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1. Introduction

Yosida’s definition of potential operators for semigroups [17] makes it
possible to deal with transient Markov processes and a class of recurrent Markov
processes in a unified operator theoretical way. In this paper, we prove some
general properties of his potential operators, show which Markov processes
admit the potential operators, and investigate the cases of processes with
stationary independent increments as typical examples.

Let 7, be a strongly continuous semigroup of linear operators on a Banach
space % satisfying

(1.1)

~ 0N

up 7] < 2.
=20

with infinitesimal generator 4 and resolvent

(1.2) J, = —4)". i > 0.
Following Yosida, we define potential operator V' for the semigroup by
(1.3) Vf=slim J,f.

A-0

when and only when the limit exists for fin a dense subset of 4. The domain
(V) isthe collection of fsuch that the limit exists. We will give conditions for the
existence of the potential operator (Theorem 2.2) and prove some general pro-
perties (Theorem 2.3), summarizing Yosida’s results [17], [19] with a few
results added. The relation with other definitions of potential operators is shown
in Theorem 2.4. In Section 3, we consider the case where # is the Banach space
Co(S) of real valued continuous functions on S vanishing at infinity. S being a
locally compact Hausdorff space with a countable base, and T; is a semigroup
induced by a Markov process transition probability. We will prove that the
semigroup admits a potential operator if the Markov process is either transient
or null recurrent, and that it does not admit a potential operator if the process
is positive recurrent. Processes with stationary independent increments on
Euclidean spaces are examined in Section 4. The fact that they admit potential
operators (Theorem 4.1) is a generalization of Yosida’s result [18] on Brownian
motions. The domain and the representation of potential operators are
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194 SIXTH BERKELEY SYMPOSIUM: SATO

investigated for Brownian motions, stable processes, and some other processes in
Section 5. We return in Section 6 to a general situation and consider generaliza-
tion of maximum principles for classical potential operators to operators in
Banach lattices. New types of maximum principles are introduced for the adjoints
of potential operators.

Several works have been done recently on potential operators of recurrent
Markov processes ([7]. [10], and others). Authors use different definitions of
potential operators. It seems that an advantage for Yosida’s potential operators
lies in their direct connection with infinitesimal generators.

2. Potential operators for semigroups on Banach spaces

Let # be a Banach space, and #* be its adjoint space. We use the notation
(@, f) = o(f) for ¢ € #* and f € #. The limit in the strong, weak, or weak*
convergence is denoted by s lim, w-lim, or w* lim, respectively. By dense, we
mean strongly dense. We say that a subset # of #* is w* dense if for each
@ € #B* there is a sequence {¢,} in # such that ¢, weakly* converges to ¢.
Thus w* denseness implies denseness in the sense of weak* topology. The
symbols 9, #, and A" mean domain, range, and null space of an operator. In
this section, {T,; ¢ = 0} is always a strongly continuous semigroup of linear
operators on # satisfying (1.1), 4 is its infinitesimal generator, and J; is the
resolvent operator (1.2). It is known that A has dense domain and determines
the semigroup uniquely and that

2.1) J.f = f: e M T fdt,

(see [3] or [16]). Let T}, J%, and A* be the adjoint operators of T}, J;, and 4,
respectively. The following theorem has a preliminary character, but is interest-
ing in itself.
THEOREM 2.1.
(i) The semigroup {T}*; ¢t = 0} is a weakly* continuous semigroup on B*.
(ii) The operator A* has w* dense domain and

(2.2) A*Y = w* lim ¢t~ YTy — ¥), Y e D(A*).

t—0

Conversely, if the right side of (2.2) exists, then Y € D(A*).
(iti) The following relations hold

(2.3) JP= (A — 4%

(2.4) J¥p = fow e M T*gp dt, @ € B*.
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(iv) The operator A* determines T, uniquely.
The integral in (2.4) is defined to be the element { € #* which satisfies

(2.5) W.f) = fo“’ e (T*o, f) dt, fed

Proor. Part (i) is obvious. Equation (2.3) is a consequence of (1.2), (see [16],
p. 224). The domain of A* is w* dense since AJ%¢ converges to ¢ weakly* as
A = o0 and AJp € D(A*). If ¢ is the right side of (2.2), then J¥(AYy — @) = ¢,
and hence Y € Z(4*) and A*Y = ¢, because we have

(2.6) Jie.f) = lti_lftl)t"(T,*l// =¥, Juf) = (b, AJLf)

=W, MW, f —f) = W —¥.f)
for any fe #. If § is the right side of (2.4), then

@7 @) = [T @ T ds = [T e (Th0. ) ds
0 0

= o [T e @re, 1) ds

for any f, which implies ¢t~ Y(T*y — ¥, f) > (W — @, f), and hence Y € D(4*)
and A*Y = Ay — ¢. This shows (2.4) by (2.3). In order to finish the proof of
(2.2), note that any € 2(A4*) is represented as Y = J¥¢ by (2.3), and hence
w* lim ¢t~ (T*¢Y — y) exists by (2.4) and the above argument. The operator 4*
determines 7', uniquely since A* determines J¥ by (2.3) and J¥ determines J,.
The proof is complete.

