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1. Introduction

In this paper. we will study a model of an infinite volume one dimensional
lattice gas. Our model differs from the usual model of a lattice gas in that the
configuration of particles is a stochastic process. That is, the particles in the
system will move around. and we will be studying properties of the system which
are related to the motion. The particular interaction which governs the behavior
of each particle will be introduced in Section 2. This interaction was discovered
by F. Spitzer [4].

In Section 2, we will define the Helmholtz free energy in the usual way and
prove that at constant temperature the Helmholtz free energy does not increase
with time. In thermodynamics, this is usually derived as a consequence of the
second law of thermodynamics. In Section 3, we will use the results obtained in
Section 2 to prove that all shift invariant equilibrium states are limiting Gibbs
distributions. Finally, in Section 4, we use the intuitive description of the inter-
action of the particles to motivate a definition for the pressure of a state. The
usual definition of pressure used in statistical mechanics is only given for limiting
Gibbs distributions, and the two definitions do not agree there. However, we
will show that when they are both defined, they are both strictly increasing
functions of the particle density at constant temperature. In the case of the usual
definition this is well known.

In order to keep the notation as simple as possible, we will only consider one
model in this paper. This model can clearly be generalized in several ways. Many
of these generalizations can be found in [4]. The techniques in this paper are
adequate to handle some, though by no means all, of these generalizations.

2. Helmholtz free energy

2.1. Intuitive description. We begin by giving an intuitive description of the
stochastic process. For a careful proof that this process really exists the reader
is referred to [1].

This work was prepared while the author was a Miller Fellow in the Statistics Department,
University of California, Berkeley.
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Let Z represent the integers, and give {0, 1} the discrete topology. We will
take £ = {0, 1}% with the product topology for the state space. If y € E, # will
be interpreted as a configuration of particles on the integers with a particle at x
if and only if n(x) = 1.

Let V be a real valued function on the nonnegative integers such that for some
positive integer L, V(r) = 0if n > L. We define a pair potential U(x, y) by the
formula U(x, y) = V(Jx — y|). We think of U(x, y) as the potential energy due
to particles at x and y, and attribute half of this energy to each of the particles.
If the system is in configuration n and n(x) = 1, then the particle at x has
energy equal to

2.1) 33 U. y)my),
y

1U(x, x) represents the chemical potential of the particle at .

Now let B be a positive constant which will represent the reciprocal of the
temperature. Then if the system is in configuration 7 at time ¢, the particle at
attempts to make a jump during the time interval (¢, ¢ + A¢) with probability

(2.2) exp {B Y Ulx, yin(y)}At + o(At).

When a jump is attempted, the particle tries to move to the right one or to the
left one, each with probability 5. The direction of the attempted jump is
independent of the time of the jump and the position of the particle. If the site
where it is trying to go is unoccupied, it goes there. Otherwise, it remains where
it is and starts over. It turns out that although the motion of each individual
particle is not Markovian, the stochastic process of the configuration 7, is
Markovian; we will denote the probability that the system goes from con-
figuration 7 to a configuration in a Borel set 4 £ E in time ¢ by P"(n, € A).

The probability measures on the Borel subsets of E will be called states. If p,
is any initial state, we will define y, to be the state which assigns measure

(23) mid) = [ Pr(n, e Ayuolan)

to the set 4.

A measure u, will be called an equilibrium state, if u, = g, for all ¢ = 0. In
[1]. a set Cy of equilibrium states for this Markov process is given. We will
describe below a set ' which certainly contains C and at first glance looks as
though it may be strictly larger than the closed convex hull of Cy. It is probably
true that C is equal to the closed convex hull of Cy, although we have been unable
to prove this. A proof that all of the measures in C are equilibrium states can
be accomplished by a slight modification of the proof in [1].

2.2. The set C. Let N be an integer greater than L and let ¥ be a subset of
the integers contained in [-N, N\[—N + L. N — L]. Define
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(24) S(N,n,Y)

={neE

Now let vy, y be the probability measure on S(V, n, Y) given by the formula

N-L
Y nx)=mn, if N—L<|y<N then ny) =1

—N+L

ifandonlyif yeVY, andif |z| > N then #(z) = 0}.

N N
25)  wwarl{n}) = ¥(¥.n, ¥) exp{—%ﬂ X X Ue b)n(a)n(b)}
Here Y/(N, n, Y) is the normalizing constant.

