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Abstract. For classical N-particle systems with pair interaction
N~' Y ¢lgi—g) the Vlasov dynamics is shown to be the w*-limit as

1<i<jsN
N— 0. Propagation of molecular chaos holds in this limit, and the fluctuations
of intensive observables converge to a Gaussian stochastic process.

§ 1. Introduction

Consider the Newtonian equation

Xt a,p)= [ u(db)F(x(t, a, u) — x(t, b, ) (L.1)
for a particle with initial condition
20, a, ) =(x(0, a, ), X(0, a, W) =a=(g. p) (1.2)

interacting via a regular 2-body force F(q) = —V¢(q) = — F(— g) with other particles
having initial conditions distributed over a real Borel measure u on R°. This
framework contains the canonical dynamics of N mass points

(o= 3 Flslt )=t ), (13)

m=1

where 1<n<N and with initial condition oy=(a,,...,ay). For, let u**(da)

=4, (da) and x(t,a, u*~) be the solution of (1.1). Then

X,(t, oy) = X(t, a,,, 1) (1.4)

is the solution of (1.3). On the other hand for u/(da)= f(a)da the Newtonian
Equation (1.1) also solves the Vlasov Equation [1]:

0 d 0
6—{ t,a)=—p 55 (t,a) — a—g(t, a)[da f(t,a)F(g—q) (1.5)
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with initial condition f(0, a)= f(a)e C*, if { da| f(a)| < 1. For this purpose we observe
that the mapping a—z(t, a, 1) is canonical. Then an easy calculation (2.11) shows
that f(t, z(¢, a, p)) = f(a) satisfies (1.5).

We remark that the N-particle dynamics (1.3) and the Vlasov dynamics (1.5)
represent disjoint specializations of (1.1) for measures u*~ and u/(da)= f(a)da. We
expect that the Vlasov dynamics describes asymptotically the time evolution of the
particle number density in R® of the N-body system with initial condition oy,
whenever

N
py=N"1 Y 6, —— (1.6)
n=1

for N—oco. The Newtonian equations for u} are equivalent to (1.3) if the 2-body
force F is replaced by N~ 'F. We shall see in Section 2 that (1.6) implies
2(t, a, u)—~z(t, a, p’). Hence the Vlasov dynamics does indeed describe the con-
tinuum limit for point particle configurations where the interaction energy is scaled
down to retain a finite energy per particle.

The Vlasov dynamics should also describe asymptotically the time evolution of
N-particle systems, where the probability measure pjy(doy)= fy(t, oy)doy satisfies
“molecular chaos” for t=0, i.e. fy(0,y)= || f(a,). This follows heuristically from
the BBGKY hierarchy for the s-particle correlation functions with N™'3" ¢,;
interaction

fatay,..,a)= [dag, ...dayfy(t, o) (1.7)
ofy
_a—tlz(t, a, >as)
S Ofy
= — a‘gl Bo_@;(t,al, ,as)
1 ¢ ofy
_—Na,;1f(g6 ) _N(tala' * s)
N S+1
N fdasHF(ga gsﬂ) (RN R R (1.8)
Formally, one obtains the “Vlasov hierarchy” for N—oo:
f (t Aqy.ens )
- 0fe
=_ tag,...a
GZ:lB ago- ( 1 )
s fs+1
- Z fdag \F(@,~gse 1) =5 (6,05, ., g4 )- (1.9)

Q

While the BBGK'Y hierarchy is incompatible with molecular chaos for all times if
V¢ +0, the dynamics (1.9) has factorizable solutions f5(t,ay, ...,a)= [] f(t, a,), if

f(t,a) is a solution of the Vlasov equation. The asymptotic propagation of
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molecular chaos has been established by Kac [2], Griinbaum [3], and McKean [4]
for the “N molecule gas” and by Grad [5], Lanford [6] and King [7] for the
Boltzmann limit. In Section 3 we shall prove the convergence of fi(t,a,, ..., a,) to

s 1 ... . L .\
[1 f(z,a,)in the N -limit, and we shall show that for factorizable initial conditions
o=1

the fluctuations of intensive observables converge to a Gaussian stochastic process,
rather similarly as it has been shown in [8] in a quantum mechanical context.