The potential operator defined in Section 1 does not always exist. But we
have simple criteria for its existence.

THEOREM 2.2. The following conditions are equivalent :

(a) T, admits a potential operator ;

(b) #(A) is dense ;

(¢) AJf = 0 (4 — 0) strongly for oll f;

(dy A, f = 0 (A — 0) weakly for all f;

(e) t71 5}, T, fds = 0 (t = oo) strongly for all f;

(f) t71 |5 T, fds > 0 (t > ©) weakly for all f;

(g) A* is one to one;

(h) AJ¥@ — 0 (A — 0) weakly* forall ¢;

(i) t7' [y T*@ ds - 0 (t > ©) weakly* for all .

The equivalence of the first four conditions is proved by Yosida [17]. He
introduces also the condition (h) in [19]. Conditions (e), (f), (i) are new. The
following condition is also equivalent, though apparently weaker: for each f
in a dense set in & there is a sequence {4,} decreasing to 0 such that 1,J, f
converges to 0 weakly (see [17]).
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Proor. That (d) is equivalent to (h) is evident. The equivalence of (f) and
(i) is also evident, since we have

2.8) (rl f T*o ds,f) = ((p, 1 f' Tsfds).
0 0

Equivalence of (b) and (g) is of general character ([16], p. 224). Using
(2.9) Al = o,

where M is the bound of |||, we get the implication (a) = (c); (c) implies (d);
(d) implies (b) because the closure of #(4) is closed in weak topology by the
Hahn-Banach theorem ([16], p. 125) and AJ, f = AJ,f — f — f weakly as 4 — 0;
(b) implies (c), since if f = Au then

(2.10) IAAl = AT, = 1| < A0 + M)|ul| - o0,

and since we can use (2.9) and (b) for general f. On the other hand, (b) and (c)

together imply (a) because J,du = AJ,u — u —» —u strongly. Thus, (a), (b),

(c), (d) are equivalent. If f = Au, then

(2.11) t“f‘Tsfds = t"lftATsuds =t YT — u) >0, t - o0.
0 0

Since we have

t
(2.12) |t [ Tusasl < w51, fea,
(b) implies (e); (e) = (f) is evident. If (f) holds, then
t t
(2.13) t"J (0, T,f)ds = <(p,t"J‘ Tsfds)—>0, t— o0,
o 0

for each ¢ and f, which implies
(2.14) A f‘” e~ (@, T,f) ds = 0, A0,
0

by the Abelian theorem for Laplace transforms ([15], p. 181), that is, the con-
dition (d). The proof is complete.

THEOREM 2.3. Suppose that {T,; t 2 0} admits a potential operator V and let
V* be the adjoint operator of V. Then, A, A*, V, V* areall one to one, V = —A~ !
and V¥ = —(4*)" . Subspaces 2(V) = R(A) and R(V) = D(A) are both dense
in B; similarly, D(V*) = R(A*) and R(V*) = D(A*) are both w* dense in B*.
Furthermore,

(2.15) V*o = w* }in% Jio, Qe QV*

holds. The collection of @ such that the limit in the right side of (2.15) exists
coincides with 2(V*).
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The theorem is proved by Yosida [17], [19]. We give the proof for
completeness. ‘

Proor. If ue 9P(A4), then J;Au = AJ,u — u - —u strongly by Theorem
2.2 (c), and hence due P(V) and —VAu = u. If fe D(V), then AJ,f > —f
strongly likewise, and hence Vfe 9(4) and —AVf = f by the closedness of 4.
Thus, /' (4) = A (V) = {0}and V = — A~ Thisimplies A/ (4*) = A (V*) =
{0} and V* = —(4*)"! by [16], p. 224. If J¥¢p has weak* limit y as 1 — 0,
then it follows from

(2.16) (@ — AJ¥o, Vf) = (—A¥ %o, V) = (J%o, ),

that (@, Vf) = (¢, f) for all fe 2(V), which means ¢ € 2(V*) and V*¢p = .
Conversely, if @ € 2(V*) and V*¢ = ¥, then J¥p = —J¥A* = ¢ — A%y
converges to ¥ weakly*. The remaining assertions are trivial consequences of
the previous theorems.
CoROLLARY 2.1. The operator V determines {T,} uniquely, and so does V*.
THEOREM 2.4. Suppose that {T,} admits a potential operator V.
(1) The following five conditions are equivalent :
() feD(V)and Vf = u;
(b) Jof = u(A — 0) weakly;
(¢) 1 — AJ)u = J,f forsome L > 0;
d) Q1 — AJ)u =J,f forall A > 0;
(e) (1 = T)u = [y T.fds forall t Z 0.
(ii) In order that f € D(V), Vf = u, and wlim T,u(t > o0) exists, it is necessary
and sufficient that
(2.17) u = wlim ;Tsfds.
t—+ oo
(iii) Assertion (ii) remains valid with w lim replaced by s lim. _
Equivalence of (d) and (e) is observed by Kondo, and he studies solution of
(d) and (e) in an extended sense for recurrent Markov processes [7].
Proor. The implication (a) = (b) is trivial. If ¥ = w lim J, f, then by the
resolvent equation