We may think of vy, y as a probability measure on £ which gives zero measure
to the complement of S(N, n, Y). Now let vy be any convex combination of the
Va.n.y, Where n is allowed to vary between 0 and 2N — 2L + 1 and Y varies
over all subsets of [~ N, N\[-N + L, N — L].

If we do this for each N, we get a sequence of probability measures on a
compact metric space. The set C consists of all the possible weak limit points of
sequences obtained in this way.

We still need a little more notation. Let A be a finite subset of Z and let 4 be a
probability measure on E. Then u* will denote the probability measure on the
subsets of A defined by

(2.6) pMX) = p({n| if xeA, then n(x)=1 ifandonlyif xeX})

If A = [—N, N], we will use p" instead of ul=" M.

Let us recall the definition of Helmholtz free energy in thermodynamics. If U
represents the internal energy of a system in a certain state, and S and T are,
respectively, the entropy and temperature of that state, then the Helmholtz free
energy of that state is defined to be U — 8T For an infinite volume system, such
as the one with which we are dealing, both the internal energy and the entropy
may be infinite. In that case, this definition does not make any sense; however,
we can define the Helmholtz free energy per site.

Let u be a state on £. We define its Helmholtz free energy per site, A(u), as
follows

(2.7) A(p)

= lim sup

UXywMX)+T
m Sup S l(xg[—ZN.N] (X)uV(X)

pN(X) log uM(X )>.

XS([-N.N]

Here U(X) = § =, ,.x U(x, y). The first sum in the definition of 4 (u) represents
the internal energy of the state u between —N and N, while the second sum
represents the negative of the entropy of u between —N and N.

Throughout this paper 0 log (0) is understood to be zero. Some of our proofs
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require special attention to the case when 0 log (0) appears in an expression.
The modifications necessary then will be left to the reader.

An essential tool which we will need is the infinitesimal generator of the
Markov process #,. It is proved in [1] that if f is a continuous function on K
which depends on only finitely many coordinates, then the infinitesimal generator
Q operating on f is given by
2.8)  Qfm) = ) n@)[1 = n@y)le@. mfn.,) — fm].

x.yeZ,|x-y|=1

where c(x, ) = % exp {f =,z N(w)U(x. w)}. and

n(w) if w#x,w#y,
(2.9) Hep(w) =40 if w=ux
1 if w=y.

The use we will make of this is given in the following lemma.
LeEmMA 2.1, Let W(XU Y. a) = S exp {B Z.cxoy Ula, ¢} and

(2.10) D(N.X.Y)
= {(a,b)ae XUY.b¢XUY.|a —b| =1 and|a] < Norl|b| < N}.

Then

(2.11) %,ﬁ’(X):Z Y WX uYuba buY "X uY uba)

d Y (a,b)e D(N,X,Y)

-3 Y WXUY, ) " L(X uY).
Y (@.b)eD(N,X.Y)

In (2.10) the summation over Y is over all subsets Y of [N — L. —N — 1]u
[N+ 1N+ L]

Throughout this paper if X and Y are subsets of the integers, and a and b are
integers, we will write XU YU b\a instead of (XU YU {b})\{a}.

The proof of Lemma 2.1 is simply an application of (2.8) and will be left to
the reader. Recall that we are assuming that U(a. b) = 0 if |a — b| > L.

TurEoREM 2.1. With A(') and u, as defined above, A(u,) is a nonincreasing
Sfunction of t.

Proor. Recalling that § = 1/7. we may revise (2.7) slightly to obtain

11
2.12)  Au) = li L N X)[og u¥(X UX
(2.12) (e phi Ty lxg[;v,m“'( )[log 1 (X) + BUX)]
‘ 11 #(X)
= lim sup - ——— N(X) log P2
e P BaN 1 1X§[ZN,N]”’( Mg px)

where P(X) = exp { — BU(X)}. To finish the proof, it will be sufficient to show
that
d 1 (X)

— MX)lo
d‘xgl—zzv‘mu( ) log P(X)

(2.13)
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is bounded above by some constant which is independent of g, and N. Now

(2.14) Y LAY X)) = 0.
XE[—-N,N] dt

and therefore. interchanging the summation and differentiation in (2.13) yields

s d 1 (X)
2.1 — uN(X)p log ==
(2.15) XC[ZNN] {dtu( )} % B%)

