0 (4.2)
and P_I)r(l)l? {TI’N(E) < exp E (1;[ +1- 5)] } =0. (4.3)

In particular, for € =1, (4.1), (4.2) and (4.3) imply

P{ﬂN(e) < exp {Ij} < g
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for e small enough. Finally,

P{ sup ng . Zf’l’NH >
Ogtgcxp[%]
€ 61,N N H
<P sup ‘Xt—Zt” HZ/J +IP{7; (e)<exp{}}<5.
0<I<TN (6) €

This ends the proof. O
We now provide the result on the exit location.

Theorem 4.3. Let N be a subset of 9D satisfying

inf W(z) > inf W(z).
zeN 2€0D

Then
lim P { X<, €N} =0.
e—0 ()
Proof. The proof is similar to the Step 3 of the proof of Corollary 2.12.
By definition of NV, there exists £ > 0 such that 12/{/ W(z) = H + 3¢. We introduce
Kiioe = {z e R | W(z) < H+2¢} .

By Lemma 1.8, the domain Ky ¢ satisfies Assumptions 1.5-1.6. Then, we can apply
(2.8) to KCpry2¢. If we denote by 7¢(¢) the first exit time of X from K g y2¢, then we obtain

e—0

2 2
lim P {exp [6 (H+2¢ - p)} < Te(€) < exp [e (H+2¢+ p)} } =1 (4.4)
for all p > 0. By construction of K 2¢, N' C K, 5., which implies

P {Xj(e) € N} <P {Xf—(e) ¢ ’CH+25}
<P {7e(e) <7(e)}

<P {Tg(ﬁ) < exp {ij] } +P {exp {ng] < T(E)} .

Applying (4.4) with p := £ to the first term and Theorem 4.1 to the second one, we
obtain the result. O

Remark 4.4. Note that we have not used convexity of V in the whole space R?. We have
used the convexity in a compact set which contains the point of the global minimum 0
and the captivity of the law u§ in a small ball which contains §y. This means that it is
possible to characterize the exit time and the exit location even if V' is not convex by
using the new approach of this paper.

A Freidlin-Wentzell Theory

Here we present the main results of the Freidlin-Wentzell theory. We restrict our-
selves to a simple case in R¥, k > 1. We consider a homogeneous diffusion z¢:

t
x§:330+\/EBt—/ VU (z)ds, (A.1)
0
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where 2, € R*, B is a Brownian motion and potential U € C> (R*). For a more general
setting and the proofs, the reader is referred to [4].

Let ag be a minimizer of the potential U. Let G be an open domain which contains
xo and ag. 7(¢) denotes the first exit time of the diffusion z{ from the domain G. Let us
introduce the exit cost H:

H:= inf U(z)— Ulap).
Jnf U(z) - Ulao)

Define the deterministic dynamical system

t
o1 () =2 — / VU (ps (z)) ds .
0
We need two assumptions.

Assumption A.1. The unique critical point of U in the domain G is ay. Moreover, for
allx € G, ¢ (x) € G forall t > 0 and 26hm 1 (x) = ap.
—00

Note that this asssumption is about the domain G and it is always true if G is the
basin of attraction of ag.

Assumption A.2. All the trajectories of the deterministic system ¢, (x) with © € 9G
converge to ag ast — oo.

If U is convex on G then Asssumption A.2 is satisfied.
Assume that Assumptions A.1 and A.2 hold.

Proposition A.3. For all § > 0, the following limit holds:

lim P {exp E (H - 5)] < 7(€) < exp [2 (H + 5)} } 1. (A.2)

e—0 €

Moreover, for each subset N' C 9G satisfying inj{[ U(z) > inafg U(z), we have:
z€E zE

lim P {2, € N'} = 0. (A.3)
e—0
At the end, we recall a classical result of the theory of large deviations.

Proposition A.4. If
Fs = {z e R? | tiggd(z; (o)) < 6}

for § > 0 and 75(€) denotes the first exit time of the diffusion z¢ from the domain Fj,
then

lgI(l)IP{T(;(G) <T}=0,
forallé > 0and T > 0.

By using Proposition A.4, we can improve the results of Proposition A.3 with domains
which do not satisfy Hypotheses A.1 and A.2.