(2.18) Lf =+ @A —wd,f=0,

we have (d). Thus, (b) implies (d). The implication (d) = (c) is trivial. If (c)
holds, then it follows from (2.18) that

219) Jf=0f+ A - w0 - MW)u=J,f— (A —ud,AJu,

which strongly converges to J,f + AJ,u = u, and we have (a). Also, we see
equivalence of (a) and (e), noting that f = —Awu. For (ii) let u be defined by
(2.17). Then u satisfies (e), and hence (a). According to (e) and (2.17), T,u weakly
converges to 0 as t — c0. Conversely, let Vf = vand T,u — v weakly as t — cc.
Then we have T,v = v for every s, and hence v = 0 by A'(4) = {0}. Thus, (2.17)
follows from (e). Replacing w lim by s lim, we get the proof of (iii).
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A set A is called a core of a closed operator T, if # < P(T) and if the
smallest closed extension of 7' | M coincides with 7, where T | A is the restriction
of T to . (see [6], p. 166). The notion of core is important, because if .# is a core
of the potential operator V, then V|.# determines the semigroup. Note that
V is a closed operator since 4 is closed. Although it is usually difficult to find
explicit expression of V, it is sometimes possible to find the expression on some
core. See Section 5 for examples. If .# is a core of T, then .# is dense in 2(T)
and T'(.#) is dense in Z(T'). But the converse is not true in general. We can prove
the following assertion: let 7" be a closed linear operator and let .# be a linear
subspace of 2(T'). Suppose that for each fe 2(T) there are a sequence {f,} in
# and an element g € # such that w lim f, = fand wlim 7f, = ¢g. Then, ./ is
a core of T'.

3. Potential operators for Markov process semigroups

Let S be a locally compact Hausdorff space with a countable base. Let C(S)
be the Banach space of real valued continuous functions on S vanishing at
infinity if 8 is not compact, or the Banach space of real valued continuous
functions on S if S is compact. We denote the collection of continuous functions
with compact supports by Cx(S) or Cg, and the collection of nonnegative
functions in Cg by C¢. Let {T}; ¢ = 0} be a strongly continuous semigroup of
positive linear operators on Cy(S) with norm ||7}| < 1. There corresponds to
{T,} a right continuous, time homogeneous Markov process on S with transition
probability P(¢, «, dy) such that

(3.1) 7@ = [ JwP. . dy).
We call the Markov process (or the semigroup) recurrent if
(3.2) f” P(t,x, U)dt = o

o]

for all x and all open neighborhoods U of x, and transient if

(3.3) fw P(t, z, K)di < o

0
for all x and all compact K. It is null recurrent if it is recurrent and
(3.4) lim P(t,x,K) = 0

t— ®©

for all x and all compact K, and positive recurrent if

(3.5) lim inf P(¢, z, U) > 0

t— oo

for all x and all open neighborhood U of x. We will show the relations of these
notions with the existence of a potential operator. In applying the theorems in
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Section 2, note that C§(S) is the space of signed measures with bounded variation
normed by the total variation, and that {f,} converges weakly to f in Cy(S) if
and only if f,(x) converges to f(x) pointwise and sup, ||f,]| < .

THEOREM 3.1. If {T\} is transient, then it admits a potential operator.

ProoF. Since Cy is dense, it suffices to show that ¢~! [, T f(x) ds tends
to 0 pointwise as  — oo for f € Cx (Theorem 2.2). But this is easily seen because
(& T| f|(x) ds is finite.

TuEOREM 3.2. If {T,} is null recurrent or, more generally, if (3.4) holds, then
it admits a potential operator V and

(3.6) Vf = wlim | 7.fds.
t—-w JO
Proor. It follows from (3.4) that
3.7 wlim T,f = 0
t—>

for all fe Ck, hence for all fe Cy(S). The theorem is then obtained from
Theorems 2.2 and 2 4.

THEOREM 3.3. If {T,}ispositive recurrent, orif the process has a finite invariant
measure, then the patential operator does not exist.

Proor. Property (3.5) implies that condition (f) of Theorem 2.2 does not
hold. Existence of a finite invariant measure ¢ contradicts condition (i) of the
same theorem since T*¢ = ¢ # 0.

ReMark. If 8 is a countable set with discrete topology and all points com-
municate with each other, then the following three conditions for the process are
equivalent: to admit a potential operator; to be transient or null recurrent; to
have no finite invariant measure. In fact, transience, null recurrence, and
positive recurrence cover all possibilities in this case, and the process is positive
recurrent if and only if it has a finite invariant measure [2].