Note that we are sure that the expression in (2.13) exists for all ¢ only if we
permit the derivative to take the value minus infinity. If for some X. uN(X) = 0
and (d/dt) u¥(X) > 0. then both (2.13) and (2.15) are minus infinity. If for some
X. uY(X) = 0and (d/dt) u¥(X) = 0, then by first using (2.8) to prove that u¥(X)
has two continuous derivatives, it can be seen that (d/d¢t)(u)(X) log w(X)) = 0.
Thus, using our convention about 0 log (0), we can then write

d d
(2.16) = (1(X) log p'(X)) = (dt (XD log p'(X),

and it is still true that (2.15) equals (2.13).
We will omit the subseript ¢ from the notation during the rest of the proof.
Substituting (2.10) into (2.15), we have

217 Y [Z Y W(XuYu b bp"THXU YU ba)

X | Y (a.b)

NX)
_ (X i N+L e U (
Zy:(,f:‘,) WXu Y. ap "t HXu Y):|log )

where the summations are on (a, b) € D(N, X, Y,). Now set
(2.18) DN, X, Y)=DWN.X. Y)n{@b)||la] £N — Land|b| £ N — L}

and D,(N, X, Y) = DN, X, Y\D(N. X, Y). Note that D,(N, X, Y) does not
depend on Y'; hence, we will write it D, (N, X). Expression (2.17) can be broken
into two terms, one with ) replacing D and the other with D, replacing D. We
first consider the expression resulting when D is replaced by D, :

(2.19) Z[Z Y W(EXu YU ba. bV (XU YU b\a)

X Y (a,b)

N X)
- WXU Y. e XU ¥) |log B
;(;}) VU Y. apN X v )] ¢ BX)

=YY Y WXuUYUba. b XU YU ba)
X Y

(a,b)
oo LX) #NX U b\a)
2 PX) T B PXuUba |

where the summations are on (a, b) € D,(N. X, Y). One of a or b may not be in
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[=N, N]. In that case, we must understand p¥(XU b\a) to be uN(Xu b) if
a¢[—N,N] orto be u¥(X\a) if b ¢ [ - N, N]. Similarly, for P(XU b\a).

If there exists X, Y, and (a, b) e D,(N, X, Y,) such that p¥(X) = 0 and
wWrLX U YU b\a) > 0, then (2.19) is — 0. Therefore, since we are trying to
show that (2.19) is bounded above, we may assume that if u¥ *“(XU YU b\a) > 0,
then pV(X) > 0.

Now
M (X) o (XU b\a)]

N+L _—
(2.20) p"THXU YU b\a) [log P(X) g P(XU b\a)

wX)
o8 7 XU b\a)
+38 Y Um,n)—4p Y  Ulm,n)]

= p¥*LXU YU b\a) |:

m,neX m,neX ub\a
pFHLHX U YU ba) (uN(Xu b\a)) N
< - 1 X
= 1N X) 1N (X) @

+ pNtLHX U YU ba)K,

where K = 2B =f_ _, |U(0, k)|.

Since pV*L(XU YU b\a) £ p¥(X U b\a) and —x log x < e, the right side
of (2.20) is bounded above by e 'u¥(X) + Ku**4(XU YU b\a).

From the definition of W(XU Y, a), we see that W(Xu Y, a) < % exp 3K.

Substituting this bound and the bound for (2.20) into (2.19), we see that (2.19)
is bounded above by

(2.21)  dexp 3K} Y Y Y [exp {—1}4V(X) + Ku"*E(XU YU b\a)]
X Y (a,b)eDz(N,X,Y)

< fexp {3K — 1}22M4L + 4K exp {3K}4L.
In the future, we will denote the right side of (2.21) by K;.

We now return to (2.17) and consider the expression obtained if D(N, X, Y)
is replaced by D, (N, X). The first thing to note is that

222) Y[X Y WEXUYUba bu"XU YU ba)
X

Y (a,b)eDi(N,X)

NX)
_ WXuU Y, N+LX O YY1 w(
Zl':(a,t:)egll(w,x> (X0 Y, a5 X )] log P(X)
=Y[ Y WEXUbg bu'Xuba)
X (a,b)eDy(N,X)
M (X)

- WX, a)u(X)] lo .
e 0 O OT o8 i,
Forif (a, b) € D (N, X), then neither W(XuU Y, a) nor W(XuU Y U b\a, b) depend
on Y. Hence, we may first perform the summation on Y.
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Lemma 2.2. Let D, W, and P be as above. For z 2 0 set F(z) = z —
zlog (z) — 1. Then

