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1. Introduction

The thing that motivated the present paper was a curious observation by
Blackwell and Freedman [1]. Let X;, X,, - -+, be independent 1 with prob-
ability 2, S, = X; + -+ + X,, and T, = min {n; S, > ¢Vn, ¢Vn > 1}. Then
for all ¢ < 1, ET, < =, but ¢ > 1 implies ET, = «. In order to understand
this better, I wanted to calculate the asymptotic form of P(T. > n) for large n.
It was reasonable to conjecture that P(T. > n) ~ an~f, not only for coin-
tossing random variables but for a large class. The first step in the proof of this
was to verify the result for Brownian motion. This is done in the second para-
graph and follows easily from known results.

To go anywhere from there, one would like to invoke an invariance principle.
But the difficulty is clear—for general identically distributed, independent r.v.
X, X, -+ with EX; = 0, EX? = 1, the most one could hope for is that
P(T. > n) ~ an~® where 8 is the same for all distributions, but « depends
intimately on the structure of the process. Hence, this is not a situation in
which the usual invariance prineiple is applicable. But the result does hold
for all distributions such that E|X;|* < «, and it is proved by using results
of Prohorov [2] which give estimates of the rate of convergence of the relevant
invariance theorem. This proof is carried out in the third paragraph.

A dividend of the preceding proof is collected. The conclusion is that

(1.1) P8, < £Va|l8 < eV, k=1, ,n) > G(¥)

where G(¢) is the corresponding distribution for Brownian motion.

The related works that I know of are the interesting results given by Strassen
at this symposium [3], and by Darling and Erdos [4]. There is also a very
recent article by Chow, Robbins, and Teicher [5] which generalizes the result
of Blackwell and Freedman.

2. First exit distribution for Brownian motion

Take £(t) to be Brownian motion with Et(t) = 0, E£(t) = t. Define T =
inf {t; £(t) > ¢V, t > 1}, that is, T% is the first exit time past ¢ = 1.
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THEOREM 1. With the above definition, P(T% > t|£(1) = 0) ~ at=F© where
(i) lim B(¢) = 0,

(ii) lim B(c) = =,

c—®
(iii) if c? is the smallest positive root of
—2¢)* m!

2 (
@1) 2 Gl -t

n=0

then B(c) = m. In particular 8(1) = 1, B(\/3 - \/5) = 2.

Proor. Consider the process Y (u) = £(¢?*)/e. This is the Uhlenbeck process.
The problem now is to find the distribution of the first exit time Ty for Y (u)
from the boundaries J-¢, given Y(0) = 0. This distribution is well known, and
its Laplace transform has been given by Bellman and Harris [6] and Darling
and Siegert [7]. To wit;

—c2/4 D—X(O) + D—X(O)
D_x(c) + D\(—c¢)
1 2M2T(N/2)
2 [~ _ 28—
ﬁ) e~ /21 cosh ct di

2.2) d(\) = j;w eNdP (Ty > V) =e

RéN > 0,

where the D,(z) are parabolic cylinder functions. Now D_y(c) is an entire function
of A (see Erdélyi et al. [8], pp. 117 f.f.), so ®()\) is entire except for poles on the
nonpositive axis. Since D_\(z) + D_\(—2z) satisfies the self-adjoint Sturm-
Liouville equation

(2:3) ¢+ (G =129 =),

it follows, under the supplementary condition ¢(a) = ¢(—a), that the charac-
teristic values of this system coincide with the zeroes of D_\(a) + D_\(—a).
Therefore, the poles of ®()\) are simple and real. Let —28(c) be the position of
the largest pole. Then

(2.4) P(Ty > V) = ae™2V 4 (e~ V), 5> 0.
For the Brownian motion, this translates as
(2.5) P(T%: > t) = at#© 4 O((F-0/2),

Now to verify (i), (i), and (iii) by locating the largest zero of
21—)\/2 ®
™/2) Jo

To continue the integral into R{N < 0, write

(2.6) o) = e~ #/2p—1 cosh ¢t dt.
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/ - e~ /21 ¢cosh ct dt = / ) e=t/2p1 [COSh ot = % ((Ct)n)] a
| o o \(2n)!