Acknowledgement. The authors are grateful to Prof. R. Jost for stimulating discussions.

§2. The Vlasov Dynamics

In this section we shall prove global existence, uniqueness and regularity of
solutions of the Newtonian Equations (1.1), and we shall establish the connection
between z(t, a, u’) and solutions f(t, a) of the Vlasov equation.

Let ./ be the set of real Borel measures x on IR® with || < co and .#*. the subset
of probability measures. Let C{ be the set of all potentials ¢(g)=d(—g) with
continuous and bounded derivatives up to order k and C}, the subset with
uniformly continuous derivatives.

Theorem 2.1. Let ¢pe C; and F = — V. Then (1.1) has a unique solution z(t, a, p) for all
(t,a)eR” and pe M. =(t, a, p) is C* in (t, a) and weakly continuous in u, uniformly for
acR® and bounded sets in t. The mapping z(t,n):a—z(t,a, u) is canonical and
T, :(a, ) (2(t, a, w), woz(t, W)~ ) is a 1-parameter group.

Proof. Let T>0 and let B, be the Banach space of all continuous bounded
mappings g:[—1,1] x R® -IR?® with the norm

Iglr=sup g(z,al. (2.1)
|| £T,aeR®
Let U(u): Br— B be the mapping
Ulu. 9)(t, a)
= j ds j dr j wda)Flg(r,a) +q+rp—g(r,a)—q —rp’)]. (2.2)
0 o0

Then x(t,a,n)=g+pt+g(t,a, 1) establishes a 1 —1 correspondence between so-
lutions of (1.1) and fixed points

g, w=Ulug(-, ) (2.3)
For ¢e C} there exist constants ¢,, ¢, such that

[ U(#,Q)HT§C1T2|H|

) (2.4)
U g,)— Ul g )l r=c;, T (lgy — g, lul -

For small T, U(u) is a contraction mapping and hence there exists a unique solution
z(t,a, ) which is C! in (t,a) with uniformly bounded derivatives w.r.t. a. The
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mapping z(t, 1) is canonical, since z(t, a, 1) is a solution of the canonical equations

0H . oH

X= — = —_— =

2 ay s a_ZC

- , 2.5)
H(t, x, )= 3 Iy1> + | pda)p(x — x(t, @', ).

Hence DetDz(t,a,u)=1 and u(t)=poz(t,u)”*e.#. The composition law T,
=TT, holds, if z(t+s, u) = z(¢, u(s))oz(s, u) or if

2(t+s, a, p) = z(t, z(s, a, W), 1(s)) . (2.6)

Since |u| =|u(s)|, both sides are well-defined for max {|s|, |¢], |s+¢|} < T. For t =0, (2.6)
is true and both sides satisfy the same differential equation. This proves (2.6) and
allows one to extend z(t, 1) for all teR.

Consider now a sequence uye.# which converges to p in the w* sense. Then
uniform convergence z(t a, pty)— z(t, a, 1) holds, if we can show that the fixed points
gluy) and g(p) satisfy {|g(uy) —g(w)ll ;—0. Now, for sufficiently small T'and large N

lg(uw) — gl ¢
< Uiy, g(n) — Ul gl + 11U (s g () — Ule, g()l 7

= 31lg(uw) — gl 7+ Uluy, () = U, g@)li 7 » 2.7)

and hence we have to show that the last term converges to zero. If uy— u in the w*-
sense, then ||uy— pull%;, —0 [10], where

“f“BLzsung |f(a)] + saupn{é [f(ay)—fla))llay —a,|™!

lulz=sup |ff(a)u(da)l.
l7llmz =1

BL=

(2.8)

Using the BL norm in the variable @’ one obtains
10w 9(u) = U, gl 7
t s
=l —ulfe sup [ds|dr|E@glr,a, ) +g+pr—g(d,))~g ~pMlp.. (29)
acR6 0 0
=T

The second factor on the right-hand side is bounded, because g(r,a, u) has
uniformly bounded derivatives w.r.t. a. [

Theorem 2.2. For F = —YV¢, peC? and pe M} u(t) is a weak solution of the Vlasov
equation with p0)=p. If pu=p’ with 0<feC'(R®), | f(a)da=1, then f(t,a)
= foz(t,u)”" Y(a) is a strong solution of the Vlasov equation with f(0,a)= f(a).