If the process is transient, C'x is not necessarily contained in 2(V). But we
have:

THEOREM 3.4. Suppose that {T,} admits a potential operator V and that
Cx = D(V). Then, it is transient, Cy is a core of V, and

(3.8) Vf = slim [ 7,fds.
t—=o JO

Proor. If fe Cf, then
(3.9) f T f() dt = lim f e~ HD f(x) dt = Vi) < oo.
[ A—0JO

Hence, the process is transient and we have (3.8) for C§ by applying Dini’s
theorem to the one point compactification of S. Let ¥V, be the smallest closed
extension of V| Cx. We have to prove V, = V. First, let us show that if fe Cg,
then J, f € 9(V,). In fact, let u = J,Vf and let {g,} be an increasing sequence in
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Cg which converges strongly to J, f. Since we have
@ @ @
(3.10) fo TJ,f(z)dt = fo fo e~ T, f(z)ds di
= fw e BT Vf(x)ds = u,
0

Vg, tends strongly to u by Dini’s theorem, and hence J, f € 2(V,). Also, we have
(3.11) AVodof + Iof = Vof

for f € Ck. It follows from (3.11) that #(V,) is dense. We see that if f € 2(V,),
then J, f e 9(V,) and (3.11) holds. Thus, #(AV, + 1) contains %£(V,), and hence
is dense. If g, = (AVy + 1)f, — g strongly, then f, = g, — AJ;9, > g — ;g
and hence g € #Z(AV, + 1) by closedness of V,. The whole space is thus
R(AVy + 1). On the other hand, AV + 1 is a one to one mapping and an ex-
tension of AV, 4+ 1, whence V = V,. If f e Ck, then it follows from (3.8) and
Theorem 2.4 that 7,Vf — 0 strongly as ¢ — c0. Since V(Cy) is dense, T,g — 0
strongly for all g € Cy, and hence we have (3.8), completing the proof.

If the process is conservative (that is, P(t,x, S) = 1for all t and x), then V' is
unbounded. In fact, if ¥ is bounded, then0 < J,f, < Vf, < |V|for0 < f, < 1
and, letting f,(x) increase to 1, we should get A™* < || V|| forany A > 0, which is
absurd. This is in contrast to the fact that there are many bounded infinitesimal
generators.

4. Potential operators for processes with stationary independent increments

Let X,(w), ¢t = 0, be a right continuous stochastic process on R" starting at
the origin with stationary independent increments defined on a probability space
(Q, #, P). The process x + X,(w) is a Markov process starting at . Its transition
operator carries Cy(R") into itself and forms a strongly continuous semigroup
T,, which commutes with any translation L, defined by L, f(x) = f(x + y).
Conversely, every strongly continuous positive semigroup 7, on Co(R") with
norm ||7,|| = 1 which commutes with translations is induced in this way. We
denote the totality of infinitesimal generators of such semigroups on Co(R")
by Gy.

THEOREM 4.1. The infinitesimal generator A € Gy admits a potential operator,
except if A is the zero operator.

This fact, which generalizes [18], is a consequence of Section 3, since the
process is transient or null recurrent. But we will prove this theorem from an
estimation of ||7,]| (Theorem 4.3). Theorem 4.2 gives the representation of
infinitesimal generators Gy, and our proof of Theorem 4.3 which makes use of
Theorem 4.2 and decomposition of semigroups may be of some interest. In the
following, D; = 9/0x;, D, ; = 0*/6x;0x;, and C§ is the set of C* functions with
compact supports; S(f) is the support of function f.
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THEOREM 4.2. Let A € Gy. Then,
(i) CR < 9(4);
(ii) Cg isacore of A;
(iii) for any u € CZ, Au is of the form

N N
i,j=1 i=1

i

N
+ j [u(x +y) — ux) — xuly) Y, y.-D.-u(x)] n(dy),
RN\(0} i=1

where a; ; and b; are constants, (a; ;) is a symmetric positive semidefinite matrix,
Xu 18 the indicator function of the open unit ball U, and n is a measure on R¥\{0}
satisfying

4.2) w(RM\U) < oo, fwo) |y|?n(dy) < o.

Conversely, if A satisfies (iii) and D(A) = CZ, then A is closable in Cy(R") and
the smallest closed extension of A is a member of Gy

The measure # is called Lévy measure. A proof is found in [11]. Hunt [4] has
a similar theorem.

THEOREM 4.3. Let A € Gy.

(i) If a; ; + O for some i, j, then

(4.3) I7.fl £ @mat)=2| f]| diam S(f)

forany fe Cx and t > 0, where « is the maximum eigenvalue of (a; ;).

(ii) If the Lévy measure n does not identically vanish, then

(4.4) IT.f]| < e@nBt)y="2||f||[1 + &~ * diam S(f)]
Jorany fe Cx,t > 0, and ¢ ‘> 0, where
(4.5) B = Ble) = JmBX max{n({y; ¥ 2 e}), n({y; ; £ —¢})}.

In the proof, we use the following lemma, which is easily proved. This is closely
connected with Theorem 1 of Trotter [14].

LemMa 4.1. Let AV, A® € Gy and let TV and T'® be respective generated
semigroups. Then, TV and T® commute for any t and s. Let T® = TOTWY,
Then T'® is a strongly continuous semigroup with infinitesimal generator A® € Gy
and A®u = AMy + APy for ue Cg.

Proor or THEOREM 4.3.