N ¢ T(n+ (A/2))
@.7) +T ( >2V L em s Tov2)

¢ T(n 4+ (A\/2))
6\ = r(x/2) In(\ o) + Z " @l TOV2)

The function Ix(A, ¢) is analytic for REN > —2N — 2, real and positive for

real A in this range. For A = —2m, the finite sum becomes
& (=2)"  m!
(2.8) Ple) = 'Eo @n)! (m = n)!

and the first term in (2.7) vanishes. This gives (iii). As ¢ — 0, 6(A) — 1 for all A,
so for any number M, and for ¢ sufficiently small, #(A) can have no zeroes in
N < M.

For (i), use N = 0 in (2.3) to get

2.9) T (g) 6(\) = 2M2L,(\) + T (g) ROV > —2.

Since Iy(A) — 0 as ¢ — =, the root must move toward a pole of T'(A/2). But
this can only be at A = 0.

3. First exit distribution for sums of independent r.v.

Let Xy, X, --- be independent, identically distributed r.v. with EX, = 0,
EX? =1, E|Xy|* < «. Define T, = min {n, S, > ¢Vn},Sp = X1 + -+ + X..

TurorREM 2. FEither there exists an integer n such that P(T, > n) = 0, or
P(T. > n) ~ an=, where B(c) is the same function appearing in theorem 1, but
a > 0 will not, in general, be the same.

Proor. The proof is constructed around the use of the identity

(31) Pn('Y) = [ Qn,m(7) ﬂ)Pm(dﬂ), m < n,
where
(3.2 P,(y)=P (ST::, <% T.> n),
_p(5- St e g B
63 Quatrm) = P(Sz <m[B<ck=m o n S =),

Take m = [e>*] (the largest integer < e?*) and n = [¢2®+%)], then the invar-
iance principle results in
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(34) nlgg Qn.m(‘Y: ’7) = P(Y(uO) <y, IY(V)l <eg 0 S v S uOIY(O) = "l)

= Q(v, 7])

(see [7]). However, what is needed is a uniform error bound.
ProposiTioN 1. There is a constant D such that

(3.5) Sup |@m,»(v, 1) — Q(y, n)| < De»/18, n > 0.
Tvn

Proor. Write
(3.6)

P(JE <k

_ Sy + 7Vm
‘P( Vo 7

Sy <¢Gk=m - ,n

Sw
\/n_z_">
Sy + nV’

m
ml<c,k—0,~--,N—n—mlSo—0>

-\‘5—;_\?+ﬂ\/g|<c‘h—\’;+)\1v,k=0,"',NISO=0);

where M5! = N/m, oy = vV1 + Ay — 7V Ax. Let £x(t) be the process obtained
by interpolating linearly with fv(k/N) = Sk/\/JTI, and £x(0) = 0. Therefore,
B7)  Qualy,m) = P(En(1) < ow, lin(®) + VM| <eVi+ w0 <t < 1),

Now, we use an estimate due to Prohorov [2], that is, consider the set of all
continuous functions on [0, 1] as a metric space with the sup norm topology.
For any closed set S, let S, be the open set consisting of all points whose distance
to S is less than . If

(3.8) 8 = inf {¢; P(ty € 8) < P(t € 8.) + ¢, all closed S},

_p(Sv
—P(\/N<UN,

3.9 5 = inf {¢; P(( €8) < P(ty € 8) + ¢, all closed S},

then max (8, 8;) < kN-V8(log N)? = oy, where & is a constant not depending
on N. For |n| < ¢ — pw,
(3.10) P(¢(1) < ov — o, |E(E) + n\/)\_NI <ceVi+w—py, 0Kt < 1) — oy
< Qam(y, m) -
< PGEQ) < av 4 ow, 6O + VM| S eVi+ M+ ov, 0 S LS + e
The difference between the right- and left-hand sides above is dominated by
(3.11) P(|&(1) — on| < 2pn) + P(E() + 7V M| < eVi+ M + ow)