Remark. We have not proved the uniqueness of these solutions.
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Proof. Let he C2(R). Then
2§ e, daa)
= 4§ Wdahc(t,a, )
oy (da){ (o(t, @, 10)-3(6, & ) (2.10)
+ 5 6lt.0.0) [ WDIELx( ) by ]}
- e dz){ @ y+ 50 e a3 7).

If u=p', then DetDz(t, a, u)=1 implies u’/(t)=u’®, where f(t, z(t, a, u’))=f(a).
Hence
d
- S
72t a, 1)
_o ! of ! s
- ot (t5 Z(t, a, W ))+ a(t’ Z(t, a, [ )))_}(ta a, )
af
+ % (t7 Z(ta a, ﬂf)) If(a/)dalf[lc(t’ a, )uf) —_)_C(t, a/5 .u'f)] .

(2.11)
Now the last integral equals

fdz f(t, 2)F[x(t, a, w') — X'] (2.12)
and the substitution a=z(t, )~ *(z) leads to (1.5). O

In the next section we shall need stronger regularity properties of z(t, a, y) in p,
which we can prove under additional smoothness assumptions on ¢:

Theorem 2.3. Let ke N, F= —V¢ and ¢pe CL*, then z(t, a, ) is k times continuously
differentiable w.r.t. u, where for u,ve #

lim £~ {z(t, a, p+tv) — 2(t, a, p)}

= [v(db)D*z(t, a, b, p) (2.13)
and D'z(t,a, b, ..., b;, w) similarly. For every finite ¢ D’z is uniformly bounded
sup  |Diz(t,a, by, ..., b, | SC(t) j=1...k (2.14)
a,by ,bj
RES

and

D'z(t,a,b, u)=(D"x(t, a,b, u), D*y(t, a,b, p)= D' (¢, a, b, 1))
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is C*in t and C*~% in a,b and is the solution of the linearization of (1.1) around
z(t, a, p):

D'x(t,a,b, W)= | ds | drF[x(r,a, u)— x(r,b, )]
0 0

+ 5 ds j dr j /.l.(dc) Z;F [2(:(7', a, ,u) _zc(ra ¢, ,U)]
0 0 X
AD'x(r,a,b, ) — D' x(r, ¢, b, )} . (2.15)

Proof. The well-known proof for ordinary differential equations using Gronwall’s
inequality (see e.g. [9], p. 302) can be applied without complications. The
boundedness of D’z follows immediately from the linear Volterra equation for D'z,
by applying D'"* to (2.15). O

§ 3. The Weak Coupling Limit for Infinitely Many Classical Particles

In this section we shall investigate the weak coupling limit for a classical N-particle
system with pair potential N~1¢. First we shall consider pure initial states:

Theorem 3.1. Let F=—p¢ and ¢peC3. Let z,(t, oy) be the solution of

N
-éc'n(tv OCN) = N‘ ! Zl E[,ch(ty OCN)—_—).Cm(t’ O(N)]
(3.1)
(Q-Cn(o’ OCN)a .Ztn(()’ OCN)) = a, 1 é n é N.

Let aplt, o) =(2,08, 0), -..., 2ylty o ) OF e LN ¢y oo gawttam) W, W), wikere gl
=pez(t,u)” ! is a weak solution of the Vlasov equation.

Proof. We use the fact that z,(t, ay) = z(t, a,,, #3) is the solution of (1.1) and estimate
for he CP(RS)

|| ugn®e(dayh(a)— | u(t, dayh(a)|
N
= [N 3 hlale 0] | pdahl2(t, 0, 10]

=| [ g (da)hl2(t, a, 1Y] — | u(dayh(z(t, a, w]|
S| [ (uy— m)da)hlz(t, a, )] + | | ¥ (da) {hL2(t, @, w0 — hlz(t a1} (3.2)

By assumption, the first term tends to zero. Since u%¥ converges weakly, there exists
for every ¢>>0a compact K(e) ¢ IR® such that uf*(K(e)) 2 1 ~¢. On K(e), h is uniform-
ly continuous and the supremum of h[z(t, a, u§)]1 —hz(t, a, w)] tends to zero by
Theorem 2.1. [
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Corollary 3.2. If #%N_W*_, p and he CP(R®) then the “intensive observables”