223 Y[ X W(X U b\a, b)u¥ (XU b\a)

X (a,b)e Di(N,X)

N X)
- WX, a)¥(X)] log "o
(a.b)s;w.m (X. a)’(X)} log P(X)
PX) pN(Xu b\a)) ) P(XuU b\a)
= F W(Xou b\a, b) ————
X DI(ZN,X) (HN(X) P(XU b\a) (Xv bla. b) P(X)

REMARK 2.1. For (2.23) to be correct, we must make the following con-
vention. For a,b,c > 0 we understand F(§2)-0 to be minus infinity and
F(%2)-0 to be zero.

Let us assume Lemma 2.2 for the moment. One easily checks that F(z) < 0
for all z = 0, and thus the expression appearing in (2.23) is nonpositive. Since
(2.17) is the sum of (2.22) and (2.19), we see from the above results that (2.17)
is bounded above by K,, which is independent of N and p.

The proof will be complete as soon as we prove Lemma 2.2.

Proor oF LEmMA 2.2. Let each X < [ — N, N] be represented as Xou X,,
where Xo S [-N, N\[-N + L,N — L]and X; £ [-N + L, N — L]. Then
we can rewrite the left side of (2.23) to get

N
p(Xou X,)
(2.24) [ W(Xou X, U b\a, b)uM(Xou X U b\a)log =———=
Xzo xzx(a,wezm(xn o e 8 P(X,u X))
. N

1 (Xou Xy)
- W(Xou X,, a)uV(Xou X;)log ———|.

J;(a.b)e%:.(xn of S WHETSY 1T T08 BXyu X))

We write D, (X,) instead of D,(N, X u X)), since D;(N, X,u X,) depends only
on X, and N is fixed throughout the proof.

We next notice that for fixed X, there is a kernel Uy (-, -) defined on the
subsets of [~ N + L, N — L] by the formula

W(X,u 4, a) if B=Au b\aforsomeacd,
b¢ A with |a — bl =1,
(225) Uy (d.B) =3 _ Y  W(X,ud.a) if B=A4,
(a,bye D1(A) .

otherwise,
and that
(2.26) Y P(Xou A)Ux (4,B) =0

A

for all X, and all B.
This last assertion is an easy computation which will be left to the reader.
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Now (2.24) may be rewritten to yield

MX,u B)
2.97 Wy (A, BYN(XoU A) log KoY B
(2.27) Xz[;; xold By (Ko A) log 7 e "=
Since Xg Uy (A. B) = 0. we have ¥, X5 p¥(Xou 4)Uyx (4. B) = 0 and
N
w(Xou 4)
2.28 (Xou A)log | —=——— | Uy (4. B) = 0.
I o e T

Using these observations and (2.26), we see. after some simplification. that
(2.27) is equal to

: Kou B) i (Xou 4) PXou d)
(2.29) Z[ZZ ( NX,0 B) P (XOUA)>1IX0(A.B) P(X,0 B)“ (Xou B)]
- (Xou B) pN(Xou 4) L P(Xeud)
Zo%AgB < NXou B) P(XOUA)>IIX"(A’B)P(XOUB w(Xou B)

We may delete the terms where A = B because F(1) = 0. Now by substituting
the formula for Uy (4, B) into the right side of (2.29). the lemma is proved.

REMARK 2.2. Since F < 0, and for z # 1, F(z) < 0. it is clear from Lemma
2.2 that if the expression in (2.23) is equal to zero and if 4 and B are two subsets
of [-N + L, N — L] with the same number of elements, then for all X, con-
tainedin[-N, —N + L — 1JU [N — L + 1. N].

pN (XL A) _ ¥ (XL B)

P(X,u A) P(X,u B)’

Indeed, there is a finite sequence 4 = By, B, . B, = B such that B;,; =
B;U bj\a; for some a; € B;, b; ¢ B; with |a; — b = 1; and it is immediate that
if the expression in (2.23) is equal to zero. then

N(Xou By) _ 1N (Xou Biyy)

P(Xou By) P(Xou Biyq)

(2.30)

(2.31)

3. Shift invariant states

X< Z wewillset X + a = {x + alx € X}. A state p is shift invariant if
(3.1) phX) = p* X+ a)

for all finite subsets A = Z,all X < A, and alla e Z.