(i) By an orthogonal transformation of R", we can and shall assume that the
matrix (a; ;) is diagonal and a, ; = «. Let A and 4'® be members of G such
that AVu = oD, ;uand A®Pu = Au — AVufor u € C§ (Theorem 4.2). By using
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Lemma 4.1, we have |T,.f|| = |72 T{Vf|| < |7V f]|, which implies (4.3) since

—yi/dat
(4.6) T Vf(x) = _[ g yll/—za } fl@y + y 2y, xy) dyy.
Rt (4mat)l

(ii) Let us consider the case where § = n({y; y; = &}). The other cases are
treated in the same manner. Let n') be a measure defined by »'"(E) =
(B {y:y, = ¢&}), let AV be a bounded operator defined by

(4.7) AVu@) = [ [u@ + ) = u@)]a dy).

and let A® = 4 — AV, By virtue of Lemma 4.1, it is enough to prove the
estimate (4.4) with 7', replaced by 7¢!) generated by A*). Let Y, (w), ¢t = 0, be a
Poisson process with paths being right continuous step functions and EY, = ft.
Let {Z,(w); k=1,2,-- } be independent identically distributed RY valued
random variables independent of the process {¥,; ¢ = 0}, each Z, having distri-
bution B~ 'n"). Let 8, = 0and S, (w) = ., Z;(w). Then, Sy, (w) is a process
with stationary independent increments which induces the semigroup 7. We
have

(4.8) Tfw) = ¥ PY, = WEf@ + 8.
k=0
and hence
k 00
(4.9) |TOf ()| < e (max (B > 17 S P(S, e S(f) — x).
ko k! o
We have

(4.10) Y P(S,eS(f) —x) S E Y g, -x(Sk1) £ 1+ ¢! diam S(f),

k=0 k=0
where K| is the projection of S( f) into the first coordinate, and S, ; = 2’}:1 Zj 1,
Z;,, being the first coordinate of Z;. Note that Z;; = ¢ with probability one.
Let p(k) = (k!)"'e %k + 1)¥*1/2 Since we have
(4.11) sup p(k) = lim p(k) = e(2m)~ /3,

k=0 k—

by elementary calculus (it will suffice to recall the proof of Stirling’s formula),
we have

(412) e #{ max (Bo)t = e M ——(Bt)md < (B~ '2p([Be]) £ e(2npt)~ 12,
kzo k! (8] = =
which, combined with (4.9) and (4.10), proves (4.4). The proof is complete.
Proor oF THEOREM 4.1. In the cases described in Theorem 4.3, T, f strongly
converges to 0 as t — oo for every f € Co(R"), which implies the existence of a
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potential operator by Theorem 2.2. There remains the case where Adu =
=N b;Du for ue C and b; #+ 0 for some i. In this case, the semigroup is
T.f(x) = f(xy + byt, -+, xy + byt), and hence T, f weakly converges to 0 as
t —» oo for every f. This also suffices for our conclusion by Theorem 2.2.
We give some results on cores of the potential operator V of 4 € Gy.
THEOREM 4.4. The collection M of f € D(V) such that f and Vf are integrable
is a core of V. If fe M, then

4.13) flx)dx = 0.
RN
Proor. It is easy to see that if g € C, is integrable, then J, g is integrable and

(4.14) lleg(x) dx = fg(x) dzx.

If fe M, then we get (4.13) from (4.14) by letting g = f + AVf, f =g — AJ,g.
Since Cg is a core of A (Theorem 4.2), the set #, of f € 2 (V) such that Vfbelongs
to Cg is a core of V. We claim that Au is integrable if u € C¢, which will imply
M, = M and completes the proof. Let K = S(u). In the expression (4.1) of Au,
the first two terms have compact supports, and the integral

(4.15) ”
RN xRN

is finite because the integral over each of the following four sets is finite: x € K
andyeU;xreKandye R"\U;x + ye Kandye U;x + ye Kandy e RMU.

TarorEM 4.5. If n(RM\B,) = 0 for some B, = {x; |x| < a}, then Cx N D(V)
is a core of V.

Proor. The condition implies Au € Cy if u € CR. Hence, the set .#, defined
in the preceding proof is a subset of Cx N\ D (V).

An open question is whether Cx N 2(V) is a core of V without any assumption
on Lévy measure.

It should be noted that a paper by Port and Stone [10] includes the following
result: let T be the collection of points x such that for each open neighborhood U
of x there isa ¢t > 0 satisfying P(X, € U) > 0, assume that the closed group gener-
ated by T is RY, and consider transient cases. In case N = 1 and X, has finite
nonzero mean, a function f in Cg belongs to 2(V) if and only if it satisfies (4.13).
Otherwise all functions in Cx belong to 2(V).

N
u@ + y) — wx) — xu(y) Y y:Du()| den(dy)
i=1

5. Examples

ExAMPLE 5.1. Brownian motion. Let A € Gy be such that

N
(5.1) Au(x) = Y. D; u(x), ue Cg,
i=1
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and V be the corresponding potential operator.
Let N = 1. Then, a function f in Co(R') belongs to 2(V) if and only if

(5.2) f:” f(x)dx = 0,
and
b —a 0
(5.3) lgm [J xf(x) dx — aJ flx)dx + bJ‘ flx) dx] = 0.
a,b— —a - b

If fe D), then

(5.4) Vf(x) = lim 2“[— J ly — x| f(y) dy + af f) dy]-

a— o -a -a

Here integrals with infinite endpoints are understood as Riemann improper
integrals.