N
Oa)=N"* Y h[z,(toy),..., 2, (L oy)]
ny...ng=1
(3.3)
converge :
1\1,1_{{)10 OL(oy) = uday)... wda)hlz(t, ay, p), ..., 2(t, ag )] . (34

Next we shall investigate the time evolution of symmetric product measures ji(doy)

=[] u(da,) on the N-particle phase space with ue.#". Let fi,(doy) be defined by

5 Be(doy)g(oy) = _f i(doy)g(oy(t, oy)) -

We shall see that “molecular chaos” propagates for N—oo, if we only look at
intensive observables of the type g(ay)=0,(0y):

Theorem 3.3. Let he C)(R®), ue A and fi(doy) be the solution of (3.1) with fi,(doy)
=[] u(da,). Then

lim ] 0,(a)A(do) = (W0 TT n(tda) (35)

where u(t)=poz(t, )~ is a weak solution of the Vlasov equation.

Proof. At time t=0, (3.5) is obvious:

N
N Y [hay,..., a,)fi(dey)

ny..ng=1
=[hay,...,a) E[l u(da)+ON"Y). (3.6)

For ¢ +0 we shall use (3.4) and the strong law of large numbers : Let #° be the Borel
o-algebra on R® and (€, %) be the probability space [] (IR®, #°) with the product

n=1
s

measure fi(do)= ]_[ u(da,). Here a=(ay, ..., a,,...)e 2 and o denotes its projection
n=1

on RS", For every u-continuous set 4 CZ° [ie. u(04)=0] with characteristic

function y,, the independent random variables in (2, %, i) x4(c:)=x4(a,) have

mean u(4) and variance u(4)— u(4)*. Hence

B A)=N""Y p@——ud). i ae. (3.7)

=1 N—- o
Since ue.#*, there exists a countable set A of intervals
(a,, b,]={zeR®|d <zi <b 1<i<6},

which is closed under finite intersections, such that for every ze R® and every ¢ >0
there exists an (a,, b, 1€ A with ze(a,, b,) C {z'||z—z'| <&} and such that (3.7) holds.
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Since U is countable there exists a set Q C 2 with f4(Q)=1, such that u%((a,, b,])
—u((a,, b,)) for all ae Q and all (a,, b, 1€ W. Hence % converges in the w*-sense to u
([11], p. 14) for all xe Q. Now

[ ft,(doy) O, (o) = | filder) O (uy) -
For all N,
|0}, (y)| Ssup |h(ay, ..., a)l < o0,

and for aeQ

O'(ay)— [ h(ay, ..., ay) f[ w(t, da,)

by (3.4). Since [i(Q)=1, one obtains (3.5) by the dominated convergence
theorem. [

For more general initial states, which do not factorize, one has the

Corollary 3.4. Let 7t be a symmetric probability measure on (Q, ), 7ty its projection on
the N-particle space and 7\, its time translation by (3.1). Then

Lim | h(doy)O,(ay) = [ Bi(day, ..., da)h(a,, ..., a) (3.8)
where {5} is a weak solution of the Viasov hierarchy (1.9).

Proof. % can be uniquely decomposed into product measures i [12], 7= [ 6(7, dit)ji.
Hence

J 7 (day)O, ()= [ #(d)0%(ty)
— [ 607 dfi) | ido) O oy
= (0 A [T aCda )
— [ B(day, ..., da)h(a,, ..., a) (3.9)

N
by Theorem 3.3 and the dominated convergence theorem. Since { [T we, das)} isa
=1
weak solution of the linear Vlasov hierarchy, the convex combination {f;} is also a
solution with initial condition f§=7%,. [

By the law of large numbers the solutions z(t, a, u%) of (3.1) converge to z(t, a, 1)
in the probability space (, 4, fi). We shall now establish a central limit theorem for
the fluctuations

Un(t, @, )= /N (26, a, 1) — 2(t, a, z)) (3.10)

{n(t, a, uy) describes the deviations of a deterministic N-particle orbit from its
“mean field” approximation.
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Theorem 3.5. Let F = — V¢ with ¢peCy,. Then