Let .# be the space of all states on £ and give .# the weak topology. Denote
by .#; the closed subspace of all shift invariant states.

We will need the following facts about shift invariant states.

ProvposrTion 3.1, If ug is shift invariant. then y, is also shift invariant for all
t=0.



HELMHOLTZ FREE ENERGY 573

PrOPOSITION 3.2. In the definition of A(u) (see (2.7)), the limit supremum is
actually the limit. Thus, if p is shift invariant,

IR S | N #N(X)
(32) Alw) = lim o ov 1[,(%[;,,“ wX) log P(X)]'

A proof of (1) based on the techniques in [1] is routine and is left to the
reader. A proof of (2) can be found in [2], Section 7.2.
If m is large enough so that 2™ — 1 = L, let

<Pm MH“UWU

33  Hm=Y Y F

X (a,b) #Zm_l(x) P(X U b\a)

WXL b\a. b)

where X < [—2™ + 1,2™ — 1] and (a, b) e D;(2™ — 1, X). Using the con-
vention in the Remark 2.1, it is easily seen that H,,(-) is an upper semicontinuous
function on /.

We will also need the following fact, which can be easily proved from the
results in [1].

ProrosiTION 3.3. The map (4o, £) — U, is continuous in the product topology
on M x [0, ).

Lemwma 3.1. Let ue M. Then H,(p) < 2H,,_{(1).

ProoF. Let

(3.4) 4,X) = {(a.b)e D;2" — 1, X)|la < =L -1 and b < —L -1}
and
3.5) A, X) = {(a,b)e D;2" - 1.X)la=L+1 and b2 L+ 1}.

Then, since F £ 0, H,,(¢) is less than or equal to the sum of the two expressions
obtained if D; in (3.3) is replaced by 4; and subsequntly by 4,.

Now each X & [—2"’ +1,2™ — 1] can be written as X = V,u V,, where
Vic[-2"+ 1, —1]and V, < [0,2™ — 1]. We then notice that 4,(V, v V)
depends only on V;, and hence may be written 4(V;). In fact,

(3.6) A(Vy) =D2™ -1,V + am=1) — (2m~1 gm=1y
Similarly, if (a, b) € 4;(V;), then W(V;U V,, a) depends only on V;, and in fact,
(3.7) WV,u Vy,a) = WV, +2m L a + 2",

And finally, if (a, b) € A,(V,), then it is easy to check that

P(V,u V,ub\a) _ P(V,u bla)

3.8) PO Ty PO

To simplify the notation, we will write D,(V;) instead of D;2™ ',
V, + 2" 1) — @m"L 2" Y, W(V,, a) instead of W(V, + 2™ ' a + 2771,
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and p'(X) instead of u2™ " (X).
P(X) (XU b\a) (XU b\a)

(3.9) Y oy F( : ) W(Xu b\a, b) P——u’(X)
X @hedxy \H(X) P(XU b\a) P(X)
P(Vy) (Vv Va0 bla)
; ;z‘(a,b)ebl(V,) (#’( Viv V,) PV U b\a)
P(Vyu bla) p(VivV,)

. (-2m+1, -1
AN TA L "

[-2m+1,-1])
<y 3 FQ[PM) " (humv

Vi (a,b)eDy(V1) Ty PV, Ub\a)

P(Vyv b\a) |
P(Vy)

> WV b\a, b)

- W(V,u b\a, b) “2amr by,
The last inequality follows from Jensen’s inequality. since F is concave. In the
above argument, we have assumed that all u{=2"* %=1}y > 0. If this is not
the case, then the inequality in (3.9) follows directly from the convention given
in Remark 2.1.

Since u and P are both shift invariant, the right side of (3.9) is equal to
H, . (p). Similarly, if D in (3.3) is replaced by A4,, the result is less than or
equal to H,_ (1), and the lemma is proved.

LemMaA 3.2. The function

(3.10) Hw) = 5 lim o H, (1)

exists on My (it is possibly minus infinity) and is upper semicontinuous there.
Moreover, if uy € M, then A(p,) — A(py) < j{, H(u,) ds.