CoRrOLLARY 5.1.  Consider the case where xf(x) € L'. A necessary and sufficient
condition for fe D(V) is

(5.5) fR xf(x) dx = fR flx)dx = 0.
If fe D(V), then

1
(5.6) Vfx) = — 3 L ly — x| f(y) dy.

Note that there are functions fin 2 (V) for which xf (x) is not an L' function.
Consider, for example, f = u”", letting u(x) equal x*sinx, —1 < a < 0, for
large x.

CoroLLARY 5.2. Let I be a closed interval and let fe Z(V). Then, S(f) = I
if and only if S(Vf) < I.

Proor. It is known that 2(4) is the collection of u € Cy(R') such that u is
of class C? and u” € Cy(R'). We have Au = u" for all ue Z(4). Let fe 2(V).
It follows that u = Vfe 9(4), f= —u". and ' € Cy(R'), whence (5.2).
Equation (5.3) follows from

(5.7) fb xf(x)dr = a J‘:: xf(x)dxe — b J.bx xf(x) dx + u(—a) — u(b).

—a

In order to prove the converse, let f be a function in ('o(R") satisfying (5.2) and
(56.3). Let

(58) 0@ = ["fwdy. g0 =" jwa.

b— x

b x
(5.9) hy(x) = lim U yf(y) dy + bJ f(y)dy}
b
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(5.10) hy(x) = lim U yf(y) dy — aJ fy) dy]-

a— o -

All of these exist and g; + g, = 0, by + h, = 0. Define u by the right side of
(5.4). Then we have

(5.11) u(@) = 2g;(@) — hy(@) = —xg,(x) + hy().

Since xg,(x) — h(x) is

(5.12) J yf(y) dy + xj

X0

© b ©
fly) dy — lim U uf(y) dy + bL fy) dy]
x ®© xo
for fixed x,, we have xg,(x) — h,(x) = 0 as & — co. Similarly, xg,(x) —
hy(x) > 0 as x > — oo, and hence u e C,. Since u” = —f, it follows that
ue D) and du = —f.

For higher dimensions, the following are classical results. For N = 2, a
function fin Cy belongs to 2(V)ifand only if f has integral null. If f € Cx N 2(V),
then

1
(5.13) Vfx) = — %sz(y) log |y — x| dy.

For N = 3, Ck is contained in 2(V), and

(5.14) Vf(x)

I'(N/2) I fy)
d
x| Y

TN = 272 Jenly — 2|7 2

for fe Cx. We do not know the complete description of 2(V) for N = 2, but
we have the following partial result for N = 2. Let .# be the collection of f(x)
in Cy(R?) which depends only on |z|. Let B, be the closed disc with radius a
centered at the origin. Then, fe 2(V) if and only if

(5.15) lim [— J f(y) log |y| dy + (log a)J f) dy]
a— oo Ba Ba
exists and is finite, provided that fe 4. If fe 2(V) ~ A, then

1
(5.16) Vf(x) = lim 5—[— J log ly — =|f(y)dy + loga'[ fy) dy]-
a—o &zl Ba Ba

The relations S(f) = B, and S(Vf) < B, are equivalent, provided that
fe2(V)yn M. The proof, which makes use of Green functions for discs, is
omitted. In any dimension, Cx n 2(V) is a core of V by Theorem 4.5.

In the sequel, we denote by .#, the collection of functions in Cg(R") with
integral null.
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ExaMpPLE 5.2. Brownian motion with drift. Suppose 4 € G; and Au =
u”" + bu', b # 0, for ue CF. The process is transient. Suppose b > 0 for
simplicity. Then, it is easy to see that Cx N D(V) = H,, that #,is a core of V,
and that

1 x e o]
(6.17) Vf(x) = EU— f@y) exp {bly — x)} dy + f f) dy]

for f € M#,.
ExAMPLE 5.3. Deterministic motion. Suppose 4 € G, and Au = bu', b # 0,
for u € Cg. It is trivial that Cx " D(V) = #,, which is a core of V, and that

1 @
(5.18) Vf(x) = ZJ f(y)dy

for f e M, provided that b > 0.

ExAMPLE 5.4. Stable processes. Let X, be a one dimensional stable process
with index a. Excluding deterministic motions and normalizing time scale, we
have the characteristic function E exp {i{X,} of the form

(5.19) exp {—t{%},
ifoa =2,
(5.20) exp {—t|{|“(l + iff tan ?sgn C)}, -18£1,

if0<a<lorl <a< 2, and
(5.21) exp {—t|{|(1 — iy sgn ()}, —0 <y < 00,

ifa = 1. Equation (5.19) is the Brownian motion examined above. The process is
recurrent if 1 £ o £ 2, and transient if 0 < a < 1.
If1 <a <2 then CynD(V) = M,, M,isacoreof V,and

G22) Vi) = [ ky - )fw) dy. fecxnaw),

_ ]x|"_1(l — Bsgnx)
2(1 + A®)I(a) cos%

(5.23) k(z) h = Btan ?