K
1\31_1:[30 | fi(dor) exp (i Y wlnlte e liaN)>

K
=eCXp ( - % Z Qkk’ukuk’)

Ki=1

=Eexp (i i ul(ty, e ,u)) , (3.11)
Qe = [ uw(db)Dz(t,, e,, b, W)D' 2(t,.., )., b, 1)

!;[k,) [ u(db,)D'z(t,, ,, b,, 1) (3.12)

The convergence in (3.11) is uniform, if the e, vary over R® and the t, and u, over
bounded regions. The Gaussian stochastic process {=(&,&) with mean zero and
variance (3.12) can be represented in terms of the Gaussian process ¢(u, db) on IR® with

Ep(u, 4)=0, Ep(u, 4,)p(p, 4,) = (A, n4,)— u(d,)ul4,) :
{(¢t,a, )= | Dz(t, a,b, wp(u, db) (3.13)
and satisfies the stochastic differential equation
£(t, a, w)={ FLx(t, a, )= (¢, b, 11 p(u, db)
+] u(dC) EzC(I a, ) —x(t, ¢, 1)1

L&t a, 1) = L(t, ¢ W} (3.14)
&0, a,1)=40,a, ) =0.

Proof. As a consequence of Theorem 2.3 the following manipulations are
legitimate :

K
exp(i Yl nlte ekaﬂo&))

k=1

K 1

—expi 3 VIV [ dr{D'lt e b+ (L= k1) 08
K

—expi X, VI (Dt =) 0D

1 d ) K
+ g ds 75 %P ll kZ1 U, ]/]VjD’z(tk, € b, rsu +(1—rs)p) (U — W (db)]. (3.15)

By the central limit theorem, the fi-integral of the first term on the right side
converges to exp(— 3 Qi) as N—oo. After having carried out the s-
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differentiation and having suppressed the inessential dependence on u,, t,, ¢, the
second term takes the typical form

exp{i [ f(a,1%) /N (1% — ) (da)}
VN [ glb, ¢, 15) (45 ~ 1) (db) (5, — 1) (do). (3.16)

Since ¢peCy,, f and g are differentiable w.r.t. u and Df(b, a, 1), D*f(a, b, c, 1) and
D'g(a,b,c, p) are continuous and uniformly bounded in a, b, c. Now

VN [ g(b, ¢, %) (1% — 1) (db) (% — ) (dc)
=N732 2 . {9(a,, a, Uy) — Ig(ba Q> ,LL?V)/,t(db)

= [ 9(ay, c, uu(de) + [ g(b, c, uy)u(db)u(de)} (3.17)

The sum over the N terms with m=n is O(N ~*/?) and can be dropped in (3.16) for
N

N—oo. For m#n we consider m=1, n=2. Let ‘uy=N"" Y §, . Then
n=3

2
gla, b, uy)=g(a,b,'uy) + N~ ) D'g(a,b,a,) +O(N"?), (3.18)

n=1

and up to an error of O(N~%2) in the sum (3.17) we can replace g(a,b, u%) by
g(a,b,’u%). The factor multiplying the (1,2)-term can also be simplified :

XpINTHE 3 Sy 1)~ [ fla iiu(da)}
=(1+1V1 3 (fla, )~ ] e sgutda-+ 0N )

N
expiN 12 Y {f(a 1) | fla slda) ~(1 Lo

. (3.19)

N 2
FINTYE S S DY f(ay ap ) — [ DMf(a ’u?‘v)u(da)})

n=3 m=1
(3.19) is a sum of terms O(1)+O(N~*?)+ O(N~1). It is easy to see that
0= [ fi(do) {O(1)+ O(N~ 2N ~*2{g(a,,a,,"1%)
- jg(b’ as, /:w;v),u(db) - jg(al’ ¢, I:uolil):u'(dc)
+ [g(b, ¢, u3) (db)u(de)} . (3.20)