— P(IE(®) + 7V7] < eVE+ My — pw) + 20w

At this point, we need another result from Prohorov [2]; that is, if functions

ax(t), as(t) satisfy 2:(0) < 0 < a2(0), ax(t) < @), 0 < ¢t < 1,and |a(t”) — a(t)| <

K|t — t'|, then there is a constant J depending only on K, and sup |a:(?)|,
sup |as(®)], 0 < ¢t < 1, such that for all ¢ > 0 small enough
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(312) Pla(t) <&t < as(®),0<t< 1)
2 Plait) —e<Et) Ca(t) + 0t < 1) — Je
Applying this to (3.11), the difference is dominated by (3 4+ J)pn. Since

_y _ [@et] — [e]
(3.13) N = —

by a similar argument we can replace Ay by A = €2®, gy = ¢ = yV1 + A — nVA
and conclude that for || < ¢ — pw,

(3.14) |Qum(y, m) — PE®) < o, [£0) + nVN < eVE+ N, 0 <t < 1)| < Hpw,
where H does not depend on vy or 9. If n = ¢ — spw, 0 < s < 1, then

(315) Qn,m('y’ 7’) S P(EN(t) S C( v t + )\ - \/;\;) + PN\/;\-;T’ 0 S t S 1)

= 62140 + 0(8_2“),

<P (6l S § g+ mVin 0 <1 21)

t .
SP(E(‘)S%\/—XV‘FPN\/)\N-FPN,OSI:S1)+pN

< PE®) < evpw, 0 < 8 < pv) + oo,
where cy — ¢/2V'A + V)X + 1. As is well known,

(3.16) PER) <cewvpw, 0 St L py) =1 — 2P(£(ow) > CN_PI_V) .
=2P0 < X < cxVopn) < HV oy

where X is normal N (0, 1). This completes the proof.
To complete the proof of theorem 2, write

(3.17) P(y,u) = Pa(v),  Q(v,n, U, Uo) = Qerwssug),(eni(y, 1)
and (2.8) as

(3.18) Ply,u+w) = [ Q(v,,u, w)P(dn, )

or
(3'19) P('Yy u+ uﬁ) = / Q(71 ﬂ)P(dﬂ, ’U,) + f A('Y’ m U, uO)P(dnv u).
Take Laplace transforms of both sides with
Py, ) = [[" ePly, ) du,
(3200 ewP(y,5) = [ Qly DP(dn, ) + e [Py, v) du
+ ﬁ,w f A(y, 1, u, uo)e**P(dn, u) du.

The second term on the right in (3.20) is entire in s. Put I, = [—¢, +¢]; if
Rts > s, is the maximal half-plane of analyticity for P(I,, s), then the third
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term is analytic in the plane Rfs > sy — {%. The function e“*2(3/3v)Q(y, %)
satisfies the equation

(3.21) %ﬂ = ;yf - yaa—z’; fle) =f(—e) =0

for y either variable v or 5. For uo— 0, [ h(v)Q(dy, n) — h(vy) for reasonable
h(v), hence

(3.22) @y, 1) = e~ T g ()ul)
where ¥(y), M satisfy the eigenvalue equation,

ay o _ VN
(3.23) ap Yy =W VO =¥ =0

Write (f,9) = [12e~@/2f(y)g(y) dy; then (Yx, ¥;) = &, In (3.20) write
I(y, s) for the second and third terms. Therefore,

(324) e [ Py, s) = & [ UnP@y, ) + [ %@, 9),
and for a sufficiently smooth function h(y) = Xk (h, ¥u)¥:(v),
(3.25) [ 1wpar s = 3 et g [war
Now, integrating by parts, using (3.20),
(3.20) | [ wel(dy, 9)| < ¢ [ e=0VDWm) dy-sup Iy, 5) = e\ sup I(y, 9).