Indeed, the fact Cx N D (V) = #, and the expressions (5.22), (5.23) are proved
by Port [9]. His proof can be simplified by systematic use of Theorem 2.4 (ii).
The proof that .#, is a core of V is as follows. First, note that if u € g, then
Au(x) = O(|x|"*"!)as|z| - o0, and hence Au has integral null by Theorem 4.4,
because the Lévy measure has density c,2~*~ ! forx > Oand c,|z| *" ! forx < 0
with some nonnegative constants c,, c,. Therefore, since {4u; u € CR} is a core
of V, it suffices to show that for each function f € C, with integral null satisfying
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flx) = O(|z|™*"") as jx| = oo there exists a sequence {f,} in .#, such that
f, = f weakly and Vf, - u weakly for some u € (. Let

624) u@) = [ty - )@ dy = [ [ty = 2) — k(~2)] @) dy

Since there is an estimate

(5.25) |k(y — x) — k(—=)| < const |y|*~

([9], p- 146) and since k(y — ) — k() tends to 0 as || — o0, u belongs to Cy.
Choose' a function g € C5 such that g(x) = 1 on [—1, 1], and let f,(x) =
(a» + f(x))g(x/n), choosing a, in such a way that f, has integral null. It follows
that a, = O(n~*"'). Hence, ||f, — f| = 0 as n > o0 and f,(x) = O(|z|™*"")
uniformly in # as |x| - co. Using (5.22) for Vf,, we see that |Vf, — u| = 0,
completing the proof.

If o = 1, then we have similarly Cx N D(V) = M, and (5.22) with

_ —loglz| + 27 'nysgnz
- n(l + 77

(5.26) k()

and M, is a core of V.
To prove this, let p(¢, x) be the distribution density (Cauchy) of X, and let

(5.27) att,) = |\ (ple. ) = pla. 1)) s
We have
_ 1 12 + (x — yt)?
(5.28) q(t, x) = ol + y2)<log P T 2log |z| | + g(¢, x),

(5.29) lim q(¢, x) = k(x) — y[2(1 + yH)]7!

t—w

with k(x) defined by (5.26) and g(¢, x) a bounded function. Hence, we have
estimate

(5.30) lg(t, )| < 01|10g|x|| + 62
(5.31) la(t, = + ) — q(t. )] S calog|l + yla]| + e

for x #+ 0, —y with ¢; independent of z, y, ¢. Let f € .#, and let u be defined by
(5.24). Then we see that u € C. Using (5.30) and (5.31), we can prove that

(5:2) [irp@ds = | atty - @) dy

= | (at.y - ) — g, —2) ) d,
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and that (5.32) is bounded in ¢ and x and tends pointwise to u(x) as ¢ - c0.
Hence, fe 2(V) and Vf = u by Theorem 2.4 (ii). Conversely, if fe Cx n 2(V),
then (4 7,f(x)ds is bounded by the same theorem, and hence f must have
integral null because

633) [ Tfods = [at.psway + [ dy [ pe1) s

The fact that .# is a core of V' is proved by the same idea as in case 1 < a < 2.
Details are omitted.

If0 < o < 1, then Cyx = D(V), Cgisa coreof V, and we have (5.22) with k(x)
defined by (5.23).

In fact, we have

(5.34) f: p(t. x) di = k(). x40

for distribution density p(t, x) of X, and so [§ 7,f ds converges weakly to the
right side of (5.22) as t - o if fe Cx. Thus. we can apply Theorem 2.4 (ii).
Finally, C is a core by Theorem 3.4.

ExampLE 5.5. Poisson process. If Au(x) = u(x + £) — u(x) with £ # 0,
then

(5.35) Vi) = Y flx + kf), feCun V),
k=0

and Cg N 2(V) is the collection of fe (g such that | f(x)p(x)dx = 0 for all

@ € O, where @ is the set of continuous periodic functions with period 7.

EXAMPLE 5.6. Symmetrized Poisson process. If Au(x) = u(x + £) + u(x —
£) — 2u(x) with £ # 0, then

(5.36) Vi) = —

DO | —
Ms

Iklf + kf). fe Cxn2(V),

k=

and Cx N Z(V) is the set of f € Cg such that

(5.37) ff ) dx = ff 2)xp(x) dx = 0

for all ¢ € ®, where ® is the same as in 5.5.
ExaAMPLE 5.7. Brownian motion on [0, o) with reflecting boundary condition.
This is null recurrent and the potential operator V in Co([0, 0)) is

1

(5.38) Vi) = - §L (ly = 2 + [y + =|)fty) dy

for f € Cx([0, ov)) " 2(V). The function f e Cg([0. x¢)) belongs to Z(}') if and
only if f has null integral. No other condition appears.
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ExaMPLE 5.8. Brownian motion with reflecting boundary condition on a strip
S = R'x [0.1]. This is also null recurrent. Kimio Kazi [6a] found the
potential operator V for this process. If f e Cx NP (V). then

(5.39) Vi, x;) = L k(xy. 2291 ¥2)f W1 ¥2) dy1dy,,

(5.40) k(xy, 231 Y1, ¥2)
= “2_1|?/1 - x1| + k(@ X2y Y2) + k(@ — X2 YY),

(5.41)  ky(xy, 235 Y15 ¥a2)
= —@dn)"'log (1 — 2exp {—nly, — x|} cos m|y, — ;]
+ exp {—2n|y, — x,|}).
A function f € C(S) belongs to (V) if and only if

(5.42) Lf(xl, x,) drdx, = fs xy flxy. x,5) dxydx, = 0.