For, the O(1) term is independent of a, and a,, and the O(N ~1/?) term is a sum of a
term independent of a, and one of a,, and therefore either [ u(da, ) or | u(da,) gives
zero. The remainder is again O(N ~*/2) and there are N(N — 1) terms of this type in
(3.16), which are together O(N~%/2). This proves the convergence of (3.11). The
identification of the Gaussian stochastic process uses (2.15).]
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By similar methods one can prove that for h e C3 (R°), the fluctuations of the
intensive observables converge

hm j,u(doz)expz Z {0 (13) — O ()} /N

=Eexpi Z DO} (b, p)(u, db), (3.21)
where
DOi5. )= ¥ {f [ 1t 01010 20 b (60,

11 ida) 51 Glt.ay 0.0, 0) D00, b0} (322
One can also prove the convergence of moments, as for instance in

Corollary 3.6. If F= —V¢ and ¢pe CF(R3). Then for all K, t, ...ty e;, ...k,
. K K
g‘m § f(dor) kﬂ Cntys € i) =E kﬂl {(t e 1) (3.23)
- =1 =

Proof. Similarly as in (3.15) we have

K N
| Fi(dor) U UMt ) =N"%2 % B Fy(ny,...ng)
K ~
=N"K2 Y NN-1)..N=j+1) Y Fyo) (3.24)
Jj=0 ae?(K, j)

with
Fy(ny,...n)=F (o)

K 1
= jﬂ(dot) Il jdsk{Dlz(tk’ek’ Ay Sy + (1 = sp)1t) — lez(tks e 4, Sy + (1= s uu(da)}

k=10
(3.25)
where every (n,, ...ny) defines a partition
a=(a,...5,) (a3, ...ocjz)...(oz{...ocj;j)
of (1, ...K) in subsets with equal indices
=n,, 1=<r<j, 1<s, [tZ8,
Mo =l D272 [=f (3.26)

NgFn, for r+u.

By Theorem 2.3 F ~(@) is uniformly bounded in N so we can restrict the summation
over j in (3.24) in the limit N— oo to j= K/2.
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For j>K/2 and a given partition ae Z(K,j) let q be the number of B, in (3.26)
with 8, =1, so typically ¢ =(a})...(d)oi*", 08" )] ---}), then

qz2j—K. (3.27)
By expanding the integrand in (3.25) in a Taylor series of order g around
N
‘wy=N"1 Y 4, (3.28)
n¥ nzn,T ilglgq

the fi(do)-integration over every term of order p <q in this expansion gives zero, the
remainder is again by Theorem 2.3 of order O(N ~9), which implies

|F (@) Sc(K,j)N~@i=K (3.29)

for xe (K, j) and j>K/2.

Hence the only surviving partitions are those with j= K/2, so K must be even to
give a nonvanishing contribution. By the same argument as before, all partition
with g = 1 also vanish in the limit N — co, so we end up with partitions of K/2 pairs of
identical indices, which are pairwise different from one another, typically

Ny =Hy,...Ng_; =HNg, (3.30)
Ny Fn,, for rs.

In every of these terms in the sum over ¢ in (3.24) we can replace up to O(N ™ 1) Uy by

o
The [i(do)-integration yields

K/2 2t
[t 1] {fﬂ(dazo) [T D'tepars/ui+(1—s))
ag=1

t=20—1
20
— [ [uda)D =t e, a,s, u +(1— sr)u)} . (331)
t=20—-1

As we keep K fixed, we have as in Theorem 3.3

w*— lim ‘wy=p [ ae. (3.32)

N- o

The continuity property of D'z(t,a,b,u) with respect to u and the dominated
convergence theorem prove then the convergence of (3.23). [

§4. Conclusion

The weak coupling limit has the following physically rather attractive in-
terpretation: Take

St Y dn—a)s
4.1)
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Then one obtains the time evolution (3.1) in the rescaled time 1y, In the limit N — oo,
where the total mass Nmy, stays finite, the Vlasov equation describes the continuum
theory of infinitely small particles”. The limit dynamics is time reversal invariant,
and nevertheless molecular chaos propagates, as in the irreversible Boltzmann gas.
These results can be easily generalized to canonical and non-canonical systems with
weak many-body forces.

For the corresponding quantum mechanical problem, one obtains the Hartree
dynamics in this weak coupling limit. This has been proved in [13] using a family of
coherent states, but similar results hold for density matrices which are N-fold tensor
products P®" of a 1-particle state P [14].
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