Proposition A.5. Let us consider a domain G which satisfies Assumptions A.1 and A.2
and let xq be a point in R¥ such that z ¢ G. Also assume that o, (1) converges to ag as
t goes to infinity. Let Ty be the hitting time of G for the dynamical system ¢ (x¢). If we
denote by
S(e):=inf{t >0 | x5 €G}
the first hitting time in G of the diffusion x¢ and by
7(e) :=inf {t > S(e) | z; ¢ G}
the first exit time, then (A.2) holds for 7 ().
The proof is left to the reader.
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B Propagation of chaos

The aim of this appendix is to present the classical results of the propagation of
chaos and the proofs. We recall the mean-field system (0.2):

t
20 = Xo+ Vi - [ WV (25) ds (B.1)
0

1Mt , ,
- % Z/ VF (Z&WN — 283N ds.
j=1"0

Also, we consider a system of N independent self-stabilizing diffusions:
X' = Xo + eB; —/ VV (X$') ds —/ VF s u$ (X9') ds. (B.2)
0 0

The two diffusions X and Z*" are close when N is large enough.

Proposition B.1. There exists K > 0 and ¢y > 0 such that, forall N > 1:

2 K
sup sup E{HXfl —Zf’l’NH } < N

0<e<eo tER 4

Proof. We apply the Ité formula to X{** — Z&*" and the function z — z2. By denoting

, 2
&(t) = HXf” — , we obtain

N N 9 N N
d) &) =2 Af(i, t)dt — NZZ (i, 4,t) + AS(4, 4, 1)) dt
i=1 =1 i=1 j=1
with AS(i,t) == <X§’i R SSEAR va U0 o0 I va Vg (Z;Z?N )> ,
Ag(i,g,t) = (X{" = 20N VR(XP' = X79) = VF (20" = 209V ) ) and

AS(i, j,t) = <X€z Z;,i,N;VF(Zte,i,N_Zte,j,N> VF*ut(ZuN».

The convexity of F' implies AS(i, j, t) + A5(j,4,¢) > 0. Indeed, by writing 7"’ := X' —
X7 and ¢ 7Z”N—Z”N we have:

A5 (i, J,t) + A5(4, 1)
(SR - TR (X5 - ) — (X0 - 20

<VF( GM) VF(CEMN) n:m Cts,i,j,N> ‘

. 2
€,1,] €,1,7,N
nt C H Z 07

where a > 0 depends on F'. Consequently

N N N
BN S asiit g =B Y (85050 +A5G.0,0) 20 (B3I
i=1 j=1 1<i<j<N
Inequality (1.1) implies
N N
—2) TA(i,t) < 20 &5(t). (B.4)
i=1 i=1
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To deal with the last term, we apply the Cauchy-Schwarz inequality:

N

N N
ES 1> A 4,1)| p < (/&) x § Y B{(p5(0); pi(0)}

j=1 j=1k=1

Taking the conditional expectation with respect to Z;"" and then to Z{”"¥, we obtain
I {p5(i)p5,(i) } = 0 for j # k. Therefore

N
B30 a8(0,5.0)| p < |/ NBIEOIB [IVFG ) - VF s ui ()]

where X7 and Y, are two independent random variables with law u;. We know by
Lemma 1.1 in [17] that VF is the product of x with a polynomial function of degree
2n — 2 of ||x||. By Proposition 1.3 and Remark 1.4, there exist ¢y and C' > 0 such that

N
ES Y A5G4t ¢ < CyYNE{ED)], (B.5)

for every € < ¢y. By combining (B.3), (B.4) and (B.5), we obtain

dtZE{f }<2Z{ O (55(0) + B AE 0}

The particles are exchangeable and so

%E{g;(t)}gﬁm{g;(t)} \ﬁ E{£ (1)}

Since ££(0) =0,

BAEW) < pox

This inequality holds uniformly with respect to 0 < € < €. O

Let us note that this uniform propagation of chaos would not hold if V' was not
convex. But it is true even if V is not uniformly strictly convex which means that the
Hessian of V' is not necessary definite positive.

Remark B.2. Instead of (V-2), let us assume that there exist ( > 2 and A > 0 such that
(VV(2) = VV(y);z—y) > Az —y° .

Then, there exists K > 0 such that

€, 1l e,1,N 2 __1
sup supE HXt’ _zeh H < KN~
0<e<1 £>0

We can also remark that the supremum is not under the expectation. However, such

a result is available on a finite interval (even if V is not convex):
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Proposition B.3. There exists ¢g > 0 and M > 0 such that for all T > 0 and for all
N >1,
MT

2
sup IE{ sup HXf’l—Zf’l’NH }g N

0<e<eg 0<t<T

By putting the supremum under the expectation, we lose the uniformity with respect

to the time. However, the position of the two particles X and Z-“" was not used in

the previous proofs. By doing it, we obtained a stronger result in this paper, see Section
3.
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