The kernel k is approximately equal to that of the one dimensional Brownian
motion if |y, — x,| is large, but has logarithmic singularity when (x,, x,) and
(41, y,) are close. We do not know such a nice expression of potential kernel for
the similar process on R? x [0, 1].

6. Some properties of V and V*

Let # be a Banach lattice (see [1] or [16] for definition). The symbols f7, f~,
and |f| mean f v 0, —(f A 0),and f v (—f), respectively. The adjoint space %*
becomes a Banach lattice in the naturally induced order where ¢ <  means that
(@.f) £ (. f) for all fe & such that f = 0 ([1], p. 368). We call {7,} an M
semigroup on 4 if it is a strongly continuous semigroup of positive linear
operators with norm < 1. We will show characteristic properties of potential
operators of M semigroups and their adjoint operators.

We use a functional on # x # defined by

(6.1) p(f.g) = lim ([ (f + e)"] = /7))

This functional is introduced in [12] with notation @4(f, g). and shown to have
several nice properties. We define p(¢. ) on #* x #* in the same way.

TueoreM 6.1. Let {T,} be a strongly continuous semigroup on % satisfying
condition (1.1) and admitting a potential operator V. Then, the following conditions
are equivalent :

(a) T, is an M semigroup ;
(b) p(Vf, f) =2 0 for all fe D(V):
(C) ||(Vf)+” < “(Vf + gf)+"f07‘ allfe@(V) and & > 0;
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(d) p(V*@,9) 2 0 forall pe D(V*);
@ [(V*o)* | £ |(V*o + e)*| forall p € D(V*) and & > 0.

Proor. The family {7,} is an M semigroup if and only if J, is positive and has
norm < A”! for all A > 0. Hence, the equivalence of (a), (b), (c) is proved in
[13]. Likewise, both (d) and (e) are equivalent to the fact that J¥ is positive with
norm < A~ ! forall 4 > 0. The last property is equivalent to the same property
for J;.

If we rewrite the above conditions by using the infinitesimal generator 4 and
its adjoint A* instead of V and V*, then the theorem is true even in case {T,}
does not admit a potential operator.

In the case # = Cy(S), we have
(6‘2) p(fs g) = max g(x)’ f+ # O’

xeK(f*)

where K(f*) = {x; f*(x) = ||f*|}. Af f* = 0, then p(f,g) Z 0 for all g by
definition (6.1). Hence, the inequality in (b) is trivial if Vf < 0. Similar remarks
apply to the other conditions.) Therefore, condition (b) in Cy(S) is the weak
principle of positive maximum studied by Hunt [4]. We can prove

(6.3) p(@, ¥) = ¥5(8,) + (w5l

for all signed measures @, Y € C§(8), where ¥, and ¥, are, respectively, the
absolutely continuous part and the singular part of Y with respect to l¢|, and
S, is the positive set in the Hahn decomposition of S relative to ¢. Thus, con-
dition (d) seems to be a new kind of maximum principle for adjoint potential
operators. ’
In order that a given operator V be the potential operator of an M semigroup,
some properties of V* are decisive, as Yosida [20] suggests. Let us define

(6.4) w(e,¥) = lim &7 (|o + ap| — o).

The following theorem is a consequence of [20] and Theorem 6.1.

THEOREM 6.2. Let V be a closed linear operator satisfying condition (b) of
Theorem 6.1 with domain and range both dense in B. Then the following are
equivalent :

(a) there exists an M semigroup with potential V ;-

(b) V* satisfies condition (d) of Theorem 6.1;

(c) V* satisfies condition (e) of Theorem 6.1;

(d) ©(V*e, @) = 0 for all p € D(V*);

©) [|[V*o|| < |V*e + eo| for all ¢ € D(V*) and ¢ > O;

(f) V* + € is one to one for all ¢ > 0.

Actually, (d) and (e) are equivalent in general [12]. If we replace closed in
this theorem by one to one, V is closable ([12]) and the theorem remains true
with V in (a) replaced by the smallest closed extension of V. In the case #* =
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C§(8), we can prove

(6.5) U@, ¥) = ¥o(Sy) — ¥o(Sy) + W5l

So, (d) is another kind of maximum principle for V*

If 8 is a sublattice of a vector lattice # and we require that 7, preserves e
majorization (that is, f < e implies 7, f < e) for a fixed e € 4, then a property
which replaces condition (b) of Theorem 6.1 is investigated in [8] and [12].
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