Take f so that the sum of |(f, ¥x)\«| is absolutely convergent. In particular, this
will be true if f = 1. Thus, (3.25) becomes

1
(3.27) P(I,,s) = %. s v (1, ¥x) ftl/k dl.
From the foregoing, for real s, [ ¥ dI — d|\|P(I., s — (¥)). The point is that
if s > —co, then s, must be one of the values \o, Ay, - - - , say \j, P(I., s) has a

single pole at s = s, and is otherwise regular in the half-plane Rfs > s, — §,
8 > 0. (The poles at sy &= 2n 7 3/uo, n # 0, are ruled out because P(I., s) does
not depend on %,.) The statement is also true for [ f(y)P(dy, s) for any smooth f
such that (f, ¢;) # 0. For such smooth f, one can write

(3.28) [ 1P@y, w) = L) + 0(e0s=3m),
Letting P*(dy, u) = e~ **P(dy, w), one obtains
(3:29) [ $6)P*v, ) = L(f) + 0(e=5).

The measures P*(dy, w) converge weakly to P*(dy), where (Y, dP*) =0,
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k # j. The latter implies P*(dy) = e~ @/2)y;(vy) dvy. However, P*(dy) is a non-
negative measure. The only nonnegative ¢;(y) is yo(y); thus j = 0.

Finally, the transformation ¢(z) = e~ @*/43(x) changes (3.23) into the system
(2.3) so that Ao = —28(c). The only thing remaining is to verify that s > —o,
if there is no n such that P(T, > n) = 0.

For any u,, take I such that for u > w,,

(3.30) inf Q(I, m, u, wo) > & > 0.
n€l

From (3.18), P(I, u + wuo) > 8P(I, u), u > w;. This will imply that either there
isan M > 0 such that P(I, ) > e¢~M¥, all u > 0, or that there is a u, such that
P(I,u) = 0, u > u,. The first alternative is impossible because of the assumed
analyticity of P(I., s). Put another way, there is an interval J and an m such
that P(S,, € J, T. > m) = 0. Then argue that J can certainly be taken large
enough such that P(X; € J — z) > 0, all x € J. Therefore,

(3.31) PS,.eJ, T:>m)=0=PSpaeJ,T.>m—1) =0.

By reduction, an n is arrived at with P(T, > n) = 0. Note that » is not neces-
sarily one by considering X, to take on the two values 1/M and M?, for M large.
The smallest n satisfying P(T. > n) = 0 is the largest n satisfying n/M < ¢Vn.

In the course of this proof we have incidentally proven the following theorem.
TureoreM 3. If there exists no n such that P(T, > n) = 0, then

(3.32) P(Su < yValTe > n) =0 [7 e=@/2y(e) d;

where 0 is a normalizing constant.

4. Remarks

Some unresolved problems that are left in this area are concerned with what
. happens to the tail of the T, distribution as the boundaries are moved out.
More specifically, let T.(7) = min {rn; S, > ¢Vn + 7}. By invoking the usual
invariance prineiple, it is easy to show that

4.1) lim P(T.(r) > rt) = P(T% > t|£(1) = 0)

where T% is the first exit time for Brownian motion past ¢ = 1. This is not as
interesting as asking the following questions.

(1) By theorem 2, P(T.(r) > ) ~ a(r)t P, As 1 — « show that a(r) con-
verges to the corresponding constant for Brownian motion.

(i1) A bit more strongly, is it true that P(T.(r) > 7t)/P(T%1) > 1) — 1
uniformly as 7, — «?

The condition E|X;|3 < « can be easily weakened down to E|X;|** < « and
the same methods will work. I suspect that theorem 2 may even be true under
only E|X;]? < «, but that would require better tools.

What happens with more general boundaries, for instance, /3, or Vi),
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where ¢(f) does not increase too fast? The results for the ¢Vt boundaries rely
very heavily on the fact that these transform into constant boundaries for the
Uhlenbach process. Hence the simple methods used here do not generalize.
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