ProoF. Let G(m) = N2, [(2/*? — 2)/(2'*? — 1)]. Then by Lemma 3.1, if
ne M,

1 < 2m*2 _ 9 1
3.11)  G(m + ])WHm+l(u) s Gim + 1)2,,,+2 —ygmti o le(ﬂ)
1
= G(m)mﬂm(#l

Therefore, G(m)(1/2™*' — 1) H,,(u) is a decreasing sequence of upper semi-
continuous functions on .#,. Hence, the limit exists and is upper semicontinuous
on .#,. Since ((m) goes to one as m goes to infinity, this limit when divided by
B is equal to H(u).

In the proof of Theorem 2.1, we showed that

NX)
3.12 N(X) log Mt
( ) Xg[—ZN,N]# (X) log P(X) 1

is a nonincreasing function of ¢. Therefore an application of Lebesgue’s theorem
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and Fatou’s lemma yields

1 (X) o (X)
3.13 N(X) log P2 _ N(X) log K0
B13) B IR T Zm PO By

'Td N 1 (X)
.[o [£ (ng;v,m #e'(X) log P(X)) - Kl:' s

Now if uy € #A,, we may use (3.1) and (3.2) together with this inequality to
get

(3.14)  A(n) — A(uo)
. 1 t d - 2"‘ 1( )
,ET;W'TJ,E[Z“SZ 'X) log =52 }ds

Lim W—_J [Hn(us) + K] ds.

_Klt

IIA

In the middle expression, the summation extendstoall X < [—-2™ + 1,2™ — 1].
The last inequality follows exactly as in the proof of Theorem 2.1.
Now since 0 < G(m) < 1 and H,(u) < 0, H, (1) £ G(m)H, (1). Therefore,
using this inequality and monotone convergence, we have
! 1

(3.15)  A(u) — A(po) = '1111010 JBE™ T 1) [G(m)H,(n;) + K] ds

f H(u,) ds,
0

and the proof is complete.

LeMMa 3.3. Let pe #,. Then ifp¢ C,H(u) <0.

Proor. We may think of u2"~! as a measureon Uy U, S(2™ — 1, n, Y) (here
S(N, n, Y)is as in Section 2. 2) and it is easily seen tha.t uis the weak limit of the
p®" 1. From Remark 2.2, it is clear that if H,,(u) = 0, then u®>"~! is equal to
one of the v,._,; used to describe the set C. Thus, if H(u) = 0, then all H,,(u)
are zero, and therefore u € C.

TureoreM 3.1. Let uy € M, and suppose that t, - oo and that p, converges
weakly to u. Then ue C.

Proor. Since .#, is weakly closed and each yu, € #,, u € #,. Suppose that
# ¢ C. Then by Lemma 3.3, H(u) < 0. Therefore, there is a 6 > 0 such that if

(3.16) G, ={ve M |Hy) < -6},

then yu € G,. Since H is upper semicontinuous, G, is open. Therefore, there is an
open subset G of #, x [0, ) containing (i, 0) and such that if (vq, 8) € G
then v, € G, (see (34)). Since (1, 0) € G, there is an open set G, = #, and an
& >OsuchthatpeG’ and G, x [0, s)CG Thus, if vy € G, and0<s<s
then H(v,) < —9.
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Since y,, converges weakly to u, y, € G, for all sufficiently large n. Thus, by
Lemma 3.2, for all sufficiently large n. A(y, +,) — A(u,,) £ —0e.

This together with Theorem 2.1 implies that lim,_, , A(g,) = —oo. But it is
easily seen from the definition of A(v) that inf,. , A(v) > —oc. This is a con-
tradiction and completes the proof.

CoroLLARY 3.1. Let G be a weakly open subset of M containing C. and let
Uo € My. Then for all sufficiently large t. p, € G.

Proor. This follows immediately from the compactness of .# and Theorem
3.1

CoroLLARY 3.2. Al shift invariant equilibrium states are elements of C.

REMARK 3.1. It is clear from the proof of Lemma 3.1 that if the state at time
¢ is shift invariant, but not an equilibrium state. then the Helmholtz free energy
at all future times is strictly less than it is at time {.

4. Pressure

We first modify the Markov process 7, introduced in Section 1 in order to
motivate our definition of pressure. We need a “wall”’ from which the particles
“rebound,” so we let Z~ be the negative integers and take D = {0, 1}*” as the
state space. The intuitive description is the same as before except that no particle
is allowed to jump from minus one to zero. A proof that such a process exists
can be given by imitating the one in [1]. The attempted jumps from minus one
to zero are to be thought of as collisions with the wall, and we will take the
pressure of a state to be twice the expected number of collisions with.the wall
per unit time. Thus, if p is a state, its pressure is given by the formula

-1
(4.1) pu) = jn(—l)eXP{ Y U(—l~k)n(k)} u(dn).

k= -

Pressure is usually defined only for equilibrium states, so perhaps this should
be thought of as instantaneous pressure.

The temperature will no longer play a role in this section; thus, we have
absorbed the f into the potential U. However, it will be important to display
the chemical potential explicitly and so we will require U(x, ) = 0 for all x.

Now let y be any real number and set Sy = {ne D|n(X) =0 ifx < —N}.
We define a probability measure vy , with support Sy by the formula

(4.2) v, d) = Y

neAnSn

1 -1
oy ) P {v Y n@) — %; Z n(x)n(y)U(my)}.

x=—-N

Here (N, y) is the normalizing constant. It can be proved (see [3]. footnote 7)
that there is a probability measure v, on D which is the weak limit of the vy ,.
Just as in the case where the state space is £ instead of D, it can be shown that
the v, are equilibrium states for the Markov process #,. Then v, are moreover
the only states for which the pressure is usually defined.
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The usual definition of pressure is given in terms of the normalizing constants
B(N. y). and we will make use of the following result (see [2]. Section 5.6).
LemMma 4.1, There are constants A(y) > 1 and c(y) > 0 such that
(4.3) Jim 27NpO(N. 9) = (7).
The usual definition of pressure associated with the state v, is taken to be
P(y) = log A(y) (see [2]. Section 3.4).
TrHEOREM 4.1, The functions P(y) and p(v.) are both strictly increasing in y.
Proor. A proof that P(y) is a strictly increasing analytic function of y can
be found in [2], Section 5.6 ; therefore, we will restrict our attention to p(v,).
Since n(—1) exp {£71 _ . U(—1, 2)n(x)} is a continuous function on D. we
have

-1
(4.4) Jﬂ(—l)exp{ > U(-1~90)'7(x)} v, (dn)

x =
-1

= lim Jn(—l)exp{ Y U(—l,x)n(x)} V., (dn)

N—w x=-o

. 1 <
= Jim o) nezs& [exp { =Z_w U(-1. x)n(x)}
)
¥

-1
exp {’/ Y n@) — %Y n(x)n(y)U(x.y)}]-

x=-N

Here we have set Sy = {n ¢ SNln(—l) = 1}. Some elementary manipulations
reduce this to

1 -2
(4.5) lim ———exp {y} ) exp {y Y on@) =53 n@my)U. y)}
N-ow H(A . ’/) x ¥

neSx x=-N
In our last expression. Sy = Sy\Sy. Now
-2
(4.6) Y. exp {7 Y on@) =3 ) n@my)lU. !/)} = 0N — 1.y,
neSxN x=—-N y
and thus
4.7) p(v.)

0N — 1.7y

1
li ,
Jlim exp {7} T

1
exp {7} i) = P {y — P()}-

We have now reduced the problem to proving that y — P(y) is a strictly
increasing function of y. To do this we clearly need more information about P.
and this can be found in [2]. Section 3.4. The crucial fact is that there is a function
f(p) defined on the interval [0, 1) such that
(4.8) P(y) = sup (py — f(p))-

0=p<1
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Therefore, y — P(y) = info<,<; [(1 = p)y + f(p)]. which is clearly a non-
decreasing function of y. As mentioned in the first line of the proof, P(y) is
analytic; and thus if y — P(y) is not strictly increasing, then it is constant. But
this cannot be since P(y) > 0 for all y. Hence, p(v,) is also a strictly increasing
function of y.

We conclude this section by giving a physical interpretation of Theorem 4.1.
The parameter y determines what the density p(y) of the state v, will be; and in
the case which we are considering, it is known that p(y) is a continuous strictly
increasing function of y. Thus, Theorem 4.1 tells us that at constant temperature
the pressure is an increasing function of the density. Moreover, the pressure is a
strictly increasing function of the density, and this is interpreted to mean that
there is no change of phase for the model with which we are dealing.

The pressure p(v) is defined for states other than the v,, and Theorem 4.1 says
nothing about how the pressure varies with the density for the other states.
However, if v is not an equilibrium state, one would not expect any nice relation-
ship between the pressure and the density. Because of the results in Section 3,
we feel that it is highly unlikely that there are any equilibrium states besides the
v, and convex combinations of the v,. We are unfortunately unable to prove this.
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